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Preface

As humans, we have a natural curiosity about ourselves concerning
every aspects of our lives. We are extremely interested in our bio-
logical structure and also in our behavior in various circumstances.
It is also well-known for any of us, that in large groups, individuals
tend to organize themselves in a rather particular way. Depending
on their former history together, their physical parameters or psy-
chological attitudes, humans develop leader-follower relationships.
This is, however, not merely the specialty of us: members of vari-
ous species in the animal world also form asymmetric contacts be-
tween each other. Naturally, these asymmetric relationships lead to
an unbalanced role of the members and the group is shaped into a
hierarchical structure.

The description of hierarchy is an interesting and important task,
partly because of its frequent presence in a wide range of social com-
munities, and also motivated by the newly developed tools for its
appropriate treatment. Hierarchy is a special formation of the mem-
bers in a community, which appears directly in corporal organiza-
tions, army, intelligence agencies or politics; and indirectly in smaller
groups of individuals such as infants gathering together, small chil-
dren in a kindergarten and among adults in a group. There is a col-
orful variety of asymmetric interactions that can induce hierarchical
formation: dominant-submissive relations, leader-follower connec-
tions, etc. Also, hierarchy itself can be defined in several ways, lead-
ing to different frameworks to describe it in the most appropriate
way.

The main focus of this dissertation is to capture the concept of
hierarchy in a network theoretical framework. This formalism is an
ideal tool for the mathematical treatment of the complex structural
properties of the connections between the members of a community,
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and also gives a natural means to visualize the aspects we are aiming
at. Among the many manifestations of hierarchy, we will focus on
flow hierarchy, as it is one of the most common and also the most
complex type of hierarchy that requires the power of graph theoret-
ical methods. Also, flow hierarchy has the potential to describe all
other types of hierarchical structures.

To address the problem of hierarchy, we first construct a mea-
sure to quantify this structural property in directed networks. We
consider directed networks, since the asymmetric relations are best
described in this framework. The construction of the metric is based
on several requirements regarding the primary characteristic of an
ideal or a biased hierarchy. The tests of our measure in both classic
and real networks corroborate its functionality and also reveal fur-
ther implications of hierarchy. On the one hand, tests with classical
networks show that hierarchy is less likely to appear in an explicit
manner in networks with a large number of connections. On the
other hand, we argue that the controllability of a network might be
related to its hierarchical structure. It is supported by the compar-
ison with an appropriate quantity for controllability in real-world
networks, and also in a synthetic network model.

After the declaration of the metric, we consider numerical aspects
of the method. We first introduce an algorithm for the fast calcu-
lation of the exact value of our measure and show that it is able to
outperform simple traversal-based methods in a wide range of net-
works. Furthermore, the proposed algorithm is independent of the
hierarchical structure of networks, and it is affected only by the num-
ber of connections. Another numerical approach is also presented,
but with the aim of estimating the metric in very large networks,
with the clear indication that we intend to apply it in the last chap-
ter. The method is tested in a synthetic model and we argue that it
provides estimates well within the margin of accepted error, espe-
cially when considering the potential applications.

In the spirit of deeper understanding, we also develop analytical
expressions for our measure and discuss its behavior in stochastic
network models with different number of connections. We point
out that the hierarchical properties of networks are fundamentally
different in the two regimes of percolation in these models. Below
the critical point, where the networks are described by small, dis-
connected components and the absence of any larger structure, their
hierarchical properties are dominated by the close neighborhood of
a single node. However, if the network has many connections and
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a giant, system-size cluster is present, containing a vast majority of
the nodes, hierarchy is determined by the competition between two
well-defined parts of the graph. As we increase the number of con-
nections without limits, the magnitude of our metric vanishes and
the network can be no longer considered as hierarchical. Through
numerical simulations and analytical arguments, we also show that
degree-correlations have significant impact on the hierarchical be-
havior of networks.

As an outlook, in the final chapter we consider two studies that
rely on the application of the hierarchy metric in two systems which
can be best described as “networks of influence”. We first study
the temporal patterns of hierarchy in citation networks, and show
that they follow a universal trend. By a simple model and a more
detailed analysis of these systems, we arrive at the conclusion that
the observed differences between networks defined by various fields
can be explained through the generality of the fields themselves. In
the second study, we introduce an online experiment designed to
investigate the decision-making behavior of the players in a simple
estimation game. The outcome of the experiment is consistent with
the assumption that individuals develop a hierarchical structure by
asking others for advice in a sequence of tasks, if they are supposed
to maximize their score. It can be shown as well, that the efficiency of
the group increases significantly, simultaneously with the emergence
of hierarchy.

The dissertation is written in plural, partly owing to the fact
that most of the results were born in co-operation with colleagues in
the research group. Here I should shortly outline how the different
chapters of the dissertation are related to the papers listed in the Pub-
lications. Tackling hierarchy and A sense of affirmation mainly cover the
work presented in the paper Hierarchy measure for complex networks.
In this paper, we have introduced and tested the measure and graph
layout that form the primary basis of the dissertation, with the col-
laboration of Lilla Vicsek and Tamás Vicsek. Results associated with
the analytical solution of the corresponding problem, which is the
subject of The anatomy of hierarchy, are summarized in paper Hierar-
chy in directed random networks. This work revolves around the exact
formulae of our measure and the effects of degree-correlations. Fi-
nally, in Networks of influence, I present studies that are the results
of two related projects performed by the participation of colleagues
inside and outside of our Department.
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State of the art

Overview of the related chapters of modern
social network theory

“Peace cannot be kept by force. It can

only be achieved by understanding.”

— Albert Einstein

New History Society speech

Network science and especially its application to socially mo-
tivated problems are young and fast growing fields with fruitful
results already. The child of two – so far – very different areas
(sociology and computational science) is promising great potential
to address questions that have been out of the scope of previous
studies due to limited access to large data about human behavior
or the fundamentally different approaches to the problems. Social
network science combines the strength of its ancestors: the qualita-
tive/descriptive approach of sociology and the analytical/numerical
tools of natural sciences. As the increasing number of recent results
shows, social network theory turned out to be a powerful method
in the study of human behavior in large scale. To have a flavor
about social network, we first review some of the major ideas in
its development – in a highly subjective way to focus on the goal of
this dissertation. Obviously, giving a complete and comprehensive
overview of social networks and the theory of complex networks is
barely possible, and it is not the intent of this chapter. However, with
the content limitations in mind, here we will present a short intro-
duction to the reader. The goal of this chapter is twofold: first, we
define the primary purposes and problems of social network theory,
and point out remarkable milestones in its evolution. On the other
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hand, this chapter intends to serve also an introductory to modern
network science, and provides as a dictionary of the jargon used
throughout the dissertation.

Thus, in the first section we give a brief historical overview of so-
cial network science, followed by a theoretical introduction to com-
plex networks. Finally, armed with the proper mathematical tools,
we define and clarify the aim of the work presented in the disserta-
tion.
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Networks in sociology

From bridges to neurons

In the eighteenth century, people of Königsberg were busy
with a simple problem: the city is crossed by the river Pregel, which
also surrounds two large islands. These islands are connected to

Map of Königsberg with the
bridges marked by the red lines.
The islands in the middle and
on the left, together with the
land on the north and south
are the nodes of the theoretical
graph.

each other and the rest of the city by seven bridges. They posed
the following question: “How should one plan a city tour that vis-
its all the bridges in a way that each one is crossed once and only
once, and the tour ends at the point where it started”. As simple the
question apparently seems, so deeper it has turned out to be if one
is looking for a mathematically rigorous discussion. The problem
was finally solved by Leonhard Euler, when he proved that it has
no solution. At this point, graph theory was born. Euler’s argument
was to translate the problem into a more abstract mathematical ob-
ject (a graph), which is a simple representation of the islands and
bridges [1]. In this formalism, the islands and the two sides of the

Euler’s graph representation of
the Königsberg bridge problem.
Blue circles denote the abstract
representation of the islands
and red lines correspond to the
bridges between them.

river Pregel are represented as vertices (which are merely points on
a two-dimensional plane), and bridges are connections, or edges be-
tween the vertices. This was the first known example of a real-life
problem formulated in the frameworks of graph theory. Today, the
Königsberg bridge problem is considered as a simple exercise that
can be solved by looking at the graph. However, the crucial and most
important contribution of Euler was to realize that neither the posi-
tions of the islands, nor the bridges are important, but the number of
bridges that emerge from each geographic point (i.e., the number of
edges that each vertex has). He was capable to prescind from all the
insignificant circumstances and thus being able to solve the problem
without the exact coordinates of the islands and bridges.

The theory of graphs started to grow in the subsequent centuries,
and it has evolved into a new field in mathematics. With the appear-
ance of availability of large scale topology of systems with different
origins, graphs turned out to be a useful tool in describing complex
structural features. By their construction, graphs are abstract simpli-
fications of real systems in which – for the sake of simplicity – only
the structure of interactions are taken into account [2, 3]. The aim of
graph theory can be articulated in defining and characterizing those
properties of a physical (or virtual) system that can be determined
solely by the topology of the connections between its building ele-
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ments. Network theory – the theory of sparse graphs with nontrivial
structure – has been the subject of much interest, as the number of
applications and availability of real-world data has grown rapidly.
Attracting scientists from various fields, the research on the struc-
tural properties of networks has considerably profited from using
both the standard and novel techniques developed in the field of sta-
tistical mechanics, especially from the theory of percolation [4, 5].
The applications of complex networks cover a broad range of fields,
that include – inter alia – the description of the large scale topology
of Internet at both the level of routers and autonomous systems [6];
the topology of the hyperlinks living in the World Wide Web [7, 8, 9];
power grids [10, 11], road maps and other spatially embedded sys-
tems [12]; structure of metabolic and neural networks [13, 14, 15, 16],
etc. As these studies show, the main message of network science is
that the underlying structure of interactions is able to – and in many
cases does – influence the dynamics and evolution of the system.
Thus, in many situations, the knowledge on the structure of connec-
tions can lead to uncover crucial behavioral patterns of the system.
One of these systems is the connection network of individuals, which
is the subject of attention in social network science.

Sociometry

In his novel Láncszemek (Chain-links), the Hungarian writer Frigyes
Karinthy drew up the following game:

“(...) A fascinating game grew out of this discussion. One of us suggested performing the

following experiment to prove that the population of the Earth is closer together now than

they have ever been before. We should select any person from the 1.5 billion inhabitants of

the Earth – anyone, anywhere at all. He bet us that, using no more than five individuals, one

of whom is a personal acquaintance, he could contact the selected individual using nothing

except the network of personal acquaintances (...).

So something is going on here, a process of contraction and expansion which is beyond rhythms

and waves. Something coalesces, shrinks in size, while something else flows outward and

grows.”

It is hard to describe the evolution of world-wide social networks
more sensitively than Karinthy did. He had a good sense in real-
izing the simultaneous growth of the geographical scales and the
shrink of the contact-wise distance between people, as they are more
and more connected to each other. His observation on the increasing
interconnectedness is one of the main results on the acquaintance
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networks and nowadays it is called the diameter of the graph of in-
dividuals. In fact, as later experiments and studies have shown, he
did a very good job in estimating the maximal distance between any
pair of persons.

One of Jacob Moreno’s so-
ciograms of a group of newborn
babies. Arrows denote attrac-
tion, and lines denote indiffer-
ence. In his book, he already
came up with the idea that ba-
bies can affect each other via
the chain of attractions (Repro-
duced from [17]).

However, despite the existence and results of graph theory at that
time, the representation of social interactions by the tool of networks
was still to come. One of the first appearances of graphs in sociology
is related to the work of Jacob Moreno, who also coined the term “so-
ciometry”. In his seminal book Who shall survive, he included several
hand-drawn graph of school class members, psychodrama partici-
pants and so on [17]. He pointed out the potential usage of graph
representation of groups of people and their emotional contacts (at-
traction, repulsion, indifference etc.). Although his pioneering work
established the ground of future sociometry, the strongly graph the-
oretical approach to social networks were yet to show up. There
were signs, though... One such a sign was the famous experiment of
Stanley Milgram: he sent packages1to randomly chosen individuals

1 These packages contained let-
ters including the description of
the experiment and basic infor-
mation about the target person.

around Nebraska and Kansas, and asked them to deliver the pack-
age to a target person by sending it solely to a personal acquain-
tance [18, 19]. Surprisingly, although the number of US citizens was
above 150 million at the time of the experiment, the average num-
ber of steps among the successful experiments was between 5 and 6.
Note that this is the average distance, not the maximum that Karinty
thought of. However, as turned out later, in most of the cases the
average and the maximum distances are in the same order of magni-
tude2. This experiment was the first presence of the graph property 2 More precisely, the two quanti-

ties scale similarly with the sys-
tem size.

called “small world”, and the phenomenon is referred to as the six
degrees of separation3.

3 This number has been calcu-
lated later in several social net-
work services: Microsoft Mes-
senger [20], Facebook [21] and
Twitter [22], yielding 6.6, 4.74
and 4.67, respectively.

Another example is the study of Mark Granovetter that foreshad-
owed the idea of communities in social networks. In his well-known
paper The Strength of Weak Ties, he introduces the notion of ties that
are specific connections between individuals describing the strength
of their relationship [23]. He argues that a stronger tie between two
individuals implies larger time commitments and more effort they
are willing to make for each other. Moreover – and more importantly
– the stronger they are connected, the more acquaintances they have
in common. In other words, if individuals A and B are connected
by a strong tie, and A knows C, it is very likely that B also knows
C4. This implies that in case of a larger network of individuals, if 4 Which is also related to the

time commitments.they are grouped in small communities, there are much more edges
within the communities and these edges are much stronger than the
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ones among distinct communities. His argument is a forerunner of
the basic idea behind communities in networks, and has been ever
since experimentally supported as well. All these above works are
but few among the examples in the evolution of social network sci-
ence. As the rapidly growing size and accuracy of data about hu-
man interactions are accessible, network science and computational
methods also gain more and more ground in sociology, leading to
the development of the theory of social networks.

Since the very first appearance of the term “sociometry”, numer-
ous applications have been come to light, including – but not limited
to – the detection of distinct and overlapping communities within
different groups of individuals [24, 25, 26, 27]; finding opinion lead-
ers and other key role persons by various measures [28]; investiga-
tion of information flow among individuals [29, 30]; characterization
of epidemic spread [31, 32, 33]; the study of voting models, agent
based models and computational sociology [34]. All these results
suggest that network theory is indeed able to contribute to sociology
and social sciences. Many aspects of social behavior can be under-
stood by network science and theories can be mathematically formu-
lated by graphs. In this dissertation, we are aiming at the description
and study of one of these fascinating phenomena: the hierarchical
formation in human groups.

As a final remark, it is crucial to have a note on the accuracy and
reliability of findings in social network theory. In some cases, it is
possible to construct a network of individuals, in which connections
are well-defined and the network is assumingly complete. However,
as for the conclusions of various studies in these graphs, one should
be aware of the real complexity of the system they are investigating.
It is well-known that people are connected by various types of ties,
i.e., there are multiple social networks behind society: network of
friendships, collegial relationships, neighborhoods, or random con-
tacts during a travel in a public transportation vehicle. Whenever one
is studying a network defined by specific aspects of human-human
interactions, the conclusions should be treated with care. Thus, in
this phase of social network science and available data, results are
rather hints and can set the direction of further, more detailed and
more accurate investigations.
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Introduction to network theory

The main and most important ideas of this dissertation can
be well understood without deeper knowledge on the mathematics
of complex networks. However, in order to give a precise defini-
tion of our work and to establish the methods used in the analytical
calculations, it is important to introduce some general concepts in
graph theory. Thus, in this section we first give a formal definition
of graphs and introduce their most basic properties with a strong
emphasis on the definitions that we will rely on in our work. At
this point, we should lay down the main differences between graphs
and complex networks: the former are purely mathematical con-
structions in the abstract spaces of linear algebra and topology and
no elements of reality are necessarily attributed to them. As such,
mathematical graphs can have arbitrary properties as well. However,
networks are the various manifestations of graphs in real-world sys-
tems, frequently characterized by several nontrivial structural prop-
erties and constraints that are not present in simple graphs (lattices,
for instance). Although the above concept is considered as a common
practice to distinguish between graphs and networks, the expression
“network” is sometimes related only to the nontrivial structure, re-
sulting in a less clear boundary between real-world and theoretical
graphs. While keeping these in mind, in this dissertation we will
use the two expressions as synonyms. In addition, we will refer to
graphs in real systems as real networks.

Since we are aiming at the description of an inherent feature of
social networks, the ideas presented here are needed to be applied to
real-world networks. Thus, we also introduce some of the most well-
studied characteristics of real-world graphs, and the network dataset
we use in the dissertation. Although the detailed formation of real
networks is unknown in most cases, some of their important aspects
can be captured by stochastic models. These models incorporate the
unknown circumstances in stochastic processes and concentrate the
main mechanism they describe within their parameters. In the end
of this section, we will specify the deterministic and stochastic graph
models that we will build on in later chapters.
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Basic properties of graphs

We start with the definition of a graph and further continue by high-
lighting the most important aspects of this structure.

Definition 1 (Graph). We call the ordered pair G(V, E) a graph, where
V is the set of vertices (nodes) and E ⊆ V × V is the set of directed edges
(links). Vertices vi and vj are connected by a directed edge if eij = (vi, vj) ∈
E. The graph is said to be undirected if eij ∈ E implies eji ∈ E as well.
Values |V| = N and |E| = M are the number of vertices and nodes,
respectively.

In case of eij, vertex vj is said to be an adjacent vertex to vi and the
edge eij is an incident edge to vi and vj. The vertices vi and vj are called
the source and target nodes of the edge eij. For our purpose, we will
consider only directed networks. Therefore, we will assume that the
actual network in question is directed, unless otherwise mentioned.
Now, let us begin with the most fundamental property of vertices in
a graph:

a

b

Typical representation of (a)
undirected and (b) directed
graphs. The graph drawn in
(a) has the degree distribution
of p1 = 1

6 , p2 = 4
6 , p5 = 1

6 .
The degree distributions of the
graph in (b): pin

0 = 1
6 , pin

1 = 3
6 ,

pin
2 = 2

6 ; and pout
0 = 3

6 , pout
1 = 2

6 ,
pout

5 = 1
6 . It can be seen that in

the directed graph (b), 〈kin〉 =
〈kout〉 = 7

8 , which is exactly the
number of edges divided by the
number of nodes.

Definition 2 (Degree). The degree of a vertex vi is the number of its
incident edges.

In directed networks, we distinguish between the in-degree (kin
i )

and out-degree (kout
i ) of the vertex, corresponding to the number of

edges of which vi is the source or the target vertex, respectively. The
probability distribution of the degrees is called the degree distribution
and it is denoted by pin

j and pout
k for the in- and out-degrees, respec-

tively. The joint degree distribution pjk of the network is the probability
of a randomly chosen vertex having exactly j in-edges and k out-
edges. It can be easily seen that pin

j = ∑
∞
k=0 pjk and pout

k = ∑
∞
j=0 pjk.

The degree distribution allows us to define the average degree of a net-
work: 〈kin〉 = ∑j pin

j j and 〈kout〉 = ∑k pout
k k which are quantities de-

scribing the density of connections in the graph. Given a number of
edges in a directed network, it is easy to see that, 〈kin〉 = 〈kout〉 = K,
where we introduced the notion K for the average degree. Besides
the characterization of edge density, the degree distribution turned
out to be extremely important in the description of several proper-
ties of a graph [3, 5]. As we will see in later chapters, pjk indeed
determines many aspects of the network, and as a first approxima-
tion, it is used as the main (and sometimes the only) quantity that
defines the corresponding network model. Analogously to the de-
gree distribution, it is also possible to define the distribution of excess
degrees.
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Definition 3 (Excess degree). The excess degrees are the number of re-
maining edges of a node if it is approached by one of its edges. In other
words, if considering an in-edge of vertex vi, its in-excess degrees are
kin

i,excess = kin − 1 and kout
i,excess = kout; and similarly to the out-excess

degrees.

It can be easily seen that the properly normalized probability dis-
tribution of the in-excess degrees is

qin
jk =

(j + 1)pj+1,k

K
. (1)

Similarly, the probability distribution of the remaining in- and out-
degrees of a node from which a randomly chosen edge starts is:

qout
jk =

(k + 1)pj,k+1

K
. (2)

Since a vast number of properties in graph theory are related to
the traversal of the graph, it turned out that the excess degrees are
just as important as the normal degrees. This is quite reasonable:
as we walk through nodes and edges in a graph, the nodes with
larger degrees will be over-represented and be visited more times
as the ones with low degrees – due to the mere fact that they are
connected to more vertices. This over-representation is inprinted in
the distributions of the excess degrees.

Now we turn our attention to network properties that are more
sophisticated yet can be interpreted with ease as they are more close
to our intuition.

a

b

Clustering coefficient in a small
network (a). There are two links
between the five neighbors of
the central node (red in (b)),
and therefore its clustering co-
efficient is C = 2

6 = 0.33.

Definition 4 (Clustering coefficient). Let us consider an undirected graph
G(V, E). The clustering coefficient Ci of vertex vi is the number of links
between its neighboring vertices, divided by the maximum possible number
of inter-neighbor links [15]:

Ci =
|ejk : vj, vk ∈ Bi, ejk ∈ E|

1
2 ki(ki − 1)

, (3)

where Bi is the set of vertices adjacent to vi and | · | denotes the size of the
set. The clustering coefficient of the whole graph is defined as the average of
Ci over all vertices:

C =
1
N ∑

i∈V

Ci. (4)

As its definition suggests, C is a measure of how densely the neigh-
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borhoods of vertices are interconnected.

a

b

c

Distances in a small network
(a). The undirected distance be-
tween the red and green nodes
in (b) is drg = 3. If we consider
only out-links, the distance in-
creases (c): dout

rg = 4.

Definition 5 (Distance). Let us consider the sequences of adjacent nodes
starting at vi and ending at vj in the graph G(V, E) (assuming that vi and
vj are in the same connected component of the graph). Let us furthermore
choose one such path from the shortest ones. We define the undirected
distance dij of vertices vi and vj as the number of edges in this path. By
definition, dii = 0 and dij = dji.

The above definition can be generalized in directed networks to
take into account the direction of edges as well. If we consider only
out-going (in-coming) edges at each node in the path from vertex
vi towards vertex vj, we can define the out-distance dout

ij (in-distance

din
ij ) of the vertices. Some graphs are fragmented into smaller dis-

joint subgraphs, and there is no path between nodes in different
subgraphs. In this case the distance defined by Definition 5 is set
to infinity. The largest undirected distance in a graph is called the
diameter of the graph. The average of the distances is also used to
characterize the size of the network in many applications, and it is
referred to as the average shortest path.

The last properties we consider here are the various correlations
that can be defined between the degrees of the nodes:

Definition 6 (One-point correlation). The one-point correlation of the
degrees is defined as the Pearson correlation between the in- and out-degrees
of a vertex [35]:

ρ =
〈kinkout〉V − 〈kin〉V〈kout〉V

σV(kin)σV(kout)
, (5)

where the brackets denote average over the vertices, and σV is the standard
deviation calculated over the vertices.

Definition 7 (Directed assortativity). The two-point correlation (or di-
rected assortativity) is defined by the correlation between the excess out-
degree of the source and excess in-degree of the target vertices of the edges
[36, 37]:

r =
〈(jin − 1)(kout − 1)〉E − 〈(jin − 1)〉E〈(kout − 1)〉E

σE(jin − 1)σE(kout − 1)
, (6)

where kout and jin denote the out-degree of the source and in-degree of the
target nodes for a given edge. The brackets are averages over the edges and
σE denotes the corresponding standard deviations.



24 hierarchical features of complex networks

a

b

Illustration of the one-point cor-
relation: in the case of ρ > 0
(a), nodes with few (many) in-
edges tend to have few (many)
out-edges as well. When ρ < 0
(b), small (large) in-degrees ap-
pear together with large (small)
out-degrees.

Finally, we will introduce a function that can be derived from the
degree and excess degree distributions, and it is called the generating
function:

Definition 8 (Generating function). Given a directed network with joint
degree distribution pjk, its double generating function is defined by the
following series [38]:

g00(x, y) =
∞

∑
j,k=0

pjkxjyk. (7)

This function is a widely applied tool in the theory of complex net-
works, and very powerful methods have been developed based on
it [3, 30, 39, 40, 41]. In The anatomy of hierarchy, we will also heavily
rely on the basic properties of the generating function as it enables
us to calculate different measures analytically. Namely,

1. The joint degree distribution is generated as:

pjk =
1

j!k!
∂

j
x∂k

yg00(x, y). (8)

Meaning of the two-point cor-
relation: considering the green
edge, the correlating edges are
drawn in blue. They correspond
to the excess out-degree of the
source node and the excess in-
degree of the target node.

2. The generating functions for the excess degree distributions can
be derived easily:

g10(x, y) ≡
∞

∑
j,k=0

qin
jk xjyk =

∞

∑
j,k=0

(j + 1)pj+1,k

K
xjyk

=
∞

∑
j=1
k=0

jpjk

K
x(j−1)yk

=
1
K

∂xg00(x, y), (9)

and similarly for qout
jk :

g01(x, y) =
1
K

∂yg00(x, y). (10)
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Networks of real systems

Graphs of real systems are the nourishment of network scien-
tists, and everything they define, construct or propose, has to be
tested on these data. As such, these networks constitute an impor-
tant – if not the most important – part of our research as well. There-
fore, in this section we first review their most explicit properties that
form the basis of stochastic network models. After introducing the
general observations about real networks, we will provide a list of
the different types of networks we will consider in the dissertation.
The most striking about the structure of real networks is that several
quantities show typical behavior regardless of the network’s origin,
meaning that real networks do have something in common. These
properties are the followings:

Low average degree: Real networks are considered to be sparse graphs,
meaning that the average degree is very low compared to the sys-
tem size (or to the possible number of edges). In most cases, it
is related to the fact that creating additional connections in the
system is costly, and the nodes also have finite capacity for con-
nections [6]. As an example, the theoretical upper limit of sincere
personal contacts of a person is around 150 (this is the so-called
Dunbar-number [42]). This means that in the investigation of net-
works, one needs to consider only small average degrees.

Heavy tailed degree distribution: There are real networks with a nar-
row degree distribution (as power grids, for example), but for
many networks it is heavy tailed, that is, very large degrees are
present in the networks. Some networks feature even power-law
distributions, however, it is not always obvious that the power-law
is the best fit [43, 44].

High clustering: Their clustering coefficient is considerably high, es-
pecially when compared to those of the graph models. This is
even more frequent in social networks, where it is usual for two
friends having a third friend in common5 [23]. As an example, the

5 Cf. strong ties of Granovetter.

clustering coefficient of a graph in the configuration model is6

6 It is defined in the subsequent
section.

C =
1
N

(〈k2〉 − K)2

K3 , (11)

which goes to zero for large sizes, if 〈k2〉 and K are finite7. Al-

7 To be more precise, the cluster-
ing coefficient given by Eq. (11)
gives the ratio of triangles
and connected triplets (three
nodes that are not discon-
nected), which differs from the
definition given by Eq. (4).
However, in the thermodynamic
limit, both quantities tend to
zero, provided that K and 〈k2〉
are finite.though many real world networks are heavy tailed, and have many
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nodes with very large degrees, the first and second moments are
finite, and the clustering coefficient is surprisingly larger than ex-
pected.

Small-world property: As many of the classical models, the average
shortest path (and also the diameter) of real networks scales log-
arithmically with the system size. In practice, this means that the
diameter of the network is smaller than the number of nodes by
several orders of magnitude8. 8 Cf. six degrees of separation.

Correlated degrees: Although the in- and out-links of a node are as-
sumed to be independent in many cases, real networks exhibit
noticeable correlations. It depends on the origin of the network,
whether highly connected nodes prefer others with few or with
many connections. The network examples we will use show mod-
erate, but not negligible level of correlations.

The actual values of the above quantities for the real networks we
consider are listed in Table 1. We also provide the source of each
network and a short description of the meaning of their edges. In
conjunction with Table 1, it is worth to devote a few lines to the more
detailed explanation of the networks. They can be classified into ten
categories based on their origin and function:

Food webs – the networks of different species. Each node is a species
and edge represents the fact that one species is preying on another.

Electric – graph representation of electric benchmarks. Nodes are
electric elements and edges illustrate dependence of one element
on another.

Metabolic – networks of metabolic substrates. Nodes are metabolic
substrates and edges denote reactions that creates one substrate
from another.

Neuronal – networks of neuronal groups (or areas in brain). Vertices
are neurons or brain areas. Links are connecting areas that are
interacting via synapses.

Internet – peer-to-peer networks, a link emerging from a node means
that the node (that is a router) sent a message to another node
during the scanning period of the system.

Organization – intra-organizational networks with employees of the
organization. Links denote that one employee turned to another
for advice.
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Social – networks of acquaintance, links represent the fact that one
person nominated another as acquaintance. These networks are
not necessarily undirected, since they illustrate how people con-
nect themselves to others.

Trust – networks of people trusting each other. A link connects two
people if one trusts the other, or voted on the other (WikiVote).

Language – networks of word successions extracted from several cor-
pora. Nodes are words, edges denote the fact that one word pre-
ceded another in the corpora for a given minimum times.

Regulatory – networks of proteins, where links represent the relation-
ship between two proteins, of which one is regulating the another.

In some cases, the direction (and thus the meaning) of the edges
were changed compared to the original sources, so that they reflect
the influence of one node on another.
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Network category/name N K C ℓ ρ r Ref.

Food webs (A prays on B)

Grassland 88 1.557 0.174 3.992 -0.179 -0.233 [45]

LittleRock 183 13.53 0.173 2.147 -0.153 -0.400 [46]

Seagrass 49 4.551 0.132 2.088 -0.202 0.023 [47]

Ythan 135 4.422 0.109 2.413 0.147 -0.256 [45]

Electric (B depends on A)

s1488 667 2.088 0.000 4.048 -0.274 0.218 [48]

s1494 661 2.116 0.000 4.005 -0.284 0.207 [48]

s5378 2993 1.467 0.001 19.29 -0.134 0.151 [48]

s9234 5844 1.400 0.011 11.84 -0.047 0.164 [48]

s35932 17828 1.683 0.065 7.389 -0.074 0.088 [48]

Metabolic (B is an end product of A)

C. elegans 1173 2.442 0.000 4.586 0.924 -0.174 [13]

E. coli 2275 2.533 0.000 4.457 0.923 -0.167 [13]

S. cerevisiae 1511 2.537 0.000 4.527 0.923 -0.182 [13]

Neuronal (a synapse goes from A to B)

C. elegans 297 7.896 0.171 2.455 0.291 -0.233 [14, 15]

Macaque brain 45 10.29 0.517 1.996 0.923 0.135 [16]

Internet (A sent messages to B)

p2p-1 10876 3.677 0.003 4.636 0.145 -0.008 [49, 50]

p2p-2 8846 3.599 0.004 4.596 0.101 -0.005 [49, 50]

p2p-3 8717 3.616 0.003 4.572 0.107 -0.003 [49, 50]

Organization (A advised B)

Consulting 46 19.07 0.674 1.469 0.479 -0.122 [51]

Enron core 156 10.70 0.391 2.461 0.863 0.007 [52, 53]

Manufacturing 77 18.94 0.693 1.542 0.590 -0.026 [51]

Social (A is an acquaintance of B)

Freemans-1 34 18.971 0.754 1.303 0.685 -0.178 [54]

Freemans-2 34 24.412 0.805 1.155 0.712 -0.149 [54]

Trust (A is trusted by B)

College* 32 3.000 0.232 2.296 0.053 -0.159 [55, 56]

Prison* 67 2.716 0.214 3.355 0.201 0.129 [55, 56]

WikiVote* 7115 14.573 0.082 3.248 0.318 -0.083 [57]

Language (A is followed by B)

English 7381 6.270 0.251 2.778 0.857 -0.229 [55, 58]

French 7262 2.495 0.070 3.338 0.931 -0.240 [55, 58]

Japanese 2704 3.070 0.138 3.077 0.927 -0.266 [55, 58]

Spanish 9253 2.475 0.158 3.008 0.855 -0.269 [55, 58]

Regulatory (A regulates B)

TRN EC* 423 1.227 0.043 4.823 -0.217 0.056 [59]

TRN Yeast-1 4441 2.899 0.046 3.496 0.025 -0.173 [60]

TRN Yeast-2 688 1.568 0.024 5.199 -0.236 -0.220 [59]

Table 1: The list of real networks
that are used in the dissertation,
along with their basic statistics
and references. Networks are
divided into categories, and af-
ter each category, the meaning
of an A → B edge is provided.
The basic statistics are: number
of nodes (N), average degree
(K), clustering coefficient (C),
average shortest path (ℓ), one-
point correlation (ρ) and two-
point correlation (r).
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Classical network models

As we have seen, real networks have various nontrivial properties.
Modeling is one of the ways how these properties can be understood,
and therefore network scientists have developed several models to
capture different features of real networks. Although the descrip-
tion of every single aspect is not possible yet, these models are able
to highlight well-defined characteristics. Furthermore, the study of
these network models at different parameters can give a hint about
the behavior of the quantity under consideration in real networks.
Thus, in order to properly establish our work, we need to test and
understand the hierarchical behavior of well-known network mod-
els. Therefore, in this section we review the various graph models
that we will use in the next chapters. Most of them are historically
important or mostly considered as basic frameworks for analytic in-
vestigations in complex networks.

Hierarchical tree

k

P
(k
)

Example of an HT graph with
three levels: size of the nodes
denotes their out-degree. Below
the graph, an illustration of its
degree-distribution is given.

We start with a deterministic model which we will refer to as the
hierarchical tree (HT) graph. It is constructed by first considering a
node (the root) and then creating l number of levels in the following
way. In each level i > 1 (the first level is the root node itself), a node
has exactly one in-edge (with one in-neighbor from level i− 1). Fur-
thermore, all nodes (except the ones in the lowermost level) have b
out-edges (and thus b out-neighbors in level i + 1). In other words, a
HT is a special type of an arborescence graph [61], with the modifica-
tion that all nodes – with the exception of the ones in the lowermost
level – have exactly b out-neighbors. The number of neighbors b is
called the branching number of the tree.

Erdős–Rényi graph

The first and most simple stochastic graph model was the random
graph or Erdős–Rényi (ER) graph. It has the longest history in net-
work theory, and thus it is one of the most deeply investigated
model. As its name suggests, it is defined as N nodes and M directed
edges, distributed among randomly chosen pairs of nodes, with uni-
form distribution. In the so-called thermodynamic limit (N → ∞),
the resulting network has a Poissonian degree distribution, in both
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the in- and out-degrees [62, 63, 64, 65]:

pin
j =

K je−K

j!
(12)

pout
k =

Kke−K

k!
. (13)

The ER graph has very low clustering coefficient (C = K
N−1 ) which

k

P
(k
)

Example of an ER graph: size
of the nodes denotes their out-
degree. Below the graph,
an illustration of its degree-
distribution is given.

vanishes for large N, and its diameter scales logarithmically with
the number of nodes (ℓ ∝ ln N). Although it is not an appropriate
model of real networks, due to its simplicity and history, it is fre-
quently used in analytical calculations. More importantly, it can be
considered as the model for narrow degree distributions and van-
ishing deviations in the degrees. Indeed, the second moment of the
degree in the ER graph is

〈k2〉 =
∞

∑
k=0

k2 Kke−K

k!

= B2(K)

= K2 + K, (14)

where Bn(x) = e−x ∑k=0
knxk

k! is the n-th Bell polynomial [66]. Thus,
relative fluctuations of the average degree are small:

δk =

√

〈k2〉 − K2

K
∝ K−1/2. (15)

This means that the average degree is a well-defined quantity and
deviations from its value are rare in an ER graph.

Scale-free graph

Another well-known network model is the scale-free (SF) graph [67,
68]. In its simplest definition, it is described as a graph with power-
law degree distributions

pin
j ∝ j−γin (16)

and
pout

k ∝ k−γout . (17)

The motivation behind this model is the notion that the degree dis-
tribution of many real-world networks (i.e., the World Wide Web,
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citation networks, etc.) is heavy-tailed [8, 13]. In some cases even the

log k

lo
g
P
(k
)

Example of an SF graph: size
of the nodes denotes their out-
degree. Below the graph,
an illustration of its degree-
distribution is given.

power-law can be fitted for large degrees with γ > 2, however, the
measurements that provide the distributions are usually not com-
plete and the power-law is not the only possible fit [43]. Further-
more, it has been shown that, depending on the method of measure-
ment, even a network with narrow degree distribution can be seen as
a scale-free network [40]. One of the key features of this model is the
very large degree fluctuations: for γ < 3, the second moment of the
distribution diverges. This means that the average degree is neither
a typical value, nor an appropriate measure for the connectedness of
the network. Taking these observations into account, the SF model
is considered as the classical model for networks with wide degree
distribution and large fluctuations.

It is crucial to be aware of the limitations of Eqs. (16)-(17). If the
degrees are distributed according to a pure power-law, the correctly
normalized probabilities are

pin
j =

j−γin

ζ(γin)
(18)

pout
k =

k−γout

ζ(γout)
, (19)

where ζ(x) = ∑
∞
k=1 k−x is the Riemann zeta function. In this case, the

average degree of the network is determined by the exponent:

K =
∞

∑
k=0

k
k−γ

ζ(γ)

=
ζ(γ− 1)

ζ(γ)
, (20)

which also means that γin = γout must hold. Note that, in this
case, there are no nodes with zero degree. However, in most cases
(for example in real networks) the degree distribution is not a pure
power-law, and Eqs. (16)-(17) hold only for large k. The average de-
gree is not determined by the exponent in these networks, and it can
differ for the in- and out-degrees. In the later chapters, we will con-
sider two methods for generating SF networks, the two resulting in
different degree distributions. One way to build the network is to as-
sign the in- and out-degrees to the nodes according to Eqs. (18)-(19),
and then randomly connecting them (Type I SF network). This will
create a network with a degree distribution very close to the pure
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power-law. Another method goes by assigning only the probabilities
to the nodes by Eqs. (16)-(17) and adding a given number of edges
by choosing pairs of nodes according to these probabilities (Type II
SF network). In most of the simulations we will use SF graphs with
γ = 2.5, unless otherwise mentioned.

For exponents large enough, the clustering coefficient of the SF
model vanishes with the system size, but for γ < 7/3, it can be
remarkably large [2]. This will be crucial in The anatomy of hierar-
chy, where a necessary condition for the applied method will be the
absence of loops. Regarding the dimension of the network, the SF
graph has a diameter scaling logarithmically with the network size,
similarly to the ER graph.

Configuration model

a

b

Illustration of the configuration
model: (a) the nodes with the
predefined half-edges and (b)
after connecting them to form
the graph itself. Color of the
nodes indicates the different de-
gree types. The graph is a re-
alization of the degree sequence
pin

0 = 2
6 , pin

1 = 3
6 , pin

4 = 1
6 and

pout
0 = 1

6 , pout
1 = 3

6 , pout
2 = 2

6 .
Note that in simulations, further
randomization is performed on
the graph.

The last model we consider is not really a graph model with spe-
cific structural properties, but rather a tool for generating a network
with arbitrary degree distribution [3]. First, we generate a network
with N nodes and zero edges, and assign half in- and out-edges
for each node. The number of in- and out-edges are sampled from
the predefined distributions pin

j and pout
k . After assigning them to

the nodes, we connect the half-edges randomly. In order to remove
any undesired degree-correlations, a further randomization is taking
place, after all edges are connected. The randomization is a degree-
conserving type, in which the degrees of the nodes do not change,
only the structure of the connections.

With this method, it is possible to generate networks with arbi-
trary reasonable9degree distribution. In fact, Type I SF networks

9 By reasonable, we mean a set
of in- and out-degree sequences
that contain the same number of
edges etc.

are just an example for the configuration model when the in- and
out-degree distributions are power-laws. However, later in the dis-
sertation, we will apply this method to generate networks with ex-
ponential degree distributions, that is, the probability of having kin

(kout) is exponentially vanishing. With the proper normalization, the
degree distributions are

pin
j = (1− e−1/κ)e−j/κ (21)

pout
k = (1− e−1/κ)e−k/κ, (22)

where κ is the cutoff parameter and is related to the average degree
by K = (e1/κ − 1)−1.
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Percolation in complex networks

One of the most particular behavior of complex networks is
the dynamics of their giant components [3, 69, 70, 71]. The main ob-
servation is that, if the network has very few connections, it breaks
down into many, small disconnected components. All of them are so

Kcrit

K

GS

Typical percolation curve: the
size of the giant component in
the two regimes: when K <

Kcrit, the graph consists of dis-
joint trees. In the K > Kcrit
regime, nodes are concentrated
in the giant component and the
network is almost connected.

small, that in the thermodynamic limit, their relative size compared
to the whole network is negligible. As more and more edges are
added to the graph, at some point the largest component reaches a
finite relative size and giant components appear. This process of the
emergence of giant components is called the percolation of the net-
work. The circumstances and conditions for a network having giant
components have been intensively studied in the last half decade,
and different aspects are now well-known. It has been shown that
in some network models, the average degree is a proper control pa-
rameter for investigating the percolation process. Since we will need
some informations about the giant components in the analytical cal-
culations, here we present some of the related results, without going
into the very details.

As a general framework, we will apply the generating function
formalism, that is based on the previously introduced generating
function. But before doing that, we should get familiar with the
large-scale structure of directed networks when the giant compo-
nents are present. Figure 1 shows the different components in the
so-called bow-tie diagram [9, 70]: the primary core is the giant strongly
connected component (GSCC, or GS as we will refer to it). Inside the
GS, every node can reach every other following only out-going edges.
There are nodes that can reach the whole GS, but not vice verse (IN)
and together with the GS they form the giant in-component (Gin). The
similar is true for the giant out-component (Gout). There are nodes
that connect the Gin and Gout components but not part of GS, they
form the tubes. There are also tendrils that attach to the Gin and Gout
components. The rest of the nodes are located in the disconnected
components (DC).

The size of the components in the bow-tie can be approximated
in the generating function formalism. Let us consider a network in
the configuration model with joint degree distribution pjk and the
corresponding double generating function g00(x, y). It can be shown
[3] that the giant components are present if and only if

∂x∂yg00(x, y)|x,y=1 > K (23)
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and the relative size of the giant components is then given by

|GS|
N

= 1− g00(u, 1)− g00(1, v) + g00(u, v) (24)

|Gin|
N

= 1− g00(1, v) (25)

|Gout|
N

= 1− g00(u, 1). (26)

The variables u and v appearing in Eqs. (24)-(26) are the nontrivial
(u, v 6= 1) solutions of the equations

u = g01(u, 1) (27)

and
v = g10(1, v). (28)

Thus, if we know the joint degree distribution of a network (in the
configuration model), we can also calculate the size of its giant com-
ponents [3]. This observation will be crucial at some point of our
calculations.

GSCCIN OUT

TUBES

TENDRILS

DC

Figure 1: Large-scale structure
of a directed network summa-
rized in the bow-tie diagram [9,
70].
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It is worth to define the generating functions of two further
distributions as they will prove to be essential later on:

h0(y) =
∞

∑
s=1

πout
s ys (29)

h1(y) =
∞

∑
s=1

ρout
s ys. (30)

Here, πout
s denotes the probability that a randomly chosen node has a

b

c

Illustration of πout
s and ρout

s in a
small graph (a). The green node
in (b) has an out-component of
size s = 3 (highlighted nodes).
The green edge in (c) points
to a node with out-component
of size s = 4. The values of
πout

s gives the distribution of the
components defined as in (b),
while ρout

s tells about the distri-
bution of components as seen in
(c).

an out-component of size s, and ρout
s is the probability that a ran-

domly chosen edge points to a node with an out-component of size
s. The out-component of a node is defined as the number of nodes it
can reach via only out-going edges, including the node itself. We will
see in later chapters that this quantity is closely related to the mea-
sure we develop for the hierarchical description of networks. One
useful remark on the above defined generating functions is the fol-
lowing set of self-consistent equations given by Newman [3]:

h0(y) = yg00(1, h1(y)) (31)

h1(y) = yg10(1, h1(y)). (32)

Using these equations, the distribution of the out-components can
be determined. Note that the above distributions describe only the
size of the small out-components, i.e., it does not include the nodes in
the giant components.

Lastly, we should mention some important notes about the gener-
ating function formalism. First of all, the results on the giant compo-
nent sizes and the distribution of small out-components are approxi-
mations that improve with the size of the network. In other words, as
the network size tends to decrease, the formalism becomes less valid
and its predictions deviate more from the actual values in the graph.
Secondly, the derivation of Eqs. (23)-(26) and Eqs. (31)-(32) relies on
the assumption that loops are absent in the network. Obviously, as
K > 1, the graph is no longer a tree and – as a consequence – loops
must appear. However, the method is still applicable if only large
loops are present, i.e., the network is locally tree-like. This means that
the probability of existing connections between nodes in a neighbor-
hood of any node tends to zero. Different network models satisfy
these criteria at different levels, but as we will see, in some cases it
is crucial to be aware of the limitations as in these cases the method
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gives us biased results.
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Hierarchy in social systems

From the beginning, humans have a tendency to define their so-
cial attributes through their rank in the community, and our need to
achieve more prestigious rank in the group is a fundamental element
of our nature [72, 73]. Our ability for dominance is balanced by the
emergence of submission in various situations. In the infamous Stan-
ford Prison Experiment, volunteers were divided into two groups
randomly: guards and prison inmates [74]. In one week, guards
and inmates adapted perfectly to their roles and a clear dominant-
submissive relationship formed. Although the experiment became
dramatically serious with some participants being emotionally trau-
matized, it sheds light on our ability to these asymmetric attributes.
The experiment was repeated later, but with less articulated results
[75]. However, participants in the BBC Prison Study disregarded
and later opposed the predefined hierarchy, yet during the experi-
ment they formed new hierarchies and authorities. It has been also
observed that ranks and hierarchy emerge in human groups spon-
taneously in less than a few hours [72, 76, 77]. Besides humans,
hierarchy is also observed in various aspects of the populations of
other species: the dominant-subordinate hierarchy among animals
[78, 79]; leader-follower network of pigeon flocks [80]; also in the
structure of the transcriptional regulatory network of Escherichia coli
[81]; or in a wide range of technological networks [82]. All of these
are but just a few examples of the appearance of hierarchy in living
and non-living systems.

Along the question of quantifying and measuring hierarchy in dif-
ferent systems, we intend to focus on the hierarchy of a specific kind.
Our aim is to study decision-making (or decision-following) hierar-
chies in social systems, motivated by the assumption that it can play
a key role in the formation of large scale hierarchies in many com-
munities. The inner structure of army, society (through politics) or
the academy are good examples as groups of individuals organized
into a strict hierarchy. In order to understand hierarchy, its origin
and characteristics of formation, one should be able to measure its
extent. This is exactly the main goal of the work presented in this
dissertation. It should be emphasized that the motivations and social
forces that drive an egalitarian system into a hierarchical one is out
of the scope of our work. However, for the beginning, the ability of
describing hierarchical structures is the first step on the way of cog-
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nition. In the spirit of this principle, the remainder of this chapter is
dedicated to a short introduction to hierarchy in networks, and the
review of its measurement and visualization in the literature.

Classes of hierarchical networks

To describe the hierarchical structure of a graph, it is im-
portant to distinguish between the three major classes of hierarchies
(also see Fig. 2): order, nested and flow hierarchy. In case of an order
hierarchy (Fig. 2a), hierarchy is regarded to be basically an “ordered
set”, and it is understood to be “equivalent to an ordering induced
by the values of a variable defined on some set of elements” [83]
(i.e., generally there is no network behind its concept). In case of a
nested hierarchy (Fig. 2b), higher level elements consist of and con-
tain lower level elements or, as Wiberley has formulated, “larger and
more complex systems consist of and are dependent upon simpler
systems and essential system-component entities” [84]. When a net-
work is structured in a flow hierarchy (mostly directed graphs), the
nodes can be layered in different levels so that the nodes that are
influenced by a given node (are connected to it through a directed
edge) are at lower levels (Fig. 2c).

In this dissertation, we are interested in flow hierarchy for the fol-
lowing reasons. First, order hierarchy is a single-valued function
over the population and there is no underlying network of interac-
tions attached to the hierarchy. Secondly, uncovering a nested hierar-
chy is analogous to the problem of community detection in graphs,
which has a long-established literature and there are well-known
methods that are proposed to its solution [24, 25, 27]. However, the
most significant reason behind our choice of type is that both or-
der and nested hierarchies can be converted into flow hierarchies,
as shown in Fig. 2. In an order hierarchy, a directed edge can be
assigned to each pair of adjacent members in the hierarchy and this
produces a chain of directed edges. In a nested hierarchy, a virtual
node can be assigned to every subgraph identified as a community,
and if a subgraph contains another, then the two corresponding vir-
tual nodes are connected with a directed link, which induces a flow
hierarchy on the network of virtual nodes. Thus, by the study of
flow hierarchy, we are also able to describe hierarchical properties
of other types of hierarchies, although the interpretation of those
requires some additional information about the system under con-
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sideration.

a

A B C D

b

A

B

C D E

FG

H

I

J

c

d

A B C D

e

A B C D E F G H I J

Figure 2: The three main classes
of hierarchy: (a) order, (b)
nested (or containment) and (c)
flow hierarchy. We also pro-
vide the possible conversions of
the first two types into a cor-
responding flow hierarchy: for
the (d) order and (e) nested hi-
erarchies.

Measures

Many exciting questions related to hierarchy are concerned with
the question of its origin [82]. Several studies have approached this
problem from a historical viewpoint [85, 86] but without any quan-
titative description. The best known quantitative model for the evo-
lution of hierarchies is the Bonabeau model [87]. According to this
model, a hierarchy can emerge as the result of the outcomes of com-
petitions between pairs of participating individuals, and hierarchy
itself is defined by a rank (order) assigned to each participating mem-
ber [87]. Although it is a well-defined scenario of the studied phe-
nomena, the developed structure is an order hierarchy with no com-
plex inner structure. Another interesting result comes from game
theory: simulations of the prisoner’s dilemma on adaptive networks
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showed that cooperation combined with imitation can lead to a hier-
archical structure [88]. Note, however, that in this model every node
can imitate at most one other, and therefore, the emerging hierarchy
is by definition a directed tree.

The leader-follower hierarchy
in a flock of homing pigeons:
nodes correspond to pigeons
and edges point from the leader
towards the follower. Num-
bers on the edges denote the
time-delay between the change
of direction of the leader pigeon
and that of the follower (Repro-
duced from [80]).

Usually, hierarchy is the consequence of the different role, signifi-
cance and history of the nodes [87, 89]. In other words, if the influ-
ence of the nodes on others (and thence, on the whole system) varies,
then hierarchy can emerge. Nodes with the strongest influence can
denote the leaders of a group (as in the structure of a company or
hidden groups [90, 91] or amongst homing pigeons [80]); central
proteins in transcription regulatory networks [81, 92]; and opinion
leaders [93, 94]. These nodes can have major impact on the system,
and thus, finding them and quantifying the extent of hierarchy at the
same time is an important step in the understanding of functionality
and controlling of these networks.

In most cases networks contain all sorts of edges (both directed
and undirected, and various edge weights as their strength) making
the detection of hierarchy a difficult challenge. When one looks at
real-life networks, the picture is often much more complicated than
in the simple tree-like hierarchy: there can be (i) relations between
entities on the same level, (ii) “shortcuts” when a step in the hier-
archy is bypassed, (iii) ties which, instead of going downward on
the hierarchy, go upward, (iv) cycles of connected nodes [95] and
(v) clusters [96], etc. It can even happen that some or all of the
levels of hierarchy cannot be clearly defined (and they are not well-
separated). Due to the contradiction between its simplicity to our
intuition and difficulty in the complexity, hierarchy has been the
focus of several interesting and great works. Also, many authors
intended to capture its main properties by proposing different mea-
sures. Knowing that a complete list of the remarkable works on
quantifying hierarchy is nearly impossible, here we review some of
the measures that seized the idea of hierarchy in diverse ways. The
main motivation behind the choice of measures is to present signif-
icantly different approaches that have been proposed so far in the
literature.

Krackhardt: He defined various measures in order to quantify the
extent of hierarchy in a network [97]. These measures take into
account the fraction of node pairs in which one can reach another
via directed path; the number of transitive edges (that can be re-
moved without changing the reachability of nodes); and the frac-
tion of node pairs that have a common node which can reach both
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of them. The main assumption behind these quantities is that the
directed tree is the perfect hierarchy, and the measurement of hier-
archy is translated into measuring the “distance” from this graph.
The problems arising with these measures are that they basically
compare any graph with the hierarchical tree and punish loops
(even if the loops are not directed).

Carmel et al.: They assign a desired height difference (δij) to each ad-
jacent node pairs, and determine the optimal arrangement of the
nodes according to this predefined matrix [98]. The result is a
drawing of the network, and they argue that the extent of hierar-
chy can be described by the total height of the drawing divided by
the diameter of the graph. This method gives reasonable drawings
of the networks indeed, and the derivation of the measure is also
creative, but we get all of these at a cost. First, δij is responsible
for adjusting the “importance” of node orderings, and these can
be arbitrary, depending on the desired result. In a directed graph,
without additional information on the nodes, there is no reason to
prefer any nodes above the others, and would imply δij = 1 for all
adjacent vi and vj nodes. However, in most of the networks, there
are edges spanning more levels without changing the overall hier-
archical structure, but lowering the corresponding distance would
result in a bias of the measure.

Trusina et al.: In their paper, they define an ordering of the nodes
based on a given proxy and then argue that all shortest paths be-
tween nodes in a complete hierarchy consist of two parts: a path
going upwards in this ordering and a path going downward [99].
According to this concept, they calculate the fraction of shortest
paths that follow the above pattern. The proposed proxy for the
ordering of nodes is the degree of a node, based on the observa-
tion that nodes with many connections play a more important role
in the network than the ones with a low degree. There are mainly
two important remarks about this measure: first, in a hierarchi-
cal system, it is not straightforward that the node at the top of
the hierarchy also has more connections than the rest of the net-
work. Secondly, the method is proposed for undirected networks
and thus it is not taking into account the direction of the edges.
However, in a flow hierarchy, edge directions do have an addi-
tional meaning, that must be considered at some level whenever
hierarchy is studied.

Rowe et al.: In this composite measure, they consider the linear com-
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bination of different graph centralities (properties), as well as other
informations gathered and calculate a score which ranks the nodes
in a hierarchy [90]. Although, the method performs well in the
case of some networks they investigated, this measure is overly
specific of the data on which it is applied. The score includes ad-
ditional informations about the nodes (average response times in
a network of emails, for example), which are focused on the given
network under consideration. Furthermore, the weights of the dif-
ferent quantities in the score are not fixed by any mean, and thus
can lead to arbitrary results if set so.

Memon et al.: They consider undirected networks and introduce di-
rections on the edges based to the degree and several centrality
measures. In the resulting network, they identify the parents of
each node in the hierarchy by considering a centrality measure of
the in-neighbors of the node [91]. This method has many similari-
ties to the one introduced by Trusina et al, and thus has the same
limitations. First, it is applied only to undirected networks, and
the importance of a node is primarily defined as its degree, which
automatically brings correlations in the network (nodes with large
degrees will have only out-neighbors, and vice verse). Secondly,
the choice of actual centralities and their order of usage is not
completely understood in their model.

Luo and Magee: This measure shows similarities with the one given
by Krackhardt: it is defined as the fraction of edges that are not
included in any (directed) cycle [100]. As they show, this approach
indeed captures the differences in the hierarchical properties of a
directed tree and a random graph, and it is consistent with the
available visualization techniques in the literature. However, it is
easy to construct a network that is not hierarchical according to an
intuitive sense of hierarchy, yet their measure shows the opposite:
consider a network with a central node and having all other nodes
as its in-neighbors. In this network, all nodes affect the central one
and therefore it is not resembling the ethological hierarchy that is
observed in human and animal groups, and it is far from a true
decision-following hierarchy. Still, the fraction of edges in directed
cycles is zero.

By all of the above measures, we also raised the potential restrictions
and biases. Nevertheless, in order to clarify the above remarks, here
we should summarize the limitations explicitly.
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1. Some of the measures rely on parameters that are either unknown
(and therefore can be chosen arbitrarily), or require additional
knowledge about the nodes. Thus, they are hardly suitable if one
is looking for a purely structural establishment of a measure.

2. In case of Krackhardt, the measure solely quantifies the deviation
of the network from a pure hierarchical tree. This implies that
loops, or directed loops are punished and considered as a blemish
of the network, instead of interpreting them as meaningful parts.

3. Although some of the above measures can be generalized for both
directed and undirected networks, in some cases, the definitions
are created for only undirected ones and the consideration of edge
directions is far from straightforward. However, in a flow hier-
archy, directedness has very crucial meaning and cannot be ne-
glected.

In this work, we are aiming at introducing a measure which can be
equally used for all sorts of networks and thus, used for uncovering
universal features of the hierarchical organization of the relations
within a complex system. Although the above summary is not (and
cannot be) a complete list of the relevant measures, from a network
theoretical point of view, the observations about these metrics can
lead us to formulate our concept of hierarchy and hierarchy measure
in a more pronounced way.

Visualization of hierarchy

The quantification of a structural feature in a network with
mathematical concepts is but one side of the coin. Visualizing the
structure of networks has been a widely used approach to obtain
qualitative picture about some of their features (e.g., clusters/mod-
ules). At present, the hierarchical visualization of networks is mostly
based on the Sugiyama method [101, 102], which offers an informa-
tive and clear hierarchical layout for small networks. The layout is
very attractive, due to its ability to provide a spectacular layering of
the network. The method consists of four steps [103] (see Fig. 3 as
well):

Cycle removal: The temporary reversal (or removal) of a set of edges
in order to obtain a directed acyclic graph (DAG), that is a directed
graph without any directed cycle (at the end of the algorithm,
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edges are restored). In most applications, it is required to have
the lowest possible number of edges that are reversed, which is an
NP-hard problem [104, 105], and thus heuristics are needed.

Layer assignment: This step assigns all nodes to horizontal layers and
determines their y-coordinates. If there is a restriction on the
width and height of the layout, this step is also NP-hard and can
be solved using heuristics (Fig. 3b).

Crossing reduction: After assigning the nodes into layers, their hor-
izontal order inside the layer is not yet set. This step sorts the
nodes in each layer so that the number of crossing edges be mini-
mal (Fig. 3c). Unfortunately, this step is NP-complete, even if there
are only two layers [106]. Also note that this step involves the in-
troduction of dummy nodes. These are temporary vertices placed
inside the levels, and their function is to facilitate the edge crossing
reduction in the presence of edges spanning three or more levels.

Horizontal coordinate assignment: As a final step, the x-coordinates of
the nodes are determined by various aesthetic requirements (Fig. 3c).
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Figure 3: Illustration of the four
steps in the Sugiyama method:
(a) the original network with-
out any layering, (b) after cycle
removal and layer assignment,
(c) with cross reduction, and (d)
the final layout.
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There are also several extensions to the Sugiyama method. For
example, by introducing magnetic fields, the resulting layout can be
further improved [107]. Despite its popularity and the intuitive lay-
outs it generates, there are open questions about the method: (i) for
large networks, the created layout becomes less transparent; (ii) the
meaning of the levels is not well-defined, but it is a consequence
of the algorithm; (iii) independently of the presence or absence of
hierarchy in the given network, the method generates a hierarchi-
cal layout that is often misleading; (iv) most of the steps are NP-
complete or NP-hard, which makes the usage of several different
heuristics necessary and thus results become less deterministic and
robust. Furthermore, for large networks, the global shape of the lay-
out does not contain any information about the extent of hierarchy
in the network. Therefore, there is a need for a visualization as well,
in which the layers have clear meaning, can be applied to large net-
works as well, and the shape of the drawing also provides at least a
qualitative hint about the hierarchy of the graph.



Tackling hierarchy
Reaching centralities

“It is not so much the kind of person a

man is as the kind of situation in which

he finds himself that determines how he

will act.”

— Stanley Milgram

Obedience to Authority

Based on the remarks about the measures presented at the end
of the preceding chapter, we can conclude some requirements that
should be stated against a proper measure of flow hierarchy in di-
rected networks. Also, these points are then considered to be the
guiding pillars when we construct our descriptive formalism. They
can be summarized as follows:

1. The measure should be free of parameters or additional (meta) in-
formation about the network. This means, that the measure should
be determined solely by the structure of the network itself. Also,
it is desirable that the measure not include stochastic steps, i.e., it
should be completely deterministic.

2. We assume that the hierarchical tree is a graph with very high
level of hierarchy, but it is not necessarily the most hierarchical or
the only one. We also fix the “opposite” of hierarchy, motivated
by the structure of social interactions as our main focus: it is a
network in which all nodes are equivalent. In other words, the
underlying structure of the network is a fully egalitarian group
of the participating nodes. As an example, this condition can be
satisfied by a random graph (ER), which is completely homoge-
neous in the thermodynamic limit. Another network example is
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a directed chain with periodic boundary conditions: there are no
start and end of the circle.

A periodic chain graph with no
differences between the nodes.
Everyone is the same, a com-
pletely egalitarian network.

3. Our main purpose is to construct a measure for the flow hierarchy,
and therefore we will focus on directed and unweighted networks.

Obviously, the meaning and direction of edges can differ from
network to network. However, it is important here to lay down a
general rule about the directionality that will be utilized during our
work. In the remaining sections of the dissertation, we assume that
an edge from vertex vi to vertex vj denotes the fact that vj is affected
by vi in the sense of dominance or influence hierarchy. Few illustra-
tions of this principle are: in a decision-making network member j
follows member i [80]; in an electric benchmark network the value at
element j is determined by, inter alia, the value at element i; or in a
food web species i prays on species j. In other words, whenever we
consider a directed network, we assume that the edges represent the
dominance or superiority of the source node over the target node in
the hierarchy. Thus, when we investigate the structure of a network,
we always suppose that edges are directed according to the above
rule, and in the real network examples we also set the direction of
edges accordingly.

Keeping these remarks in mind, in the following sections we will
introduce a local property of the nodes (the local reaching centrality)
that forms the basis of our hierarchy measure. While investigating
this centrality in different network models, we also provide a syn-
thetic model with adjustable hierarchical structure. We review the
results with the synthetic model, and – supported partly by these
results – we will construct our final measure. Further tests are also
carried out with the measure to ensure that it is able to fulfill its
purpose.
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Local reaching centrality

To introduce our measure, we first define a centrality that is
based on the directed paths in the network:

a

b

Illustrating the local reaching
centrality in a small network ex-
ample (a). The red node can
reach 3 other nodes (opaque cir-
cles in (b)), thus having cR = 3

5 .

Definition 9 (Local reaching centrality). Given a directed graph G(V, E),
the reachable set Si of node vi is the number of all nodes that can be reached
through directed out-paths. In other words, Si contains all the nodes that
can be reached by following only out-edges:

Si = {vj ∈ V|0 < dout
ij < ∞}. (33)

Here, 0 < dout
ij < ∞ denotes the fact that node vj has a finite and nonzero

out-distance from vi, i.e., it is in the same component. The local reaching
centrality (or simply just the reaching centrality) of node vi is defined as
the fraction of the graph that the node can reach via out-edges:

cR(i) =
|Si|

N − 1
=

CR(i)

N − 1
, (34)

where we also introduced CR as the size of the reachable set. The normal-
ization factor does not take into account the node itself.

Our main assumption is that the local reaching centrality describes
the level of influence of a node having on the network. Note that this
quantity is a global property of the graph, in contrast to – for exam-
ple – the degree, which is a local property of the nodes. It can be
argued that in most systems, the influence of a node decays with
the distance, and above some distance, it vanishes. However, there
are two motivational aspects behind the local reaching centrality:
first, it is not directly connected to the fraction of the graph a node
can affect, but acts rather as an indicator of the relative importance
of the nodes. More precisely, thinking of the hierarchy in a social
group (organization, decision-making), the reaching centrality of a
node is necessarily larger than or equal to the reaching centrality of
its out-neighbors. It also means that by having an effect on its out-
neighbors, a node also has indirect influence on their out-neighbors.
As another point, the centrality takes into account the structure of
the network, not only the close neighborhood of the nodes. Thus,
in contrast to properties limited only to the node or its neighbors,
it is a topological variable that takes advantage of the network rep-
resentation of the system. Also note that the reachable set given in
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Definition 9 is equivalent to the node’s out-component excluding the
node itself.

Considering hierarchy, we expect cR showing a heterogeneous dis-
tribution among the nodes. This corresponds to the observation that
in a strict hierarchy, nodes have different influence and therefore
they can dominate diverse fractions of the network. In order to test
this hypothesis, we have calculated cR for all nodes in three network
models. Fig. 4 illustrates the distribution in three different classical
models: ER graph with N = 104, K = 3; Type II SF with N = 104,
K = 3 and γin = γout = 2.5; and a hierarchical tree with 9 levels
and a branching number of 3. Each curve is the average of 1000 in-
dependent measurements (with the exception of the HT graph) and
the average degrees and exponents for the ER and SF graphs were
chosen in accordance with the typical values in real networks.
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Figure 4: Illustrative distribu-
tion of local reaching central-
ity in three classical network
models: hierarchical tree (HT),
Erdős–Rényi graph (ER) and
Type II scale-free network (SF).

The hierarchical tree has the most heterogeneous distribution of
cR and thus, based on our arguments above, it is considered to be
maximally hierarchical among the three networks. Note that the
HT graph has very few nodes with local reaching centrality close
to unity and therefore very few nodes can affect large fraction of
the graph directly or indirectly. On the other hand, the ER and SF
graphs have very narrow distribution (for the K = 3 case, at least)
centralized around a value of cR close to unity. This means that in
these networks, most of nodes can reach almost all other nodes. In
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other words, there is no difference between the nodes, in accordance
to our assumption of an egalitarian structure. Since there are no
privileged nodes of any kind in the ER network, it is indeed an ex-
ample of a completely egalitarian community. In many aspects, the
SF graph has nodes with diverse roles in the network, i.e., hubs with
very large degrees that could count for a more heterogeneous dis-
tribution. Still, as Fig. 4 shows, according to their reaching ability,
nodes are not so much different, no matter how large their degree
is. Also note that the ER and SF networks have much more edges
than the HT graph (which is by definition a tree), which – in theory –
could explain the differences seen in Fig. 4. However, as we will see
later in The anatomy of hierarchy, these network models cannot gain
a highly hierarchical structure even at low average degrees. More
interestingly, they achieve their maximally hierarchical structure at
an average degree larger than K = 1, but they are still much less
hierarchical than a directed tree.

A synthetic model

As further testing our assumption about the distribution of cR,
here we introduce a synthetic model that can be tuned by a parameter
to exhibit different levels of flow hierarchy. The construction of the
model is based on two steps, and it is illustrated in Fig. 5:

1. First, create a hierarchical tree with a single root (u) and random
branching numbers (b ∈ [1 : 5]) at each node. The resulting graph
has an inherent layering, i.e., each node is assigned to a level l
according to its distance from the root node (dout

ui = l).

2. Insert additional edges to the network to obtain the desired aver-
age degree. Edges that do not ruin the hierarchical structure (i.e.,
that are in the direction of inherent flow in the graph) are added
with probability p (blue edges in Fig. 5). These edges must point
from a node in a higher level to a node in a lower level, or for-
mally, lsource > ltarget must hold. The other 1− p fraction of the
edges are added to randomly chosen sources and targets without
any preference (red, green and blue edges in Fig. 5).

The resulting network has a spoiled hierarchical structure with prob-
ability p, which is therefore called its hierarchy parameter. In the p = 0
limit and an average degree large enough, the topology of the syn-
thetic model is very close to that of an ER graph, while the case of
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p = 1 resembles some properties of the hierarchical tree. The only
difference is that in the synthetic model with p = 1, nodes in dif-
ferent levels can reach other branches of the graph, and thus their
local reaching centralities are increased. The distribution of cR can
be seen in Fig. 6, in which 1000 curves are averaged. As the hierarchy
parameter increases, the distribution widens and tends to the final
(p = 1) distribution which corresponds to the most heterogeneous
state.

Figure 5: Construction of the hi-
erarchical synthetic model: thin
black edges represent the links
in the hierarchical tree graph
that forms the backbone of the
model. Blue and green edges
conserve the order of their end-
points, while red edges spoil the
hierarchical structure.

Our observations about the distribution of cR in the above net-
work examples will serve as the motivation in the construction of
the hierarchy measure. As a main lesson, we can conclude that the
local reaching centrality shows different distribution patterns in the
network models, and it can be related to their hierarchical structure.
Our primary approach to the flow hierarchy in social systems im-
plies that, in networks with equal properties of the nodes, there is no
underlying structure of the edges and the reaching centrality should
have a narrow distribution, which can be seen in the ER and also in
the synthetic model with p ≈ 0. Also, a very broad and unbalanced
distribution in the HT and the synthetic model with p ≈ 1 indicates
an unequal role of the nodes and also a nontrivial structure. In the
next section, we will formulate this remark on the heterogeneity of
the distribution in order to obtain a quantitative description of hier-
archy on the whole network.
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Figure 6: Distribution of the
local reaching centrality in the
synthetic model at different val-
ues of the hierarchy parameter
p. Each distribution is an av-
erage over 100 realizations with
N = 104 nodes and K = 2.

Global reaching centrality

The heterogeneity of a nodal centrality in a network can be
measured by different properties of the corresponding distribution:
standard deviation, kurtosis, L-moments, etc. In order to develop an
appropriate measure for our purpose, we have to take into account
not only the heterogeneity of the distribution, but also the fact, that
in a hierarchical structure, the node with the largest reaching central-
ity (i.e., the hierarch) has a centrality very close to unity. Furthermore,
most of the nodes in the hierarchy have very small reaching central-
ity, and thus the average difference between the maximum and the
other nodes is remarkably high. On the contrary, if the network is
egalitarian, not only the reaching centralities themselves are high,
but also the differences between the nodes tend to zero. To summa-
rize these notions, we define the following function:

Definition 10 (Average difference). Given a directed graph G(V, E), let
us define H(G) as a function on the graph:

H(G) = ∑
i∈V

cmax
R − cR(i), (35)

where cmax
R denotes the largest reaching centrality in the graph G(V, E).

This quantity measures the average difference between the largest
and all other centralities10. It can be easily seen that H(G) ≥ 0 for

10 This function already has a
name: it is called the centraliza-
tion of cR. The idea of central-
ization of a local property was
first coined by Freeman [108].

all graphs, and H(G) = 0 if and only if all reaching centralities are
equal. On the other hand, the fact that cR ≤ 1 for all nodes sets also
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a theoretical upper bound: H(G) ≤ N. However, as the node with

A star graph, as the most cen-
tralized structure. All nodes but
the central one have cR = 0,
which results in H(G) = N− 1.

the largest reaching centrality is also present in the right hand side
of Eq. (35), there is at least one member of the sum which is zero,
and thus H(G) ≤ N − 1. This quantity can be further improved by
normalizing it to the interval [0 : 1]. The normalization is carried
out by considering the largest possible value H(G′) can take over
the graphs G′(V, E′) that have exactly the same number of nodes
as G(V, E) and contain an arbitrary number of edges. This value is
achieved in a network, where all nodes but one have exactly zero
reaching centrality, and a single node has cR = 1. A star graph
has this property: with the exception of the central node which is
connected to the rest of the graph by its out-edges, all other nodes
has zero reaching centrality. The value of H(G′) in a star graph
with N nodes is therefore N − 1, and this is also the upper bound
on H(G′), which implies that the normalizing factor is N − 1. This
observation leads us to our final measure of hierarchy.
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Illustration of the global reach-
ing centrality in a small network
example (a). Based on the cR

values of the nodes (b), GR =
18
25 = 0.72.

Definition 11 (Global reaching centrality). Let us consider the directed
graph G(V, E). We define the global reaching centrality GR as the following
fraction:

GR =
H(G)

N − 1
. (36)

Clearly, the so defined global reaching centrality can take the val-
ues between zero and one. Although the purpose of the measure was
not to provide the definition of the most hierarchical graph, it can be
seen that the GR is maximal if the network is a star graph. Also,
for a homogeneous network with many enough connections11(as the

11 This requirement is necessary
to ensure the connectedness of
the graph, as we will see in later
chapters

ER), GR ≈ 0. The values corresponding to the distributions seen in
Fig. 4 are presented in Table 2, where we also indicate the standard
deviations of cR as a comparison.

The values for the classical graphs are in accordance with the ob-
servations made by the distributions: the ER and SF graphs are less
hierarchical (the former is not hierarchical at all), in contrast to the
HT model. The SF graph is very heterogeneous in the sense of de-
grees, and there are hubs that dominate most of the connections.
However, as the SF models used in Fig. 4 and Table 2 are uncorre-
lated in the degrees, the resulting structure is less hierarchical (in
Effects of correlations, we will see how correlations can change this
situation). Furthermore, hubs have only large degrees, but the local
reaching centrality considers further parts of the network as well,
and it is not restricted to the very neighborhood of the nodes. The
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standard deviation is shown as well in Table 2, as a potential candi-
date to measure the heterogeneity of the distributions. It performs
worse for our purpose, leading to uninterpretable values for the net-
works under consideration12.

12 And it is also less properly
defined in power-law distribu-
tions, which we have seen in the
case of the HT model.

Network type GR σ(cR)

Erdős–Rényi 0.056 0.222

Scale-free 0.200 0.323

Hierarchical tree 0.999 0.022

Table 2: Global reaching central-
ity and standard deviation of
the local reaching centrality in
three classical network models:
ER, Type II SF and HT model.
The ER and SF networks have
N = 104 nodes and an average
degree of K = 3.
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Figure 7: Global reaching cen-
trality in the hierarchical syn-
thetic model, as a function of
the hierarcy parameter p. We
also plot the standard devia-
tion corresponding to the local
reaching centrality in the inset.
The dots and curves are aver-
ages taken over 100 network re-
alizations with 104 nodes, error
bars denote the standard devia-
tions.

We also tested the global reaching centrality in our synthetic model
as the function of the hierarchy parameter for different average de-
grees, and the results are plotted in Fig. 7. As the hierarchy parame-
ter increases, the value of the global reaching centrality also tends to
unity. For different average degrees, the pace of tendency differs, but
the growth remains monotonous in all cases. We can make here an
important observation that will be also confirmed in the analytical
treatment: as we increase the average degree, the GR(p) curves tend
to be lower. In other words, the more connections are there in the
network, the less likely (or “easy”) to obtain a hierarchical structure.
This has been observed already when we compared the distribution
of cR in the hierarchical tree and the ER graph, but the results here
are more pronounced. Now that we have constructed our measure
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for hierarchy, in the next chapters we will apply it to real networks,
and also derive exact expressions for network models to obtain a
deeper understanding of their structure.



Numerics
Algorithmic considerations about reaching
centralities

“Premature optimization is the root of

all evil.”

— Donald E. Knuth

Computer Programming as an Art

When one is introducing a new measure on complex networks,
a natural question arises: “How fast can we calculate this?”. Let us
illustrate the importance of this question: if there is an algorithm
that requires to visit all vertices once, the time that is needed for
running it on a network with N nodes will be proportional to N. In
the case of small networks (several hundred nodes), this should be
not a problem with the computational capacity of present comput-
ers. But if one is supposed to run the same algorithm on networks
with 1000 times more nodes, the running time will be also 1000 times
larger. In computer science, the time that is needed for an algorithm
to run in a system of N units is called its computational complexity,
and it is denoted by the O-notation. In other words, the above ex-
ample has a complexity of O(N), because it scales linearly with the
size of the network. However, most algorithms require higher com-
plexity (O(Nα) or O(N log N)) that makes their calculation harder
when the system size increases. This is related to the scalability of
the algorithm, which is important because in many cases (as in the
investigation of some properties in network models), measures in
multiple sizes are needed in order to detect effects related to the sys-
tem size (i.e., finite size effects). Obviously, the higher the complexity
of an algorithm is, the harder to compute it in large systems, thus



numerics 57

the construction of algorithms that have lower complexity is of high
importance.

In the case of GR, the most simple brute-force method results in a
complexity of O(N2), that is, it scales quadratically with the system
size. This very simple method consists of the calculation of CR for
all nodes. For a single node, CR can be determined by a traversal of
the graph – by a depth-first search (DFS), for instance [109]. Since
the DFS has a complexity of O(N), performing it for all N nodes
in the network results in O(N2). This can be very slow if networks
with size of 105 or even larger are considered, or equivalently, sets
a restriction on the possible network sizes to investigate if we are
required to calculate it multiple times for statistics (as in The anatomy
of hierarchy and Networks of influence).

In order to calculate GR in large networks, here we approach the
problem in two different ways. First, we propose a faster method for
calculating GR, utilizing the fact that in a strongly connected compo-
nent (SCC), all nodes have the same CR values. After describing the
method, we investigate the complexity of this new algorithm by per-
forming extensive calculations in multiple system sizes. As we will
see, the proposed algorithm has some limitations depending on the
edge density of the network, and in some cases it runs as fast as the
brute-force method. Furthermore, in the case of very large networks
of a special type, it is not required to calculate the GR exactly, as the
average cR in Definition 11 is neglectable: in these cases we can ap-
proximate both terms of the definition by a reasonable sampling of
the network. As a test, we investigate the accuracy of the proposed
sampling method in different network models. We will see that, in
the case of the sampling algorithm, the accuracy shows dependence
on the extent of hierarchy in the network.
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A better algorithm

The method constructed in this section is based on the inherent
properties of strongly connected components (SCC) regarding the
local reaching centrality. An SCC is a subset of nodes in which all

a

b

Illustrating SCCs in a small net-
work example (a). In (b), nodes
in the same SCCs are drawn
with the same color. For the
sake of clarity, we highlight the
edges within the SCCs in (b).

nodes can reach all other nodes via directed out-paths. Obviously,
in an SCC, all nodes have the same CR, since if any of them can
reach other parts of the network, through the inner links of the SCC,
the other nodes can reach those parts as well. Thus, if we know the
CR of any node in the SCC, we know it for all other nodes within
the SCC. Furthermore, we can construct a meta-graph G̃(Ṽ, Ẽ) of the
SCCs, in which each node ṽi corresponds to an SCCi in the original
network, and a directed edge ẽij denotes the fact that there is at least
one directed edge from a node in SCCi to any node in SCCj. It can be
easily seen that G̃(Ṽ, Ẽ) is a DAG (directed acyclic graph), i.e., there
are no directed loops in it. If there was a directed link from SCCi to
SCCj and vice verse as well, then the two SCCs would form a single
one, according to the definition of the SCC. Therefore, by construct-
ing the meta-graph G̃(Ṽ, Ẽ), the problem of finding all reachable
sets is reduced to the task of calculating CR in a DAG. This already
declares our improved algorithm that is presented in Algorithm 1.
The method first determines the SCCs by Tarjan’s algorithm [110]
(Line 6) and then builds the meta-graph DAG of the SCCs. In the
DAG, the reachable SCCs for each SCC s are found by the function
ReachableNodes (Lines 8-9). Based on the lists reachableSCCs, the
size of the corresponding SCCs are added to the lrcSCC that contains
the CR values of nodes that reside in the SCCs (Lines 10-14). Finally,
the CR of each node is set to the CR of the corresponding SCC (Lines
15-17). After the above algorithm is finished, the calculation of GR

runs obviously in O(N).
Since the time needed for locating the SCCs is linear in size (the

method of Tarjan is of O(N)), the final complexity of the algorithm is
determined by locating the reachable SCCs for each SCC. This trans-
lates to the problem of finding the reachable nodes for each node in
a DAG. Generally, the meta-DAG of the SCCs contains fewer nodes
and therefore the calculation of the reachable nodes is faster. If the
network is below the critical point, the meta-DAG consists of dis-
joint SCCs with few nodes, i.e., it contains almost the same number
of nodes as the original network. However, in this network, a DFS
started at each node runs in O(1), since the average relative size of
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Algorithm 1: Fast method for calculating GR.

input: A directed graph G(V, E)

output: The local reaching centralities

1 DAG← empty graph; // DAG of SCCs

2 SCC← empty vector of graphs; // SCC subgraphs

3 reachableSCCs← empty vector of lists; // List of reachable SCCs

4 sccLRC← empty vector of integers; // Reachings in the SCCs

5 LRC← empty vector of integers; // Reachings of the nodes

6 SCC← TarjanAlgorithm(G); // Determine SCC subgraphs

7 DAG← ConstructDAG(G, SCC); // Build DAG of SCCs

8 for s ∈ SCC do // Determine reachable SCCs

9 reachableSCCs(s)← ReachableNodes(DAG, s);
10 end

11 for s ∈ SCC do // Calculate reachings for the SCCs

12 sccLRC(s)← Size(s) - 1;
13 for r ∈ reachableSCCs(s) do

14 R← SCC(r);
15 sccLRC(s)← sccLRC(s) + Size(R);

16 end

17 end

18 for s ∈ SCC do // Assign reachings to nodes in SCCs

19 for v ∈ s do

20 LRC(v)← sccLRC(s);
21 end

22 end

an SCC is zero (see Percolation in complex networks). On the other
hand, if the network is dense (it is far above the percolation thresh-
old), most of the nodes are located in the GS, i.e., the majority of the
network is concentrated in one meta-node in the meta-DAG. Thus,
as the average degree increases in the network, we expect the al-
gorithm to run linearly with the system size. Near the percolation
point, the meta-DAG has a size comparable to the original network
and it is not merely a collection of unconnected nodes. Still, deter-
mining the reachable nodes scales logarithmically with the size of
the DAG. A crucial observation that leads to this result is that the
time that is needed for determining the reachable set of a node in
a hierarchical tree is proportional to CR. As we will see in Uncorre-
lated networks, the average value of CR scales logarithmically with the
system size in this network type. Thus, due to the structure of the
HT network, 〈CR〉 can be determined in logarithmic time. However,
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the meta-DAG is neither a hierarchical tree, nor a tree with fixed
branching number. Yet, the results in the HT model can give a hint
about its complexity. It also should be noted, that there are extreme
cases in which the actual calculation can run in O(N2) time. As
an example, if the network near Kcrit has a meta-DAG of a directed
chain, the calculation scales quadratically with the size. Neverthe-
less, these pathological cases are expected to be rare considering a
large ensemble of graphs.

a

103 104 105

10−3

10−2

10−1

100

101

102

System size

R
u
n
n
in
g
ti
m
e
(m

s)

K = 1
K = 2
K = 3
K = 4

b

103 104

10−3

10−2

10−1

100

101

System size

R
u
n
n
in
g
ti
m
e
(m

s)

p = 0
p = 0.25
p = 0.5
p = 0.75
p = 1

Figure 8: Performance of the
method proposed in Algo-
rithm 1 for determining GR in
the synthetic model: (a) for dif-
ferent average degrees (p = 0.5)
and (b) at varying hierarchy
parameter (K = 3). Dots are
averaged over 100 different
network realizations, errors
are comparable to the point
size. Guiding lines correspond
to size dependences of ∝ N
(lower) and ∝ N2 (upper).

Taking these considerations into account, the complexity of Algo-
rithm 1 is expected to be O(N) with some rare cases of O(N2) (note
that we omit the logarithmic term since it is majorated by the lin-
ear term). In order to check the above argument, we measured the
running time of the method in the synthetic model with different
average degrees and hierarchy parameter. The results are depicted
in Fig. 8, where we plotted the size-dependence of the running time
in milliseconds. On the left panel (Fig. 8a), the size dependence is
shown for different average degrees and fixed hierarchy parameter
(p = 0.5). We also provide the ∝ N and ∝ N2 guiding lines for the
sake of clarity. As we expected, at small (K = 1) and large (K = 3)
average degrees, the method scales near linearly with the size of the
network. However, there is a transient phase (1 < K < 3) where
the method becomes slow: this is the regime where the size of the
meta-DAG is comparable to those of the original network. This in-
crease in the running time also indicates the fact that the meta-DAG
is usually much more complex than a hierarchical tree. In Fig. 8b,
the same dependency is shown but for fixed average degree (K = 3).
Clearly, the extent of hierarchy does not affect the performance of
the method at all. This is in good agreement with our discussion in
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the previous paragraph, as the speed of the method depends on the
SCC structure which is not affected by the hierarchy of the network.

According to the tests, the algorithm we proposed can be consid-
ered as an improvement in the calculation of the global reaching cen-
trality. The method described in Algorithm 1 runs faster than O(N2)
in most of the cases, and thus allows us to determine GR quickly in
large networks. Furthermore, in many situations (for K ≤ 1 and
K ≥ 3), our method runs in nearly linear time. As the main idea
behind it is the decomposition of the graph in the SCCs and trans-
lating the problem into traversals in a DAG, the proposed algorithm
is powerful if GS is large.
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Estimations for large networks

Although we did not calculated the exact complexity of the
previous method, measurements in different system sizes showed
that its performance is better than that of the brute-force method.
Nevertheless, in the case of networks with 106 nodes, even a running
time slightly below O(N2) is not a good gain in speed. Furthermore,
in many networks, the exact value of GR is not required: an accurate
approximation gives also a reasonable idea about the hierarchical
structure. This is the case if we are not interested in the details of the
hierarchy, but only in its global value. Thus, here we shall propose
a sampling technique that estimates GR in large networks. As an
additional support, we also check its accuracy in networks of fixed
size, and different sampling ratio.

The global reaching centrality consists of two terms: the average
and the local reaching centrality, and for estimating its value, we
have to estimate these two quantities. Estimating 〈cR〉 is easy, as
it can be done by simply choosing nodes randomly, determining
their centrality and averaging them. On the other hand, a mere ran-
dom sampling would result in a biased cmax

R , since the distribution
of the cR is usually decreasing (especially in hierarchical networks),
with a very low fraction of nodes having high reaching centrality.
Therefore, in order to estimate it, practically we walk higher in the
hierarchy through the in-edges. This strategy is defined formally
in Algorithm 2, in which we jump from node to node and between
jumps, we walk randomly via the in-edges. There are two param-
eters of the sampling method: the number of samples (S in Algo-
rithm 2) and the jumping probability (Pjump). Since the method runs
as long as it accumulates the average centrality, which is carried out
at every random jump, cR is calculated for a total of S/Pjump nodes.
If the number of samples is sufficiently large, the method gives an
unbiased estimation of 〈cR〉. However, the accuracy of estimating
the largest value depends rather on Pjump. The average relative error
of the value estimated by the method is shown in Fig. 9 for dif-
ferent network models as a function of the sampling percentage at
Pjump = 0.1. Estimating GR in the HT is very effective, as the relative
error is neglectable, meaning that cmax

R is also well estimated. On
the other hand, the approximation of GR in the ER and SF networks
is less accurate for small number of samples, yet, it becomes more
valid for a sampling rate of 10%. Figure 9b shows the same curves
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Algorithm 2: Estimation of the global reaching centrality.

input: A directed graph G(V, E), number of samples S, jumping
probability Pjump

output: The estimated GR

1 avgLRC← 0; // Average reaching centrality

2 maxLRC← 0; // Largest reaching centrality

3 samplesLeft← S; // Number of samples

4 v← RandomNode(); // Choose first node randomly

5 while samplesLeft > 0 do

6 c← LocalReachingCentrality(v)

7 if we jumped to random node then // Average reaching centrality

8 avgLRC← avgLRC + c;
9 samplesLeft← samplesLeft− 1;

10 end

11 if c > maxLRC then // Maximum reaching centrality

12 maxLRC← c;
13 end

14 if there are no in-neighbors or Rand() < Pjump then

15 v← RandomNode(); // Jump to random node

16 else

17 v← RandomInNeighbor(v); // Hop to a random in-neighbor

18 end

19 end

20 avgLRC← avgLRC/S;
21 GR ← N

N−1 (maxLRC− avgLRC);

for the synthetic model at different values of the hierarchy param-
eter. We observe the same behavior: for non-hierarchical networks,
the method gives a rather biased estimation, but as p increases, the
relative error vanishes faster. The tests suggest that Algorithm 2

works best in very hierarchical networks, and its performance is less
reliable as we apply it on networks with lower hierarchy. However,
note that in networks that do not have hierarchical structure, the cor-
responding value of GR is also very small. In other words, for an ER
network with K = 3, GR ≈ 0.05 (see Table 2), and a relative error
of 0.25 is equivalent to an absolute error of 0.0125, but the value re-
mains neglectable. Thus, any conclusion that is based on the value
of GR in an non-hierarchical network remains valid.

The method is based on the measurement of local reaching cen-
trality for nodes chosen randomly, and thus it requires the traversal
of the corresponding part of the graph (in contrast to Algorithm 1).
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Figure 9: Relative error of the
estimation method described in
Algorithm 2 depending on the
fraction of sampled size in dif-
ferent network models: (a) HT,
ER and SF networks; (b) syn-
thetic model at various p values.
All dots are the average over 100
simulations on networks with
N = 104 nodes.

This means that the complexity is O(SN/Pjump), which becomes lin-
ear if the network is very large:

S/Pjump ≪ N. (37)

Hence, if we apply it on networks for which Eq. (37) holds, we can
have significant speed up. This method is especially useful in cases
where the sequential calculation of GR is required, as we will see in
Evolution of citation networks.



A sense of affirmation
Hierarchy in networks of real systems

“You can’t judge right from looking at

the wrong.”

— Bo Diddley

You can’t judge a book by the cover

By the introduction of the global reaching centrality, we have
seen through the network examples that GR is capable of describing
flow hierarchy in several network models. The networks to which we
applied it are mere mathematical constructions, and they are not able
to fully capture the aspects of real-world networks. Therefore, as a
further confirmation mechanism, it has to be applied on networks of
different real-world systems. However, we have to note that simply
calculating the global reaching centrality in the network datasets is
not enough and can give deceptive results, which arise from the
various meanings of the edges. As we have pointed out earlier, it is
of high importance to define edge directions so that the question of
hierarchy be feasible. According to this observation, the direction of
edges in the network data sets that we use are reconsidered for each
case, in a way that their hierarchy can be interpreted. Nevertheless,
it should be noted that even with a reasonable redirection of edges,
the results in several networks can be hardly interpretable due to the
function of the networks. In these cases, despite of the choice of edge
directions, the links do not imply “domination” or “superiority” in
any sense.

The calculated global reaching centrality values are indicated in
Table 3, grouped by the origin of the networks. For the sake of clar-
ity, we also provide the average degree, which gives a first hint of
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the exact meaning of the global reaching centrality by helping in the
comparison with the synthetic model. We also compare the GR val-

a

b

c

Illustration of the degree-
conserving rewiring method
in a small network (a). The
edges to be modified (b), and
the same edges after swapping
their end points (c).

ues with a degree-conserving randomization (rewiring) of the original
networks. The randomization method goes as follows:

1. Take the original network.

2. Choose two edges eij and ekl at random with uniform distribution
among all edges.

3. Swap the target nodes of the two edges, i.e., remove edges eij and
ekl while adding edges ejl, ekj.

4. Repeat steps 2 and 3 for n times.

In each cases, we chose n to be ten times larger than the number of
edges, in order to ensure that all edges are changed with probability
high enough. We considered 1000 randomizations for all networks,
and the average of the global reaching centrality is shown in the
last column. Suits indicate whether the original networks are signifi-
cantly more hierarchical (club) or more egalitarian (spade) compared
to the randomizations.

The first observation is that there are network types that feature
very large GR values (food webs, regulatory networks). Food webs
have one of the largest average degrees among all networks we con-
sider, though they show strong hierarchical features. This is in good
agreement with the well-known topology of these networks: they
represent the food chain of different ecosystems, and as such, they
are characterized by the absence of directed loops and can be well
layered in levels. Comparison to their randomizations indicates that
their structure is well distinguished from a random structure. On the
other hand, regulatory networks have also large GR, however, when
compared to randomized graphs, it turns out that their structure
is even less hierarchical than one would expect from a randomized
graph. This can be originated in the fact that regulatory networks
are related to the control of biological processes, implying that a
large number of feedback links are needed. Thus, although these
networks have low average degrees, compared to random networks,
they are less hierarchical.

Another group of very hierarchical networks arises among elec-
trical benchmarks. These type of networks describe systems with a
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Network category/name K GR Grand
R

Food webs

Ythan 4.452 0.814 ♣ 0.507

Seagrass 4.612 0.723 ♣ 0.253

LittleRock 13.63 0.811 ♣ 0.045

GrassLand 1.557 0.961 ♣ 0.695

Electric

s1488 2.085 0.482 ♣ 0.298

s1494 2.116 0.482 ♣ 0.289

s5378 1.467 0.231 ♣ 0.062

s9234 1.400 0.424 ♣ 0.050

s35932 1.683 0.459 ♣ 0.015

Metabolic

C. elegans 2.442 0.048 0.052

E. coli 2.533 0.043 0.058

S. cerevisiae 2.537 0.037 0.042

Neuronal

C. elegans 7.943 0.133 ♣ 0.023

Macaque brain 10.29 0.000 0.000

Internet

p2p-1 3.677 0.598 0.597

p2p-2 3.599 0.600 0.599

p2p-3 3.616 0.607 0.605

Organization

Consulting 19.11 0.043 ♣ 0.032

Enron 10.70 0.038 ♠ 0.044

Manufacturing 18.94 0.013 0.013

Social

Freemans-1 18.97 0.028 ♠ 0.041

Freemans-2 24.41 0.000 0.000

Trust

WikiVote 14.57 0.494 ♠ 0.534

College 3.000 0.275 0.273

Prison 2.716 0.172 ♣ 0.111

Language

English 5.992 0.128 ♠ 0.238

French 2.578 0.657 ♠ 0.875

Spanish 3.570 0.951 0.939

Japanese 2.613 0.054 ♠ 0.206

Regulatory

TRN-Yeast-1 2.899 0.934 ♠ 0.968

TRN-Yeast-2 1.568 0.116 ♠ 0.670

TRN-EC 1.239 0.261 ♠ 0.679

Table 3: Global reaching central-
ity in different categories of real
networks. The average degree
(K), and the global reaching cen-
trality of the corresponding ran-
domized networks (Grand

R ) are
also shown. Suits next to the
GR values indicate comparison
to the randomized networks:
whether the original networks
are more hierarchical than the
randomization (♣) or they are
more egalitarian (♠) with a con-
fidence level of 98%.
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well-defined global aim: transforming an input of the network into
a given output by the sequence of logical operations. As their func-
tion suggests, electrical networks have a main “flow” of the progress
(related to the flow of electrical current) and they are expected to be
able to form a well ordered set of nodes. Indeed, these networks have
much more hierarchical structure than their randomizations. The
last group that differs significantly from the random networks are
the networks of words: they are more egalitarian than what would
we find in a random network. Language networks are related to the
succession frequencies of words in a set of text corpora. The fact that
they do not show hierarchical features is consistent with their mean-
ing: there is no fixed order of words in most texts, and directed loops
(i.e., a set of words that appear to follow each other periodically) are
frequently occurring. Among the rest of the graphs, the neuronal
network of C. elegans, the trust web of prison inmates and the orga-
nizational network Consulting show hierarchical features, however,
the latter two having only slight distance from the statistical mean.

The results with real network examples suggest that the global
reaching centrality is in agreement with the intuitive expectations.
Networks related to highly asymmetric interactions (preying on an-
other species, being dependent on other electric elements, etc.) are
hierarchical according to our measurement as well. These interac-
tions require, in many cases, an active participation of either the
source or the target nodes. Their hierarchical structure is originated
in the ordered dependency on the successive elements connected by
the directed links. That is, due to the different function of the nodes
in these networks, they fulfill analogous roles very seldom. On the
contrary, networks that are based on less asymmetric or weaker con-
nections show no hierarchical features. Clearly, in social groups of
acquaintances or trust, hierarchy is less frequently observed. Lastly,
networks that are characterized by the presence of feedback links
ensuring better control (regulatory networks) or whose nodes are
not distinguished explicitly, are not hierarchical at all (or they are
“egalitarian”, though this expression is less meaningful in networks
unrelated to social systems).

Although we are not aiming at the study of the origin of hierarchy,
nor at the understanding of the underlying mechanisms in general,
having measured GR, it is possible now to compare hierarchy itself to
other properties of the network that might be related. Therefore, in
the next section we will use the above results on the global reaching
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centrality to shed light on an interesting observation about hierarchy
and controllability.
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Connection to controllability

Its spectacular presence in consciously constructed human-hu-
man networks (i.e., chief-employee relationships in companies, army,
politics, etc.) raises the question whether intentional control over
these systems plays a role in the formation of hierarchy? In order to
investigate this question, we compare the global reaching centrality
to the controllability of networks. Considering a nodal dynamics on
the network13, Liu et al. showed that the minimal number of driver 13 That is, given a directed graph

G(V, E):

d~x(t)
dt

= AT
~x(t) + B~u(t),

where ~x(t) is a time-dependent
state-vector associated with the
nodes and ~u(t) is the vector of
input signals that are used to
control the dynamics. The ma-
trix A is the adjacency matrix of
the network: Aij = 0 if and only
if eij /∈ E and it is equal to the
weight on the edge between ver-
tices vi and vj otherwise. Matrix
B describes how the input vec-
tor is connected to the network
nodes.

nodes (ND) is related to the maximum matching of the network and
they also provided an algorithm for determining nnode

D = ND/N
[41]. Driver nodes are the nodes that have to be controlled in order
to take full control over the network’s dynamics, which means that
one can drive the system from any initial state to any other desired
final state. The level of controllability of networks can be captured
through the value of nnode

D : the lower its value is, the smaller fraction
of the network is required to be driven “by hand”, i.e., it is easier to
control.

As a comparison, we calculated the Pearson product-moment cor-
relation14of the two quantities (GR and nnode

D ) as shown in the second

14 It is defined for two variables
as

ρP(x, y) =
〈(µx − x)(µy − y)〉

σxσy
,

where µx , µy are the means and
σx , σy are the standard devia-
tions of the variables x and y.

column of Table 4. Note that the networks listed in Table 3 have dif-
ferent functionalities (food web, electric, etc.), and in many cases,
neither their controllability nor their hierarchical properties are well
understood. Thus, the exact values of the global reaching centrality
can have different meaning among the networks and therefore the
correlation statistics is applied separately within each categories (we
considered only categories with three networks at least). In most
of the tested real networks, the correlation is above 0.5, indicating
a weak relation between the two quantities. This means that in the
network examples, highly hierarchical networks prove to be harder
to control. It is also supported by the synthetic model: Fig. 10 shows
the fraction of driver nodes in the model as the function of the hi-
erarchy parameter. The dots follow an increasing tendency as the
hierarchy parameter is increased. We also plotted the value of GR

for higher average degrees, to emphasize the similar behavior of the
two quantities. This result on the controllability of hierarchical net-
works can be traced back to an assumption in the nodal dynamics:
in this framework, each node is able to send the same signal to all of
its neighbors.
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Figure 10: Fraction of driver
nodes of the nodal dynamics
versus hierarchy in the synthetic
model. All dots are the average
of 100 different realizations, er-
ror bars denote the standard de-
viations. For K = 3 and 4, we
also plotted the values of GR.

Network category ρP(GR, nnode
D ) ρP(GR, n

edge
D )

Food web 0.690 -0.406

Electric 0.503 -0.969

Metabolic -0.225 -0.916

Internet 0.632 0.570

Organizational 0.337 -0.674

Trust 0.974 -0.983

Language 0.933 -0.812

Regulatory 0.843 -0.922

Table 4: Pearson correlation of
of the global reaching centrality
and the fraction of driver nodes
in the nodal (nnode

D ) and edge

(nedge
D ) dynamics.

If, however, the dynamical variables are not living on the nodes
but on the edges (edge dynamics), the definition of controllability
and also the driver nodes differ from the previous one. In the edge
dynamics, edges are controlled (by their source nodes) and nodes are
simple devices converting the signals that arrive on their in-edges
into signals leaving on their out-edges [111]. The driver nodes in
this dynamics are those that need to be controlled in order to con-
trol the state of all edges (these nodes control their out-link). The
corresponding fraction of driver nodes is denoted by n

edge
D and its

correlation with the global reaching centrality is shown in the third
column of Table 4. Real networks show medium negative correla-
tion between controllability and hierarchy, meaning that in the edge
dynamics, more hierarchical networks require a lower fraction of
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the nodes (and their out-edges) to be controlled. This is also sup-
ported by analytical results. As we will see in Uncorrelated networks,
denser or more homogeneous networks are less hierarchical. The
correlations in Table 4 are in agreement with the analytical results
on the controllability of the edge dynamics, i.e., heterogeneous and
sparse networks are more controllable [111]. We measured n

edge
D

in the synthetic model as well, and plotted in Fig. 11. This model
shows a weaker connection between hierarchy and controllability,
and the deviations at large hierarchies fade out any observable ten-
dency. However, for small values of the hierarchy parameter, and
large average degrees, a decreasing trend can be seen.

0 0.2 0.4 0.6 0.8 1
0.32

0.34

0.36

0.38

0.4

0.42

0.44

0.46

Hierarchy parameter

F
ra
ct
io
n
o
f
d
ri
v
e
r
n
o
d
e
s K = 2

K = 3
K = 4

Figure 11: Fraction of driver
nodes of the nodal dynamics
versus hierarchy in the synthetic
model. All dots are the average
of nnode

D of 100 different realiza-
tions, error bars denote the stan-
dard deviations.

According to the above comparisons (with the obvious limitations
in mind), hierarchical networks are harder to control in the nodal
dynamics and easier to control in edge dynamics. Thinking of a
community of humans or animals, hierarchical structure means that
the members can either delegate tasks to other members (e.g., com-
panies) or dominate them (animal kingdom). Obviously, any mem-
ber is able to transform their set of tasks into another, thus they can
give more sophisticated and distinct orders to those that are lower
in the hierarchy. From this point of view, the underlying dynam-
ics – if there is any – is more close to the edge dynamics, and this
would explain the stronger relationship between hierarchy and the
controllability of edges. The possible relation of controllability to
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the hierarchical properties of networks requires a more detailed and
complete investigation. Although the above observations in the real
networks are restricted to a limited set of observations, they suggest
that these properties are closer to each other than one would expect.
Nevertheless, it should be noted that in real applications, the situa-
tion is much more complex and the linear dynamics is far from the
true mechanism. Especially, in social systems, any dynamics formu-
lated in the language of equations is hardly confirmed. Furthermore,
communities are woven by multiple networks, and considering only
a small set of the interactions is far from a complete description.
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Hierarchical layout

The proper graphical representation of networks is a chal-
lenging problem, and many creative solutions have been developed
in the literature. Flow diagrams can be naturally treated as graphs,
and therefore the applications of network visualization goes back
even before the true birth of modern network theory. There is a
large number of visualization techniques and choosing the appro-
priate one depends on our purpose as well as on the properties of
the graph itself. Therefore, different drawing methods can be used
to emphasize the graph characteristics under consideration. In our
case, the aspect in question is the hierarchical structure, and we wish
to visualize it for two reasons. First, it is of practical use to have a
layout that can show the measured hierarchy by looking at it. This
way, large networks can be visualized and the geometry of the lay-
out should tell us something about the numbers behind the network.
Secondly, a scalar is not so descriptive if one is interested in the de-
tails of the structure and the relative positions of nodes inside the
hierarchy. So far, the most frequently used hierarchical visualiza-
tion method is the Sugiyama algorithm (or layered drawing), that
we introduced in Visualization of hierarchy. This method is capable of
the layering of nodes into levels, as one would expect from a hier-
archical layout. However, as we pointed out, this method relies on
the solution of NP-hard problems and therefore requires a variety of
heuristics. Furthermore, the meaning of the positions in the layout
serve merely visual goals, i.e., in many cases there is no underly-
ing information in the relative positions. This is especially true for
graphs that are not DAGs, i.e., those with a complex inner structure
of the edges. Lastly, the Sugiyama algorithm is hardly interpretable
in case of large networks.

To give a possible answer to the above problem, here we propose
a visualization model with the aim of facilitating the detection and
illustration of hierarchy in large networks. It is based on the local
reaching centrality: it is a technique to assign the nodes to levels ac-
cording to their position in the distribution of the reaching centrality.
Before presenting the method, we should lay down two important re-
quirements that we wish to formulate against the layout. On the one
hand, it should be able to divide nodes into levels in a reasonable
way for any distribution. On the other hand, it is constructed so that
hints about the hierarchical structure are imprinted in the geometry
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of the layout. In Fig. 12 we plot three fundamentally different types
of distribution for which the method should determine meaningful
levels. We also mark the optimal boundaries of the levels in the dis-
tributions with blue ellipses and lines. The first distribution is discrete
(according to a precision of resolution), i.e., the local reaching cen-
trality takes only few distinct values. This is the case if the network
is very small: the number of different values of cR is low enough,
and our goal is to create levels that correspond to the exact values of
the local reaching centrality. Figure 12b shows a continuous distribu-
tion, but with clearly separated value classes: this is the case when
the network is very large and the distinct values of cR densely fill the
interval [0 : 1] (up to a resolution, obviously). Our requirement of
the layering in this case is the capability to distinguish between the
classes. The last type (Fig. 12c) is an extremal case, with all values
equally present in the network. In this case, there is no clear defi-
nition of the levels. Therefore we impose that the algorithm should
break the distribution into levels with equivalent size, showing no
difference between the levels.

a b c Figure 12: Three different types
of distributions: (a) completely
discrete distribution, (b) distri-
bution with wide peaks and
(c) an extreme case approxi-
mated as a continuous distribu-
tion. Blue ellipses in (a) and (b)
and the vertical lines in (c) de-
note the desired boundaries of
the layers in the visualization.

With the above expectations kept in mind, for a given directed
graph G(V, E), the layout is constructed in the following steps:

1. Grade nodes in ascending order according to their cR values.

2. Start adding nodes in the first (lowermost) level.

3. Continue the aggregation of nodes in this level as long as the
level-wise standard deviation is below a threshold:

σl < z · σG,

where σl and σG are the standard deviations of the nodes in the
current level and the whole graph, respectively. The coefficient z is
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a parameter that regulates the width of the cR distribution inside
the levels.

4. When σl ≥ z · σG, start a new level.

5. Repeat steps 3-4 until all nodes are assigned to a level.

6. The vertical positions are determined by the mean values of cR:
the distance between consecutive levels is proportional to the log-
arithm of the differences in the level averages. Formally:

Yl+1 −Yl ∝ ln[〈cR〉l+1 − 〈cR〉l + 1].

Here, Yl and 〈cR〉l denote the y-coordinate and average local reach-
ing centrality in level l. The offset in the right hand side is needed
because the averages are in the interval [0 : 1].

7. Horizontal distances between neighboring nodes inside a level are
fixed and set to be equivalent to the smallest vertical distance. The
levels are positioned so that their center of mass (i.e., the mean of
the x-coordinates) is fixed at x = 0.

Note that the order of nodes inside the levels is not optimized (nei-
ther by edge-crossing nor by edge length minimalization). Thus, the
true meaning of the layout lies within its global shape: it reflects the
properties of the reaching centrality distribution15. Figure 13 shows 15 Nevertheless, optionally one

can optimize the x-coordinates.three exemplary networks corresponding to the extremal cases (dis-
crete and uniform). The first graph (Fig. 13a) corresponds to a single
peak in the distribution of the cR: it is an ER graph in which all
nodes have cR = 1. As expected, this network consists of a single
level meaning that all nodes are equivalent. In Fig. 13b, we drew a
network with multiple distinct values (similar to the one in Fig. 12a).
More specifically, the graph is a small tree, which is clear from the
visualization: levels are of varying width, and they correspond to
distinct values of local reaching centrality. In this case, deviation
inside any level is negligible. On the contrary, Fig. 13c is the draw-
ing of a directed chain graph that has a uniform distribution. The
levels are automatically generated by the criterium on the standard
deviation, and the resulting layout consists of levels of equal width.
Compared to the tree, there is clearly no hierarchical order of or
difference between the layers.

Taking a step forward, we have drawn several networks with this
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a b c Figure 13: Illustratitive visual-
izations of the extreme cases of
distributions: a single-peak dis-
tribution (a), a power-law distri-
bution (b) and a uniform distri-
bution (c).

method and depicted them in Fig. 14 with visualization parameter
z = 0.02. Three main types are shown: a highly hierarchical network
(Grassland food web, Fig. 14a), a moderately hierarchical one (Col-
lege, Fig. 14b) and a completely egalitarian (Manufacturing organi-
zational network, Fig. 14c). The differences are rather visible: the
most hierarchical network consists of levels with decreasing width
upwards, indicating that higher levels in the hierarchy are less oc-
cupied. The organizational network shows two levels (one is with
a single node): almost all nodes are equivalent and they fill exactly
the same role in the network. Between these two extreme cases, the
College trust network has levels of various sizes, but their order is
not as regular as in the food web. This means that there is a diverse
palette of reaching centrality values, however, many of the nodes are
near the top of the network, meaning that positions in higher levels
is not uncommon. However, a relevant fraction of the nodes are in
lower levels, and thus the network has moderate GR. Note that in
Fig. 14, we depicted networks with small size, because of the size
limitations set by the page size. We should point out though, that
larger networks can be visualized in the same way resulting in simi-
lar patterns. As a comparison, we have drawn two networks by the
Sugiyama method in Fig. 15. Due to the way how this method rep-
resents edges, we have chosen two of the smallest graphs, however,
the layouts are still very large and hard to catch. The plots show the
visualization of the Seagrass food web (Fig. 15a) and the macaque
brain network (Fig. 15b). In this method, there is no information in
the shape. Due to the nature of the Sugiyama algorithm, both net-
works seems to be hierarchical, however, according to its GR value,
the macaque brain network is non-hierarchical.

We also apply the visualization method to classic network models
to further explore its behavior. However, in the case of network mod-
els, the result of the layout varies with the realizations even within
a single model with fix parameters. Therefore, in order to obtain
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a

b

c

Figure 14: Hierarchical visual-
ization of three real networks
with different extent of hier-
archy: (a) Grassland food-web
(GR = 0.961), (b) College
trust network (GR = 0.275)
and (c) Manufacturing organi-
zational network (GR = 0.013).

a layout that is typical of the model, we consider an ensemble of
realizations and overlay the drawings on each other. Figure 16 illus-
trates the steps in generating the ensemble visualization: first, we
determine the layout for the given realization; it is then rescaled into
the unit square so that it starts at vertical coordinate y = 0 and its
largest dimension (width or height) is fitted in the square; finally, we
overlay multiple drawings and plot the density of nodes. The result
is a map with the density of nodes in the different realizations: they
are concentrated in horizontal lines (these are the levels), and the
denser a line is, the more realizations contain nodes at that position.
This can be seen in Fig. 17, for different models with N = 2000 and
K = 3. The first row (Fig. 17a-c) shows the so obtained ensemble vi-
sualizations (from left to right) for the random HT16, ER and Type II 16 That is, the branching number

of each node is a random vari-
able in the range [1 : 5].

SF (γ = 2.5) networks. The random HT is characterized by a strong
bottom level, and a high vertical part, indicating that the top of the
hierarchy is usually far from the rest of the network. In other words,
the largest reaching centrality is larger than the average by orders
of magnitude. The dense core in the middle of the bottom level is
due to the lower levels with varying width and the fact that there are
nodes in the middle of those levels in most of the cases. Opposite to
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Figure 15: Visualization of two
real networks by the Sugiyama
method: (a) Seagrass food web
(GR = 0.723) and (b) macaque
brain network (GR = 0).
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that, the ER network (Fig. 17b) can be described by a strong bottom
line and further levels are rare: they appear as a sign of realizations
in which some of the nodes can reach exceptionally small fraction
of the network (they have kout = 0, for example), and the rest of the
graph aggregates thus in a higher level. The SF network (Fig. 17c)
is similar to the ER, but with a more dense middle-level. Ensemble
visualizations are shown for the synthetic model as well (Fig. 17d-l),
with increasing hierarchy parameter (from Fig. 17d to Fig. 17l, the
parameter p takes the values 0.1, ..., 0.9). If the hierarchy is low in
the network, it resembles the layout of the ER graph: a single bot-
tom level, where most of the nodes are aggregated. This phase is
characterized by networks in which all nodes can reach most of the
others (note that the all realization layouts are shifted to the bottom).
If the value of p increases, higher levels appear, as the precursors of
a differentiating distribution. Fewer and fewer nodes can reach large
fraction of the graph, and they gather at the lowermost level, while
the ones with large cR move away from them: the network starts to
split into many levels. When the hierarchy parameter reaches 0.9,
the synthetic model shows similar geometry as the random HT: lev-
els above the lowermost one are in decreasing order of width, and
more and more levels are generated.

These ensemble layouts shed light on the mechanism of the visu-
alization: if the network is non-hierarchical, the layout assigns the
nodes in one or two levels, since there are no differences in their
local reaching centrality. In a more hierarchical structure, different
levels are seen according to the heterogeneity of the reaching cen-
trality distribution. If the hierarchy is moderate, levels can appear
in arbitrary order, showing less defined differences among nodes.
But if the existing hierarchy is strong, the width of the levels also
shows a tendency towards the top of the graph: this corresponds to
an immensely heterogeneous distribution and the unequal roles of
the nodes. The horizontal alignment of the nodes implies no mean-
ingful order: the width of the levels is relevant. However, further
optimization processes can improve the clarity of the layout, but it
is crucial to avoid dummy nodes17, as their presence modifies the 17 Cf. edge-crossing minimaliza-

tion of the Sugiyama method.shape of the graph.
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Figure 16: Diagram illustrat-
ing the process of visualizing
an ensemble of networks: first
we compute the layout for each
graph in the ensemble (top
right); next, we scale each lay-
out into the unit square (bot-
tom left); finally, we overlay all
rescaled layouts and plot the ob-
tained density of nodes (bottom
right, see color scale also).

The method outlined above is based on the reaching centrality,
bearing in mind that we are interested in the hierarchical visualiza-
tion of networks. Nevertheless, the hierarchical properties of the
graph appears through the distribution of cR, and the rest of the al-
gorithm does not rely on any other structural features. Hence, the
layout we have proposed is also applicable to other centrality-based
measures. As such, it can be applied to visualize the distribution of
any local measure.

We also have built an online tool to quickly and effortlessly deter-
mine our hierarchical measure in small networks (i.e., networks with
less than 104 nodes) at http://delfin.elte.hu/webgrc. WebGRC is
an interface that automatically calculates GR, distribution of cR and
also creates the visualization coordinates. For very small networks
(with less than 200 nodes), a sample layout is also generated.

http://delfin.elte.hu/webgrc
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Figure 17: Visualization of
network ensembles in different
models: (a) HT, (b) ER and (c)
SF. Subfigures (d)-(l) show the
ensemble visualization of the
synthetic model at hierarchy
parameter p = 0.1, 0.2, ..., 0.9,
respectively. Color scale shows
log(log(ρv(x, y) + 1) + 1),
where ρv(x, y) is the number of
vertices.



The anatomy of hierarchy

On the analytical formulation of GR

“Know thyself”

— Greek aphorism

The comparative analysis of GR in the original networks and
their randomized variants indicated a match with our intuitive ex-
pectations. Together with the knowledge on their function, the re-
sults with the real networks served as a corroboration. We have al-
ready seen that the hierarchical structure is influenced by the num-
ber of connections in the network. More precisely, the higher the
average degree in the graph is, the less likely it is to establish flow
hierarchy. This observation is supported by the GR values both in the
synthetic model and real networks. As an other remark, hierarchical
behavior is stronger if the network has a nontrivial structure and it
is highly heterogeneous: HT and SF networks are more hierarchical
than the ER, the latter being a prototype of homogeneous graphs.

For a more complete understanding of flow hierarchy, it is worth
to have some detailed knowledge about the analytic behavior of
global reaching centrality. This information sheds light on the true
meaning of the values of GR, and also helps in the better compar-
ison of results with real networks. The development of analytic
expressions also enables the investigation of more complex mech-
anisms by incorporating them as perturbations. Therefore, in this
section we calculate the distribution of the local reaching centrality
in the uncorrelated configuration model, using the generating func-
tion formalism. We argue that the formal treatment of GR can be
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approached in essentially different ways below and above the perco-
lation threshold. In both cases, we also provide analytical formulae
that are valid in the thermodynamic limit. In order to check the
accuracy of the derived expressions, we apply them on networks
with various degree distributions. Although the underlying formal-
ism has limitations (as we shall point out), the formulae show good
agreement with the simulation results. Finally, as an example of
the possible additional perturbations, we will investigate the effects
of different degree-correlations through numerical calculations and
analytical arguments as well.
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Uncorrelated networks

We start with a simple graph: the hierarchical tree with fixed
branching number. For this graph, both the distribution of cR and the
value of GR can be easily determined by a dosen of algebraic manip-
ulations. Afterwards, we will apply the generating function method
to derive the distribution in closed form for graphs with arbitrary
degree distribution and also give formulae for the global reaching
centrality in the ER and exponential networks. We also discuss the
case of Type I SF graph, and give an approximate expression of GR

based on the largest degree present in this network.

A simple algebra problem: the hierarchical tree

Let us consider now a directed hierarchical tree with N nodes and a
branching number of b. Obviously, in this graph, nodes in the same
level have the same local reaching centrality. Let us denote the size
of the reachable set of a node in the ℓ-th level by Cℓ

R. It is easy to see
that the number of nodes (nℓ) and the size of the reachable set in the
ℓ-th level of a hierarchical tree are the following:

nℓ = bℓ (38)

Cℓ
R =

N −∑
ℓ
i=0 bi

bℓ
=

N − bℓ+1−1
b−1

bℓ
, (39)

where N is the number of nodes in the graph. The probability that
a randomly chosen node has a reachable set of size Cℓ

R is nℓ/N.
Combining Eq. (38) and Eq. (39) gives:

P
(
Cℓ

R

)
=

N(b− 1) + 1
N(b− 1)Cℓ

R + Nb
. (40)

From now on, we omit the ℓ index, bearing in mind that CR can take
only distinct values given by Eq. (39). By doing so and consider-
ing the thermodynamic limit (N → ∞), we get for the probability
distribution of the local reaching centrality:

P(cR) ≈
1

NcR + b
b−1

. (41)
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Comparison with numerical results is plotted in Fig. 18a. In the
simulations, trees with branching number of 2 and 3 were used, and
the corresponding number of levels were 15 and 10. The numerical
results show satisfactory agreement with Eq. (41).

Using the equations for the number of nodes and size of reachable
sets in the ℓ-th level, we can easily calculate the average size of the
reachable sets:

〈CR〉 =
L−1

∑
ℓ=0

P
(
Cℓ

R

)
· Cℓ

R =
L−1

∑
ℓ=0

(

1− bℓ+1 − 1
N(b− 1)

)

. (42)

The number of levels is related to the total number of nodes by

L−1

∑
ℓ=0

bℓ =
bL − 1
b− 1

= N. (43)

Arranging it for L:

L =
ln[N(b− 1) + 1]

ln b
. (44)

By the substitution of L in Eq. (42) and using Definition 11 for GR

we get

GR =
N

(N − 1)2

[

N − 1
︸ ︷︷ ︸

Cmax
R

− ln[N(b− 1) + 1]
ln b

(

1 +
1

N(b− 1)

)

+
b

(b− 1)
︸ ︷︷ ︸

〈CR〉

]

,

(45)
or in the thermodynamic limit:

GR = 1− ln[N(b− 1) + 1]
N ln b

+
2b− 1

N(b− 1)
+O

(
1

N2

)

. (46)

In Fig. 18b we show the comparison of Eq. (46) with numerical re-
sults. However, in the simulations, the number of nodes was fixed
at 105 for every branching number. Thus, Eq. (44) for the number of
levels does not hold exactly: there are less nodes in the last level than
expected. This observation can be taken into account by summing
up only to L− 2 in Eq. (44):

L−2

∑
ℓ=0

bℓ = N. (47)

This means that the number of nodes in the expression of L is re-
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placed by a reduced number (which counts for the nodes at the low-
ermost level). This modification gives better agreement with the nu-
merical calculations for large branching numbers. From Eq. (44), it
is also clear that the approximation is more accurate if a branching
number has an integer power close to 105. This can be noticed in
Fig. 18b as well.
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Figure 18: Reaching centralities
in the hierarchical tree. (a) Dis-
tribution of the local reaching
centrality: size of the trees are
N2 = 32767 and N3 = 29524
for the networks with branching
number 2 (red) and 3 (green),
respectively. (b) Global reaching
centrality as the function of the
branching number: dots show
the exact values, the line cor-
responds to the modification of
Eq. (45), with Eq. (47) taken into
consideration. The number of
levels are different for each dot
and adjusted to be close to N =
105, as this value is substituted
in the theoretical curve.

The results show that in the hierarchical tree, local reaching cen-
trality is distributed in a highly heterogeneous way, i.e., according to
a power-law with an exponent of 1. This drastic decrease in the fre-
quency of the cR values is the fingerprint of the strongly hierarchical
structure. Equation (46) and Fig. 18b correspondingly suggest that
for fixed system size, larger branching number results in higher flow
hierarchy according to the global reaching centrality. This means that
diversity at nodes facilitates hierarchy, as more influence is concen-
trated at fewer number of nodes. As an interesting consequence, we
can obtain the already known fact that GR takes its maximal value
in the star graph. In order to see this, let us take the limit b ≈ N (the
hierarchical tree with one root and only one other level):

GR ≈ 1 +
2N

N2 −
ln[N2]

N ln N
= 1, (48)

that is indeed, the graph reaches the maximal value of GR that is
possible.

Reaching centralities in the configuration model

In this section we introduce the analytical expressions for the local
reaching centrality and also for GR in the configuration model. Let
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us remind that in this model, a network is defined by its joint degree
distribution pjk, that is the probability of a randomly chosen node
having j in- and k out-neighbors.

Distribution of reaching centralities

We have pointed out earlier that the out-component of a node is
equivalent to the set of nodes it can reach via out-links. Therefore,
the calculation of the reachable set of a node is equivalent to the
problem of finding the out-component, which is the union of the
reachable set and the node itself. The distribution of out-components
can be determined in the generating function formalism for directed
networks introduced in Basic properties of graphs, yielding

πout
s =

K

(s− 1)!

[

ds−2

dys−2

(

g01(1, y)g10(1, y)s−1
)]

y=0

. (49)

The details of arriving at Eq. (49) are presented in Appendix A. Thus,
if we know the joint degree distribution, we can calculate the P(CR)
distribution of the reachable sets (and thus the distribution of the
local reaching centralities as well). In order to calculate P(CR), we
have to determine the out-components and apply the substitution
s = CR + 1.

In principle, the function P(CR) should provide informations that
are sufficient for the calculation of the global reaching centrality.
However, the above quantity has limitations that should be taken
into account. Equation (49) describes only the small reaching cen-
tralities, i.e., it is the distribution of local reaching centralities of the
nodes outside the giant components. Above the percolation thresh-
old, where the giant components are already present, a significant
number of the nodes can reach finite fraction of the whole network.
Thus, considering the global reaching centrality, using only Eq. (49)
would give us heavily biased values. Nonetheless, below the criti-
cal point, the network is the disjoint union of small components, all
of which are trees. In this region, the above distribution is a well-
defined and useful tool in the construction of the global reaching
centrality.
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Global reaching centrality

As we mentioned before, complex networks exhibit an interesting
behavior depending on the number of connections: in the case of
very low average degree, the graphs consist of small disconnected
components (which components are all trees). If we add more and
more edges to the graph, at a critical point (the percolation thresh-
old), a large component appears among the small components, and
it starts to grow: the giant components emerge. For most of the net-
work models (as in the configuration model), the percolation takes
place at a well-defined value: the critical average degree (Kcrit). Since
we are interested in GR which is a global property of the network, we
have to take into account the essential differences between the two
regimes: below and above the critical point. Especially, GR is related
to the out-components, that have basically different distribution in
the two regimes. Above the critical point, the network is more and
more aggregated in the giant components, each of them defined by
the fraction of the network they can reach. Therefore, we first dis-
cuss the case below Kcrit and later turn our attention to the situation
when the percolation has already took place.

Below the critical point, there are no giant components, and
all nodes are grouped in small subgraphs with negligible relative
size compared to the whole graph. Obviously, the average size of
the reachable set is of order unity: 〈CR〉 = O(1), and only Cmax

R
gives significant contribution in Definition 11. This means that in
this regime, GR is dominated by the maximum value of the local
reaching centrality. Since most of the nodes can reach very few other
nodes and the distribution vanishes quickly, we can assume that the
largest reachable set belongs to only one node (and equivalently, the
corresponding out-component has the smallest relative frequency).
Given a graph with N nodes, this condition translates into the fol-
lowing equation:

P(CR) ≈ 1/N. (50)

Solving the above equation for CR provides us with the maximum
local reaching centrality c∗R as a function of the average degree and
other parameters of the network model under consideration. For the
sake of simplicity, we will refer to Eq. (50) as the rarest component
approximation (RCA). Thus, the reachable set size with only one re-
alization can lead us to the largest component, and GR is given by
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GR =
N

N − 1
c∗R. (51)

We will use these equations to determine GR in the subcritical regime.

Above the critical point, GS and other giant components are
already present. In this case, for a good approximation, we can
ignore those nodes that are not in the bow-tie (they are relevant
only in the average local reaching centrality, but they have vanish-
ing contribution). Thinking of the bow-tie picture, we can assume
that there are some nodes that can reach the whole bow-tie. Thus,
Cmax

R ≈ |Gin| + |Gout| − |GS|. The average is slightly different and
nontrivial, but let assume that it is equivalent to the size of the giant
out-component Gout. If we assume that most of the nodes are gather-
ing in GS, it is also reasonable that the average size of reachable sets
is dominated by the nodes in GS and they can reach the whole Gout
component (see Percolation in complex networks). Using these assump-
tions, the average size of the reachable sets is approximately |Gout|.
The relative sizes of these components are quite the same as the lo-
cal reaching centrality. As seen in Percolation in complex networks, the
giant components are given by

|GS|
N

= 1− g00(u, 1)− g00(1, v) + g00(u, v) (52)

|Gin|
N

=
|Gout|

N
= 1− g00(u, 1), (53)

where u and v are the smallest non-zero solutions of the following
equations:

u = g01(u, 1) (54)

u = g10(1, v). (55)

In this section, we will consider only symmetric joint degree distri-
butions, i.e., Eqs. (54)-(55) have the same form and therefore their
solutions are also coincide. Thus, GR is given by

GR =
|Gin|

N
− |GS|

N
= g00(u, 1)− g00(u, u), (56)

which is our formula for the supercritical regime. Now that we pro-
posed the expressions in the two phases, it is time to check them
against simulations. For this, we will consider three degree distribu-
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tions.

Erdős–Rényi graph

In the case of uncorrelated in- and out-degrees, the joint degree dis-
tribution of the ER graph is the product of two independent Poisson
distributions:

pjk = e−2K K j+k

j!k!
. (57)

The double generating function has the form:

g00(x, y) = eK(x+y−2), (58)

which is also the generating function of the excess degree distribu-
tions. Now, using Eq. (49) we get:

πout
s =

Ks−1ss−2

(s− 1)!
e−Ks, (59)

and for the size of small reachable sets (without the giant compo-
nents):

P(CR) =
KCR(CR + 1)CR−1

CR!
e−K(CR+1). (60)

This expression is shown in Fig. 19a along with numerical results in
networks of N = 104 nodes. Since it is only the distribution for the
size of the small reachable sets, it does not contain GS, which can be
seen in the plots.

In the CR ≫ 1 limit, we can apply Stirling’s formula on Eq. (60)
giving

P(CR) ≈ e1−K

(
Ke1−K

)CR

√
2πC3/2

R

, (61)

where we also used the (CR + 1)C1/2
R ≈ C3/2

R approximation to ar-
rive at a more clear expression. Furthermore, we used the well
known limit of the Euler number: e = limx→∞

(
x+1

x

)x. Now, ap-
plying Eq. (50) in the RCA, and arranging for CR yields

( √
2π

Ne1−K

)2/3

CR = exp
[

2
3
(ln K + 1− K)CR

]

, (62)

which equation can be solved in terms of the Lambert W function18[112]:

18 The equation of the form

Ax = e−Bx

has the solution of x = 1
B W

(
B
A

)
.
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C∗R = −
W

[

2
3(ln K + 1− K)e−

2
3 (ln K+1−K)

( √
2π

Ne1−K

)−2/3
]

2
3(ln K + 1− K)

. (63)
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Figure 19: Reaching centralities
in the ER graph: (a) distribu-
tion of the small reachable set
sizes (CR) and (b) dependence
of the global reaching centrality
on the average degree. All data
are the average of 1000 numer-
ical measurements in networks
with N = 104 nodes, lines show
the theoretical predictions. Er-
rors are comparable to the size
of the dots.

In the presence of giant components, u is given by

u = eK(u−1), (64)

that has the solution

u(K) = − 1
K

W(−Ke−K), (65)

where W(x) is again the Lambert W function. Finally, using the fact
that g00(x, y) and g01(x, y) are the same for the ER graph, GR has the
following form above Kcrit:

GR = u(K)− u2(K). (66)

Theory and simulations are compared in Fig. 19b. The prediction
for the supercritical phase in the Kcrit < K < 2 range is a little
below the numerical results19. This is in good agreement with the 19 The critical point of the ER

graph is Kcrit = 1.assumptions used in deriving Eq. (66): the average reachable set is
approximated by the Gout component, however, at small average de-
grees, there are many small out-components that reduce the average.
Near Kcrit, an appreciable portion of the nodes is outside of the gi-
ant components and they all have very small reachable set. Thus,
the difference between the largest and average reaching centrality
is larger in the simulations, resulting in larger GR. The theoretical
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curve below Kcrit predicts lower GR, which indicates that the distri-
bution P(CR) described by Eq. (60) is no longer valid for the whole
network when approaching the critical point.

Exponential graph

The uncorrelated exponential graph is defined by an exponentially
vanishing joint degree distribution:

pjk = (1− e−1/κ)2e−(j+k)/κ, (67)

where the average degree can be obtained through the κ parameter:
K = (e1/κ − 1)−1. The double generating function is

g00(x, y) =
(e1/κ − 1)2

(e1/κ − x)(e1/κ − y)
. (68)

According to Eq. (49), the out-components are given by

πout
s =

(2s− 2)!
Ks(s− 1)!s!

(
K

K + 1

)2s−1

. (69)

Translating this to the small reachable sets (see Fig. 20a for compari-
son with numerical calculations):

P(CR) =
(2CR)!

KCR+1CR!(CR + 1)!

(
K

K + 1

)2CR+1

. (70)

The numerical results show good agreement with the theoretical
curves.

Following the same procedure as by the ER graph, the equation
for C∗R in the RCA:

(
(K + 1)

√
π

Ne

)(
CR + 1

CR

)CR

(CR + 1)3/2 = e
2
3 ln
(

4K
(K+1)2

)

CR
, (71)

which leads to

C∗R =
1
B

W

(
B

A

)

, (72)

where

A =

(
(K + 1)

√
π

N

)2/3

(73)



94 hierarchical features of complex networks

B = −2
3

ln
(

4K

(K + 1)2

)

. (74)
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Figure 20: Reaching centralities
in the exponential graph: (a)
distribution of the small reach-
able set sizes and (b) global
reaching centrality versus the
average degree. Dots corre-
spond to numerical values aver-
aged on 1000 realizations with
N = 104 nodes, lines denote the
analytical curves. The magni-
tude of the errors is in the order
of the dot sizes.

If K > 1, this approximation fails because of the appearance of the
giant components. Solving Eq. (54) with g00(x, y) given in Eq. (68),
the global reaching centrality above the critical point:

GR = 1− 1
K
−
(

1− 1
K

)2

. (75)

This result is shown in Fig. 20b, fitting well to the simulations. The
same argument can be applied for the exponential network as in the
previous section, i.e., the predicted curves fit well in the small and
in the large average degree limits.

Scale-free network

Without exponential cutoff, the degree distribution and double gen-
erating function of the Type I SF network are the following:

pjk =
(jk)−γ

ζ(γ)2 (76)

g00(x, y) =
Liγ(x)Liγ(y)

ζ(γ)2 , (77)

where Lin(x) is the polylogarithm function of the n-th order and ζ(x)
is the Riemann Zeta function. The generating function of the excess
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degree distributions:

g10(x, y) =
Liγ−1(x)Liγ(y)

Kxζ(γ)2 (78)

g01(x, y) =
Liγ(x)Liγ−1(y)

Kyζ(γ)2 . (79)

The condition for the existence of giant components given by Eq. (23)
reads as

Liγ−1(x)Liγ−1(y)

xyζ(γ)2

∣
∣
∣
∣
x,y=1

> K. (80)

Now, if make use of the relation between the exponent and the av-
erage degree: K = ζ(γ−1)

ζ(γ)
, and substitute x = 1, y = 1, we arrive at

K2
> K, (81)

or equivalently
K > 1. (82)

So, there is a giant component if the average degree is larger than
one. But if we look at the function

ζ(γ− 1)
ζ(γ)

, (83)

we can conclude that this condition gives giant components for any
exponent γ ≥ 2. However, numerical simulations show that this is
not the case (see Fig. 21a).

If we substitute g00(x, y) and its derivatives in Eqs. (54)-(55), we
observe that there are giant components of unit size for every expo-
nent larger than 2, since the formula

πout
s =

K

(s− 1)!

[

ds−2

dys−2

(

g01(1, y)g10(1, y)s−1
)]

y=0

=
1

ζ(γ)s(s− 1)!

[

ds−1

dys−1

(

Liγ(y)
s

)]

y=0

(84)

gives exactly zero for any s, and the equation

u = g01(u, 1) =
Liγ(u)

ζ(γ)
(85)
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has always two solutions: u1 = 0 and u2 = 1.
The above observations show the limitations of the generating

function formalism in directed networks. The limits of the method
are already well-known in some cases of undirected scale-free net-
works [2]. In the undirected case, networks with small exponents
tend to have many hubs, and the clustering coefficient also increases
remarkably [2]. Large clustering coefficient means that the graph is
not locally tree-like, which is the main assumption of the applied
method. Equations (84)-(85) point out that the method can be barely
applied to directed scale-free networks.
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Figure 21: Reaching centralities
in the Type I SF graph: (a) mea-
sured distribution of the reach-
able set sizes and (b) global
reaching centrality at different
exponents. Dots represent aver-
ages on 1000 independent calcu-
lations with graphs of the size
N = 104. The solid line corre-
sponds to the largest degree ap-
proximation for the large expo-
nent regime.

Since the generating function method turns out to be invalid in
the SF network, the derived expression for GR is neither applicable.
However, it is possible to give a qualitative approximation for GR

in the case of γ > 2 (this is an important regime since most real
networks have exponents between 2 and 3). We use our observation
from the simulations that there is no GS, and that in scale-free net-
works, very large degrees can appear. Since a large amount of the
nodes have few out-degrees, GR is obviously dominated by Cmax

R . Let
us assume that the network breaks down into small components that
are merely the neighborhoods of the nodes with large out-degrees
(i.e., every component gathers around a hub). This assumption is
valid as long as K is low enough, which is true for γ > 2. In this case,
the largest reachable set is approximately the largest out-degree. In a
scale-free network with degree distribution of pout

k ∝ k−γ, the largest

degree is well approximated by kmax ≈ N
1

γ−1 [113]. Using this for-
mula for the out-degrees and – for the current approximation – not
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taking the in-edges into account, we get:

GR ≃ N
2−γ
γ−1 . (86)

Comparison of the measured GR and Eq. (86) is shown in Fig. 21b.
For large exponents, Eq. (86) fits well to the numerical results, due
to the decreasing average degree. However, below γ = 3, it becomes
less accurate. Note that the lower the exponent is, the larger fraction
of the nodes has large degree. The predicted GR becomes larger
than the real value at some point (γ ≈ 2.3). For small exponents,
the number of large hubs increases, which results in larger average
reaching centrality as well.

It is worth to take a pause here and understand the non-monotonic
dependence of the GR on the exponent. For large exponents, the
scale-free network tends to behave similarly to the ER graph, i.e.,
it becomes more homogeneous. Its average degree also decreases
and instead of large hubs, more and more small, disconnected com-
ponents appear. As the network becomes more fragmented, both
the average and maximum reaching centrality decrease, which re-
sults in very small GR. In the case of small exponents, it is known
that the clustering coefficient of undirected scale-free networks sig-
nificantly increases [2]. This phenomenon is likely to be present in
the directed case as well. With large clustering, the number of di-
rected circles also increases. However, the nodes in a directed circle
have exactly the same reachable set, and thus similar local reach-
ing centrality. This tendency of equalization in the local reaching
centralities affects the heterogeneity of the distribution, and enables
multiple nodes to reach (or approach closely) the maximum reaching
centrality. It is further strengthened by the diverging average degree.
The result is again a decreasing GR.

Also note that for γ < 2, the numerical results should be treated
with care, as this regime is characterized by diverging average de-
grees. It has been shown that undirected SF networks without ex-
ponential cutoff (or equivalently, with a cutoff scaling linearly with
the size) and γ < 2 are not even possible to generate [114]. This
result points out that the data obtained in the γ < 2 regime are less
reliable and the generated networks show large deviations from the
power-law degree distribution.
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Effects of correlations

During the calculations so far, we assumed that the networks
are uncorrelated, i.e., there are no correlations between the degrees
(neither one-point, nor two-point correlations). It is known, however,
that degree-correlations are present in real-world networks and they
have remarkable effects on the properties of the system (percolation
thresholds, epidemic propagation etc.). As we have shown in Net-
works of real systems, some networks feature significant level of cor-
relations. Thus, a complete investigation of our measure cannot be
accomplished without considering the effects of correlations. Here
we will consider two types: one-point correlations (Definition 6) and
two-point correlations (Definition 7). We carry out this by first con-
structing networks with given level of correlations to see their effects.
After that, we provide simple arguments that can give insight to the
possible biases caused by the correlations.

To measure the above mentioned effects, we performed the follow-
ing greedy procedure. We first generated the in- and out-degree lists
that are required for the investigated model. After randomizing both
lists, we kept the in-degree list fixed and randomized the out-degree
list by swapping its elements. At each swap, we calculated the cor-
relation in question (one-point or two-point), and accepted the swap
only if the correlation increased (decreased). During this greedy op-
timization, we created networks from the degree lists and measured
GR at several points: when the difference between the correlation of
the current state and the last measured state was larger than 0.01
(this is the resolution of the measured GR(ρ) and GR(r) functions).
By this method, we start the algorithm from non-correlated networks
and optimize as long as it is possible. In the resulting plots, all points
are the average of at least 200 measurements. Although this method
gives a quick and convenient tool for measuring GR(ρ) and GR(r), it
has some limitations. In scale-free networks, some types of correla-
tions are very rare and it is not always possible to achieve. Therefore,
in these cases, our results are restricted to the correlation values that
are accessible by this method.
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One-point correlations

The first and most natural correlation one can measure is the
one-point correlation ρ as given in Definition 6. By the method in-
troduced above, we measured the function GR(ρ) for the ER, expo-
nential and Type I SF networks with different average degrees. Fig-
ure 22 shows the results, separately for each model. It can be clearly
seen, that the behavior of GR varies and depends strongly on the
average degree. In the ER and exponential graphs, even the mono-
tonity of the curves changes. In the SF network, GR(ρ) saturates at
some level of correlation and the exponent effects only the threshold
above which further correlations do not change GR. In order to have
an idea about this dependence of the correlation effects on K, we
propose a simple argument.
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Figure 22: Effects of one-point
correlations on the global reach-
ing centrality in three network
models: (a) ER, (b) exponential
and (c) Type I SF graphs. Data
are the average of at least 200
independent simulations in net-
works with N = 104 nodes.

The goal of this section is to get an impression about the effect of
correlations, by taking into account them as small perturbations (we
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focus on the |ρ| ≪ 1 case). The exact analytic expression of GR in the
presence of correlations is out of the scope of this dissertation, and
we intend to give only a rather qualitative insight of the behavior.
Our aim is to understand how the GR deviates from its unperturbed
value by the correlation at different average degrees (or exponents,
in the case of the SF network). For this, let us consider the following
joint degree distribution:

pjk = pj pk + ρσ2
pmjk, (87)

where σp is the standard deviation of the degree distributions (pin or
pout) and we introduced the matrix mjk. The only criteria for mjk are:

∞

∑
j=0

mjk =
∞

∑
k=0

mjk = 0 (88)

and
∞

∑
j,k=0

jkmjk = 1. (89)

It is easy to see that, with these conditions, the joint degree distribu-
tion defined by Eq. (87) has one-point degree-correlation of exactly
ρ [37]. Note that we assumed similar distribution for the in- and
out-degrees (σV(k

in) = σV(k
out) = σp). The generating function cor-

responding to Eq. (87) is

g00(x, y) = g
p
00(x, y) + ρχ00(x, y), (90)

where g
p
00(x, y) is the generating function of the original joint de-

gree distribution pj pk and we introduced the following shorthand
notation:

χ00(x, y) = σ2
p

∞

∑
j,k=0

xjykmjk. (91)

Now, above Kcrit, we have to solve

u = g
p
01(u, 1) +

ρ

K
∂yχ00(u, 1) (92)

and GR is given by the modified generating function:

GR = g00(u, 1)− g00(u, u). (93)

The exact solution of Eq. (92) depends on the actual choice of mjk

and in most cases it is not possible to find in closed form. However,
for small correlations (|ρ| ≪ 1), we can describe the change in the
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GR at given average degree. In this case, the solution of Eq. (92)
is very close to the solution of the original equation without the
correlations, that is, u = u0 + uρ, where u0 is the solution of Eq. (54)
and uρ is the contribution of the small correlation. Expanding both
sides and keeping only the linear terms in ρ and uρ gives

uρ =
1
K

∂yχ00(u0, 1)

1− ∂xg
p
01(u0, 1)

ρ = β(u0)ρ. (94)

Here we encapsulated the coefficient of ρ in the function β(u0). In
Appendix B we show that β(u0) < 0 in the considered models above
the critical point. The expression of GR in the linear approximation
looks like:

GR = G
(0)
R + G

(ρ)
R , (95)

with
G
(0)
R = g

p
00(u0, 1)− g

p
00(u0, u0) (96)

and

G
(ρ)
R =

[

β(u0)(1− 2u0) ·
dg

p
0 (x)

dx

∣
∣
∣
x=u0
− χ00(u0, u0)

]

ρ. (97)

In the derivation of G
(ρ)
R , we used the observations that when the

joint degree distribution factorizes (pjk = pj pk), the generating func-
tion is also a product of the single generating functions

g
p
00(x, y) = g

p
0 (x)g

p
0 (y) (98)

and also the relation between g
p
0 (u0) and u0:

g
p
0 (u0) =

∞

∑
j=0

pju
j
0 =

1
K

∞

∑
j,k=0

ku
j
0pjk = g

p
01(u0, 1) = u0. (99)

Furthermore, note that χ00(u0, 1) = 0 due to Eq. (88). Now we have
to interpret the result we obtained for the change in GR. First, for
the sake of simplicity, let us choose mjk as proposed in [37]:

mjk =
(pj − φj)(pk − φk)

(
K− Kφ

)2 , (100)

where φj is an arbitrary well-normalized distribution and Kφ is its
average. Moreover, choose the distribution φj such that Kφ = 1,
which is the critical point of the ER and exponential networks. In
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this case, above Kcrit we have

χ00(u0, u0) ≥ 0 (101)

dg
p
0 (x)

dx

∣
∣
∣
x=u0

> 0 (102)

and β(u0) < 0 as shown in Appendix B. The behavior of G
(ρ)
R is

governed by the relation of the two terms in the right hand side
of Eq. (97). It is easy to check that near the critical point (u0 ≈ 1), the

second term is very close to zero, and G
(ρ)
R is dominated by the first

term which is positive. This means that when the average degree
is small, but the graph already has giant components of finite size,
small one-point correlations increase its hierarchical structure, as in
Fig. 22. For large average degrees, u0 → 0 and both terms in Eq. (97)
become negative, resulting in a decreasing effect of small correla-
tions, in good agreement with the numerical results (see Fig. 22a
and Fig. 22b). In the regime where the GR has a maximum (u0 = 1

2 ),
Eq. (97) predicts a negative coefficient for ρ. This is indeed true for
the ER graph (for which GR is maximal at K = 1.368 and |ρ| < 0.1),
but not for the exponential (which has maximum GR at K = 2). This
discrepancy suggests that the change in the slope near this point is
not trivial and strongly depends on the details of the addition of
correlations.
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A

C
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R

b

A

c

A

Illustration of the one-point cor-
relation effects below the per-
colation: (a) the node with the
largest reachable set (node A)
in the case of (b) no correla-
tions and (c) strong correlations.
Blue edges denote the out-links
of the in-neighbors to the node
in the largest reachable set.

Below the transition point, there are no giant components and
GR is dominated by the largest reachable set. We can assume that
the node with the largest reachable set or some of its out-neighbors
have large out-degree, since this increases the probability of reach-
ing more other nodes. Consider one of the neighbors with the large
out-degree. In the case of negative or zero correlations, the expected
maximum of the out-degree of its in-neighbors is normal. But in
the presence of positive one-point correlations, the number of in-
and out-edges tend to be similar, in other words, the node under
consideration has large in-degree as well. In this case, the expected
maximum of the out-degree of its in-neighbors (and thus of the can-
didate node for the largest local reaching centrality) increases and
there are more reachable nodes. The SF network is a special case in
the sense that the largest reachable set is with good approximation
the neighborhood of a hub (note that Type I SF network has an aver-
age degree of ζ(γ− 1)/ζ(γ)). Because of the correlations, this hub
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tends to have many in-neighbors as well and it is more likely to have
a neighbor with many links. The numerical results in Fig. 22c sug-
gest that the maximum out-degree of the nearest neighbors reaches
its saturation level at relatively small correlations.

Two-point correlations

In the case of two-point correlations, let us begin with the
above introduced formalism to see the possible effects on the global
reaching centrality. As such, these correlations (defined in Defini-
tion 7) can be best seized by a distribution corresponding to the
edges. Therefore, let us define P(jin, jout; kin, kout) (the two-node joint
distribution) as the probability that a randomly chosen edge starts at
a node with jin in- and jout out-degree and points to a node with
kin in- and kout out-degree. This probability satisfies the following
equations:

∞

∑
jin,jout=0

P(jin, jout; lin, lout) = qin
lin−1,lout

=
linplin,lout

K
(103)

and
∞

∑
kin,kout=0

P(lin, lout; kin, kout) = qout
lin,lout−1 =

loutplin,lout

K
(104)

which sums also establish its relation with the joint degree distri-
bution. Without two-point correlations (and other correlations), the
two-node joint distribution factorizes:

P0(jin, jout; kin, kout) = pjinqout
jout−1qin

kin−1pkout . (105)

Here, qout
jout

and qin
kin

are the probability that a randomly chosen edge
has a source with out-degree jout and that a randomly chosen edge
has a target with in-degree kin, respectively. As we did it before in
this section, we can modify this by adding a correlation between qout

jout

and qin
kin

:

P r(jin, jout; kin, kout) =

= pjin pkout

[
qout

jout−1qin
kin−1 + rσ(qout

jout−1)σ(q
in
kin−1)mjoutkin

]

(106)
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where σ denotes the standard deviation of the corresponding distri-
bution. Notice that P r(jin, jout; kin, kout) has indeed a directed assor-
tativity of r. However, if we recover the excess degree distribution,
the added term vanishes:

qin,r
lin−1,lout

=
∞

∑
jin,jout=0

P r(jin, jout; lin, lout) = qin
lin−1,lout

(107)

because the sum of any row or column of the matrix mjoutkin must
be zero. And since the excess degree distribution does not change,
the joint degree distribution is also the same as in the absence of
correlations. This means that the directed assortativity defined by
Definition 7 does not affect the GR directly (via the joint degree dis-
tribution). Figure 23 depicts the corresponding simulation results for
three degree distributions, showing very small changes in GR. Note

a

b

c

d

Illustration of the two cases of
two-point correlations r given
by Definition 7: (a)-(b) posi-
tive and (c)-(d) negative corre-
lations. Edges that are corre-
lated are shown by thick blue
arrows.

that the curves in Fig. 23 correspond to networks with N = 103,
and therefore the values of GR at r = 0 are not necessarily equal to
those in Fig. 22. In the case of the ER and exponential networks,
a small decrease in the global reaching centrality can be observed,
regardless of the average degree. The (Type I) SF network has a non-
monotonous behavior, but for larger assortativity, a decrease in GR

can be seen.
These results point out that, although two-point correlation does

not affect the joint degree distribution explicitly, it slightly changes
the hierarchical structure of the network. This small effect can be
understood if we look at the different typical structures around an
edge. In the case of large two-point correlations, the nodes with
large out-degree (those that are expected to have larger reachable
set) have out-neighbors with also large in-degrees. This means that
the nodes they can directly reach are also reachable from many other
nodes (that also have large out-degrees). This reduces the difference
between the local reaching centralities among nodes with large CR

or, in other words, introduces higher values of cR(i) in the defini-
tion of GR (see Definition 11). Positive two-point correlation also
introduces bottleneck-edges in the network. These edges accumu-
late many nodes on their source node that has similar reachable set,
thus also reducing the differences. On the other hand, if the graph
has negative two-point correlations, nodes with large out-degree can
reach their out-neighbors uniquely. Nodes that are reachable from
independent directions also emerge. These nodes have in-neighbors
with small out-degree. Both effects decrease the ratio of overlapping
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reachable sets which results in a reduced similarity in the values of
cR.
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Figure 23: Effects of two-point
correlations on the global reach-
ing centrality in different net-
work models: (a) ER, (b) expo-
nential and (c) Type I SF graphs.
Each point is an average of at
least 200 independent networks
with N = 103 nodes.



Networks of influence

Applying GR in decision-making graphs

“No matter how gifted, you alone can-

not change the world.”

— L. Lawliett

L: Change the World

At the very beginning, we declared the goal of this work as in-
vestigating the hierarchical structure of networks arising in social
systems. Especially, we are interested in the flow hierarchy that is
present in many decision-making networks. There are explicit mani-
festations of this type of networks in nature: as an example, pigeons
that flock together follow each other in a hierarchical structure with
leaders and followers [80]. We can generalize decision-making in a
way that it can represent different levels of influence among mem-
bers of a network. To arrive at the primary aim of this work, in this
last chapter we will make use of the the measure that we have in-
troduced. Here we present two studies that focus on networks of
influence, although in fundamentally different ways.
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Evolution of citation networks

Networks of academic citations are one of the most detailed
representations of the development of human knowledge. Charac-
teristics of the evolution of research is imprinted in the structure
of these graphs. The connections in citation networks can be inter-
preted as kind of an influence, since authors include other papers in
their reference list for various reasons alike: the papers form the ba-
sis of their work; they are important milestones in the field; they have
some parts in common with their work. Thus, we can think of cita-
tion networks as the abstract representations of the decision-making
structure of scientific publications. Moreover, as each publication is
built upon earlier works, it is natural to expect hierarchical features,
although the specific dynamics is still unclear. To investigate the hi-
erarchical structure of academic papers, here we consider two types
of citation networks:

Category networks : They are defined by the Subject Categories given
by Thomson Reuters’ Web of Science (WoS). Nodes of these net-
works are papers corresponding to one Subject Category, and an
edge is linked from paper A to paper B if paper B cited paper A.

Keyword networks : These are based on specific keywords: all nodes
of a keyword network are papers that are labeled, inter alia, by a
selected keyword. As with the category networks, edges represent
citations and they are directed so that they point from the cited
paper towards the citing paper.

The reason behind the definition of edge direction is that we are
interested in the network of influences among papers, and we as-
sume that papers can only infer influence on future papers by being
cited. For each category, we generated temporal networks from 1975

to 2011, by aggregating the networks from year 1975 to the specific
years. These networks might be biased, as the results may show
only the structure of the WoS database (since papers are indexed
only from 1975). Therefore, in the keyword networks, we only con-
sider keywords that appeared between years 1990–1995. These are
defined as having a frequency of appearance 10 times larger in 1995

than in 1990 and still being alive in 2011 by appearing at least in 1000
papers.

Before investigating the dynamics of the category and keyword
networks, we applied several filtering methods on the data, to en-



108 hierarchical features of complex networks

sure that the obtained results are not merely the consequence of
fragmented structure and noise. The first constraint is that we con-
sidered only networks that have a final size (i.e., number of nodes
in year 2011) of at least 1000 papers. Furthermore, we also rejected
networks with a final average degree lower than 1, because these
networks consist of disjoint small components and they cannot be
characterized by a coherent structure. This is important, since we are
aiming at the study of the evolution of a field as a whole, which is not
true for the rejected networks, as any measured property is merely
the mixture of the independent subgraphs (smaller subfields). Simi-
larly, we also set a threshold on the size of the giant components: the
networks must have a giant weakly connected component20(GW) larger

20 This is the giant component of
the network if we do not con-
sider edge directions.than 0.5, for the same reason mentioned before.

Universal trends

After these filtering processes, 210 categories and 56 keywords re-
mained, and we measured the time-dependence of the hierarchy
by calculating GR. Since we need to determine GR in every year,
and these networks grow exponentially, above the size N = 104,
we applied the estimation method described in Estimations for large
networks. Figure 24 shows the typical trends measured in the cat-
egory and keyword networks, with the corresponding average de-
grees. The first and most striking observation is that the level of hi-
erarchy is increasing in all cases, even though their average degrees
are also growing. Compared to the results in Uncorrelated networks, at
average degrees above 10, one would expect very low hierarchy. This
counterintuitive result is the fingerprint of the mechanism how cita-
tion networks grow and it is strongly related to the fact that in these
networks, new edges do not emerge between nodes that are already
present. Another remark corresponds to the shape of the curves:
considering the top curves (cell biology and tumor-necrosis-factor), the
rest of the curves show similar pattern, but at lower growth rate and
different shift in the time axis. The similarity between the trends
suggests that the main mechanisms behind the growth of GR in all
networks have common features. To emphasize this conjecture, we
rescaled all networks to fit a universal curve, which was given by the
category cell biology and keyword tumor-necrosis-factor. As Fig. 24b
shows, the global reaching centrality can take arbitrary large val-
ues in the early years: this is due to the small size of the networks
and disappears as they grow to large enough. Therefore, we con-
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sidered the GR(t) trends only from the year, at which the networks
have at least 100 nodes. Furthermore, some of the networks gain a
finite value of GR in the beginning and these values are not chang-
ing over the next few years, since there are no significant changes
in their structure. Thus, we also removed the offset in the networks
by subtracting GR(t = 0) from all other years. The transformation
of data F onto the base curve Fbase was carried out by minimizing
the function H = 〈R2〉/L, where 〈R2〉 denotes the average squared
difference of functions Fbase and F , and L is the length of the over-
lap of the two data. We optimized H by simulated annealing with
respect to horizontal and vertical translations and scalings, and also
to the removal of some initial data points (at most 5 of them).
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Figure 24: Typical trends of the
global reaching centrality in the
citation networks: (a) category
and (b) keyword networks. In-
sets show the corresponding av-
erage degrees over the consid-
ered period.

The collapsed data are plotted in Fig. 25, with 199 category and
49 keyword networks. Although most of the curves can be fitted on
the universal trend by linear transformations, there are 11 category
and 7 keyword networks that follow a slightly different trend. How-
ever, these networks also show increasing hierarchy with a piecewise
sigmoid-like shape (see inset in Fig. 25, where the trend for the cat-
egory engineering, electrical and electronic is plotted). In Fig. 25, we
considered only networks that have a final GR larger than 0.1, to en-
sure that the vertical scaling gives reasonable values (i.e., to obtain
less noisy scalings). Some of the curves continue after the last years,
but they remain at a constant value, or grow at a negligible pace,
therefore these parts are not shown in the figures. The curves in
Fig. 25 suggest that the level of hierarchy increases accordingly to a
universal trend in citation networks. Trends can reach different lev-
els of final hierarchy, that are specific of the fields described by the
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category or keyword, but on the long run, all fields exhibit the same
behavior.
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Figure 25: Collapsed trends
in the two citation networks:
(a) category and (b) keyword
networks. Axes denote the
rescaled time (horizontal) and
GR (vertical) after the linear
transformation (translation and
scale) of the curves. The in-
set in (a) shows a typical curve
that was rejected in the rescal-
ing process due to the in-
termittent increase characteris-
tic (it corresponds to the cat-
egory engineering-electrical and
electronic).

A simple model

Here we introduce a simple argument to understand the GR

trends seen in the citation networks. This model relies on two as-
sumptions about the dynamics and structure of these graphs. First,
a careful look at the global reaching centrality reveals that its value
is dominated by the largest local reaching centrality (cM

R ), since we
found that 〈cR〉 ≈ 0. This is quite clear: when new papers attach to
the actual network, they have only in-edges (as edges point towards
the citing paper). The second assumption is less obvious, but as we
will see later, it is supported by measurements. It can be described
as follows. Each network is defined by a specific field, given by the
corresponding category or keyword. Every field is characterized by
several main research streams, which are ignited by a handful of pa-
pers for each stream and the rest of the network is growing “below”
these standard works. To illustrate our idea, in Fig. 26 we depicted
two scenarios corresponding to the generality of the field: special-
ized, that is more focused on a narrow topic; and general, which
covers a broader range of topics. In the case of a more specialized
field (Fig. 26a), the whole network is much more interconnected and
the papers at the “top” of the hierarchy – those with the largest
reaching centrality– have more or less the same size of reachable set.
In other words, the nodes with the largest cR have similar values,
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thus more node has nearly cM
R . On the other hand, in a general field

including diverse research streams (Fig. 26b), top papers have vary-
ing cR values. Thus, the fraction of nodes having nearly cM

R is much
less than in the specialized field.
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Figure 26: Illustration of graphs
with different structures below
the nodes with the largest lo-
cal reaching centrality. In the
case of a rather specialized field
(a), the network is growing be-
low a small set of top nodes
(blue ones) and they have very
similar reachable sets. If the
field is more general (b), the
network is broken down into
smaller reachable sets of the top
nodes and they represent the di-
verse subfields under the com-
mon field. This network type is
characterized by a small fraction
of nodes with nearly maximal
reaching centrality. Intensity of
the node color denotes the size
of the corresponding reachable
set.

Based on the first observation, we will approximate the global
reaching centrality by the largest reaching centrality cM

R and con-
struct an equation describing its dynamics in time. When a new
paper appears, it is immediately attached to the network by its refer-
ences. The probability that the node is attached to the reachable set
of the top node is proportional to its reaching centrality cM

R . It can be
shown21that the increment of cM

R at the attachment of a single node 21 Considering the addition of
one node, the relation between
the previous and the updated
reaching centralities:

(N + 1)cM,(t+1)
R = Nc

M,(t)
R + 1

(108)
which yields and increment of
1−cM

R
N+1 .

is (1− cM
R )/(N + 1). Also, the fraction of nodes with reaching cen-

trality near cM
R is related to the generality of the field: if the category

or keyword describes a field with few research streams (it is a rather
specialized one), the probability of finding a node among the rest
with cR near the largest is high. On the contrary, if the field is more
general, this probability is reduced. Assuming that the number of
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nodes having reaching centrality close to cM
R is αN, where α tunes

the generality of the network, these points can be formulated in the
following dynamical equation for cM

R in the large N limit:

dcM
R

dt
= α cM

R (1− cM
R ), (109)

The above equation has the well-known solution

cM
R (t) =

1

1 +
(

1
c0

R

− 1
)

e−αt
, (110)

which describes a sigmoid with c0
R as its initial value. To illustrate

the solution, we plotted Eq. (110) at c0
R = 0.01 and different values of

the parameter α in Fig. 27. As we can see, varying the parameter, the
solution gives the typical trends seen in Fig. 24, considering a finite
interval of time. Figure 27 suggests that the differences among the
fields might be originated in the different level of generality, i.e., in
the number of research streams they cover.

0 1 2 3 4 5 6 7 8 9

0

0.2

0.4

0.6

0.8

1

t

c
M R
(t
)

α = 1
α = 0.7
α = 0.5
α = 0.3
α = 0.1

Figure 27: Solutions of Eq. (109)
at different values of the param-
eter α. The initial value is set to
c0

R = 0.01 for all curves.

Separating trends

Motivated by our model, now we take a closer look at the curves
seen in Fig. 24 and Fig. 25. In order to check the effect of generality of
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the field on its hierarchical trend, we considered the cross-category
references among the 210 pre-filtered categories. More precisely, for
each category C, we calculated the number of references (RC,C) be-
tween pairs of papers, both labelled by C. Similarly, we calculated
the average number of references (〈RC,C ′〉C ′ 6=C) between papers of C
and papers of other categories. These two quantities describe the
number of internal and external references of category C. Consider-
ing the generality of the category, we calculated the external reference
ratio:

q =
〈RC,C ′〉C ′ 6=C

RC,C
. (111)

As an approximation of the problem of generality, we use this ratio
to quantify how specialized a category is: if q is very small, papers in
the category prefer to cite papers inside their own category, meaning
that it is a rather specialized field. However, if the category covers
many distinct subfields, it implies higher fraction of external cita-
tions (and vice verse, papers in other fields cite the category papers
more frequently), resulting in a larger value of q. In the 210 cate-
gories under consideration, the value of q lies in the range [0 : 0.1].
We divided the networks into four groups by their external reference
ratio so that each group contains at least 27 categories, and calculated
the average GR trends inside each group22. The results are plotted in 22 We carried out the same av-

eraging in groups of the same
size as well, arriving at similar
trends.

Fig. 28, showing well-separated hierarchical curves. The curves con-
firm the assumption of the model: the more specialized a category
is, the sooner it develops a highly hierarchical structure.

Also, we can calculate the largest values of cR, to test whether
more general categories are characterized by fewer nodes with reach-
ing centrality near to cM

R . For this, in Fig. 29 we plotted the first 1000
largest cR values against their ranks in the categories cell biology and
biology, measured in the final state of the networks. To emphasize the
difference between the two categories, we transformed the curves to
a more seizable form, and we also provide the original data. The ab-
scissa shows the rank of the cR value, starting with the largest one.
On the ordinate, the normalized values are shown: from each value,
we subtracted the last (i.e., the 1000th) data point (cL

R), and divided
by the difference between the two extremal values (∆cR = cM

R − cL
R).

Clearly, the values in the category biology (having larger value of q
than the other one) vanish faster, meaning that the probability of
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Figure 28: Average trends of
the global reaching centrality in
the category networks with dif-
ferent external reference ratio
(q). The curves correspond to
the averages taken over the net-
works with the indicated value
of q.

having near-maximal reaching centrality is very low, compared to
the category cell biology. Thus, according to the external reference
ratio, the assumption of the model about the fraction of nodes with
reachable set similar to the largest one is reasonable and shows good
agreement with the measurements.
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Figure 29: Largest 1000 ranked
cR values in the year 2011 for
two category networks, sorted
in descending order. Horizon-
tal axis denotes the rank of cR,
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original curves are shown in the
inset.
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Picking a quarrel

In this first application, we studied the hierarchical proper-
ties of citation networks, namely the temporal networks defined by
the Subject Categories and keywords in the WoS database. These
networks are time-varying, and therefore their temporal large-scale
hierarchy can be investigated. We have shown that a large major-
ity of the networks follow a unique pattern of increasing hierarchy,
although there are differences in the pace of the growth. By consid-
ering a few assumptions about the inner structure, we were able to
reproduce the observed trends with a simple model. The assump-
tions and predictions of the model were later tested and validated
on the revised data for the category networks.

Here we should point out the limitations of the methods as well as
the model itself. The first remark is that due to the size and number
of networks, instead of calculating the exact value of GR, we applied
an estimation algorithm. This brings already a bias in the calcula-
tions, as the precise values are not known. Despite these biases, we
believe that the conclusions drawn by the measured curves would
not change in the case of exact values. Nevertheless, as we have
seen, it is reasonable to assume that the average reaching centrality
is negligible. Considering that the diameter of these networks scales
logarithmically with the size, there is a high probability to reach the
top of the graph given an appropriate number of hops via in-links
during the estimation method.

The second remark concerns the universal trend, especially in the
light of the rejected curves. We carried out the rescaling of the curves
by simply considering linear transformations. Due to this type of
scale, some trends have been transformed in such a way, that con-
tinuation of the curves would exceed the upper limit of GR = 1 if it
was transformed back. Although this indicates a bias and limitation
of the results, it should be noted, that the mere goal of the rescale
was to point out that there is a common mechanism of growth in
all the networks considered. Also, it is a sign showing that in the
vertical direction, a nonlinear scaling method is more appropriate.
The rejected networks also follow a growing trend, and the sigmoid
characteristic can be discovered, though it is interrupted by a slower
non-growing part. This might be linked to a change in the generality
of the network around the years of interruption.

Finally, the last comment we should add is related to the model
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and Eq. (109). Most importantly, the dynamics in real networks is
not as simple as we described it, and the only purpose of the model
is to approach the problem at an idealized level. In this setup, when
a new paper is born, it has multiple references, and thus the right
hand side of Eq. (109) should be multiplied by the average degree K.
Implicitly, by the derivation of the dynamical equation, we assumed
that the only parameter α includes all further multiplicative factors,
and therefore it counts for K as well. Moreover, the solution given
by Eq. (110) has an asymptotic value of cM

R = 1, independently of
the initial value or the parameter α, in contrast to the real networks.
This is related to the fact that real networks do not have the exact
structural form described in the model: they are not merely tree-like
subgraphs melted together, but much more complex objects, having
nontrivial – and not even layered – inner structure. Thus, the number
of nodes not living in the reachable set of the top node is not exactly
(1− cM

R )N, but somewhat lower, resulting in a reduced final level of
hierarchy.
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Picturask: an evidence for hierarchical hu-
man flocking

During their homing flight, pigeons in a flock pay attention
to each other, and some birds follow other ones. Based on their tra-
jectories, the leader-follower structure can be obtained by velocity-
correlation analysis. This observation in pigeon flocks raises the
question: “Do humans flock in some sense as birds do?”. As cause-
less this question should sound, so hard is the answer. Naturally, we
would not expect people following each other in the way as birds
do, however, if we extend the meaning of “follow”, this problem
can lead to interesting behavioral patterns. In their model, Nepusz
and Vicsek demonstrated that in a varying environment, the net-
work of decision-following of greedy agents optimizing their own
success rate can form nontrivial hierarchical structures, if the agents
are allowed to have knowledge on each other’s vote [115]. It has
been shown that simple rules that restrict their behavior can lead to
the emergence of hierarchy. Yet, the question remains open whether
humans behave in a similar way as the agents of the model. In
this section we present some results of the experiment Picturask
(http://delfin.elte.hu/picturask) that was constructed in order
to investigate the behavior of players in an environment similar to
the model of Nepusz and Vicsek.

Experimental setup

Picturask was an online interface (see Fig. 30), on which users had
to solve simple tasks in exchange for a small amount of participation
reward (2000 HUF ≈ 7 USD). Users, after registration on the site,
were scheduled to play a 30-minute game three times in a week at
fixed times. The goal was to maximize their scores by solving simple
tasks. During the game, they could interact with each other in the
following way. At each task, they were provided by the option to
query the previous answer (we call them advice) of at most 10 other
users. Since the tasks changed only after every 5 rounds, the previ-
ous answer was valid in 80% of the questions (there were 40 rounds
in total for one game). After every round, the estimated efficiency (Tij)
of the other users was updated by the outcome of the given advice.
For example, if user B queried the advice of user A 12 times, and

http://delfin.elte.hu/picturask
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the advice given by user A were successful only 3 times, then the
efficiency of user A was estimated by user B to be TBA = 3

12 = 25%.
As the game proceeded, each user obtained an improved estimation
about the other users they had queried so far, and by a simple feed-
back, this had an impact on their subsequent decisions. To be more
clear, details of a single round are depicted in Fig. 31 where we show
the corresponding screenshots. The task to solve is to estimate the
number of balls on the question image (Fig. 31a), that is visible for
3 seconds. After 3 seconds, the answering panel loads in with three
sections: the answer options (bottom), the box with the estimated
efficiency of other users (top left), and the queried advice (right). In
the estimated efficiency box, all other users that have given answers
to the previous question are shown as small tiles (white and gray
tiles in Fig. 31b). The color of the tiles represent the estimated ef-
ficiency of the corresponding user (white is zero efficiency, black is
100%), and acts as the feedback from the queried advice. A user
could change their answer in a single round as many times as they
wished, and their last answer was considered in the evaluation. As a
further motivation, the players with the four highest scores received
additional remuneration.

Figure 30: Home screen of the
website Picturask that users can
see after logging in.



networks of influence 119

a b

Figure 31: Screenshots of the
game: (a) the image of the task
and (b) the answering interface.Hit rates - the benefits of follow

We carried out 9 experiments (games) in total, during a period
of three weeks. Each user was offered to play in 3 games that were
scheduled to consecutive days. The average number of players in
a game was about 40, with a total number of 150 registered users.
Among the 9 Games, two (Games 3 and 9) were control experiments:
in these cases, the system gave a biased advice to the user, i.e., the
given advice of the queried users were shifted with a probability of
1/3. Thus, the mechanism of the valid feedback on the estimated
efficiency and the queried advice was perturbed. The users were not
aware of the control experiments. In the beginning of a game, players
have no information about the knowledge of other players, and they
have to discover the skillful ones. By doing so, they can obtain hints
from the good players and thus increase their own hit rate. This
fact (i.e., the advantage of querying advice) is supported by Fig. 32,
where the average efficiencies for the 3 weeks are depicted. As the
groups reach their maximal efficiency (at round 30 and above), the
trend does not proceed further and the efficiency fluctuates around
a constant value. Some of the participants reported indeed that they
became tired during the rounds and could focus less as reaching
the end of the game. Thus, after smoothing out the efficiency time
series by a 5-rounds wide sliding window, we fitted linear trends in
the period before round 30. In order to check the observed trends
against statistical fluctuations, we carried out the same smoothing
and fitting method for the randomized time series 106 times for each
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game. A normal probability plot of the slopes in the randomized
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Normal probability plot of the
slopes for Game 9.

time series suggests that they follow Gaussian distribution, thus we
could apply Student’s test.

Results for the original time series and the tests are summarized
in Table 5. In the first week (Fig. 32a), the average hit rate in Games
1 and 2 shows faster increase in time compared to Game 3, and the
tests also suggest that players in the first two games show significant
improvement (p < 0.002). Although Game 3 is a control experiment
where the players obtained biased informations, it also exhibits a
slight increase in their average efficiency. This is due to the fact that
in the first two weeks, users were provided by their hit rate during
the game, which could be exploited as a hint about their answers.
The increase in the efficiency among games shows similar pattern
in the second week as well (Fig. 32b), although the trend in Game
6 is not significant. In the last week (Fig. 32c), the feedback of the
user’s own efficiency was removed, which can be clearly seen in the
results: Game 7 and 8 are significantly improving, while the control
experiment Game 9 shows no improvement at all. The range of the
fits is also shown in the insets, and they are different in the last
week: this is related to the first several questions. When the number
of bubbles on the images of the first tasks was very low, most of the
players gave good answer, and thus these rounds are ignored in the
fit as they weaken the observed improvement of the average hit rate.

Group ID m p

Game 1 0.918 0.002

Game 2 1.162 0.002

Game 3 (C) 0.575 0.1
Game 4 0.546 0.05

Game 5 1.503 0.002

Game 6 0.619 0.25

Game 7 0.951 0.002

Game 8 1.463 0.001

Game 9 (C) 0.199 0.25

Table 5: Results of the fits
in the different games: the
slopes of the trends (m) and the
corresponding p-values when
checked against randomized
time series. Control experi-
ments are indicated by the let-
ter ’C’. Trends are obtained by
fitting a linear function on the
beginning of the games, after
being smoothed by a 5-round
wide sliding window.
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Figure 32: Group efficiency in
the different games of the ex-
periment: (a) first week, (b) sec-
ond week and (c) third week.
Control experiments are indi-
cated by the letter ’C’. Insets
show the corresponding trends
resulted from the linear fits.
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Emergence of hierarchy

To investigate the decision-making structure among the users, we
first need to define a graph with a related meaning. In their paper,
Nepusz and Vicsek studied the network induced by the matrix Tij,
which they called the trust matrix. This matrix describes the esti-
mated efficiencies of the users, and in the model, agents have chosen
to query others with probabilities proportional to the elements of Tij.
Thus, in the simulation framework, the trust matrix gives relevant
information about the followings in the sense of decision-making.
Based on their work, we also extract our network data from the es-
timated efficiency matrix for the following reason. Since the value
TBA is defined by

TBA =
# user A gave good advice to user B

# user B queried user A
=
SA→B

NB→A
, (112)

we can filter on both the number of queries and the quality of the
advice. Therefore, as a first filtering step, we consider the elements
of Tij for whose Ni→j is above a threshold (here we set Ni→j ≥ 5).
Furthermore, among these matrix elements, we can also set a cutoff
on the actual value of Tij, which is related to the goodness of the
advice. We choose the following filter: among all matrix elements,
filtered by N , we consider the largest M elements. Each element
TBA then corresponds to a directed edge A → B in the network of
decision-making. The value of M is determined by the number of
edges we wish to include in the graphs. Although this type of net-
work construction might seem artificial, we should emphasize that
the qualitative results obtained by this method are robust against
the actual choice of M. To be more precise, here we will present the
properties of networks with M = K0N, where N is the number of
users in a game and K is a predefined value of the average degree,
which is set to K0 = 2.5. However, the analysis below regarding the
hierarchical features of these networks results in similar conclusions
within the range 1 ≤ K0 ≤ 5. Note that after setting K0, the gen-
erated network can have isolated nodes and they are not displayed
in the visualization, nor considered in the calculation of GR since
we are interested in the giant connected component of the networks.
This results in slightly larger average degree than K0.

In Table 6 we indicate the basic properties of the networks ex-
tracted by the above method, along with their size, average degree,
and GR. The latter is also compared to an ensemble of ER graphs
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and the p-value of the statistics is determined. Since the value of
GR in ER networks is distributed other than a Gaussian, the p-values
are calculated by considering 104 random networks, and counting
the number of realizations with larger values than those of the orig-
inal networks. Networks related to control experiments are less hi-
erarchical, and they are neither significantly different from the ER
networks in sense of hierarchy. Regular experiments show larger GR

and the values are also significant with a low p-value. Note that
regular experiments usually have larger average degrees as well, in-
dicating that these networks exhibit robust hierarchical structure.

Group ID N K GR p

Game 1 39 2.82 0.214 0.02

Game 2 28 3.03 0.347 0.001

Game 3 (C) 33 2.64 0.171 0.195

Game 4 44 2.89 0.596 0.001

Game 5 39 2.85 0.524 0.001

Game 6 33 3.09 0.640 0.001

Game 7 40 2.98 0.258 0.002

Game 8 34 3.12 0.371 0.001

Game 9 (C) 33 2.97 0.111 0.324

Table 6: Basic properties of
decision-making networks ex-
tracted from the experiment,
along with their hierarchical
measures: number of players
(N), average degree (K), global
reaching centrality (GR) and its
level of significance (p). Con-
trol experiments are indicated
by the letter ’C’. The p-values
were obtained by the compari-
son of the networks with 104 ER
networks of the same number of
nodes and edges.

To make the differences more visible, we can use our visualization
method to draw the networks. This can be seen in Fig. 33, where
we demonstrate the hierarchical structures by the layout based on
the local reaching centrality, with z = 0.01. However, in order to
facilitate the visibility of the differences, before the calculation of the
cR values in the visualization, we removed directed loops. In order to
do this in a reasonable way according to the hierarchy we are looking
for, from each directed loop, we removed the edge with the source of
the lowest out-degree. The idea behind this kind of edge removal is
that the out-links represent direct flow of information and thus the
players with low out-degree are considered to have less influence as
well. After determining the coordinates, we have also revived the
edges and drawn them in blue. As we can see, the networks in the
regular games (Fig. 33b-c) are hierarchical, as they are characterized
by decreasing level width towards the top of the network. In Game 4

(Fig. 33c), there is a wide level near the top, however, the rest of the
network follows the hierarchical pattern. Games 3 and 9 (Fig. 33a
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and Fig. 33d) contain less levels and they are not ordered. Also note
that the number of upward edges is much larger in Game 9 than
in the regular games. These are the signatures of directed loops
that are more frequent in the absence of the proper feedback of the
queries. The color intensity of the nodes illustrates the success rate
of the users throughout the games: dark blue means high, light blue
denotes low final score. As Fig. 33b-c shows, users with large score
(and therefore good abilities to solve the problem) are positioned
near the top of the hierarchy, and the rest of the group followed their
decisions. The majority of the bottom levels in the regular games are
the players who performed worse in the game. On the contrary,
in the control experiments, there is no such clear separation of the
players: there are users with small hit rate in the top levels as well.

Critique

To put it simply, the above results suggest that in a competing
environment, when players can ask others for information, hierar-
chy can emerge. According to the setup, the key mechanism of the
observed phenomena is the fact that the users could accumulate the
outcomes of the advice over time and their decision was driven by
their experience. Indeed, when the feedback was turned off, the es-
timated efficiency of others were perturbed and the users did not
follow others in a structured way. In this environment, besides the
emergence of hierarchy, also the average hit rate of the group in-
creased, suggesting that decision-following is beneficial to the play-
ers and especially to the group.

Nevertheless, here we outline some critical points of the above
study. First, players may query advice of others for a variety of rea-
sons: to gain a general information about the opinion of the users;
to explore good players; and even just because of boredom23. None 23 These are supported by user

feedbacks.of the above three reasons are motivated by true interest in the spe-
cific advice of the other user. Secondly, according to the survey that
followed the experiments, some of the players were not aware of the
real meaning of the estimated efficiency, and some of them were con-
vinced that the color of the tiles corresponds to the absolute hit rate
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a b

c d

Figure 33: Hierarchical visual-
ization of four decision-making
networks from the experiment:
(a) Game 3, (b) Game 4, (c)
Game 6 and (d) Game 9. Color
intensity of the nodes denotes
the final score of the players: the
higher their score is, the more
intense its color is. Edges point-
ing upward in the hierarchy are
drawn in blue color.
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of the others. This might be a bias, however, if this was the case by
some users, it did not change the fact that they followed the ones
they thought to have good efficiency.

Finally, due to the different reasons behind querying the advice of
other users, the induced network might present a biased view of the
structure of true followings. We have seen that in some cases, the
very top of the hierarchy is not even occupied by the best players.
However, it does not necessarily have to be the case. It is reasonable
to assume that a good player also queries other players in order to
gain more information (see Fig. 33c). And by doing so, it is possi-
ble that a good player has queried another player just in the right
rounds. Despite these perturbations, the structures in the networks
show to be robust, as the majority of the good players reached top
position in the hierarchy. Also note that, although the actual values
of global reaching centrality might change, by selecting 50− 200%
more edges in the extracting method, the conclusions about the com-
parison of regular and control experiments still remain valid.



Conclusion
Final remarks

“I cannot teach anybody anything.

I can only make them think.”

— Socrates

In this dissertation, we have studied the hierarchical features
of directed networks. The motivation lies within the need for un-
derstanding the circumstances and mechanisms behind the presence
of flow hierarchy in a vast number of systems. We have developed
a metric (global reaching centrality, GR) for quantifying hierarchical
structures. The main and most important idea behind the metric is
that the influence of an individual can reach other members through
intermediate members. This approach can be criticized pointing out
that the influence decreases at each level of the hierarchy. If the ef-
fects flowing through the network are weak, a strong attenuation is
present indeed. However, if we think of “influence” as the possible
effect on the others, we can see that one has to consider all possible
paths. More precisely, if given any attenuation on the connections,
the local reaching centrality measures the fraction of nodes that are
reached if an arbitrary large signal is sent from a node.

In addition to the argument behind the measure, careful tests and
confirmation in real systems is inevitable when a new metric is pro-
posed. To fulfill this requirement, we have conducted tests in classi-
cal networks as well as in real-world networks, concluding that the
global reaching centrality provides reasonable values, especially if
compared to random networks. This validation process was further
supported by the analysis of the metric in a synthetic network with
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tunable extent of hierarchy. Although the results in real networks
show satisfactory agreement with our intuition, it is important to
note that in some networks, the presence or absence of hierarchy is
still an open question. It is not clear, for instance, that in a peer-to-
peer network, what should we expect in the sense of flow hierarchy.
However, the main reasons behind the construction of the metric
might give a hint. One of our primary goals was to clearly separate
the completely hierarchical structures from a totally egalitarian net-
work. By the latter, we mean a structure with no privileged node,
i.e., all nodes are equivalent in an appropriate sense. It is still a ques-
tion to interpret values of the global reaching centrality that are not
near to one of the extreme cases (near zero or near unity).

The very basic approach to determine our metric in a network has
a complexity of O(N2), which makes its calculation and usage rather
time consuming, and also sets an upper limit on the network size in
practice. However, with the databases available nowadays, networks
of 106 nodes do not count as rarities, therefore a better algorithm
is needed in the case of our metric. We have provided two solu-
tions to this problem: an algorithm that runs faster than O(N2) and
also an estimation method. The fast algorithm takes advantage of
the strongly connected component (SCC) decomposition of directed
graphs, which can be done in linear time and translates the network
into a DAG of SCCs. Calculating the local reaching centrality in this
network by a brute-force method is unavoidable, although in most of
the times it requires much less running time. The other approach is
an estimation which takes random samples of the graph for approx-
imating the average local reaching centrality combined with a suc-
cessive hopping towards the top of the hierarchy through in-edges.

A crucial stage towards the complete knowledge about a quantity
is the understanding of its behavior in simple models. Therefore,
analytical expressions in models that are easy to perceive can facil-
itate our understanding in other, more complex systems and real
networks. Driven by this purpose, we provided analytical methods
for determining the exact expression of global reaching centrality
using the generating function formalism in directed stochastic net-
works. We have shown that GR is determined by the joint degree
distribution of the network, if there are no correlations in the sys-
tem. We also exemplified the formulae in two network models to
obtain the exact expressions for GR. Besides shedding light on the
deeper structure and key mechanisms of our metric, the analytical
framework also enables us to consider various higher order effects,
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such as the degree-correlations. It is known that different kinds of
degree-correlations can have significant impact on the structural and
dynamical properties of graphs. Furthermore, most of real networks
exhibit finite level of correlations, bringing these features into in-
escapable properties of networks. Therefore, it is important to know
how they affect the hierarchical structure. To address the question,
we have considered two types of degree-correlations treated as per-
turbations. As for the conclusion, we can say that one-point cor-
relations strongly affect hierarchy, contrary to directed assortativity
(two-point correlation).

Having established both the theoretical and practical background
of our metric, we arrived at a final conclusion of the dissertation,
namely to investigate hierarchy in networks of influence. As their
name suggests, these networks describe influential connections be-
tween their nodes. By applying the estimation algorithm tested in
the numerical chapter, we have calculated the extent of hierarchy in
temporal citation networks, each defined by a given field. Thus we
have seen that GR follows a universal trend in most of the citation
networks. Comparison of the data with a simple model, and a more
careful look at the trends revealed that the differences between the
networks are related to the level of generality of the corresponding
fields. As a second application, we applied our metric to the results
of an online experiment to show that players tend to organize them-
selves into a decision-making hierarchy, if certain conditions hold.

In a nutshell, the work presented here covers a new method for
measuring and describing hierarchy in directed graphs with a spe-
cial aim at socially motivated networks. By all the analyses and ex-
amples of potential applications, the main goal was to point out that
our intuitive notion of hierarchy can be grasped and quantified with
the assistance of networks. In this spirit, this work should be only
the first step in our way to understand the hows and whys about
hierarchy.
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Appendix A:
Out-components in directed
graphs

In this appendix, we derive the expression for the distribution of out-
components πout

s in directed networks. For this, let us consider a net-
work with joint degree distribution pjk, and double generating func-
tion g00(x, y). Using the definition Eq. (29) of the generating function
h0(y), we can obtain the probabilities for the out-components πout

s :

πout
s =

1
(s− 1)!

[

ds−1

dys−1

(

h0(y)

y

)]

y=0

. (A1)

Now substituting the expression in Eq. (31) into the argument of the
derivation gives

πout
s =

1
(s− 1)!

[

ds−1

dys−1 g00(1, h1(y))

]

y=0

=
1

(s− 1)!

[

ds−2

dys−2

[
∂yg00(1, h1(y))h

′
1(y)

]

]

y=0

. (A2)

This equation can be transformed into an integral by the well-known
Cauchy formula that establishes connection between the n-th deriva-
tive of a complex function and its integral:

f (n)(y) =
n!

2πi

∮

∂S

f (y)

(y− y0)n+1 dy, (A3)

where ∂S is the boundary of a domain on the complex plane around
y0 that does not contain poles. Applying Eq. (A3) on the derivatives
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in the last term of Eq. (A2):

πout
s =

1
2πi(s− 1)

∮ ∂yg00(1, h1(y))

ys−1
dh1

dy
dy

=
1

2πi(s− 1)

∮ ∂yg00(1, h1)

ys−1 dh1. (A4)

The contour goes around the origin (we set y0 = 0) and has an
infinitesimal radius, ensuring that it does not enclose poles. We have
to note that when y → 0, h1(y) also converges to zero. This can be
easily seen from Eq. (32). We can also eliminate y from the argument
by making the use of Eq. (32):

πout
s =

1
2πi(s− 1)

∮ ∂yg00(1, h1)g10(1, h1)
s−1

hs−1
1

dh1

=
K

2πi(s− 1)

∮
g01(1, h1)g10(1, h1)

s−1

hs−1
1

dh1. (A5)

A second application of the Cauchy formula gives us the final form
of the out-components:

πout
s =

K

(s− 1)!

[

ds−2

dys−2

(

g01(1, y)g10(1, y)s−1
)]

y=0

. (A6)



Appendix B:
Proof of β(u0) < 0

Here we proof that the coefficient β(u0) introduced in One-point cor-
relations is negative above the critical point. We have to show that
the fraction

β(u) =
1
K

∂yχ00(u, 1)

1− ∂xg
p
01(u, 1)

(B1)

is negative for any K > kc. The numerator has the form of

∂yχ00(u, 1) = σ2
p

∞

∑
j,k=0

xjkmjk, (B2)

where the only criteria for mjk are Eqs. (88)-(89). Let us choose mjk

in the following way:

mjk =
(pj − φj)(pk − φk)

(
K− Kφ

)2 . (B3)

Here, φj is a well-normalized, otherwise arbitrary distribution and
Kφ is the corresponding average. With this form of mjk, the numera-
tor looks like:

∂yχ00(u, 1) = σ2
p

g
p
0 (u)− g

φ
0 (u)

K− Kφ
. (B4)

The functions g
p
0 (u) and g

φ
0 (u) are the corresponding generating

functions for the distributions pj and φj. Assume that K > Kφ and
fix the φj distribution such that Kφ = Kcrit. It can be easily seen that

for the ER and exponential networks, g
p
0 (u) < g

φ
0 (u) for any u.

We only have to show now that ∂xg
p
01(u, 1) < 1 above the transition

point. For this to see, let us consider the function in question as a
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function of the average degree:

F(K) = ∂xg
p
01(u(K), 1) (B5)

and note that F(Kcrit) = 1. Furthermore, F(K) is a decreasing func-
tion of its argument:

dF(K)

dK
= ∂2

xg
p
01(x, 1)

∣
∣
x=u(K)

︸ ︷︷ ︸

>0

· du(K)

dK
︸ ︷︷ ︸

<0

. (B6)

The first term on the right hand side is positive for all 0 < u < 1,
because it is a sum of positive numbers. In contrast, the second
term is negative in the ER and exponential networks, because the
size of the giant components increase with the average degree. Thus
F(K) < 1 (see Fig. 34).

Kcrit

1

dF(K)
dK

∣
∣
K=Kcrit

< 0

K

F
(K

)

Figure 34: Illustration of the
function F(K) introduced in the
proof of β(u0) < 0.
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Hierarchical features of complex networks

- Summary -

We investigated the hierarchical properties of directed networks by the means of a mea-
sure that we constructed to quantify flow hierarchy. The measure was tested in several
classical networks, a syntheticmodel and also in networks of real systems, yielding results
in agreement with the concept of hierarchy. In addition to themeasure we also proposed
a visualization method in order to grasp the level of hierarchy through the geometry of
the network layout. By the application of the metric, we have suggested a possible rela-
tion between the hierarchical structure of networks and their controllability, however, a
deeper investigation is required in order to establish a more robust connection.

We provided analytical expressions for ourmeasure in stochastic networkmodels with
arbitrary degree-distributions and thus a deeper understanding of hierarchy itself. Exact
formulae were illustrated by two actual distributions, and we also pointed out the limita-
tions of the applied methods. The results suggest that hierarchy is essentially different in
the two regimes of the network percolation in the subcritical phase it is dominated by the
neighborhood of a single node, while far away from the critical point it is determined by
the giant components. Measurements at different degree-correlations indicate that one-
point correlations i.e., correlation between the in- and out-degrees are able to change
dramatically the hierarchy of the network.

Finally, based on our metric, we have studied the hierarchical features of two systems
of influences. On the one hand, we have shown that the majority of citation networks of
various fields are following a universal increasing pattern in the development of hierar-
chical structure, with differences in the speed of the growth. A simple argument and the
separation of the networks by the generality of their defining fields pointed out that the
differences are related to the level of specialization. In the second case study, wehavepre-
sented the results of an online experiment in which users had to solve simple estimation
tasks, while being able to query the answers of other users. The analyses of the experi-
ment suggest that the structure of the queries between users tends to form a hierarchy
in parallel with the significant increase in the group efficiency, when compared to a sce-
nario in which the queried answers are biased. These studies demonstrate that systems
characterized by influential connections exhibit colorful hierarchical aspects, and these
properties can be quantified properly in the framework of complex networks.



Komplex hálózatok hierarchikus tulajdonságai

- Összefoglaló -

Irányított hálózatok hierarchikus tulajdonságait vizsgáltuk egy erre a célra megalkotott
mennyiség segítségével. A mértéket különböző klasszikus gráfokon, szintetikus modellen
és valós hálózatokon teszteltük, a várakozásainkkal és a hierarchiáról alkotott elképzéle-
seinkkel összhangban lévő eredményekre jutva. A mérték mellett egy vizualizációs mód-
szert is ajánlottunk, azzal motivációval, hogy a hálózatok ábrázolásán keresztül könnyen
megragadható legyenazokhierarchikus szerkezete. Valós rendszereket vizsgálvaarra a se-
jtésre jutottunk, hogyahálózatokhierarchikusságaösszefüggheta rendszerek irányítható-
ságával, azonban ennek pontosabbmegértése további analízist igényel.

Meghatároztuk az általunk konstruált mérték analitikus alakját tetszőleges fokszám-
eloszlású stochaszitkus hálózatokban, elősegítve ezáltal a hierarchia egy szinttelmélyebb
megértését. Az egzakt kifejezéseket két konkrét eloszláson keresztül illusztráltuk, valamint
rámutattunkazalkalmazottmódszer korlátaira. Azeredményekaztmutatják, hogyavélet-
lenszerű hálózatok hierarchikussága eredendően különböző a perkoláció két fázisában a
szubkritikus állapotban egyetlen csúcs környezete dominálja, míg a kritikus ponttól távol
az óriás komponensek határozzákmeg. Különböző fokszám-korrelációknál végzettméré-
sekazt sugallják, hogyazegypont-korrelációk vagyis abe- és ki-fokszámközti korrelációk
képesek jelentős mértékbenmegváltoztatni a hálózat hierarchikusságát.

Végül két olyan rendszert vizsgáltunk a mértékünk által, amelyekben a csúcsok közti
élekbefolyásolási kapcsolatot írnak le. Egyrésztmegmutattuk, hogyakülönböző területek-
hez tartozó hivatkozási hálók túlnyomó többsége egy univerzális, növekvőmintázatot kö-
vetnek miközben hierarchikusabbá válnak, és különbség csak a növekedés mértékében
látható. Egyegyszerűgondolatmenettel ésa területekáltalánosságszerinti szétválasztásá-
val rámutattunk, hogy a különbségek megmagyarázhatók a témák különböző szintű spe-
cializációjával. A második esettanulmányban egy online kísérlet eredményeit mutattuk
be, amelyben a felhasználóknak egyszerű becslési feladatokat kellett megoldaniuk, mi-
közben lekérdezhették a többi felhasználó válaszait. Az adatok kiértékelése arra utal, hogy
a játékosok közti lekérdezések szerkezete hierarchikussá válik, valamint a csoportteljesít-
mény szignifikánsan megnő, összevetve egy olyan szituációval, amelyben a lekért tanác-
sokat kismértékben randomizáljuk. Ezeneredmények jól példázzák, hogydöntés-követési
rendszerek hierarchikus tulajdonságokatmutatnak, és ezen jelenségekmegfelelőmódon
leírhatók és számszerűsíthetők a komplex hálózatok keretein belül.
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