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Abstract

This paper is devoted to the study of ©-summability of Fourier—Jacobi series. We shall
construct such processes (using summations) that are uniformly convergent in a Banach
space (Cu_ s, |- HM 5) of continuous functions. Some special cases are also considered,

such as the Fejér, de la Vallée Poussin, Cesaro, Riesz and Rogosinski summations. Our
aim is to give such conditions with respect to Jacobi weightsw, s, wa,g and to summation
matrix © for which the uniform convergence holds for all f € C_ ;. Order of convergence
will also be investigated. The results and the methods are analogues to the discrete case
(see [16] and [17]).

1. Introduction

It is known that the sequence of partial sums of the trigonometric Fourier
series is not uniformly convergent for all continuous functions. However, by
using a suitable summation, one can get uniform convergence. We may refer
to [15] and the references there. The algebraic case is more complicated.

The Fourier—Jacobi series has been studied extensively by many authors.
It is known that there exists a continuous function on [—1, 1] such that its
Fourier—Jacobi series is not uniformly convergent on [—1,1] (see e.g. [12,
Ch. IX], [10, p. 301], [1], [8, p- 160]). The weighted convergence of certain
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sums of Fourier—Jacobi series (obtaining best weighted polynomial approxi-
mation) was investigated by D. S. Lubinsky and V. Totik [6]. M. Felten [3]
(see also [4], [5]) showed that their results can be largely extended. In arecent
paper J. Szabados [11]| proved a weighted error estimate for approximation
by Cesaro means of Fourier—Jacobi series.

The present paper is devoted to the study of weighted uniform conver-
gence of ©-sums of Fourier—Jacobi series. The discrete version of this problem
(when we use Lagrange interpolation polynomials instead of the partial sums
of Fourier—Jacobi series) was studied by L. Szili and P. Vértesi [16], [17] (see
also [13], [14]). Starting from these results we shall construct a wide class
of linear processes (using Jacobi polynomials and summations) which are
uniformly convergent in suitable weighted spaces of continuous functions.

Let wqp(z) = (1—2)%(1 +2)” be a Jacobi weight (o, > —1, z €
[—1,1]) and denote by pp(wq ) (n € N) the orthonormal polynomials with
respect to the weight w, g. For an infinite matrix © (see (2.2)) we shall con-
sider suitable summations of Fourier—Jacobi series (see Section 2.2). These

polynomials will be denoted by SO (f, wa.g,") (see (2.3)).
The aim of this paper is to give conditions for «t, 3, v, 0 and the sum-
mation matrix © satisfying

tim_|[(f = SO(f, s, ) wn]| = 0

n—-4oo

for all f € Cy,_ ; (see Section 2.1). Order of convergence will also be investi-
gated.

2. Notation and preliminaries
2.1. Selection of the function space

Let C(—1,1) be the linear space of real valued continuous functions de-
fined on the interval (—1,1). We define the weighted function space

C. ;1= {f €C(-1,1): lim

lim (fusg) () =0},

1

where
ws(e) = (1-2)(L+2)° (2e[-L1], 7.5 20)

is a Jacobi weight.
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Then ( Cu
fined by

is a Banach space where the norm || - || is de-

5,07 || ’ ”w%(;) Wry,§

£ 2= gl = mae [(Fu )@ (F € Cun )

2.2. Fourier—Jacobi series

For o, B > —1 we can uniquely define the sequence of orthonormal Jacobi
polynomials

pn(@) == pn(Wag,2) =z + - +7 (1 >0, neNy:={0,1,2,...})

for the weight w, g satistying

1
(2.1) /pn(wayg, Z)Ppm (Wa 8, T)Wa,g(2) dr = 0pm .y (n,m € Np).
1

If f € Cy, 4 is a given function then we can construct the Fourier—Jacobi
series of f by

S(frwap ) =Y cx(for(wap ) (2 €[-1,1])

keNg

where

1

en(f) == oD (f) = / F(@)pi(wa g, 2)was(@) de (k€ No)

-1

are the Fourier—Jacobi coefficients. Denote the nth partial sum of the
Fourier—Jacobi series by

Sn(fa wa,ﬂvx) = Ck(f)pk(wa,,@vx) (m € [*1’ 1]’ ne NO) .
k=0
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2.3. ©-summation of the Fourier—Jacobi series

Let us fix a summation matrix

to,1
boo 012

(2.2) ©:= 163 015 0a3]>

where 0}, ,,’s are real numbers.
The O-sum of the Fourier—Jacobi series is defined by

n—1
(2.3) SO, was,®) = 3 Omci(Fpr(twa,s, )
k=0

(zel[-1,1], neN, feCu,,)-
Before starting the analysis of the problem of convergence, we discuss
some possible choices of the summation matrix ©.

EXAMPLE 1. Partial sums of Fourier—Jacobi series. Let
Orn:=1 (k=0,1,...,n—1, neN).

Then Sg(f, Wq,3, %) is the usual nth partial sum of the Fourier-Jacobi series
of f.

EXAMPLE 2. Summation functions. Let ¢ : [0,1] — R be a given func-
tion with ¢(0) =1 and ¢(1) = 0. Now we can give the summation matrix

© by Oy = ap(%) (k=0,1,...,n—1, n € N). These cases will be called
p-summation of the Fourier—Jacobi series.

EXAMPLE 3. Fejér summation of the Fourier—Jacobi series. Let

k
Oppn=1—— (k=0,1,....,n—1, neN)

(gp(t) =1—1t, t€[0,1]).

Then Op := (0),,) is the Fejér summation matrix and

n—1
ol Ft0at) = S (Fevna) = 3 (1= ) en( Pt
k=0

(z€[-1,1], neN)
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are the Fejér means of the Fourier—Jacobi series.

EXAMPLE 4. The (C, ) Cesaro means of the Fourier—Jacobi series are
defined by

AH)
ekn = nik)il (/’Lgoa k:()vlv 7nil7n€N)
Anfl
where
Aéﬂ) =1, A,(#) — <m+,u) _ (H+1)-..‘(,u+m) (m € N).
m m:

If £ =1 or u = 0 then we obtain the Fejér summation or the partial sums of
the Fourier—Jacobi series, respectively.

EXAMPLE 5. The (R, v, u) Riesz summation of the Fourier—Jacobi series
is defined by the summation function

upu(t) == (1=t (tel0,1]),

where v, u 2 0 are fixed real numbers.

EXAMPLE 6. The de la Vallée Poussin summationis defined by the sum-

mation function
1, if 0<t<s
ps(t) == .
t—1)/(s—1), if s<t=1

where s € (0,1).

EXAMPLE 7. The Rogosinski summation is defined by the summation
function

PRr(t) == cos%t (te0,1]).
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3. Results

First we give a necessary and sufficient condition for the uniform conver-
gence (cf. [17, Statement 3.1]).

THEOREM 3.1. If o, 3 > —1 and v, = 0 then for the summation matriz
© = (0kn) we have

(31) lim H(f_Sf’?(fawa,ﬁv)) w’y,&” =0

n—-—+00
for all f € Cy, ; if and only if

(T1) lim (1—-6y,)=0 forall fizedk=0,1,2,...

n—-+o0o
and

there exists C' > 0 independent of n such that for alln € N

Wry, 6 (x)woz,ﬂ (y) d

< C.
wv,é(y) V=

(B) [
sup / > Ornpi()pr(y)
k=0

ze|—1,1
111/,

However, to verify (B) generally is not easy, so we are going to give
sufficient conditions for the uniform convergence.

First we define some further conditions (71)—(7'5)) corresponding to the
summation matrix ©:

1
(T2) Op1n =0 (n) (n € N),
(T3) Nekl,n:o(;z) (k=1,2,....n—1, neN),

(T'4) AQGk,Ln (k=1,2,...,n—1, n €N) is of constant sign,
(T'5) sgn AQOk_Ln =sgnb,_1, (k=12,...,n—1, neN),
where

A = D1 — DOkns DOy =01 — Ok (Ony = 0).

THEOREM 3.2 (cf. [17, Theorem 3.3|). Suppose that o, 3 2 —1/2 and
v,0 2 0 satisfy the inequalities

1 a 3 3 1 3 3

| o
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Then

(a)(T'1), (T2) and (T3)
. (b)(T1), (T2) and (T4)
' (c)(T1) and (T5)
imply

(3.3) lim ||(f — S5 (f,wa,5,7)) wys|| = 0

n—-+o0o

forall f € Cy_ ;.

If the summation matrix is given by a summation function (see Section
2.3, Example 2), then we can give an even simpler sufficient condition for the
uniform convergence.

THEOREM 3.3 (cf. [16, Theorem 4.3|). Suppose that o, 5 = —1/2 and
v,8 2 0 fulfil requirements (3.2). Let ¢ : [0,1] — R be a continuous summa-
tion function, moreover assume that

(a)p is nonnegative and convez from below on 0, 1]
or

(b)y is convex (concave) from below on[0,1] and there existe > 0 and
¢ > 0 such that

(3.4) lo(@)| Sc(l—2) (ze[l—g1]).
Then (3.3) holds for all f € Cy, ;.

COROLLARY 3.4 (cf. [17, Corollary 3.4]). Suppose that o, 3 2 —1/2 and
7,6 2 0 fulfil requirements (3.2). Then
(a)for p =2 1 the (C,pn) Cesaro,
(b)for v, 2 1 the (R,v, ) Riesz,
(c)for every s € (0,1) the de la Vallée Poussin,
(d)the Rogosinski
summations of Fourier—Jacobi series are uniformly convergent in the space

(Cw.y’(;a || : ”w'y,ﬁ) °

By choosing different summation matrices, differentorders of convergence
can be attained. Recall that the number

E.(f, w'y,é) = piergn H (f— p)w’y,(SH

is called the best nth degree weighted polynomial approximation of f € Cy,_ .
(By [16, p. 329, Example 1|, E,(f, wy5) — 0.)
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The following result states that the best possible order of approximation
by summations of Fourier—Jacobi series can be attained using the de la Vallée
Poussin summation.

THEOREM 3.5 (cf. [17, Theorem 3.5|). Suppose that o, = —1/2 and
v,0 2 0 satisfy the requirements (3.2). Then for every s € (0,1) we have

(3.5) [ (f = S5 (f wap. ) wys]| = CEq,(f,wy5) (n€N)

for all f € Cy., 5 with some constant C' > 0 independent of f and n, where
@s 1s a de la Vallée Poussin summation function andqy := [sn].

The next result asserts that for many summation matrices the order of
convergence is at least of Stechkin-type.

THEOREM 3.6 (cf. [17, Theorem 3.6]). Suppose that o, = —1/2 and
7,0 2 0 satisfy the requirements (3.2), moreover 0y, =1+ O(%) (n €N).
Then

(a) (T'1), (T2) and (T3)

. (b) (T1), (T2), (T4) and 1 — 61, = O(+) (n € N) imply
C n—1
(36) 1(£ = 82 (F.wap, ) wys|| = — > Br(f.ws5)
k=0

Jor all f € Cy, 5 and n € N with some constant C > 0 independent of f
and n.

4. Proofs

The proofs follow the methods of [16] and [17].

4.1. PrROOF OF THEOREM 3.1. The statement is a consequence of the
Banach—Steinhaus theorem. It is clear that for all fixedn € N

Sn@ : (wa,m H : ”w%(g) — Fn-1C (wa,m H : ”wwg)’
S’r?f = S’r(?(fa Wa,B5 )
is a bounded linear operator, where the norm of SS) is
SOf 6 :
HSS)H — sup H n Hw%(; _ sup HSn (f, Weq, 3, )w%(;H

0zreCu, ; Wl ;  ozfecu. 1fwy,s
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Since

O (f,wa, ) Zt‘)kn% (v)

Mo 5 . 50)
—/lf 4,6 ( <Zeknpk )> L

wy 5(y)

thus we have

L n—1
52 = sw |
J:E[—l,l]_l —0

i.e. by (B) we get the boundedness of (||S2|, n € N).
From (2.1) we have

W~ s (m)wa,ﬂ (y) d

Yy
W § (y)

o)

1
cx(pj) = /Pj (2)pr(z)wa,p(z) dz = ;1
21

which means that

pj — SP(pjs Ways:+) = pj — 0inp; = (1 — 0;0)p;-

This by (T'1) ensures that for all fixed j =0,1,... .

lim H (pj — ST?(pj,’wa,ﬁ, )) w'y,&” =0

n——+00
Since the polynomials are dense in (Cy_, || - va 5)’ thus the conditions of
the Banach-Steinhaus theorem hold. O

4.2. PROOF OF THEOREM 3.2. We showed in the proof of Theorem 3.1.
that if (7'1) holds then we have

lim H (pj — Sf?(pj,wa,ﬁ, )) w~/,6H =0

n—-+o0o

for all fixed j =0,1,....
Thus by the Banach—Steinhaus theorem it is enough to prove
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LEMMA 4.1. Suppose that for a,3 = —1/2 and v,0 = 0 the conditions
(3.2) hold. Then (a) or (b) or (c) imply that there exists C > 0 independent
of n such that

(4-1) H Sf?(f, We, 35 ')w’y,cSH < CH fw'y,tsH (n €N, fe Cwma)‘

PROOF OF LEMMA 4.1. In [3] M. Felten showed that if «, 3, v and ¢
satisfy the conditions (3.2), then there exists a /K > 0 independent of n such

that

(4.2) Han(f7 wa,ﬁ,‘)“h,&” < Kwa%éH (neN, feCy,y)

where 0, (f, wa 8, ) (n € N) are the Fejér summations.
Let qi(z) == cx(f)pr(z) (v € [-1,1], k=0,1,...,n—1, n € N). Then

i k=1
%—Zqz Zqz ( d a- Zm)
j=0 1=0  j=0 1=0
k—1 J k—2 J
- < > a— Z(ﬂ) = (k+ V)ogs1f — 2kopf + (k= Vo1 f
7=0 [1=0 7=0 1=0

(ka = Uk(fvwa,ﬂ7')a OOf = J—lf = 0)7

therefore we have

o (f,wap,) ZanQk = Zek 1nkokf — 229kn/€0kf

n—2
+ > Orrnkorf = Z ((Okt1,n = 2080 + Ok —1,0)kOkf) + nbp1 000 f
k=1 k=1
n—1
= Z A291671,nkgkf + nen—l,no—nf'
k=1

Using (4.2) we get

n—1
H Sg(fv Wa, 3, ~)w%5H = KH fw“/ﬁ“ (Z ’AQGk—I,n’ k+ n|9n—l,n>‘
k=1
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From (72) and (7'3) it follows that
n—1
Z | A%0k_10|k 4+ n|0p-1n| Sc1+c2 (c1,c220)
k=1

which proves the statement in the case (a).
Since

(43) D A ipk == Abppn+ (n—1)A0y 15 =00 — nOn_1n
thus when (b) holds we have

n—1
Z ‘ A29k—1,n} k+ n|9n71,n| < |n9n71,n - ‘90,n| + n‘gnfl,n|
k=1

S 21+ |fop| S 2 (c1,02 2 0).
If (c) holds then

n—1

D | A%k 1 |k 4 nl0n10] £ |0on] S (c20),
k=1

thus our statement is proved. O
4.3. PROOF OF THEOREM 3.3. By the continuity of ¢ we have (T'1).

If ¢ is convex on [0, 1] then for every 0 < 1 < 29 < 1 and y1,y2 € (z1,22)
we have

o(y1) — p(z1) _ p(y2) — p(x2)
y1— 1 Y2 — X2 '

A

Therefore for every k =1,2,...,n—1 (n € N) we get

A2g = L (Okrin = Ok Okn — Ok-1m
e 1/n 1/n

N—

:i<¢@f)—¢@) o) = (n)>zg

(k+1)/n—Fk/n k/n—(k—1)/n
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Similarly, if ¢ is concave on [0, 1] then

A0 1, S0 (k=1,2,....,n—1, n€N),

which means that (7'4) holds in both case.
Now if ¢ is nonnegative and convex we get

n—1

sgn Azek,m =1=sgneyp < ) =sgnb,_1n

(k=1,2,...,n—1, neN),

thus we have (7'5) which proves the statement in the case (a).
From (3.4) it follows that

-1 1
enl,n:¢<nn >:O<n>,

thus we have (7'2) which proves our statement in the case (b). O

4.4. PROOF OF COROLLARY 3.4. See Theorem 3.3 and Section 2.3, Ex-
amples. ]

4.5. PrROOF OF THEOREM 3.5. Let S7°f := S7°(f,wa3,"). First we
show that

(4.4) p(z) = (S p)(x) (p€ Py, € (—1,1), n€N).

Consider an arbitrary polynomial p := Z;]'io a;pj. Then

%@—j(iymmﬂmm%mmm

0, if gp<k<n-—1.

From the condition ¢,(t) =1 (¢ € [0,s]) it follows that gps(%) =1 (k=
0,1,...,q) therefore

(S5¢9)(@) = 3" agps(x) = pl)
=0
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which proves (4.4).
Let @ be the best weighted approximating polynomial of f of order at
most ¢, that is Eq, (f, wy,s) = || (f — Q)wys||. Then by (4.4) we have

[ f(x) = (S5 ) (@) | ws(2) < [ f(2) = Q)| wys(2)
+]Q(x) — (S5 Q)(@) | wy () + [ (S Q) (@) — (£ f) () |wy,5(2)

S By, (f,wys) +0+

1
/ (@ Fws) )
21

x <nX:1 s (i) pk(y)pk(w)> Wapl) g,

wy,5(2)
=0 Wr,5 (y) !

< (148

)E%L(f? w"hé)'
By Theorem 3.3 (b) we have (3.3), thus by Theorem 3.1 (B) we have

< +o00. U

sup H S
neN

4.6. PROOF OF THEOREM 3.6. Using a standard argument similar to
the one used by Stechkin [9] it may be proved that the order of convergence
of the Fejér sums of the Fourier—Jacobi series is at least of Stechkin-type.
Namely, if o, 5 =2 —1/2 and 7, d = 0 satisfy the requirements (3.2), then we
have

n—1
(4.5) | (f = onlfswap, ) wys|| < %ZEk(f, wy5)
k=0

forall f € Cy, , and n € N with some constant C' > 0 independent of f and n.

For the proof of this statement we refer to [11, (3.1)].
We showed in the proof of Lemma 4.1 that

n—1

Sn®f = SS(ﬂ W, 3y ) = Z AZalcfl,nkfﬂff + nen—l,nanf
k=1

where o), f are the Fejér sums (n € N).
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Using the identity (see (4.3) and 6, =1+ O(%))
n—1
> A%k +nbn 10 =1+0 <n>
k=1

we get

n—1
F= S8 =3 D241 Wh(f — 0kf) + 1 1n(f — ouf) + FO (n> |

From (72) and (4.5) it follows that

n—1

H(nanfl,n(f_a'nf))w'yﬁ“ < %ZEk(ﬁw%é)

k=0

for all f € Cy, ;s and n € N with some constant ¢ > 0 independent of f and n
If (T'3) holds then using (4.5) we have

n—1
A= H <ZA29k1,nk(f - ka)>w%5
k=1

n—1 k—1 c n—1 k-1
1
<X |80 (D Bfne) ) S 5 Y Y By(fs)
k=1 =0 k=1 j=0
— k c n—1
1 1
S <1 - ) By (fowy) € O3 Bl )
k=1 k=0
Since there exist c1,co > 0 such that
1 c cy 22
1 2
” <f0 <n>> wysl| £ 2D Ei(fwy),
k=0

thus combining the above relations we obtain the statement in the case (a)
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Now if (b) holds and A?0;_1,, = 0 (say) fork=1,2,...,n—1landn € N
then

n—1
A§C{ZE] [rwys }ZA Or—1.n

§=0
n—1 o
= (B0, — 1.0 — On—1n) gEk(f, wys) £ — ZEk frwys)
thus our statement is proved in this case, too. ]
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