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1. Introduction 

 

In 1767 Euler discovered three unstable points in the gravitational field of two bodies moving 

under the sole influence of mutual gravitational forces, which fall in a straight line with the 

two bodies (collinear points L1, L2 and L3). In 1772 Lagrange found the triangular points L4 

and L5. In the three-body problem of celestial mechanics, the L4 and L5 Lagrange points are 

stable in linear approximation, if the mass ratio Q = msmaller/(msmaller + mlarger) of the two major 

bodies is smaller than Q* = 0.0385. Astronomers found a large number of minor celestial 

bodies around these points of the Sun and its planets. The most well-known are the Greek and 

Trojan minor planets around the L4 and L5 points of the Sun-Jupiter system. A few minor 

planets have also been found around the triangular Lagrange points of the Sun-Earth, Sun-

Mars and Sun-Neptune systems. 

 What about the Lagrange points L4 and L5 of the Earth and Moon? Since the mass 

ratio Q = mMoon/(mMoon + mEarth) = 0.012195 of the Moon and Earth is smaller than  

Q* = 0.0385, the L4 and L5 points are theoretically stable. Thus, interplanetary particles with 

appropriate velocity vectors could be trapped by these triangular Lagrange points. In spite of 

this fact, however, they may be empty mainly due to the gravitational perturbation of the Sun 

and other planets. 

 In the first chapter of my Thesis, I have computationally investigated the orbits of 

particles in the vicinity of the L5 point of the Earth-Moon system in two dimensions, taking 

into account the gravitational perturbation of the Sun. According to the results of these 

simulations, if particles start from the vicinity of the L5 point, their motion is chaotic, and this 

chaos is transient. 

 The appearance of this transient chaotic behaviour of particles suggested that applying 

two widely used methods of chaotic dynamical system theory, it is possible to design 

energy/fuel-saving space missions. I have modified and combined two existing chaos control 

methods to prevent the escape of particles from an appointed space range. I focused on a low-

cost space traveling method, which is realizable with ion propulsion and successfully 

transfers a reference trajectory between these two domains, using an appropriate control 

force. On the example of a space travel between the Earth and the Moon, I also presented a 

novel, economical application of this energy-saving method. 

 In 1961, the Polish astronomer, Kazimierz Kordylewski observed two faint patches 

near the L5 Lagrange point of the Earth-Moon system with photometry. They may refer to an 
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accumulation of interplanetary particles (dust) which scatter the sunlight. Since that time, this 

celestial formation is called the Kordylewski dust cloud (KDC). However, many astronomers 

believe that this dust cloud cannot exist, because the perturbation (mainly caused by the 

gravity and a little bit by the radiation pressure) of the Sun, solar wind and other planets may 

disrupt the stability of the L4 and L5 Lagrange points of the Earth-Moon system. Until now, 

only a few computer simulations studied the formation and characteristics of the KDC. To fill 

this gap, in the second chapter of my Thesis, I investigated the three-dimensional four-body 

problem consisting of the Sun, Earth, Moon and a small particle. I chose the start time of my 

simulations to match the point of time of the polarization measurements presented in the 

second chapter. 

 In the third chapter of my Thesis, I presented new observational evidence for the 

existence of the KDC around the L5 point of the Earth-Moon system with the use of an 

imaging polarimeter mounted on my telescope. By the polarimetric detection of the KDC, I 

think that it is appropriate to reconsider the pioneering photometric observation of Kazimierz 

Kordylewski. 

 

2. Materials, Models and Methods 

 

In my Thesis, at first I investigated by computer simulations the escape dynamics of the two-

dimensional restricted three-body problem (RTBP) and four-body problem (RFBP) consisting 

of two (Earth and Moon) or three (Sun, Earth and Moon) massive bodies (primaries) and a 

small particle. To have a realistic application, the actual parameters of the massive objects 

were chosen from the Solar System: the positions and velocities of the Sun, Earth and Moon 

were taken from the freely available NASA JPL database for the epoch  

Julian Date = 2455999.5 = 13 March 2012, 13 00:00 UT. 

 My computation method was an adaptive step size Runge-Kutta-Fehlberg 7(8) 

integrator, in which the actual step size is determined according to the desired accuracy 

         . The mass of the studied particle was 1 kg. In order to monitor the transient 

chaotic behaviour and escape dynamics of particles, I placed 9·10
4
-10

6
 particles around the L5 

point in an uniform distribution. All particles started with the velocity of the L5 point. I found 

that the dynamics of the escaping particles can be described by the well-known formalism of 

transient chaos. 
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 Modifying and combining the chaos control methods of Ott, Grebogi & Yorke (1990) 

and Lai (1996), I kept a particle in a pre-defined region of the configuration space with an 

appropriate chaos control method. Most of the available (feedback or delayed) chaos control 

methods use the fact that there is a system parameter which can be adjusted. However, in my 

particular celestial mechanical problem, there is no such a parameter. The state of my system 

can be varied only by varying the velocity of the spacecraft during the motion, for example. 

 Since the masses of the primary celestial bodies are given in the R4BP, I changed the 

velocity of the test particle with a continuously tangential force to control its location in the 

phase space. The initial condition maps (containing the starting coordinates of non-escaping 

particles) show how this control force can be applied. 

 In the second chapter of my Thesis, I investigated a three-dimensional barycentric 

four-body model consisting of the Sun, Earth, Moon and a particle near the L5 point of the 

Earth-Moon system. The initial positions and velocities of the Sun, Earth and Moon were also 

taken from the freely available NASA JPL database in ecliptic coordinate system with 

Cartesian coordinates relative to the Solar System Barycenter. I converted these coordinates 

and the input coordinates of the L5 point to the Sun-Earth-Moon-particle barycentric 

Cartesian ecliptic coordinates. All calculations were performed in this 3D Sun-Earth-Moon-

particle barycentric Cartesian ecliptic coordinate system, while the representations happened 

in a geocentric Cartesian ecliptic coordinate system for the sake of a better visualization. 

 A particle was considered as non-escaped, if in 3650 days it does not leave the 

spherical shell 0.5r0 ≤ D ≤ 1.5r0 with      2E00

2

E00

2

E000 zzyyxxr  , where x0, y0, 

z0, xE0, yE0, zE0 are the initial coordinates of the particle and the Earth at starting point of time 

t0, and D is the shell thickness. When I modelled the KDC around the Lagrange point L5 of 

the Earth-Moon system, it was not enough to start the particles at a single t0. In principle, 

continuous trapping should be modelled in a medium with unknown particle density and 

velocity. Instead of this, I used the following approach: For a given t0, the motion equations 

were solved for 1 860 000 particles one by one, the starting positions and velocities of which 

were distributed uniformly in the phase space in the vicinity of the L5 point, which was 

divided into 41 equal parts in the x, y and z ranges, and 3 equal parts in the vx, vy and vz 

ranges. The non-escaped particles, belonging to a given t0, constitute a “particular dust 

cloud”. This simulation was repeated 28 times for 28 different t0-values. Finally, the obtained 

separate particular dust clouds were summed up resulting in the “summed dust cloud”. 
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 I also investigated the ratio of the radiation pressure force or the Poynting-Robertson 

drag force and the solar gravitation force, and I obtained that for particles with radius greater 

than 1 µm the radiation pressure is negligible relative to gravitation. On the other hand, 

particles with radius less than 0.01 µm are practically unaffected by the solar radiation, 

because the characteristic radiation wavelength is too large to sustain absorption or scattering. 

For particles with radius 0.1-0.5 µm, the radiation pressure is maximal, and for certain 

materials may exceed the gravitational force after a long enough period. Therefore, in my 

short-term simulations I considered only the gravitational forces of the three massive bodies 

and neglected the forces induced by the solar radiation pressure and the Poynting-Robertson 

drag. 

 In the third chapter of my Thesis, I presented the polarization patterns of the KDC 

measured with ground-born imaging polarimetry around the L5 Lagrange point of the Earth-

Moon system. As the KDC is a very faint phenomenon, instead of simple photometry, I 

applied sequential imaging polarimetry with the guidance of Prof. Gábor Horváth. This 

polarimeter was built by Dr. András Barta (Estrato Research and Development Ltd., 

Budapest), and Attila Mádai (mechanical engineer, amateur astronomer) installed it on one of 

my telescopes. My polarization measurements have been performed in my private 

observatory located in Badacsonytördemic (east longitude 17
o 
28

' 
15

"
, north latitude  

46
o
 48

'
 27

"
, Hungary). I used a Tokina AF 300/2.8 teleobjective equipped with a Moravian 

G3-11000 ABG full-frame CCD camera with a field of view of 7.5
o
 (horizontal) × 5

o
 

(vertical) with a filter wheel for three 2 inch linearly polarizing filters (Edmund Optics, 43-

785, USA), the transmission axis of which was rotated by 120
o
 relative to each other. With 

my telescope equipped with polarizing filters, I took one photograph through each polarizing 

filter with an exposure of 180 seconds. These three polarization pictures were evaluated with 

the software AlgoNet (http://www.estrato.hu/algonet). This software computed the degree p 

and angle α of linear polarization in every pixel of the picture in the red (650 nm), green (550 

nm) and blue (450 nm) parts of the spectrum. The evaluated optical data, p and α were 

visualized with colour-coded two-dimensional distribution sky-maps/patterns in the three 

colour channels. To minimize the noise, the camera was cooled to -10 
o
C and a dark frame, 

complementing with bias frame was used. The dark frame was subtracted from the image to 

minimize the effect of noise, while the rest of the image was unaffected. To avoid the 

brightness variation due to vignetting, I used a flat-field correction. For image processing I 

used MaxIm DL6. Onto the motor-driven German Equatorial Fornax 100 Telescope Mount 

http://www.estrato.hu/algonet
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an extremely accurate driving correction system called Telescope Drive Master (TDM) was 

installed. 

 

3. Results 

 

3.1. Transient Chaos and Chaos Control around the L5 Lagrange Point 

       of the Earth-Moon System 

 

(3.1.1.) I showed by two-dimensional computer simulations of the restricted three- and four-

body problem (Sun-Earth-Moon-particle) that the motion of particles started from 

the vicinity of the L5 Lagrange point of the Earth-Moon system is chaotic, and this 

chaos is transient. I determined the following characteristics of this transient chaos: 

the escape rate and the average lifetime of particles, as well as the exponents of the 

exponential and algebraic decay of the escaping particles. 

(3.1.2.) For a given state of the phase space, I numerically constructed the stable manifold of 

the chaotic saddle called initial condition map. I showed that on the initial condition 

maps there is a long-lived ("stable") island (containing for a long time non-escaping 

particles) around the L5 point both in the restricted three- and four-body problems. I 

also demonstrated the effect of the Sun’s gravitational perturbation on the size, shape 

and position of this island with different hypothetical masses of the Sun. I found that 

the larger the Sun’s mass, the smaller the stable island and the longer its shift 

outward from the Earth. 

(3.1.3.) I showed that the longer the integration time, the smaller the size of the stable island, 

and the long-lived stable islands are subsets of the shorter-lived ones. 

(3.1.3.) I showed that around this stable island the structure of the initial condition maps has a 

filamentary fractal structure, wich is responsible for the escape of certain short-lived 

particles. 

(3.1.4.) I showed that small changes in the initial particle velocities results in an 

outward/inward drift of the structure of the initial conditional map in the x-y plane. 

This is the base of my chaos control method. 
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(3.1.5.) I suggested a new chaos control method to keep a particle (spacecraft) around the L5 

Lagrange point of the Earth-Moon system, and to transfer a particle (spacecraft) 

from Low Earth Orbit (LEO) to Low Lunar Orbit (LLO) through the L5 point. This 

method can be realized with ion propulsion, for example. According to my 

calculations, the energy consumption of keeping a spacecraft with a mass of 1850 kg 

even for 100 years on a bounded orbit around the L5 point is 20.9 MJ, while the 

energy consumption of the LEO-LLO transfer is the same as that of the weak 

stability boundary method (WSBM). With my new method the time of flight is much 

less, 1 month instead of 3-5 months of the WSBM. 

 

3.2. Computer Simulation of the Kordylewski Dust Cloud Around the L5 

       Point of the Earth-Moon System 

 

(3.2.1.) Investigating the Sun-Earth-Moon-particle three-dimensional four-body problem 

11860 000 times separately by computer simulation, I mapped the size and shape of 

the long-lived stable island of particles not escaped from the vicinity of the L5 point 

within 3650 days. These particles are parts of the Kordylewski dust cloud (KDC). 

(3.2.2.) I showed that both the radiation pressure and the Poynting-Robertson drag are 

negligible relative to the gravitational force for particles with radius over about 1µm. 

Particles with radius of 0.1-0.5 µm can escape from the vicinity of the L5 point only 

after a long enough period. Therefore, the effect of these two forces can be neglected 

in my short-term simulations. 

(3.2.3.) I determined the density distribution of the KDC consisting of particles trapped 1-28 

days earlier viewing from the Earth. 

 

3.3. Imaging Polarimetric Evidence for the Existence of the Kordylewski 

Dust Cloud 

 

(3.3.1.) I observed the polarization signals of the Kordylewski dust cloud (KDC) around the 

L5 Lagrange point of the Earth-Moon system on two nights (17 and 19 August 2017) 
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with my telescope equipped with a sequential imaging polarimeter. These 

measurements have been performed in my private observatory located in 

Badacsonytördemic (east longitude 17
o 

28
' 
15

"
, north latitude 46

o
 48

'
 27

"
, Hungary). 

With control measurements I excluded the possibility of registering the polarization 

of (i) the zodiacal light, and/or (ii) unwanted ambient lights, and/or (iii) thin clouds, 

and/or (iv) condensation trails of airplanes. 

(3.3.2.) In the sky window with dimensions of 7.5
o
 (horizontal) × 5

o
 (vertical) around the L5 

point of the Earth-Moon system I determined the patterns of the degree p and angle α 

of linear polarization of the KDC measured with imaging polarimetry in the red (650 

nm), green (550 nm) and blue (450 nm) spectral ranges on 17 August 2017 at 

23:29:57 UT and on 19 August 2017 at 01:14:15 UT. The KDC is visible in both 

polarization patterns and has a similar banded structure as the computer-simulated 

KDC. 

(3.3.3.) I showed that the degrees of linear polarization p (%) measured around the L5 

Lagrange point on 17 August 2017 at 23:29:57 UT with 73
o
 phase angle are slightly 

smaller than those on 19 August 2017 at 01:14:15 UT with 87.3
o
 phase angle: the 

most frequently occurring p*-value is 6 and 7 % in the former and latter case, 

respectively, and the frequency of p* in the former case (15.8 %) is slightly smaller 

than that in the latter case (16.9 %). This is consistent with the prediction that the 

closer the phase angle to 90
o
, the larger the p, which follows from the theory of light 

scattering. 

(3.3.4.) I compared the simulated particle density and the measured patterns of the degree p 

and angle α of linear polarization of the KDC. I found the remarkable similarity that 

in all three patterns a multipartite structure occurs with several elongated clusters. 

According to this finding, the KDC is a heterogeneous particle conglomerate. 

(3.3.5.) In addition to the sky region containing the L5 point of the Earth-Moon system, I also 

measured the polarization patterns of the KDC in four neighbouring windows. 
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