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1. INTRODUCTION

1 Introduction

1.1 Quantum technology

Quantum technology is the field of applications based on the physical phenomena called

quantum entanglement [1]. A system that is in a coherent superposition of quantum states

remains entangled without any physical interaction. This entanglement and the manip-

ulation of the quantum state can be utilized in communication, simulations, sensors and

quantum computers [2].

Quantum information technology (QIT) differs from its classical counterpart in storing

the information in quantum state and manipulating it by the rules of quantum mechanics.

The basic unit of information is called quantum bit or qubit, a coherent superposition of two

state |ψ〉 = α |0〉+ β |1〉 labeled by the classical bit representation. There are several phys-

ical implementations, which belong to two categories, i.e., quantum optical systems [3, 4]

and solid state systems [5–7]. The most notable in the former are photon polarization and

frequency encoding, while in the latter are semiconductor quantum defects and supercon-

ductor qubits. The main challenge for these systems is maintaining the coherence of the

qubit state. As the coupling to the environment creates a mixed state, the isolation of the

qubit system is required. The two main fields of application in QIT are quantum computing

and quantum communication.

A quantum computer stores information in quantum register, an entangled system of

qubits, and performs reversible unitary operations on them by means of quantum logical

gates. The so called DiVincenzo’s criteria [8] for quantum computers are scalability, initial-

ization to a simple state, long coherence, quantum gates and qubit measurement. Other two

criteria for quantum communication is interface between stationary and carrier qubits and

faithful qubit transmission. Its main advantage over the classical computer lies in quantum

parallelism, that is, a superposition state of n qubits evolving under a unitary operation

holds the 2n classical results. Where a single property of such calculation is needed, the

quantum computer can be exponentially faster. The most impacting potential application

of a quantum computer is integer factorization. Today’s cryptosystems are based on the

difficulty of finding two prime numbers if only their product is known. Shor’s quantum

algorithm [9] finds the period of a periodic function using quantum Fourier transform. The

above problem can be solved in polynomial time.

An other well-known quantum algorithm which surpasses its classical counterpart is the

Grover searching algorithm [10] for searching datasets which finds the appropriate input for

a desired output value for a function with N domain size with O(
√
N) evaluation instead

of O(N). The improvement originates again from quantum parallelization. Furthermore,

quantum computers can be used to simulate complex, interacting quantum systems [11–13].

This version of the quantum computer is designed for studying the quantum evolution of

a system. These simulations could be used for describing electron motion in solid state

materials in the search of low temperature superconductors and other novel materials. In
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1. INTRODUCTION

spite of the great potential advantages and the rapidly developing technology, large-scale

quantum computation has not yet succeeded being prone to loss of coherence. The more

qubits are used in a quantum register, the faster its decoherence. Although promising

advancement was reported recently using 53 superconducting qubit [14].

The other main application of QIT is quantum communication [15, 16]. For secure

communication, the most vulnerable is a secret algorithm for encryption. Therefore these

algorithms are public and they use a secret parameter of the algorithm, known as the key.

There are two types of these: symmetric and public key. Symmetric key schemes usually

work with pre-shared key (PSK) that is usually generated from a password. These systems

are vulnerable to password cracking attempts. To avoid this, randomly generated PSK is

used, and distributed over a secured channel. The advantage of public key scheme is that it

does not use secret key distribution. The Rivest–Shamir–Adleman (RSA) cryptosystem [17]

uses a pair of keys generated from two prime numbers, a public key and a private key, both

possessing the information about the product of the prime numbers. The security of the

system lies in the difficulty of factoring. So a cryptosystem that cannot be cracked must

use a random pre-shared key securely distributed. This cannot be done through a classical

channel without the threat of unnoticed eavesdropping. However, in a quantum channel,

there is a probability that eavesdropping would alter the state of the qubit by measurement

and there will be evidence of the insecurity of the transmission. There is no way for the

eavesdropper to circumvent measurement of the qubits, as the copying of the information

stream is not possible in the quantum case. However, quantum key sharing requires either

single particle states or entangled two particle states. In practice, the former could be

realized by the polarization of a single photon. In this case, the key distribution scheme

creates linear polarization qubits in the vertical-horizontal and diagonal basis [18]. The

sender chooses a random string of bits and the order of qubit bases to send the message.

The receiver measures the single photon polarizations in randomly chosen basis. If the basis

matches at both sides, the correct bit is received. However, if the measurement is done in the

other basis, the outcome has an even probability to be either bit. This is the consequence

of measuring a qubit in a basis where it is the superposition of the other basis states. If

an eavesdropper measured the polarization of a single photon in a randomly chosen basis,

there would be a 50% probability to send it further using the wrong basis and it causes error

at the receiver with 25% probability. After the quantum transmission, the sender shares

the correct order of bases with the receiver over a classical channel. So they can discard

the failed bits, and they can cross-check a part of the common bits for remaining errors. If

they find no errors caused by an eavesdropper the remaining part of the bit string can be

accepted as a securely distributed PSK.

Quantum cryptography showed larger success in physical realization than quantum com-

puting. After the first experiment in 1989 that demonstrated the method [18], there were

several successful experiments on correlated photon pairs for quantum cryptosystems [19–21]

with Bell’s inequality violated up to over 10.9 km [22]. However, these distances are still very
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1. INTRODUCTION

short compared to the global classical communication channels. To achieve long distance

quantum communication, secure and reliable quantum repeaters are needed. These can be

constructed from photon interfaces and a quantum computer, using photon as quantum

information carriers.

Another field of application, where huge advancement has already been made, is quantum

sensing applications [23–27]. The coherence of quantum bits is very fragile due to the

interactions with their environment. However, this extreme sensitivity can be turned into

an advantage in sensing applications. In these, the goal is to achieve strong coupling to one

physical parameter of the local environment of the qubit while maintaining good isolation

from the wider environment and other parameters affecting the system. This application is

discussed in details in Section 1.4.

For all the above mentioned applications, solid state paramagnetic quantum defects are

promising candidates. Quantum bit register could be realized either by several defects with

their electron spins interacting directly [28] or mediated by photons or phonons [29,30], or by

single defects with its electron spin polarization transferred to nearby nuclear spins [31–33].

Furthermore, these paramagnetic point defects usually show photoluminescence in the range

of visible spectrum and are known as color centers. There are single defects emitting single

photons that are essential for quantum cryptosystems [34,35].

3



1. INTRODUCTION

1.2 Solid state hosts with wide band gap

Solid state quantum defects are deep level point defects in semiconductors with unpaired

electron spin. These impurities of the crystal introduce new states in the band structure.

The electrons associated with the point defect are bound to it similarly as the electrons

of an isolated atom are bound producing atomic orbitals. However, the solid host screens

the electrostatic binding potential by its permittivity and the electrons are dressed by the

interaction with phonons that can be described by an effective mass. For many donors, these

effects produce small binding energy associated with delocalized defect states. If the defect

potential is strong enough, these new states are strongly localized in the vicinity of the

defect usually spreading to a few neighbor atoms. The defects with this property are called

deep level point defects, as their defect states are well separated from the conduction band

of their semiconductor host. For many applications in quantum information technology and

sensing, photoluminescence of the defect states is crucial either for single photon source

or detection of spin state. Ideally, this should be in the range of visible and near infrared

frequencies. In order to excite the quantum defects located deep in the crystal, the host must

have considerable transmittance in this range of spectrum. This is the reason of choosing

wide band gap semiconductors as hosts of quantum defects. In the following, I will discuss

the two host materials that I have used during my doctoral work. These hold the most

successful quantum defects and possess favorable properties for many applications.

1.2.1 Diamond

Carbon has many allotrope forms due to the hybridization of atomic orbitals. It can possess

two, three and four valence electrons forming sp, sp2 and sp3 hybrid orbitals, respectively.

Diamond is one of these allotrope forms consisting of four-valent carbon atoms bond to

each other by sigma bonds constructed from the overlap of sp3 hybrid orbitals. The bonds

forming a perfect tetrahedron with bond length of 1.54 Å yield a local tetrahedral symmetry

dubbed Td. The diamond crystal has a face centered cubic Bravais cell with two atoms in

the basis and belongs to Fd3m space group. Its electronic structure can be described by the

overlap of the hybridized atomic orbitals of the carbon atoms. The overlap of the orbitals of

Figure 1: Bravais cell of diamond lattice.
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1. INTRODUCTION

neighbor atoms create σ bonding and σ∗ anti-bonding molecule orbitals with large energy

separation due to the strong electrostatic interaction. This interaction with distant atoms

is smaller so the further energy splitting is also small. This way two largely separated band

is formed, each consisting of several states close to each other in energy. The band that

originates from the bonding σ orbitals is called valence band as it is fully occupied by valence

electrons. The other one is the empty conduction band. These are separated by the band

gap of 5.47 eV, that lies in the ultraviolet range so it exceeds the criterion of wide band gap.

From ultraviolet to far infrared frequencies, diamond is transparent with a refraction index

around 2.4. These properties make it an excellent anti-reflective coating material.

Diamond has further remarkable physical properties making it an excellent platform

for various applications. In particular, it has high thermal conductivity and low thermal

expansion. This makes it ideal for electronic applications owing to its high carrier mobil-

ity. It is also an ideal capacitor used in environments of extreme temperature fluctuation.

However, its most known property is its extreme hardness and stiffness. Stiffness tensor

C describes the linear relation, called Hook’s law, between mechanical stress σ and the

inflicted deformation ε, i.e.,

σ = Cε. (1)

As both stress and deformation are represented as second rank tensors, the stiffness is a

fourth rank tensor. However, a simplified vector notation can be used utilizing the symmetry

of stress and strain, this is the Voigt-notation [36]:

σxx

σyy

σzz

σyz

σxz

σxy


=



C11 C12 C13 C14 C15 C16

C12 C22 C23 C24 C25 C26

C13 C23 C33 C34 C35 C36

C14 C24 C34 C44 C45 C46

C15 C25 C35 C45 C55 C56

C16 C26 C36 C46 C56 C66





εxx

εyy

εzz

2εyz

2εxz

2εxy


. (2)

A factor of two is introduced in the representation of sheer deformations in order to maintain

the elastic energy relation 2E = σijεij as a scalar product. In this notation, the stiffness

tensor is a 6 × 6 symmetric matrix. In the following, the elastic properties of cubic and

hexagonal crystal families have particular importance. Cubic symmetry restricts its form to

5



1. INTRODUCTION

C =



C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C44


(3)

with the following elements for diamond [37]

C11 = 1076 GPa, C12 = 125 GPa, C44 = 576 GPa. (4)

The exceptional hardness of diamond is harnessed in cutting and abrasion applications.

These elastic properties are also used for the fabrication of high quality factor resonators.

The most abundant impurity in diamond is nitrogen atom so diamond is classified by its

concentration. Type I diamonds has considerable nitrogen concentration, while type II is

free of nitrogen. Further, Ia contains nitrogen in aggregations, whereas it is present in

Ib as separated single substitutional atoms. Type II diamond is divided to IIa and IIb

types with high and low resistivity, respectively. Finally, isotope abundance is also an

important parameter in QIT and sensing applications due to the one-half nuclear spin of
13C. The natural isotope abundance of 12C is 98.9%. With chemical vapor deposition (CVD)

synthesis, any ratio of 12 and 13 isotopes can be achieved in diamond.

1.2.2 Silicon carbide

Silicon carbide (SiC) is a compound semiconductor consisting of silicon and carbon atoms.

Each of the atoms are covalently bond to four nearest neighbors of the other species with

bond length of 1.89 Å. The structure is constructed by stacking Si-C bilayers on each other.

The Si-C atom pairs in each bilayer are positioned to create a two dimensional hexagonal

lattice, however there is no direct bonding in the bilayer but rather a displaced second

layer can stabilise the structure. Owing to this, there is no single bilayer configuration.

The resulting crystal polytype will depend on the stacking sequence and the bonding con-

figuration of the bilayers. The notation of the structures originates from this, i.e., firstly

the stacking periodicity length is specified finally the resulting crystal family is given (C =

cubic, H = hexagonal, R = rhombohedral). This can be studied by viewing the structure

perpendicular to the plane spanned by the direction of the stacking and an adjacent bond

(see Fig. 2). From this point of view, the stacking sequence can be followed along c axis.

In the plane described above, one can distinguish two types of bilayers, quasi-cubic (k) and

quasi-hexagonal (h). Cubic bilayers are bound in this plane to two other bilayers on the

6



1. INTRODUCTION

Figure 2: Visualization of stacking and lattice vectors for 3C and 4H polytypes of silicon
carbide. Yellow and gray balls represent silicon and carbon atoms, respectively. The 3C
lattice is spanned by cubic crystal axes {x, y, z}, while 4H is hexagonal with {a1, a2, a3, c}
crystal axes. ABC stacking in 3C allows for k cubic bilayers only, while 4H can be described
as a repeated twinning stacking fault leading to alternating cubic k and hexagonal h bilayers.

different side, and the bonds follow a zig-zag shape. Hexagonal bilayers are bond to two

other bilayers on the same side, this way an armchair shape of bonding can be seen. If the

crystal is constructed from only k bilayers, the stacking is restricted to ABC pattern. The

resulting cubic structure is called zinc-blende or 3C. If only h bilayers can be found in the

crystal, the stacking is AB and the hexagonal wurtzite structure is called 2H. If the stacking

is alternated k and h, ABCB stacking is allowed, resulting a hexagonal 4H crystal. Other

more complicated structures can be described similarly such as 6H, 15R, etc. [38,39].

Due to the same valency and bonding configuration of silicon, the physical properties

of SiC are similar to diamond. It has a considerably wide band gap, that depends on

the polytype: 2.36 eV for 3C and 3.23 eV for 4H [40]. It also possesses remarkable thermal

conductivity and small thermal expansion. Its hardness and stiffness is smaller than diamond

(compare Eq. (4) with Eq. (5) and (7)). Although, the physical properties of silicon carbide

are not as extreme as of diamond, it is much cheaper to produce even at industrial scale.

Therefore, it is widely used as abrasive and cutting tool. Its hardness makes it excellent

material for reinforced coating and ballistic vests. Its remarkable thermal conductivity and

low thermal expansion are utilized in vehicle break disks. These properties make it excellent

for mirror disk material in astronomical telescopes. In electronic devices its main advantage

is its robustness, i.e., it can operate even at high temperatures and voltages. It can also take

advantage on the more advanced micro-fabrication techniques that makes its integration to
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1. INTRODUCTION

silicon chips easier than diamond. Especially, epitaxial single crystal growth of 3C polytype

can reach wafer-scale. It is used in diodes, transistors, MOSFETs and LEDs.

For 3C SiC, experimental stiffness data was derived by Lambrecht et al.[41] from mea-

surements of Feldman et al.[42] resulting the three parameters in cubic symmetry corre-

sponding to the stiffness tensor in Eq. (3)

C11 = 390 GPa, C12 = 142 GPa, C44 = 256 GPa. (5)

Hexagonal crystal symmetry allows for more parameters in the cubic reference frame:

C =



C11 C12 C13 0 0 0

C12 C11 C13 0 0 0

C13 C13 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0
C11 − C12

2


(6)

with elements for 4H SiC as the following [43]

C11 = 507 GPa, C12 = 108 GPa, C13 = 52 GPa, C33 = 547 GPa, C44 = 159 GPa. (7)
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1. INTRODUCTION

1.3 Coherent control of a defect qubit: the example of nitrogen-

vacancy center in diamond

Negatively charged nitrogen-vacancy (NV) center is the most studied defect in diamond

owing to its superior spin and optical properties that makes it an excellent tool for quantum

applications [44, 45]. The defect consists of a substitutional nitrogen atom, usually created

by ion implantation, and a neighboring vacancy trapped by the dilatation strain field of

the nitrogen atom. Latter process is activated by high temperature annealing. The defect

has C3V point symmetry and triplet ground state labelled by its irreducible representation
3A2. It is a color center with strong single center photoluminescence (PL) that is very

stable. An optical transition without phonon excitation is called zero-phonon line (ZPL) in

the spectrum. The ZPL at 1.945 eV connects the ground state to the triplet excited state
3E [46]. However, NV center has a large geometry difference between these states resulting

in a very low probability of the ZPL transition according to the Frank-Condon principle.

The ratio of the ZPL in the total emission is called Debye-Waller factor and it is only 3%

for NV center [47].

The transitions between electronic states can be followed in Fig. 4. In S > 1/2 systems,

the electron spin-spin interaction splits the degenerate mS sublevels. This can be formulated

with the HSS = ~STD~S Hamilton operator, where D tensor is the expectational value of the

dipole operator. The resulting spin sublevel splitting without an external magnetic field is

called zero field splitting (ZFS). Axially symmetric defects show splitting between the |0〉
and |±1〉 sublevels characterized by D axial ZFS parameter. From the triplet excited state,

spin conserving photoluminescence occurs directly to the ground state or the system goes

through intersystem crossing (ISC) to the singlet excited state 1A1. From this, it relaxes

to the lower 1E state and again ISC leads back to the triplet ground state, completing the

optical cycle. These processes are governed by spin-orbit interaction assisted by phonons

(see Section 2.7). The selection rules allow first order ISC between 3E and 1A1 states

with L̂x,y angular momentum operators. According to this, the ISC rate is spin-selective

favoring the triplet excited state |±1〉 spin states. The ISC between 1E and 3A2 states

Figure 3: Nitrogen-vacancy center in diamond. Blue and glass ball represent nitrogen atom
and vacancy, respectively.
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}

}
Figure 4: Schematic figure of defect states of NV center in diamond. Arrows and dashed
lines represent optical and ISC transitions, respectively. MW and arrow cycle represent spin
control via microwave excitation.

is forbidden in first order, however electron-phonon coupling assisted transition is possible

with all components of the spin-orbit operator [48] closing the optical cycle. As optical

transition selection rules are ∆S = 0 and ∆mS = 0, excitation from the ground state |0〉
will result higher PL intensity as its ISC rate is lower. The aforementioned optical cycle

through the singlet states can also be used to initialize the ground state spin to |0〉 owing

to the preferred ISC rate from the singlet excited state. The fine structure of the ground

state is important for optically detected magnetic resonance (ODMR) that is key to many

quantum applications. For the ground state of NV center, D = 2.87 GHz that allows

microwave excitation for coherent spin control and optical detection of the spin state using

PL contrast measurement. These are made feasible by the excellent electron spin coherence

time of NV center that can reach 1.8 ms even at room temperature [49].

Furthermore, qubit implemented by the NV electron spin fulfills DiVincenzo’s criteria.

In particular, the system scalability is feasible via ion implantation and the coupling of

nearby centers [28]. Initialization to the |0〉 ground state spin level can be achieved by

continuous optical excitation with more than 70% spin polarization. Coherent control via

microwave excitation and optical readout of the spin state was also demonstrated [44]. The

center has long spin coherence time even at room temperature. However the spin-photon

interface properties of NV quantum emitters are lacking due to its small Debye-Waller factor

and the strong coupling of the optical transition to electric fields (see Section 3.3).

10



1. INTRODUCTION

1.4 Nanoscale sensing applications

Nanoscale sensing was demonstrated with NV center in diamond for measurement of elec-

tric [23] and magnetic field [24,50], temperature [25,51,52] and mechanical stress [26,27,53,

54]. There are static (DC) and dynamic (AC) measurement schemes.

The DC measurement method uses the changes in optically detected magnetic resonance

signal for metrology, utilizing the coupling strength of the measured physical parameter to

the electron spin of the quantum defect. This coupling results in shifting and splitting of

the magnetic sublevels, that can be measured to deduce the extent of perturbation. The

process can be followed in a Ramsey measurement. After initialization, a superposition

state between two sublevels is created by a π/2 pulse. During the fixed free evolution

time τ of this superposition state, decoherence due to the external perturbation (B field)

introduces a phase shift φ = ωτ = 2πγBτ governed by the energy splitting, proportional

to γ gyromagnetic ratio (the coupling strength to the field). After that, another π/2 pulse

convert back to the original manifold of states. The changes can be detected via optical

readout. The measured ODMR signal in a Ramsey magnetic field measurement is written

as an oscillation of the detected photon count (S) in the function of the magnetic field:

S(B) = β +
C

2
cosφ, (8)

where C is the readout contrast and β is the offset of the average photon count from the

readout. The sensitivity of the measurement (δB) is proportional to the fluctuation of the

readout signal and it can be associated with the photon shot noise, i.e., the uncertainty of

the Poisson distribution of the emitted photons:

δS =
dS

dB
δB =

√
β. (9)

From the slope of the signal, the minimal fluctuation of the field can be calculated as

δB =

√
β

2πγτCβ
. (10)

The shot noise limited sensitivity (η) during the integration time (T ) is proportional to
√
T :

η = δB
√
T =

1

2πγC
√
τβ

, (11)

where we consider only single evolution measurement, thus T ≈ τ . However, the spin deco-

herence time (T2) limits the observable evolution by decreasing the contrast. The optimum

can be found around τ ≈ T2. The achievable sensitivity depends on the coupling strength,

the spin coherence time and the optical properties of the defect such as photoluminescence

intensity and contrast.

The AC measurement method measures the coherence of the qubit affected by the ex-
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ternal periodic perturbation using Hahn-echo sequence [55]. In these echo sequences, DC

perturbations are eliminated by a π pulse at τ/2 this way reverting the DC phase accumu-

lation. The phase shift is written as

φ = 2πγ

(∫ τ/2

0

B(t)dt−
∫ τ

τ/2

B(t)dt

)
. (12)

However AC fields result phase shift with maximum sensitivity at ν = 1/T2 frequency. The

sensitivity formula can be derived similarly.

Magnetic field sensing with nanoscale precision means a huge advantage in microbiology

compared to conventional optical microscopy. This way, processes inside a living cell could

be studied at molecular level as ODMR with NV center works even at room temperature.

The magnetic field sensitivity is in the T/
√

Hz order of magnitude [50].

Furthermore, the temperature dependence of the zero field splitting can be utilized to

detect nanoscale temperature changes in chemical reactions in living cells. The sensitivity

is in the mK/
√

Hz order of magnitude [51].

Interaction of the defect electron spin and its host crystal is very important not only

for sensing applications but for all qubit applications as the crystal imperfections always

introduce local strain to the system and it cannot be decoupled from it. For the sensor

applications, strain coupling can be utilized for a wide variety of applications such as force

microscopy, optomechanical and electromechanical systems and mass measurement. For-

merly, pristine diamond and silicon carbide nanoresonators or cantilevers were used [56–59].

The utilization of quantum defects can greatly increase the sensitivity of these devices, how-

ever at the cost of arising challenges in micro-fabrication of the single crystals, matter purity

of parasitic defects and isotope engineering. The order of sensitivity is 10−6 strain/
√

Hz [27]

in strain measurement and zg/
√

Hz in mass measurement [54].
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1.5 Motivation and outline

The aim of my doctoral research was closely related to the quantum mechanical applications

of various qubit defect centers in semiconductor materials. I studied the unique physical

properties of these systems by applying density functional theory calculations in order to

determine their relevant magneto-optical parameters and coupling strengths to external

perturbations.

In Section 3.1, I calculate the excited state level structure for N2V center in diamond in

order to characterize its optical processes. This is a promising qubit defect with a metastable

triplet state and singlet ground state. The promise of spin polarization in the triplet state

together with the possible intersystem crossing to the ground state would make a long living

quantum register feasible.

In Section 3.2, I aim to characterize the effect of crystal deformations on the spin-

spin interaction in qubit defects. As these type of environmental effects are created by

nearby defects, which are hard to eliminate from the sample, the knowledge of their coupling

strength to the electron spin of the qubit is essential in quantum technology applications.

This coupling can be directly used for sensor applications for the realization of ultra sensitive

mass measurements and nano-electromechanical systems (NEMS).

In Section 3.3, I state the exact criteria for ideal quantum emitters. I conclude that

inversion symmetry is not a prerequisite for spectral stability, it is an unnecessary restric-

tion that excludes compound semiconductors and two dimensional host that has promising

quantum defects. I argue that spectral diffusion is the main problem in quantum communi-

cation applications as it cannot be prevented or corrected by material engineering solutions.

This motivated us to investigate the intrinsic microscopic properties that makes a quantum

defect optically robust without inversion symmetry.
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2 Methods

In order to provide the theoretical description of quantum defects from first principles,

the solution of the non-relativistic Schrödinger equation of an interacting atomic system

is attempted. The Hamiltonian Ĥ of this many-body problem is formulated as a system

consisting of ions (i, {R}) and electrons (e, {r}) that interact with electrostatic Coulomb

potentials:

Ĥ = T̂i + T̂e + V̂i-i ({R}) + V̂i-e({R}, {r}) + V̂e-e({r}), (13)

where the above multi-particle operators are the sums of T̂j = − h̄2

2mi
∆j one particle kinetic

energy operators for ions and electrons and V̂ (rj, rk) = 1
4πε0

qjqk
|rj−rk|

two particle electrostatic

potential energy operators for ion-ion, ion-electron and electron-electron interactions.

To be able to handle the problem effectively, various constraining assumptions are to be

taken. The first approximation of the solution is based on the mass difference of electrons and

ions. As a consequence, the dynamics of the ion and electron system takes place at different

time scales. The electron density can follow the ionic displacements almost instantaneously

and the ionic displacements are governed by the electrostatic potential energy of the electron

density. This adiabatic approximation couples the electron and ion systems only via the

vibronic coupling described above. The Born-Oppenheimer approximation neglects these

vibronic couplings and the ionic positions are fixed parameters in the Hamiltonian. In this

approximation, only the electronic Schrödinger equation is concerned resulting in energy

eigenvalues which are functions of the ionic positions. These functions are called potential

energy surfaces (PES), and the equilibrium ionic configuration is the global minimum of

these.

In the following sections, I summarize the methods and approximations for the descrip-

tion of solid state systems, the electronic solution of the Schrödinger equation and the

calculation of key physical properties of the quantum defects.
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2.1 Supercell method

The quantum mechanical calculations require an atomic model of the structure. In my

calculations, I aimed to study point defects in solid state systems in the bulk. However, the

ideal description of bulk properties would need a huge cluster of atoms as model. The best

solution to this is called supercell method. In this method, periodic boundary conditions are

applied to a cluster of atoms modeling the system. This way, the solid state host is ideally

modelled by an infinite crystal. The defect is modelled not by an isolated single defect, but

rather a uniformly distributed ensemble of defects which may interact with each other. One

should increase the size of the supercell until these interactions diminish below a required

threshold with the increasing inter-defect distance and the defect can be considered isolated.

For convergence results, see Section 2.10. A single defect in a 512-atom diamond supercell

(see Fig. 5) can be considered isolated regarding spin-spin and electrostatic interactions.

In a nearly free electron approximation, as a consequence of the periodicity of the Hamil-

tonian, the Bloch-wave formalism can be used for the description of the electronic eigen-

states. The wavefunction has the form

ψk(r) = eikruk(r), (14)

where quantum number k is the wave number vector and u is a lattice periodic function.

The translation symmetry of the lattice makes the wave vector not unique as a translation

with a reciprocal-lattice vector results in the same wavefunction. This way, the k vectors

can be associated with vectors in the first Brillouin zone. Using the Bloch function in the

Figure 5: A 512-atom diamond supercell constructed from 4× 4× 4 Bravais cells.
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Schrödinger equation, the effect of the momentum operator on the plane wave part results

in 1
2m

( h̄
i
∇+ h̄k)2, thus the Schrödinger equation has eigenvalues in each k with n quantum

number called the band index:

Hkunk(r) = εnkunk(r). (15)

In the calculations, a sampling of these k-points of the Brillouin zone is determined

and the calculation of the band structure is performed. The origin of the Brillouin zone

is a special point called Γ, the k-point mesh is usually centered around this point. For

supercell calculations, the periodic boundary condition includes several primitive cells, thus

the Brillouin zone of the supercell is only a small fraction of the Brillouin zone of the primitive

cell. This reduction causes the folding of the bands of the supercell. This effect can be viewed

as an extended sampling of the k-points of the primitive cell. As a consequence, a smaller

k-point mesh can be sufficient for supercell calculations, even a single Γ point sampling.

Finally, the ion-ion interaction energy in Eq. (13) is considered in the supercell method.

As Coulomb interaction is long ranged, the interaction with periodic images of the supercell

should be taken into account as well

Eion-ion =
1

2

1

4πε0

∑
i,j,k

qiqj
|ri − rj − Lk|

, (16)

where Lk is any k linear combination of supercell lattice vectors. For neutral systems, this

results in zero, whereas for charged systems it diverges. Charge neutrality can be recovered

with the introduction of a uniform screening background charge distribution ρb to the point

charge distribution

ρ(r) =
∑
j,k

qjδ(r− rj − Lk)− ρb. (17)

However, the ionic contribution to the electrostatic energy still diverges in the summation.

This is circumvented in Ewald method [60,61], with the partitioning of the potential into a

short-ranged potential in real space and a short-ranged potential in reciprocal space (that is

the long-ranged part in real space). With the introduction of Gaussian charge distributions

ρσ(r) =
∑
j,k

qj(2πσ
2)−3/2 exp

(
−|r− rj − Lk|2

2σ2

)
(18)

of the opposite sign (to cancel out these contributions), the summation can be separated to

two convergent series. The first rapidly converges with complementary error function and

a second with a smooth function that can be computed in reciprocal space:

Eion-ion =
1

2

1

4πε0

∑
i,j,L

qiqj erfc
(
|ri − rj − L| /

√
2σ
)

|ri − rj − L|
+

1

2

1

4πε0

∑
i

qi

∫
ρσ(r)

ri − r
d3r. (19)
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2.2 Projector Augmented Wave method

In the previous section, we introduced the Bloch-wave formalism as the natural basis for

wavefunctions in periodic systems. We have seen, that the lattice symmetry specify plane

wave basis. However, orthogonality requirement leads to strongly oscillating wavefunctions.

For an accurate description, a huge value of plane wave cutoff would be necessary. Al-

though, core electrons are inert in the sense that they do not contribute significantly to

chemical bonding, thus the description of the electronic structure could be approximated

by an effective model of the core electrons and only the valence electrons are fully treated.

This is the so called frozen core approximation. A possible method to realize this is the

pseudo potential method [62], where the effect of core electrons are included in an effective

”soft” potential replacing the strong Coulomb attraction near the nucleus and the core re-

pulsion. This leads to smoothly varying valence wavefunctions in the core region and an

accurate description further from the nucleus that together results in more accurate total en-

ergy without using computationally demanding plane wave cutoff values. Another method,

which suits periodic systems and describes all-electron wavefunctions (Kohn-Sham wave-

functions from all-electron model), is called augmented plane wave method (APW) [63]. It

uses a so called muffin-tin potential for separating the core regions and interstitial region.

The potential in the core region is an ionic potential and it is constant in the interstitial

region resulting a plane wave in the latter region. The wavefunction continuity requirement

is the boundary condition that has to be matched using plane wave expansion in the core

region, resulting energy dependent, non-local APWs. This energy dependence makes it a

rather costly method due to the non-linearity, that requires iterative solution to the eigen-

value problem in each self consistent field iteration. This can be circumvented in linearized

method (LAPW) by using variational methods and energy independent APWs [64].

Projector augmented wave (PAW) method combines and expands both above mentioned

method [65]. This way an all-electron model is constructed from the simple pseudo potential

method. It transforms this all-electron wavefunction (ψ) using a linear transformation (T †)

to a pseudo wavefunction (ψ̃) that varies smoothly like the envelope wavefunction in the

pseudo potential method. Thus the transformation of wavefunction and operator (A) are

˜|ψ〉 = T † |ψ〉 , Ã = T †AT , (20)

where tilde represents the pseudo Hilbert-space and dagger notes the Hermitian conjugation.

The construction of T follows a similar atom-centered local description as the muffin-tin

potential

T = 1 +
∑
R

TR, (21)

where R is the position of the atom and TR is the local contribution specific to the atom

type. The local contributions act only within an augmentation radius (ΩR) around the atom.

This local partitioning requires the all-electron and pseudo wavefunction to be separated
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into local contributions φ and φ̃, respectively:

|φ〉 = (1 + TR) ˜|φ〉. (22)

φ̃ wavefunctions are required to be a complete and orthogonal to core states in the aug-

mentation region, thus the pseudo wavefunction is constructed from a linear combination of

local contributions. As T linear transformation does not affect the coefficients of the linear

combination but transforms the local wavefunctions, the difference between the all-electron

and pseudo wavefunctions can be written as the linear combination of the difference between

the local contributions

|ψ〉 = ˜|ψ〉+
∑
i

ci

(
|φi〉 − ˜|φi〉

)
, (23)

where ci coefficients can be constructed from the pseudo wavefunction using 〈p̃i| projector

functions. φ and p functions are radial functions multiplied by spherical harmonics. The

transformation can be written as

T = 1 +
∑
i

(
|φi〉 − ˜|φi〉

)
〈p̃i| , (24)

thus the construction needs the radial solution of the Schrödinger-equation, smooth pseudo

partial wavefunction as the target and projector function for each partial wave. For practical

calculations, the partial number of partial waves is truncated with a PAW cutoff energy

similarly as for the plane wave expansion. Operator expectation values, total energy and

forces can be calculated using above transformation for the pseudo wavefunctions within

the accuracy allowed by the partial wave cutoff.
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2.3 Density functional theory

The approximation of the solution of electronic Schrödinger equation can be done using

perturbation theory or variational methods. While in the former, electron-electron inter-

action is treated as a perturbation, the latter describes an equivalent problem. Firstly,

it is intriguing to use the wavefunction variational method and describe the Hartree-Fock

method as a foundation. Secondly, density functional theory is formulated with density vari-

ation method, where the independent particle picture using Hartree potential and exchange

functional is extended with the correlation energy functional.

The Schrödinger equation can be reformulated as a wavefunction functional variation

equation using the energy functional

E[ψ] =

〈
ψ
∣∣∣Ĥ∣∣∣ψ〉
〈ψ | ψ〉

. (25)

The wavefunction where the energy functional is stationary is a solution to the Schrödinger

equation. The energy functional has a minimum value that is the ground state energy and it

is associated to the ground state wavefunction. As a consequence, the energy value is higher

at any other wavefunction, allowing for a variational method to find the exact ground state.

As the variational method for the Hilbert space is impossible, a restriction to a subspace

is necessary. This constraint gives the approximate nature of the method and the solution

overestimates the exact ground state energy. In the Hartree-Fock method, this restriction

is the subspace of one Slater-determinant wavefunctions φ of ϕ(r, s) spin-orbitals

φ(ri, si) =
1√
N

N∑
i1,...,iN=1

εi1,...,iNϕi1(r1, s1) . . . ϕiN (rN , sN), (26)

where N is the number of electrons and εi1,...,iN is the antisymmetric Levi-Civita symbol.

The wavefunction variation results in an independent electron model that neglects electron

correlation and describes a mean-field electron electron interaction. However, the approxi-

mation contains the exact exchange interaction:[
− h̄2

2m
∆ + Vext(r) + VH(r)− K̂

]
ϕi = εiϕi, (27)

where Vext(r) is the external potential of the ions,

VH(r) =

∫
d3r′v(r− r′)ρ(r′) (28)

is called the Hartree potential and the exchange operator is defined by

K̂ϕ(r, s) =
∑
s′

∫
d3r′v(r− r′)ρ(r, s; r′, s′)ϕ(r′, s′), (29)
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where v is the electrostatic interaction, ρ(r, s; r′, s′) =
∑

i niϕ
∗
i (r
′, s′)ϕi(r, s) is the density

matrix, ni is the occupation number of ϕi one-electron state. The electron density is

ρ(r, s) = ρ(r, s; r, s) =
∑
i

ni |ϕi(r, s)|2 = ρ↑(r) + ρ↓(r). (30)

The resulting one-particle Hartree-Fock Hamiltonian is a functional of the one-electron

wavefunctions, thus the solution must follow a self-consistent-field (SCF) method.

Density functional theory (DFT) takes a step further, it uses density variational method

that includes electron correlation. This is justified by the Hohenberg-Kohn theorems [66].

Hohenberg-Kohn I. The energy is a unique functional of the electron density ρ(r).

Hohenberg-Kohn II. A universal functional for the energy E[ρ] can be defined in terms

of the density. The exact ground state is the global minimum value of this functional.

Density variational principle can be derived from wavefunction variational principle with

the restriction to wavefunctions that result the same electron density [67]:

E = min
ψ→ρ

〈
ψ
∣∣∣T̂ + Vext + Ve-e

∣∣∣ψ〉 . (31)

The contribution of the external potential can already be written in a functional form

Vext[ρ] =

∫
d3rvext(r)ρ(r) (32)

using the explicit dependence on the density. The other contributions define the universal

functional F that has no known explicit form:

F [ρ] =
〈
ψmin
ρ

∣∣∣T̂ + Ve-e

∣∣∣ψmin
ρ

〉
. (33)

The density variational method can be formulated as

E = min
ρ
E[ρ] = min

ρ

(
F [ρ] +

∫
d3rvext(r)ρ(r)

)
(34)

and can be generalized for spin densities ρ↑(r) and ρ↓(r). For the approximation of F

functional, the so called Kohn-Sham method is used [68]. In a similar independent elec-

tron model as described in the Hartree-Fock approximation, single Slater determinant

wavefunctions are used in the variational method. Thus the kinetic energy functional

can be formulated with one-electron orbitals TS[ρ] =
〈
ϕmin
ρ

∣∣∣T̂ ∣∣∣ϕmin
ρ

〉
and the electron-

electron repulsion is treated in a mean field theory resulting a Hartree potential energy

UH = 〈VH〉 = 1
2

∫
d3rd3r′v(r − r′)ρ(r)ρ(r′). However, in Kohn-Sham DFT, the inclusion

of the exchange-correlation functional (Exc[ρ]) results in different orbitals (Kohn-Sham or-

bitals) and one particle energies (Kohn-Sham levels):

F [ρ] = TS[ρ] + UH[ρ] + Exc[ρ]. (35)
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The exchange-correlation functional can be separated into exchange and correlation parts

Exc[ρ] = Ex[ρ] + Ec[ρ], (36)

where the exchange part is the same exchange integral as in Hartree-Fock method calculated

using the Kohn-Sham orbitals. The correlation energy functional is defined as the energy

difference between the exact ground state energy and the independent electron energy for a

given density 〈
ψmin
ρ

∣∣∣T̂ + Ve-e

∣∣∣ψmin
ρ

〉
−
〈
ϕmin
ρ

∣∣∣T̂ + Ve-e

∣∣∣ϕmin
ρ

〉
. (37)

The spin-polarized one-particle Kohn-Sham equation has the form[
− h̄2

2m
∆ + Vext(r) + VH[ρ](r) + Vxc[ρ↑, ρ↓](r, s)

]
ϕi(r, s) = εi(s)ϕi(r, s), (38)

where Vxc[ρ↑, ρ↓](r, s) = δExc

δρ(r,s)
. Similarly to the Hartree-Fock equation, the Hamiltonian

and the wavefunctions are functionals of the electron density and the ground state density is

determined self-consistently. The approximation in the description of an interacting electron

system is included in the exchange-correlation functional, the other contributions in the KS

Hamiltonian can be regarded exact in this sense (describing the independent electron part

of the many-body problem). The formulation of the exchange-correlation functional usually

includes the spin density and its gradient. This is called generalized gradient approximation

(GGA) [69]:

Exc[ρ↑, ρ↓] =

∫
d3rf(ρ↑, ρ↓,∇ρ↑,∇ρ↓). (39)

The most successful GGA was constructed by Perdew, Burke and Ernzerhof (PBE) [70].

The correlation energy functional is expressed as

Ec[ρ↑, ρ↓] =

∫
d3r (ec(rs, ζ) +H(rs, ζ, t)) ρ, (40)

where ec is the correlation energy for one electron in the uniform electron gas, rs is the Seitz

radius, ζ = (ρ↑−ρ↓)/ρ is the relative spin polarization and t is the reduced density gradient.

The Seitz radius is defined by the electron density of a uniform electron gas

ρ =
kF

3π2
=

3

4πr3
s

, (41)

where kF is the Fermi wavelength. rs is the radius of a sphere that on average contains one

electron. The reduced density gradient for the uniform electron gas can be written as

s =
|∇ρ|
2kFρ

. (42)

It is the relative density variation compared to the Fermi wavelength. For correlated electron

system, another reduced density gradient can be defined in analogy as
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t =
|∇ρ|
2ksρ

, (43)

where ks screening wavelength is introduced. For the t→ 0 limit, ρH should follow the ∝ t2

gradient expansion due to size scaling properties of the correlation energy. Whereas, in the

strongly varying limit (t→∞) correlation energy should vanish by H = −ec. Moreover, the

correlation energy should be finite in the high density limit. ec shows logarithmic singularity

in this limit, that should be cancelled by the appropriately chosen H function. The exchange

energy functional is constructed to follow the density scaling relation

Ex[ρ] = Ax

∫
d3rρ4/3Fx(s), (44)

where Ax constant and Fx(s) is chosen to fulfill the uniform electron gas limit.

Hybrid functional methods mix a part of the Hartree-Fock exact exchange to the GGA

exchange functional [71]:

Ehyb
x = αEHF

x + (1− α)EGGA
x . (45)

This can be viewed as a static correlation originating from exchange and thus it introduces

a non-local correlation:

Ehyb
xc = EHF

x + (1− α)(EGGA
x − EHF

x ) + EGGA
c . (46)

The mixing coefficient is optimized using Görling–Levy perturbation theory to α = 1/4

value that is associated with the so called PBE0 hybrid functional [72]. It is a considerable

improvement, however the calculation of the long range exchange interaction is compu-

tationally demanding in periodic systems. The solution is offered by the Heyd-Scuseria-

Ernzerhof (HSE) functional, that introduce screened Coulomb potential for the exchange

interaction [73]. The potential is separated to short range and long range contributions

using a parameter ω as a weight of these:

1

r
=

erfc(ωr)

r︸ ︷︷ ︸
short range

+
erf(ωr)

r︸ ︷︷ ︸
long range

. (47)

The hybrid exchange can also be separated this way, however, the long range exchange

interaction for both HF and PBE is small and tend to cancel each other. Thus using this

hybrid functional with PBE results in

EHSE
xc = EHF,sr

x (ω) + (1− α)EPBE,sr
x (ω) + EPBE,lr

x (ω) + EPBE
c , (48)

where sr and lr are abbreviations for short range and long range, respectively. The screening

parameter is optimally set to ω = 0.2 for the accurate description of molecules and solid

state systems and referred as the HSE06 hybrid functional.
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2.4 Excited state calculation

Excited state calculation is very complicated problem that is only resolved completely in

methods beyond the scope of density functional theory, as the latter is originally used for

calculation of ground state properties. However, post DFT methods cannot cope efficiently

with the huge number of atoms necessary for solid state defect calculations.

In DFT calculations, we use ∆SCF method for the calculation of excited state elec-

tronic configurations. This method originates from the approximation that the excitation

energy is calculated as the total energy difference of two self-consistent-field calculations

with different electronic configurations. DFT ∆SCF method can be applied by constructing

different electronic configurations with the fixed occupation of Kohn-Sham orbitals. An

excited state electronic configuration can be constructed by introducing a hole in one of

the previously occupied Kohn-Sham spin-orbitals and subsequently occupying an empty

Kohn-Sham orbital.

For solid state point defects, the occupancies of defect-localized states are modified in

this method, resulting the optical transition energy. A huge advantage of ∆SCF over other

methods is that the calculation of forces acting on the nuclei is straightforward. Therefore,

relaxation can be applied to the method, resulting energy difference between the vibrational

ground states of the electronic configurations. Furthermore, structure relaxation in the case

of symmetry breaking electronic configurations leads to geometric distortions. This has

great importance in the calculation of electron-phonon interaction described by the Jahn-

Teller model [74]. Using ∆SCF method, one can map the potential energy surfaces for

excited states as well using the Kohn-Sham DFT method.

∆SCF method was justified for the lowest lying excited states of different symmetry [75]

for single determinant states and was generalized to multiplet structures as well [76]. Ex-

cited state calculation in the Kohn-Sham DFT calculations was generalized to states with

any symmetry using a modified exchange correlation functional [77]. However, in the prac-

tical calculations, ∆SCF method applies ground state DFT Hamiltonian to the different

electronic structures.
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2.5 Effective models for electronic states

Besides first principle calculations, there are effective models to describe the electron-

electron interaction using a parametrized model Hamiltonian. If these parameters are fitted

from experimental finding, these are called semi-empirical methods. These usually describe

only the valence electrons or even an even further confined set of electronic states (active

space) that contribute to the studied physical properties significantly, e.g. the highest oc-

cupied and lowest unoccupied orbitals). The states in the active space can be constructed

from linear combinations of atomic site localized orbitals similar to the linear combination

of atomic orbitals method. In the following, we study a single localized orbital at each

site. In a second quantized formalism, the quantum state can be constructed with creation

operators ĉ†i that creates an electron at atomic site i. In Hubbard model, the Hamiltonian

of the system contains onsite repulsion U corresponding to the Coulomb integral of the fully

occupied orbitals at the atomic sites and hopping t corresponding to the kinetic energy of

the electrons.

H = U
∑
i

n̂i,↑n̂i,↓ − t
∑
i,j,σ

(
ĉ†i,σ ĉj,σ + ĉ†j,σ ĉi,σ

)
, (49)

where σ is the spin state, n̂i,σ = ĉ†i,σ ĉi,σ, and hopping is approximated between neighboring

sites. Additionally, Coulomb C and exchange J interaction between neighboring sites can

be described by in analogy to the Hartree-Fock Coulomb and exchange integrals (”onsite”

and ”hopping” exchange):

C
∑

i,j,σi,σj

n̂iσin̂jσj − 2J
∑
i,j

(
ĉ†i↑ĉi↓ĉ

†
j↓ĉj↑ + ĉ†i↓ĉi↑ĉ

†
j↑ĉj↓

)
−J
∑
i,j

(n̂i↑n̂j↑ + n̂i↓n̂j↓ − n̂i↓n̂j↑ − n̂i↑n̂j↓) . (50)

The above model can be used to describe configuration interaction between ground and

excited states in a problem of two electrons localized on two neighboring atomic sites.

This results in a two level problem by the bonding and antibonding combinations of the

localized orbitals. Firstly, we construct all the possible Slater determinants by occupying

the two orbitals. In the sense of the configuration interaction, the wavefunction is a linear

combination of these determinants. In order to find the specific linear combinations in the

eigenstates, and the corresponding corrected energies (including configuration interaction),

we represent the Hubbard Hamiltonian in the configuration interaction basis states and solve

the matrix eigenvalue problem. The resulting energies depend on the Hubbard parameters,

that can be fitted or approximated by ab initio calculations (see Section 3.1).
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2.6 Theory of optical transitions

After the description of ground and excited states of the system, we turn our interest to the

optical transitions between them. The emission and absorption of radiation can be described

by time-dependent perturbation theory [78]. As electric field has a major contribution to

these processes, let us focus solely on this component of the radiation. The perturbing

electric field oscillates sinusoidally in the perpendicular direction to its propagation, with

long wavelength compared to atomic length scales. In this case, the field has no spatial

dependence in the vicinity of the atom. Let there be a single particle with two levels (a and

b, Ea < Eb) under a monochromatic, sinusoidal, homogeneous perturbation described by

H(t) = V cos(ωt). Let us choose the electric field polarization along z direction, resulting

H(t) = −qE0z cos(ωt). As the polarization of the radiation is an odd function, diagonal

matrix elements of H(t) vanish. The transition probability to state b starting from state a

is approximated by

Pa→b(t) =
|Vab|2

h̄2

sin2[(ω0 − ω)t/2]

(ω0 − ω)2
, (51)

where Vab = 〈a|V |b〉 and ω0 = (Eb − Ea)/h̄. In analogy to the electric dipole moment,

transition dipole moment can be introduced as p = q 〈a| z |b〉 resulting Vab = −pE0. The

transition probability is the same for absorption (a → b) and stimulated emission (b →
a). The above monochromatic formula can be extended to radiations with broad energy

spectrum ρ(ω), and polarization direction averaged transition dipole moment

Pa→b(t) =
π |p|2

3ε0h̄
2 ρ(ω0)t. (52)

In the following, let us consider an ensemble of atoms in thermal equilibrium with a radiation

field. The rate equation can be written in terms of the Einstein-coefficients (A,B), the

number of atoms in the two states (Na, Nb) and the energy density of the field (ρ(ω0)).

dNb

dt
= NaBabρ(ω0)−NbBbaρ(ω0)−NbA, (53)

where the terms correspond to absorption, stimulated emission and spontaneous emission.

The steady-state solution should be consistent with the Planck-formula of thermal radiation,

that restricts

Bab = Bba =
π |p|2

3ε0h̄
2 (54)

leading to

A =
ω3

0h̄

π2c3
Bab =

ω3
0 |p|

2

3πε0h̄c3
. (55)

Finally, let us consider the case of the excitation of the two level system with a laser pulse.

After the pulse, the rate equation is solely governed by spontaneous emission. This linear

term results in an exponential decay of the excited state: Nb(t) = Nb(0) exp(−At) with a

characteristic lifetime of τ = 1/A.
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Phonons also play an important role in optical transitions. As the excited electronic state

have different localization than the ground state, electrostatic interactions result different

equilibrium atomic positions. These changes in the geometric structure can be described by

atomic vibrations. As the electronic transition is instantaneous compared to the time scale

of atomic vibrations, the excitation most likely occurs to a vibrational excited state. This

connection between electronic and vibrational excitation requires a description of vibronic

transition. However, we approximate this vibronic coupling to be as weak as the Born-

Oppenheimer approximation still holds for the wavefunction and the electronic wavefunction

does not depend on the nuclear coordinates (Franck-Condon approximation)

ψ(r,Q) = φ(r)χ(Q), (56)

where r, and Q are the set of electronic and nuclear coordinates, φ and χ are electronic and

vibrational states, respectively. The transition dipole moment should be calculated using

the vibronic wavefunctions

p ∝ 〈φe| r |φg〉 〈χe|χg〉 . (57)

The first term is the electronic transition dipole moment, the last term is the vibrational

transition matrix element. This can be written in the harmonic oscillator approximation as

Mnm =

∫
dQ χ∗n(Q−Q0)χm(Q), (58)

where n, m are oscillator quantum numbers, Q0 is the geometry relaxation in the transi-

tion. Thus besides a strong transition dipole, a huge overlap integral of oscillator modes is

needed for a high transition probability. Here we assume that the same oscillator modes

describe phonons in the ground and excited states as well. This way, the larger the geometry

relaxation, the smaller the overlap of Q0 oscillator modes will be, resulting a diminishing

ZPL. Vibronic excitations during an optical transition will result absorption and emission

side-bands on the higher and lower frequency side of the ZPL, respectively (see Figure 6).

These side-bands are the consequence of the excitation of harmonic oscillator levels, thus

these are peaked in h̄ω distances in the spectrum, where ω is the average phonon frequency

in the effective harmonic oscillator approximation. These most prominent features of the

sideband are called phonon replicas of the ZPL. Finer structure of these replicas are created

by the dominant defect localized vibrational modes. The energy needed for these oscillator

excitations shifts the side-bands as described above. This energy is called relaxation energy

or Stokes-shift. All these effects are the consequence of the electron-phonon coupling whose

strength is given by the Huang-Rhys factor S. It is defined by the overlap integral in the

vibronic transition from the ground state lowest vibronic level (which is the only populated

level at 0 K) to the n-th vibronic level of the excited state with the formula of

|Mn0|2 =
Sn

n!
e−S. (59)
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Figure 6: Representation of optical transitions in the Franck-Condon approximation. The
ground (Eg(Q)) and excited state (Ee(Q)) potential energy is depicted along a single mode
(Q), quantized by the vibrational levels. Absorption and emission intensity follows Poisson
distribution mirrored to EZPL. The most probable vibronic transition in this figure is around
n = 2 corresponding to S ≈ 2 partial Huang-Rhys factor.

This is a Poisson distribution of n with parameter S. While the ZPL is a relatively sharp

line in the spectrum at low temperatures, the phonon-involved transitions are broadened as

they are more sensitive to various perturbations in the crystal. An important characteristic

of the spectrum is the Debye-Waller factor, defined by the ZPL contribution in the total

intensity

w =
IZPL

Itot

= e−S. (60)

For quantum information applications, coherent photon emission is required. The best

candidates are those defects that have weak coupling to lattice vibrations upon photo-

excitation, i.e., their Debye-Waller approaches unity.
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2.7 Applications of group theory for solid state defects

In this section, I summarize the group theory of molecules and crystals [79] emphasizing its

applications for solid state defects rather than giving a full mathematical description. A

group G = {a, ·} is a set of group elements together with an operation that acts like a multi-

plication on the elements and it satisfies the following group axioms: closure, associativity,

existence of identity and inverse element. A transformation group consists of one-to-one

maps as group elements over a set of objects. A symmetry group is a transformation group

whose elements leave the object invariant. From this follows that the transformations are

distance-preserving isometry operations, so the symmetry group is the subgroup of the or-

thogonal group O(3). In the following, the symmetry group elements are called symmetry

operations.

There is a specific case of symmetry whose operations leave at least one point (object)

unchanged, this is a point symmetry. It consists of the rotation group SO(3) and inversion

operations. For the specific case of molecules, there are a finite number of point symmetry

operations. These are identity E, n-fold rotations Cn (2π/n angle of rotation), reflections

σ, inversions i and n-fold improper rotations Sn. The unchanged point or points under the

symmetry operation defines the associated symmetry element, e.g., rotation axis, mirror

plane and point of inversion. Specific reflections that has planes containing a rotation axis

are noted by a subscript h,v or d for horizontal, vertical and dihedral reflections, respectively.

I use the Schoenflies notation that assigns a letter and subscript to each point group. The

letters are C for cyclic, S for improper rotation, D for dihedral, T for tetrahedral and O for

octahedral symmetry. C, S and D has a subscript number representing the highest n-fold

rotation symmetry and additional v or h subscript notes vertical or horizontal reflection

symmetry, respectively. T can have d or h subscript showing the inclusion of improper

rotations or additional inversion, respectively.

Another important group the infinite lattice group, that contains translation operations.

This group shows the translational symmetry of a crystal that leaves the unit cell invariant.

The infinite space group is generated from the combined operations of a specific point group

and the lattice group. For real crystals, it is called crystallographic space group with the

crystallographic restriction applied to point groups, i.e., only rotations of n = 1, 2, 3, 4, 6

can preserve the invariance of the lattice.

For a finite group, as a consequence of closeness, the results of group multiplication of

its elements can be ordered in a group multiplication table (for example see Table 1). If the

group multiplication is commutative for all elements, the group is called Abelian.

Two group elements a and b are conjugate to each other, if there exists another group

element x such that a = x·b·x−1 holds. Conjugation is an equivalence relation that partitions

the group into equivalence classes, i.e., each element belongs to only one class. The identity

element is a conjugacy class by itself. The point group C3v = {E,C3, C
2
3 , σv, σ

′
v, σ

′′
v} is

partitioned into three conjugacy classes {E}, {C3, C
2
3} and {σv, σ′v, σ′′v}.

Group homomorphism is a map between two groups Γ : a → Γ(a), a ∈ {G, ·}, Γ(a) ∈
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{L, ◦} that keeps the group multiplication, i.e., Γ(a ·b) = Γ(a)◦Γ(b). A one-to-one (faithful)

map with above properties is called isomorphism. A representation of a group is a group

homomorphism to the general linear group GL(n), i.e., the group of invertible matrices

over an n-dimensional vector space. A reducible representation can be constructed by a

direct sum of other representations Γ(a) =
⊕

i ciΓi(a). The reverse process of finding the

components of direct sum for a reducible representation is crucial in applications, it is

called reduction. The representations that cannot be reduced this way are obviously called

irreducible representations.

Equivalence between representations of same dimension has a similar form to conjugacy

of groups, however the relation Γ(2)(a) = S−1Γ(1)(a)S for any S matrix is called similarity

transformation. We can see that the group representation is not unique, as infinite number

of equivalent representations can be generated with similarity transformations. There is a

unique property, that remains unchanged after a similarity transformation, the trace of the

matrix dubbed the character of the representation of a group element χ(a) = Tr Γ(a). The

character of a reducible representation can be written as the sum of irreducible characters

χ(a) =
∑

i ciΓ
i(a). As we have seen before, the group can be partitioned into equivalency

classes. The irreducible character within an equivalence class is the same for all elements.

The representation of the identity operator is the unity matrix, so its character equals

to the dimensions of the representation. The irreducible representations are labelled by

their dimensions, called Mulliken symbols: A or B, E, T , G, H for n = 1, 2, 3, 4, 5 dimen-

sions, respectively. One-dimensional representations are further divided to symmetric A and

antisymmetric B respect to rotations around the symmetry axis. Among the same dimen-

sionality, a number subscript differentiate. The totally symmetric irreducible representation

must be one-dimensional and it is always considered to be the first by convention and it is

labeled by A1.

It is fruitful to order these characters into a group character table that shows the unique

characters for the classes and irreducible representations as building blocks of the group.

The character tables are square tables as the number of irreducible representations equals

to the number of conjugacy classes (see Table 4). In the character tables, the basis of linear

and quadratic functions of coordinates and rotations are also categorized to the irreducible

representations to which they belong.

Direct product group of two groups can defined by the consecutive application of its

elements G(1)(ai) × G(2)(bj) = G(aibj). Its representation can be generalized by the direct

product of representations Γ(G(1) × G(2))ij,kl = Γ(G(1))ij ⊗ Γ(G(1))kl. The direct product

representation is reducible Γ(i) ⊗ Γ(j) =
∑

k cijkΓ
(k) (see Table 5). The order of the product

group, the dimension of its representations and characters equal to the product of the

corresponding properties of the factor groups.

The great orthogonality theorem states that the in-equivalent representations are or-
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thogonal to each other in the sense of

∑
a

Γi(a)∗nmΓj(a)n′m′ =
h

li
δijδnn′δmm′ , (61)

where a is a group element, Γi(a) is its irreducible representation of dimension li and h is

the number of group elements. The same can be stated for the characters∑
k

nkχ
(i)(Ck)

∗χ(j)(Ck) = hδij, (62)

where Ck are the conjugacy classes over which we sum and nk is the number of elements

in the class. The above formula can be used to calculate ci, the number of irreducible

representation Γ(i) in the direct sum decomposition of a reducible representation Γ:

ci =
1

h

∑
k

nkχ
(i)(Ck)

∗χ(Ck). (63)

In quantum mechanics, the operators that commute with the Hamiltonian form the

symmetry group of the system. From this follows, that symmetry operators have the same

eigenvalues as the Hamiltonian and symmetry transformations cannot lead out of the de-

generate subspaces. The eigenfunctions in the degenerate subspace are the basis of an

irreducible representation of the symmetry group. Each eigenvalue and the corresponding

set of eigenfunctions belongs to an irreducible representation of the symmetry group. There-

fore, the wavefunctions belonging to different irreducible representations are orthogonal. I

note that only orbital symmetries are concerned in the following. Spin-orbital symmetries

are treated by double group formalism, that is out of the scope of this summary.

As the Hamiltonian itself should belong to the totally symmetric (trivial) irreducible

representation A1, its matrix elements vanish between wavefunctions belonging to different

irreducible representations of the symmetry group, i.e.,〈
Ψ1

∣∣∣Ĥ∣∣∣Ψ2

〉
→ Γ(1) × A1 × Γ(2). (64)

If the result is a nonzero scalar, it belongs to A1 representation, so the result of the represen-

tation product must contain A1 irreducible character. As A1×Γ(i) = Γ(i) and Γ(i)×Γ(i) = A1,

it can be fulfilled only by the same irreducible representation. If an external perturbation Ĥ ′

is applied to the system, it does not necessarily belongs to the totally symmetric irreducible

representation as the original Hamiltonian. In this case, the transition matrix element is

studied, and the conclusion is called transition selection rule. The discussion is similar as

above, the product representation should contain A1 for a nonzero matrix element〈
Ψ1

∣∣∣Ĥ ′∣∣∣Ψ2

〉
6= 0↔ Γ(1) × Γ′ × Γ(2) ⊃ A1. (65)

Alternatively, the above condition can be rearranged to Γ(1) × Γ(2) ⊃ Γ′.
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Optical transitions are governed by the transition dipole matrix element (see Section 2.6).

In this case the perturbing Hamiltonian is the coupling of electric field to the dipole moment

of the system. It is a vector operator that transforms as x, y, z polarization. For example,

optically transitions in C2v point group are allowed by the dipole matrix element between

states, whose direct product representations belong to B1, B2 or A1. Therefore, if the initial

state belongs to A1 irreducible representation, then transition to A2 is not allowed (called

dark state)

A1 × A2 = A2 → 〈ΨA1 |ep̂|ΨA2〉 = 0, (66)

whereas all other transitions are allowed.

Another important application of the selection rules is governed by spin-orbit coupling

that, unlike optical dipole coupling, can change the spin state as well. Owing to this, it is

called intersystem crossing (ISC). The perturbing Hamiltonian causing the transition is L̂Ŝ,

where the spin operator is responsible for the spin-transition and the angular momentum

operator acts on the orbitals. Therefore, the orbital selection rules are deduced from the

transformation properties of L̂ operator, that transform according to rotations. In the

example of the C2v point group, this results in allowed ISC transitions from A1 to A2, B1

and B2:

A1 × A2 = A2 →
〈

ΨA1

∣∣∣L̂z∣∣∣ΨA2

〉
6= 0, (67)

A1 ×B1 = B1 →
〈

ΨA1

∣∣∣L̂y∣∣∣ΨB1

〉
6= 0, (68)

A1 ×B2 = B2 →
〈

ΨA1

∣∣∣L̂x∣∣∣ΨB2

〉
6= 0. (69)

E C3 C2
3 σv σ′v σ′′v

E E C3 C2
3 σv σ′v σ′′v

C3 C3 C2
3 E σ′v σ′′v σv

C2
3 C2

3 E C3 σ′′v σv σ′v

σv σv σ′′v σ′v E C2
3 C3

σ′v σ′v σv σ′′v C3 E C2
3

σ′′v σ′′v σ′v σv C2
3 C3 E

Table 1: Multiplication table of C3v group.
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E C2(z) σv(xz) σv(yz) linear, rotations quadratic

A1 1 1 1 1 z x2, y2, z2

A2 1 1 -1 -1 Rz xy

B1 1 -1 1 -1 x, Ry xz

B2 1 -1 -1 1 y, Rx yz

Table 2: Character table of C2v group.

A1 A2 B1 B2

A1 A1 A2 B1 B2

A2 A2 A1 B2 B1

B1 B1 B2 A1 A2

B2 B2 B1 A2 A1

Table 3: Direct product table of C2v group.

E 2C3(z) 3σv linear, rotations quadratic

A1 1 1 1 z x2 + y2, z2

A2 1 1 -1 Rz

E 2 -1 0 (x, y), (Rx,Ry) (x2 − y2, xy), (xz, yz)

Table 4: Character table of C3v group.

A1 A2 E

A1 A1 A2 E

A2 A2 A1 E

E E E A1 ⊕ A2 ⊕ E

Table 5: Direct product table of C3v group.

E 8C3 3C2 6S4 6σd linear, rotations quadratic

A1 1 1 1 1 1 x2 + y2 + z2

A2 1 1 1 -1 -1

E 2 -1 2 0 0 (2z2 − x2 − y2, x2 − y2)

T1 3 0 -1 1 -1 (Rx, Ry, Rz)

T2 3 0 -1 -1 1 (x, y, z) (xy, xz, yz)

Table 6: Character table of Td group.
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2.8 Zero field splitting

Zero field splitting (ZFS) is the removal of degeneracy in the electron spin magnetic sub-

levels (mS) without any external magnetic field applied. Dipolar electron spin-electron spin

interaction contributes to this effect. As a consequence, only high spin anisotropic systems

(S > 1/2) show ZFS. The resulting fine structure can be described by reduced magnetic pa-

rameters corresponding to elements of a second rank tensor called D-tensor. The spin-spin

interaction can be formulated using this tensor and the total spin of the system

ĤSS =
∑
a,b

ŜaDabŜb, (70)

where a and b are coordinate indices. As ZFS sets the preferential spin quantization axis, it is

worth to transform the equation to the principal axis coordinate system {x, y, z} of D-tensor.

The convention for assigning the indices sets the quantization axis to z principal direction

corresponding to the greatest eigenvalue |Dzz| and the other axes follow as |Dyy| > |Dxx|.
The form of the Hamiltonian in the D-tensor eigenframe is

ĤSS = DxxŜ
2
x +DyyŜ

2
y +DzzŜ

2
z . (71)

Substituting Ŝ2 = Ŝ2
x + Ŝ2

y + Ŝ2
z and separating Ŝ2

z in the sum results in

ĤSS =
3Dzz − Tr (D)

2

(
Ŝ2
z −

Ŝ2

3

)
+
Dxx −Dyy

2

(
Ŝ2
x − Ŝ2

y

)
+ Tr (D)

Ŝ2

3
, (72)

where the last part describes constant shifting of all magnetic sublevels proportionally to

the trace of the D-tensor. However, in the description of the splitting, we can define the

D-tensor to be traceless. Now the spin-spin interaction can be expressed using the axial (D)

and rhombic (E) ZFS parameters

ĤSS = D

(
Ŝ2
z −

Ŝ2

3

)
+ E

(
Ŝ2
x − Ŝ2

y

)
, (73)

where

D =
3

2
Dzz and E =

1

2
(Dxx −Dyy). (74)

The lowest spin system that shows ZFS is S = 1 with D-tensor values Dzz = −2/3D for the

mS = 0 level and Dxx = Dyy = 1/3D for the mS = ±1 levels in axial symmetry. Rhombic

anisotropy mixes the mS = ±1 levels with Dxy = Dyx = E resulting a splitting of 2E.

The next example is the system with S = 3/2 where the Kramers degeneracy cannot

be lifted without magnetic field. As a result, mS = ±1/2 and mS = ±3/2 levels remain

degenerate in axial symmetry and a splitting of 2D can be measured between the non-

degenerate levels.
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The origin of the ZFS is the dipolar spin-spin interaction in first order and the spin-

orbit interaction in second order of perturbation theory. The former can be written for two

electrons as

HSS =
g2µ2

B

r5

[
(s1s2)r2 − 3(s1r)(s2r)

]
, (75)

where r is the distance between the two electrons with particle index 1 and 2, g = 2 is the

electron g-factor, µB is the Bohr-magneton. In the D-tensor formalism, the interaction is

separated to direct products of spatial and spin contributions (Ψ(r, s) = Φ(r) ⊗ χ(s)). As

a result, the spin-spin interaction Hamiltonian acts on the spin part of the wavefunction

ĤSS = (Ŝ ◦ Ŝ)D = (Ŝ ◦ Ŝ)
〈

Φ(r)
∣∣∣f̂(r)

∣∣∣Φ(r)
〉

, (76)

where the operators are only acting on the spin variable with D-tensor elements as a factor

already integrated by the spatial variables. For the example of two electrons, it means that

the D-tensor elements are the expectational values of the two particle orbital wavefunction.

Dab(1, 2) =
1

2

∫
ρ(r1, r2)fab(r1 − r2)d3r1d3r2, (77)

where ρ(r1, r2) is the density matrix (see Section 2.3) and fab is the element of the dipole

integral kernel

fab(r) =
r2δab − 3rarb

r5
. (78)

With the two particle Slater-determinant wavefunction, this integral is separated to gener-

alized Coulomb (J) and exchange (K) integrals using the dipole integral kernel:

Dab(i, j) =
1

2

(
Jabij −Kab

ij

)
. (79)

The generalization to many particle interaction is straightforward

Dab =
∑
i>j

Dab(i, j)χij, (80)

where χij is +1 for parallel and −1 for anti-parallel spins.

Based on the spatial extent of the spin density, the ZFS can be qualitatively analyzed.

For spherically symmetric spin density, there is no ZFS, as the dipole moment is zero. For

axially distorted spin densities, oblate shape corresponds to positive D-parameter, while

prolate shape corresponds to negative D-parameter. Rhombic distortion allows for nonzero

E-parameter whose value is set to be positive by convention.
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2.9 Macroscopic electric dipole moment calculation

In order to study the coupling of the optical transition to electric fields (i.e. Stark shift),

we calculate the dipole moment of the system. For qubit defects in semiconductor hosts,

we calculate the corresponding bulk quantity, the macroscopic polarization

P =
1

Ω

∫
d3r eρ(r)r, (81)

where Ω is the integration cell volume and ρ(r) is the charge distribution. Above integral is

well defined for finite systems due to the bound position vector, however it is not unique for

periodic infinite (periodic) systems. One could sum the contributions of small portions of

the charge density, however the termination of these domains will be still ill-defined. Only

the change of polarization has a real physical meaning that can be expressed as the integral

of the polarization current in an adiabatic process

∆P =

∫ 1

0

dλ
∂P

∂λ
, (82)

where λ is the adiabatic parameter. These ideas are the basis of density functional pertur-

bation theory [80] used in the modern theory of polarization [81–83]. In a DFT calculation,

one can define the change in macroscopic electronic polarization (P) as an adiabatic change

in the Kohn-Sham potential (VKS)

∂P

∂λ
= − ifeh̄

Ωme

∑
k

M∑
n=1

∞∑
m=M+1

〈
ψ

(λ)
nk

∣∣∣ p̂ ∣∣∣ψ(λ)
mk

〉〈
ψ

(λ)
mk

∣∣∣ ∂VKS

∂λ

∣∣∣ψ(λ)
nk

〉
(
ε

(λ)
nk − ε

(λ)
mk

)2 + c.c., (83)

where f is the occupation number, e elemental charge, me electron mass, Ω cell volume,

M number of occupied bands, p̂ momentum operator. In a periodic gauge, where the

wavefunctions (uk) are cell periodic (see Eq. (14)) and periodic in the reciprocal space, the

expectation values in Eq. (83) can be expressed with [, ] commutators〈
ψ

(λ)
nk

∣∣∣ p̂ ∣∣∣ψ(λ)
mk

〉
=
me

h̄

〈
u

(λ)
nk

∣∣∣ [∇k, Hk]
∣∣∣u(λ)
mk

〉
, (84)

〈
ψ

(λ)
nk

∣∣∣ ∂VKS

∂λ

∣∣∣ψ(λ)
mk

〉
=
〈
u

(λ)
nk

∣∣∣ [∂VKS

∂λ
,Hk

] ∣∣∣u(λ)
mk

〉
, (85)

where Hk = 1
2me

(−ih̄∇ + h̄k)2 + VKS is the periodic Hamiltonian. Substituting Eq. (84)

and Eq. (85) into Eq. (83), the only contribution is
〈
u

(λ)
nk

∣∣∣∇k

∣∣∣u(λ)
nk

〉
, as

〈
u

(λ)
nk

∣∣∣ ∂
∂λ

∣∣∣u(λ)
nk

〉
is

periodic in the reciprocal space. The permanent dipole moment shows a form similar to the

Berry phase expression

P =
ife

8π3

M∑
n=1

∫
BZ

dk 〈unk| ∇k |unk〉 . (86)
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2.10 Computational details

I used the plane-wave Vienna Ab initio Simulation Package (VASP) [84–87] with PAW

potentials for my calculations including D-tensor and macroscopic polarization calculations.

I usually use 420 eV plane wave cutoff for my calculations, that is a bit higher than the

recommended value (tested by developers) for the PAW potential of carbon and nitrogen

atoms (and much higher for Si atom). For the plane wave representation of the augmentation

charges in PAW, I use 1.5-2 times the value of plane wave cutoff. These values are tested

by the group of my supervisor for various defects in diamond, providing the best balance

between accuracy and computational demands. The only exception is strain calculation,

where the modified cell size and shape requires higher number of plane waves for the same

precision. For 370 eV cutoff, the linear strain dependence of the D-tenzor components is

completely hidden by the fluctuation of the data. However, for 600 eV plane wave cutoff,

the linear fits have standard errors lower than 10%.

For the structural model, I use supercell method usually consisting of around 500 atoms.

This is large enough to use only Γ-point sampling in the Brillouin-zone. For various defects

in diamond, 512 atom supercell is tested to be convergent by the group of my supervisor [88].

576-atom hexagonal silicon carbide supercell with Γ-point sampling is considered as a good

compromise of accuracy and computational cost. The supercell size and k-point sampling

dependence of the ZPL in divacancy centers was tested by Davidsson et al. [89]. I used a

smaller, 432-atom SiC supercell for polarization calculations, as the larger cells are prone

to large numerical errors in these type of calculations. As a compensation, larger self

consistency criterion and 2× 2× 2 k-point set is used. The Γ-point calculated difference in

polarization was 0.074 eÅ that improves to 0.044 eÅ using above k-point set.

Pristine diamond and silicon-carbide cell parameters are calculated for the primitive

cell using large number of k-points (around 30 irreducible points) and increased plane wave

cutoff. Point defects are introduced to the pristine supercell by removing or replacing atoms.

From these, the ground state geometry is calculated using relaxation methods. In the Born-

Oppenheimer approximation, this is the search for the global minimum of the potential

energy surface. To this end, I use conjugate gradient algorithm. In every relaxation step,

self consistent field is reached and forces on ions are calculated using Hellmann-Feynman

theorem and adjusted step is taken in the direction of steepest descent. The threshold for

this optimization is usually set to 0.01 eV/Å.

For modeling of paramagnetic point defects, spin-polarized DFT is used. The excited

state electronic structure and geometry was calculated using ∆SCF method. In this method,

I fix the occupancies in each band for both spin channels. The calculation is started from

the wave function of the ground state. The calculation method is set to conjugate gradient

algorithm where all bands are simultaneously updated. Subspace rotation and Rayleigh-Ritz

step are turned off in the end of SCF cycles in order to prevent the mixing of Kohn-Sham

orbitals. I have tested the convergence of the spin-density in the ∆SCF method for the

excited state of NV center by calculating its D parameter at the PBE level. 512-atom
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Γ-point calculation resulted in D = 1666 MHz, 1728-atom Γ-point calculation resulted in

D = 1690 MHz and 512-atom 2 × 2 × 2 k-point calculation resulted in D = 1702 MHz.

From the test we can conclude, that a point defect can be considered isolated in a 512-atom

supercell calculation and the precision is sufficient as the D-parameter change is below 5%.

For these calculations I used the computer clusters of the Semiconductor Nanostructures

Research Group in Wigner Research Center for Physics and the ‘’Kormányzati Informatikai

Fejlesztési Ügynökség” (KIFÜ). I would like to thank these institutes providing the infras-

tructure for my research.
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3 Results

3.1 Ab initio theory of the N2V defect in diamond for quantum

memory implementation

3.1.1 Introduction

Paramagnetic color centers in diamond are excellent tools in quantum technology applica-

tions. NV center (see 1.3) is the most successful among these, owing to its long electron

spin coherence time, efficient spin polarization and strong hyperfine coupling to nearby 13-

carbon isotopes. NV center was found excellent for quantum sensing applications (see 1.4)

and looks promising for quantum register applications [32]. These successes motivated my

current thesis point, where I characterize a defect with similar composition, the N2V de-

fect in diamond, for quantum register applications. The defect is formed similarly to NV,

a mobile vacancy is trapped in the defect potential of the substitutional nitrogen defect,

however in this case a pair of aggregated nitrogen substitutionals capture the vacancy. Such

aggregation (A type) is common in natural Ia diamond (see 1.2.1). The configuration of

the atoms in N2V defect was revealed by uni-axial stress measurements [90] assigning C2V

point symmetry to the structure. This suggests that the substitutional nitrogen atoms in

the aggregate are not neighbors in the lattice only second neighbors. So the stress field

introduced by the substitutional nitrogen atoms can be relaxed by a vacancy in the N-V-N

configuration retaining the C2V point symmetry (see Fig. 7). The one-electron configuration

of these vacancy type defects was described by Lowther [91]. According to this, the vacancy

introduces four dangling bonds to the crystal, that form the basis of the four defect states.

The local Td point symmetry of a vacancy introduces an a1 non-degenerate orbital and a

t2 triple-degenerate orbital constructed from the four dangling bonds. The nitrogen atoms

contribute to this only by lowering the point symmetry to C2V resulting a splitting of the t2

orbital to three non-degenerate orbitals, namely a1, b1 and b2. In its neutral charge state,

the defect is called H3 color center. It shows ZPL of 2.463 eV between 1A1 ground and
1B1 excited states and a dark 1A1 state with absorption line at 2.479 eV was revealed with

strain activation [92]. H3 center has a PL lifetime of 17.5 ns and an exceptionally high

(0.95) quantum yield [93], that makes it an ideal and stable single photon source [94].

However, the center should be in a paramagnetic state for a quantum register appli-

cation. Only a high spin state can show electron spin polarization, key to all quantum

technology applications. Although N2V defect has a singlet ground state, it possesses a

triplet metastable state (3B1) close in energy. This state was named W26 electron-spin

resonance center [95]. The ESR measurement in Ref. 95 provides D-tensor parameters of

Dxx = 1.43 GHz and Dzz = −2.63 GHz and hyperfine parameters of A⊥ = 10.2 MHz and

A⊥ = 21.5 MHz for 14N nucleus. The correspondence of the IR and optical spectra to

the ESR signal confirms, that H3 and W26 centers are the same N2V defect formed by an

A-aggregate in diamond. There was a delayed luminescence also reported with a radiative
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Figure 7: Left: Geometric structure of N2V defect in diamond. The defect has twofold rota-
tion axis and vertical mirror planes corresponding to C2V point symmetry. Right: Electronic
structure of the neutral N2V defect in diamond.

lifetime of tens of milliseconds, associated with a reversible intersystem crossing from 1B1

excited state to a triplet state [96].

The presence of a metastable triplet state reinforced the motivation to study this de-

fect. Singlet ground state can be advantageous for nuclear spin quantum registers, as the

electron spin of the defect is one of the strongest microscopic origin of nuclear spin deco-

herence due to its close localization to the nucleus. The nuclear spin polarization can be

initialized by polarization transfer from the metastable triplet state electron spin polariza-

tion by exploiting the ground state level anti-crossing and the strong hyperfine coupling to
14N nucleus. The initialization, control and readout of such a single nuclear spin quantum

register was demonstrated for ST1 ODMR center in diamond [97]. I wished to explore the

possibilities of such quantum register implementation. In order to operate, ODMR should

be feasible with the defect, and the metastable triplet state should possess a short lifetime

to protect the coherence of the register. To demonstrate these, I applied advanced DFT

to calculate the excited state structure of the defect and its magneto-optical properties. I

used spin-polarized HSE06 hybrid functional with PAW formalism using VASP. The plane

wave cutoff was 370 eV in the calculations. The defect was modelled in a 512-atom dia-

mond supercell, that is sufficiently large to only sample the Γ-point of the Brillouin-zone.

However, the singlet states of the defect proved difficult to describe by Kohn-Sham DFT,

as these are highly correlated open-shell singlets that cannot be treated well in an effective

one determinant method. One needs to go beyond the conventional KS-DFT and include

Hubbard model as well, in a way similar to von Barth theory [76]. In the next section, I

describe this new method and apply it to the orbitals participating in the optical excitation

of the defect. With this knowledge, I will assign the possible electronic and spin transitions

and determine an optical cycle where spin polarization is feasible.
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3.1.2 Results

In order to calculate the excited level structure of the defect, one needs to start with the for-

mulation of one-electron defect orbitals. These localized orbitals can be written as symmetry

adapted linear combinations of sp3 hybridized atomic orbitals (Φ1 . . .Φ4) transforming as

the given row of the group irreducible representation. In the case of the single vacancy in

diamond with Td point symmetry, these dangling bonds are localized on four carbon atoms

neighboring the vacancy. These atoms are the four vertices of a tetrahedron, that can be

placed in a cubic frame of reference. The vacancy orbitals are

a1 = Φ1 + Φ2 + Φ3 + Φ4, (87)

t
(x)
2 = Φ1 − Φ2 + Φ3 − Φ4, (88)

t
(y)
2 = Φ1 − Φ2 − Φ3 + Φ4, (89)

t
(z)
2 = Φ1 + Φ2 − Φ3 − Φ4. (90)

The nitrogen atoms forming the N2V defect lower the symmetry to the subgroup C2V.

This leaves the a1 irreducible representation unchanged, but splits t2 to the correlated C2V

irreducible representations. The assignment of these is straightforward as z transforms as a1

and {x, y} transform as {b1, b2} (including a 45◦ rotation around z of the reference frame).

The resulting one-electron orbitals of N2V defect are

a1 = c1(Φ1 + Φ2) + c2(Φ3 + Φ4), (91)

b1 = Φ1 − Φ2, (92)

b2 = −Φ3 + Φ4, (93)

a′1 = c′1(Φ1 + Φ2)− c′2(Φ3 − Φ4), (94)

where c1,2 and c′1,2 are the coefficients of localization on carbon and nitrogen atoms. It

is known, that the totally symmetric orbitals are either carbon or nitrogen atom localized

bonding orbitals [98]. As b1 and b2 irreducible representations has −1 character for ver-

tical mirroring, these orbitals has a nodal plane and are expected to be higher in energy

(anti-bonding) than the a1 orbitals. However, nitrogen atom localized orbitals are deeper in

energy. My HSE DFT calculation for the ground state defect Kohn-Sham orbital energies

agree with above reasoning (see Fig. 7). The a1 nitrogen localized orbital lies the deepest,

resonant with the valence band. The in-gap orbitals lie in increasing energy order as fol-

lows: b2(N), a1(C), b1(C) where the localization is noted in parenthesis. The ground state

occupation of the defect orbitals can be deduced by the aufbau principle using six electrons

originating from the four dangling bonds and the two nitrogen substitutionals. The highest

occupied defect orbital a1 is fully occupied and the lowest unoccupied defect orbital is b1.

This implies the singlet ground state of the defect with A1 all-electron symmetry. The low-

est lying excited states can be modelled using electron excitations from the a1 orbital to the

b1. These two orbitals are the active space in our problem. In unrestricted spin-polarized
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Table 7: Excitation energies of N2V defect in diamond for single determinant states calcu-
lated by Kohn-Sham DFT with HSE06 functional with ∆SCF method in their respective
relaxed geometric structures.

state relative energy (eV)

1Ã1(g) 0.00

1B̃1 1.59

1Ã1(e) 2.68

3B̃1 0.19

HSE06 calculations, the model describes the excited states. One can generate singlet ex-

ited states in the form of single determinants. Together with the ground state, the singlet

manifold can be written as

1Ã1(g) → Ψ1 =
∣∣∣a↑1a↓1〉 , 1B̃1 → Ψ2 =

∣∣∣a↑1b↓1〉 , 1Ã1(e) → Ψ3 =
∣∣∣b↑1b↓1〉 , (95)

where I use Ψ labeling for single determinant singlet states. The triplet determinants can

be constructed similarly:

3B1 =


∣∣∣a↑1b↑1〉

1√
2

(∣∣∣a↑1b↓1〉+
∣∣∣a↑1b↓1〉)∣∣∣a↓1b↓1〉

. (96)

However, these single determinant states are not the true eigenstates of the defect. That is

the reason behind the tilde notation, which I use for differentiating not true eigenstates in

the following. The reason behind this is the multi-determinant nature of the excited states,

that causes strong correlation between them. This is very challenging for Kohn-Sham DFT.

The total energy results for above single determinant excited states relative to the single

determinant ground state are listed in Table 7. In comparison to the experimental data

cited in the introduction, my DFT calculations show an enormous splitting between the

singlet excited states. Therefore, these are expected to be strongly correlated states. These

states are spin contaminated due to the unrestricted nature of the calculations and they

break the symmetry of the defect. To note this, I label them with a tilde. However, I

recover the metastable triplet B1 excited state slightly above the ground state in energy.

In general, open-shell singlet states are expected to be highly correlated and to give

misleading excitation energies using Kohn-Sham DFT with ∆SCF method due to their

symmetry breaking orbitals. However, doublet states such as the states of negatively charged

N2V defect in diamond and triplet states of negatively charged nitrogen-vacancy center

in diamond can be well described with this method. To demonstrate this, I calculated

the hyperfine parameters for the negatively charged N2V defect and compared them to
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Table 8: Hyperfine interaction eigenvalues for the negatively charged N2V defect in diamond.
HSE06 DFT calculation compared to experimental data (in parenthesis) taken from [99].

atom Axx (MHz) Ayy (MHz) Azz (MHz)

15N 4.0 (3.47) 4.5 (4.09) 5.0 (4.51)

13C 190.8 (202.3) 191.6(202.3) 314.3 (317.5)

experimental data [99] (see Table 11). The comparison of hyperfine values for the nuclei

in the vicinity of the defect is a good method to make sure of the correct symmetry and

localization of the defect orbitals. As the negatively charged N2V defect shows excellent

agreement in this regard to the experiment, it supports the idea that these doublet states

are well treated in Kohn-Sham DFT.

In order to extend the viability of the HSE06 ∆SCF method, we combine it with a Hub-

bard model that can describe the true correlated multi-determinant nature of the orbitals

in our active space. To this end, we choose a symmetry adapted basis that consists of the

single determinant Ψ1 and Ψ3 states corresponding to 1Ã1 subspace, the multi-determinant
1B1 = 1√

2

(∣∣∣a↑1b↓1〉− ∣∣∣a↑1b↓1〉) state and the single determinant 3B1 state. In order to describe

the electron-electron interactions with onsite and hopping terms used in Hubbard model,

the defect orbitals are expressed with atom site-localized wavefunctions (atomic orbitals),

the dangling bonds A and B on the two carbon atoms. This results in a1 = 1√
2

(A+B) and

b1 = 1√
2

(A−B). The atomic orbital expansion of the determinants can be reached with

the substitution of these formula:∣∣∣1Ã1(g)

〉
=

1

2

(∣∣A↑A↓〉+
∣∣B↑B↓〉)+

1

2

(∣∣B↑A↓〉− ∣∣B↓A↑〉) , (97)∣∣∣1Ã1(e)

〉
=

1

2

(∣∣A↑A↓〉+
∣∣B↑B↓〉)− 1

2

(∣∣B↑A↓〉− ∣∣B↓A↑〉) , (98)∣∣1B1

〉
=

1√
2

(∣∣A↑A↓〉− ∣∣B↑B↓〉) , (99)

∣∣3B1

〉
=


∣∣A↑B↑〉

1√
2

(∣∣B↑A↓〉+
∣∣B↓A↑〉)∣∣A↓B↓〉

. (100)

The Hamilton operator can be formulated using Hubbard model (see Section 2.5). The

formula is separated to the interaction part within the active space we want to accurately

describe (Ĥ ′) and the decoupled bath of all other electrons Ĥ0. This results in an E0 energy

shift, same for all defect states. The form of the Hamilton operator is
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Ĥ = Ĥ ′ + Ĥ0 = U (n̂A↑n̂A↓ + n̂B↑n̂B↓)− t

4

(
ĉ†
A↑ ĉB↑ + ĉ†

A↓ ĉB↓ + ĉ†
B↑ ĉA↑ + ĉ†

B↓ ĉA↓

)
+C (n̂A↑n̂B↑ + n̂A↓n̂B↓ + n̂A↑n̂B↓ + n̂A↓n̂B↑)− 2J

(
ĉ†
A↑ ĉA↓ ĉ†

B↓ ĉB↑ + ĉ†
A↓ ĉA↑ ĉ†

B↑ ĉB↓

)
−J (n̂A↑n̂B↑ + n̂A↓n̂B↓ − n̂A↓n̂B↑ − n̂A↑n̂B↓) + Ĥ0, (101)

where the first term is the onsite repulsion, the second is the hopping, the third is the

Coulomb repulsion and the next two terms are from the exchange interaction in the Hub-

bard Hamiltonian. The effect of dipolar spin-spin interaction is neglected here. n̂ is the

particle number operator while ĉ† and ĉ is the creation and annihilation operators, respec-

tively. By calculating the effect of this operator on the symmetry adapted basis states

in configurational interaction using the zero differential overlap (ZDO) approximation, the

matrix representation of the Hamiltonian can be written as

H ′ =



∣∣∣1Ã1(g)

〉 ∣∣∣1Ã1(e)

〉
|1B1〉 |3B1〉

U−t+C+3J
2

U−C−3J
2

U−C−3J
2

U+t+C+3J
2

U

C − J

. (102)

Diagonalization gives the energies of the electronic states, from which the formula of vertical

excitation energies can be derived as

E
(

1A1(g) → 1A1(e)

)
=

√
t2 + (U − C − 3J)2, (103)

E
(

1A1(g) → 1B1

)
=
U − C − 3J +

√
t2 + (U − C − 3J)2

2
, (104)

E
(

1A1(g) → 3B1

)
=
C − U − 5J +

√
t2 + (U − C − 3J)2

2
. (105)

Next, we calculate the value of Hubbard parameters in above equations by means of

Kohn-Sham DFT calculations. After we have seen the limitations of self consistent ap-

proach, we developed a novel method to better describe the single determinant states. The

calculation relies on the fixing of ideal basis states free from spin contamination and strong

correlation effects. The best choice that fulfills these criteria is the ground state wavefunc-

tion of the defect in a particular charge state that results in a closed shell. In the case

of N2V defect, this is the (2−) charge state. For the geometric structure, I still use the

ground state geometry of the neutral charge state, as it is expected that the geometry re-

laxation can be achieved for even a correlated electronic structure. Furthermore, there is

no alternative method in this respect, so we use the structure relaxation energies calculated

by self-consistent DFT in addition to the vertical excitation energies calculated as follows.
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Table 9: Non-self-consistent total energies of the single-determinant states in Eq. (95)
and Eq. (96) of the neutral N2V defect in diamond. During the calculation, the basis of
wavefunction was fixed to the one of the (2−) charge state of the defect.

state energy (eV)

Ψ1 0.00

Ψ2 1.01

Ψ3 2.23

3B1 -0.05

I performed non-self-consistent total energy calculations by fixing the double negatively

charged ground state wavefunction with the correct one-electron occupancies respective to

the excited state in a ∆SCF method. In other words, I performed Rayleigh-Ritz method

without updating the Kohn-Sham orbitals. The total energies respective to the Ψ1 pseudo

ground state can be seen in Table 9. The energies of these states can be calculated using our

Hubbard Hamiltonian in Eq. (101) as well, resulting four equations with five parameters:

EΨ1 =
U − t+ C + 3J

2
+ E0, (106)

EΨ2 =
U + C − J

2
+ E0, (107)

EΨ3 =
U + t+ C + 3J

2
+ E0, (108)

E3B1
= C − J + E0. (109)

Eliminating E0, the parameter combinations are calculated using data from Table 9 result-

ing t = 2.23 eV, U − C = 2.05 eV and J = 0.05 eV, respectively. From these results, we

find that the difference of the onsite potential and neighbor Coulomb-interactions dominate

together with hopping. The spin-spin coupling is minor compared to the former. The result-

ing vertical excitations of the Hubbard model are collected in Table 10. The most notable

difference compared to the self-consistent unrestricted HSE06 results of Table 7 is the value

of 1A1(g) → 1B1 excitation energy, that scales up immensely in the Hubbard model, resulting

a smaller gap between 1B1 and 1A1(e) states. Above results confirm our suggestion that the

electronic level system of N2V defect is strongly correlated that results in greater errors in

the conventional HSE06 DFT method than the average precision of 0.1 eV. This error is

the largest for multi-determinant states such as 1B1.

After the calculation of vertical excitation energies using above Hubbard-model method,

we estimate the ionic relaxation energies as well in order to determine the ZPL excitation

energies and to compare them to experimental values. Unfortunately, our analytical method

for the electron structure is not suitable for this calculation, thus we need to rely on the

rough estimate that HSE06 DFT can provide. This relaxation energy for 1A1(e) state is
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Table 10: Vertical excitation energies calculated from non-self-consistent DFT Hubbard
parameters using Eqs. (103),(104) and (105).

excitation vertical excitation energy (eV)

1A1(g) → 3B1 0.30

1A1(g) → 1B1 2.41

1A1(g) → 1A1(e) 2.92

about 0.6 eV, for the 1B1 state is about 0.2 eV and for the 3B1 state is very small, 0.06 eV.

The comparison of ZPL excitation energies from self-consistent spin-polarized DFT, from

our novel method and from experiments can be seen in Fig. 8. Our method results in a

significant improvement over Kohn-Sham DFT. The better description of the highly corre-

lated multi-determinant 1B1 state results in an excitation energy close to the experimental

2.4 eV and an 1A1(e) state slightly above. The energy of the 3B1 state is only moderately

differs from the ∆SCF calculation, with a slight increase in energy due to a small amount of

spin-coupling. Generally, we expect the triplet states to be rather well described by Kohn-

Sham DFT. In analogy, we predict the energy of 3A2 state using the same non-self-consistent

approach and the energy of 1A2 state should lie slightly higher due to a small amount of

J coupling. The only discrepancy is related to the triplet states. Their proposed energy

was deduced from an observed delayed luminescence of millisecond lifetime [96] to be in

the range of 270 − 480 meV below the 1B1 state. A spin-orbit coupling assisted cycle of

intersystem crossing was assumed between these levels causing the delay. The rate of this

multiphonon non-radiative process can be formulated [100] as

W (T ) =
K√
kT ∗

coth

(
h̄ω

2kT

)
exp

(
− Ea
kT ∗

)
, (110)

K =
|Csl|2 ω

√
2π√

2EM
, (111)

Csl =

〈
s
∣∣∣ĤSO

∣∣∣ l〉 Jsl
Es − El

, (112)

where kT ∗ = 1
2
h̄ω coth (h̄ω/2kT ), Ea is the barrier energy between the corresponding states,

h̄ω dominant phonon frequency, EM is the relaxation energy, k is the Boltzmann constant

and T is the temperature in Kelvin. Csl is the coupling strength of states s and l described

ĤSO is the spin-orbit coupling operator, Jsl is the electron-phonon coupling strength. I did

this estimation as well using the results from Hubbard-model. In my case, only the 3B1

state is lower in energy than the closest singlet excited levels. However the separation in

my case is rather large, more than 2 eV. The first order allowed intersystem crossing to this

state is only possible from 1A1(e) state. I estimated the strength of spin orbit coupling to be

in the order of 10 GHz and the strength of electron-phonon coupling to be around 0.1
√

eV
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Figure 8: Comparison of excitation energies of neutral N2V defect in diamond from con-
ventional self-consistent spin-polarized HSE06 DFT method (left panel), experimental data
(middle panel) and our novel method based on Hubbard-model. Experimental data for the
singlet states was reported by Davies et al. [92]. The experimental energies of triplet levels
was proposed by Pereira and Monteiro [96]. The optically allowed excitation energies are
highlighted in green. The labels of the wavefunctions are explained in the main text.

using the analogy to NV center [101,102]. The average phonon energy was calculated in the

PBE level using PBE optimized geometries for the corresponding states weighted by the

partial Huang-Rhys factors, resulting 84 meV. The ionic relaxation energy was estimated as

before to be 0.4 eV. Using these parameters in the above formula results in a huge lifetime

in the order of 106 s regardless of the temperature. As the process cannot be regarded as the

origin of the observed delayed luminescence, I argue, that it is not an intrinsic phenomenon

to this defect. For single defect measurements, the intrinsic properties of the defect can be

studied. However, the measurement of Pereira et al. was carried out on the ensemble of

defects. Therefore, interactions with other defects of the host cannot be disregarded and

can lead to the observed phenomenon.

All-in-all, our new method describes well the singlet ZPL excitations and it is expected

to perform even better for triplet states. I speculate, that the inability of our predicted

level structure to describe a delayed luminescence lies in its non-intrinsic nature that can

be proven by single defect measurements.

Based on these results, I studied the possibilities of optically detected magnetic resonance

using the N2V center. In the introduction, I discussed the possible optical excitations and

the dark states in the system. In order to achieve ODMR, optical spin polarization is

needed. This can be achieved by a non-radiative relaxation route involving intersystem
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Figure 9: Analysis of the optical cycle in neutral N2V defect in diamond for ODMR applica-
tions. Lines and curved lines represent optical and phonon transitions, respectively. Dashed
and dotted lines represent intersystem crossings of first and second order in spin-orbit cou-
pling (λ), respectively. The calculated zero field splitting parameters allow for microwave
transitions between the spin substates of 3B1 (blue lines).

crossing (ISC). As ISC is realized through the weak vibronic coupling of singlet and triplet

states assisted by spin-orbit coupling, latter can be treated as a perturbation to the phonon

transition. So we can identify first order processes, where the transition takes place between

pure electronic states assisted by first order of the spin-orbit coupling. Additionally, second

order singlet-triplet crossing with a lower transition rate can be realized by polaronic mixing

of the singlet electronic states or higher order transition in spin-orbit coupling.

The structure of the spin-orbit interaction, expressed as L̂Ŝ determines the first order

spatial and spin selection rules. The direct product irreducible representation of the orbitals

in the transition must belong to the same irreducible representation as one of the L̂ operator

projections. This selection rule governs the transition between spin projections as well owing

to the dot product relation.

I apply the above discussed rules to the specific case of N2V defect in diamond. The

optical and phonon-assisted transitions are depicted in Fig 9. Optical selection rules allow

for excitation to the phonon side-band of 1B1 and 1A1 states separated by a small gap. At

cryogenic temperatures, only the lower lying 1B1 state is occupied owing to fast phonon

relaxations. At higher temperatures, 1A1 state can be thermally occupied as well. Besides

the radiative relaxation to the ground 1A1 state, there is another route with intersystem

crossing to the 3B1 state. In C2V point group, the x, y, z components of L̂ transform as B2,

B1 and A2, respectively (see Table 2). In this lower than spherical symmetry, the spin-orbit

interaction reads as HSO = λxlxsx + λylysy + λzlzsz. Accordingly, 1A1 → 3B1 transition is
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allowed with λy and 1B1 → 3B1 transition is forbidden in first order. However, the pola-

ronic mixing of the two excited singlet states allow for second order transition with λy. The

corresponding spin transition will be coupled by s± resulting a spin selective |0〉 → |±1〉
transition that can initialize this spin subspace with continuous optical pumping of the tran-

sition. The achieved polarization remains long living owing to the large zero field splitting

of |0〉 and |±1〉 sublevels due to dipolar spin-spin interaction. Spin state manipulation can

be achieved by externally applied microwave excitation. In order to optically detect the spin

state, another spin-selective transition is needed from the 3B1 state to the singlet ground

state. Here the same orbital selection rules apply, resulting a first order allowed ISC from

the |±1〉 sublevels, whereas it is forbidden from the |0〉 sublevel. This difference manifests

as a huge difference in the transition rates, that translates to a contrast in the photolumi-

nescence intensity. This way, ODMR with this center is theoretically feasible. However, the

singlet-triplet ISC rate is low due to the large energy separation of the electronic states.

This results in the large quantum yield of the defect and makes the ODMR process slower.

The electronic structure of the defect together with the feasibility of ODMR makes it a

promising center quantum technology applications. Especially, its metastable triplet state

can be spin polarized optically and this polarization could be transferred to nearby nuclear

spin such as the two nitrogen nuclei of the defect or 13C nuclei of the host. The presence of

the metastable triplet state is advantageous in the realization of a long living nuclear spin

quantum register as after the electronic system relaxes to the singlet ground state, there is

no additional source of decoherence caused by the paramagnetic electron spin. Polarization

transfer can be realized in the hyperfine level anti-crossing set by a specific external magnetic

field that linearly splits the |±1〉 spin levels until it would cross the |0〉 sublevel.

The nuclear spin polarization efficiency is governed by the strength of hyperfine coupling.

I calculated these coupling parameters and highlighted the most promising nuclear sites for

quantum register applications (see Table 11 and Fig. 10). Results indicate, that carbon

nuclei up to third nearest neighbors on the side of the vacancy have stronger hyperfine

parameters than the two nitrogen nuclei of the defect. The nearest neighbor carbon nuclei

(C1) possess exceptionally strong coupling, however this may lead to strong decoherence of

the spin state. These nuclei are more favorable in electron spin resonance measurements for

the identification of the metastable triplet state. The nitrogen nuclei of the defect provide

two possible quantum registers with long coherence time, which could be utilized together

with the relaxation to the decoherence-protected singlet ground state. Moreover, all the

other nearby 13C nuclei have hyperfine parameters in the order of 10 MHz, promising great

potential in quantum register applications.
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Table 11: Hyperfine constants calculated using HSE DFT for 14N and 13C nuclei in the
neutral N2V defect in diamond. Nuclear sites are visualized in Fig. 10.

site Axx (MHz) Ayy (MHz) Azz (MHz)

14N 9.6 9.5 14.5

C1 82.3 81.7 198.9

C2 −11.5 −8.5 −12.1

C2’ −11.2 −8.3 −11.6

C3 15.9 15.7 24.2

C3’ 16.1 15.9 24.4

Figure 10: Promising sites for the realization of a nuclear spin quantum register using N2V
defect in diamond. For the calculated hyperfine parameters, see Table 11.
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3.1.3 Conclusion

I studied N2V defect in diamond with ab initio calculations for quantum register appli-

cations. I showed that the center has highly correlated singlet excited states, that makes

conventional HSE06 DFT calculations inaccurate in the determination of the vertical excita-

tion energies. In order to characterize precisely the magneto-optical properties of the defect

essential for optically detected magnetic resonance, I applied a novel method that combines

non-self-consistent DFT method with Hubbard model calculation. This method showed

significant improvement in the calculation of the nearly degenerate, highly correlated 1B1

and 1A1 excited states.

This calculation can be applied to a wide range of similar defects for more precise de-

scription of the lowest lying strongly correlated excited states, besides N2V defect.

The calculations resulted a metastable triplet state close to the singlet ground state.

This triplet state is key in the ODMR application of the defect. Based on my results

on excitation energies, I identified a slow optical cycle involving spin-selective intersystem

crossing to this metastable triplet state. These processes enable electron spin initialization

and readout of this state optically that makes ODMR feasible, in principle. The presence

of the close lying singlet ground state is advantageous for nuclear spin quantum register

application, as the electron spin of the singlet ground state does not couple to the nuclear

spin, allowing for long living qubit. Electron spin polarization transfer to nearby nuclear

spins could be achieved with applying magnetic field at the level anti-crossing condition

due to strong hyperfine coupling. In order to determine which nuclear sites are the most

promising in this regard, I calculated the hyperfine coupling parameters for the nuclei in the

supercell. My results show strongest coupling to the nearest neighbor carbon atoms of the

vacancy site, and promising strength ranging to the third nearest neighbors on the vacancy

side and on the nitrogen nuclei of the defect.
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3.2 Spin-strain coupling of paramagnetic point defects

3.2.1 Introduction

The knowledge on the effect of external perturbations is essential in many applications and

measurements. When these effects cannot be eliminated or corrected, it deteriorates the

reliability of the application or the accuracy of the measurement. It is even more important

in quantum technology applications, where the fragile quantum state of the system results

in extreme sensitivity to these external fields.

The most important effects are the electric field and deformation of the crystal around

the quantum defect. Quantum communication, quantum computing and quantum sensing

applications operate with stationary electron spin qubits, thus we are interested in the

coupling strength of electric and crystal strain fields to the paramagnetic spin of single

quantum defects.

The most commonly used defect for quantum applications is the negatively charged

nitrogen-vacancy center in diamond (see Section 1.3). However, there is a promising de-

fect with similar properties in silicon carbide, the neutral divacancy defect. The schematic

ground state electronic structure of the two defects are visualized in Fig. 11. Both defects

have occupied levels transforming as a1 and e irreducible representations in C3V point sym-

metry, with the same spin polarizations in the ground state. The localization of the occupied

e states are the same as well for both defects. It is confined on the three carbon neighbors

of the vacancy and of the silicon vacancy for NV and divacancy defects, respectively. Diva-

cancy defect has an additional e level at higher energy, close to the conduction band edge,

however this extra empty state does not contribute to either the ground state properties of

the defect or to the lower energy excitation processes.

Figure 11: Schematic level structure of the ground state of negatively charged NV in dia-
mond and neutral divacancy in silicon carbide. VB is the valance band, CB is the conduction
band. The in-gap Kohn-Sham states are labelled by their irreducible representations.
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Figure 12: Divacancy in silicon carbide, the constituent atoms circled in red. There are
only one type of divacancy in 3C polytype and all orientations are equivalent and have C3V

point symmetry. Whereas, there are four different divacancy configurations in 4H polytype,
among that only hh and kk neighboring sites show C3V point symmetry.

Silicon carbide is an excellent material for solid state physics applications and is emerg-

ing contender of diamond in quantum technology applications [103–108]. It has several

advantages over diamond such as cost efficient, industrial scale availability, quality sin-

gle crystal growth techniques and advanced micro-fabrication techniques originating from

silicon-based semiconductor industry. Divacancy defect consists of a neighboring silicon and

carbon vacancy pair. It has C3V point symmetry in the 3C polytype and in the hh and kk

configuration in 4H polytype (see Fig. 12 and Section 1.2.2). It has triplet ground state

(Ky5 electron paramagnetic resonance center [109]) that can be utilized for ODMR (L3

center [110]) with almost as good coherence and optical properties as of NV center [111].

Its photoluminescence is in the near infrared region (1.12 eV).

In the following, I especially focus on the divacancy in 3C-SiC that has 0.9 ms Hahn echo

coherence time at 20 K [112], making it a promising tool for nanoscale sensing applications.

Another reason that motivated us to investigate this particular polytype was that thin

film growth with embedded divacancy point defects is feasible with it. This method has a

great importance in the construction of nano electro-mechanical devices. The most simple

example is a vibrating cantilever where the embedded quantum defect feels the periodically

changing crystal strain field.

In this section, I present the theoretical description of electron spin coupling to external

strain fields for the case of C3V symmetry triplet spin systems complementing the theory

introduced for electric fields. I also describe the symmetry allowed interaction Hamiltonian

for the latter, that was constructed by András Pályi [113]. Let us start with the choice of

the reference frame. In experimental works, it is common to describe the spin system in the

reference frame of the crystal host ({X, Y, Z}) due to technical reasons. However, I would

like to emphasize the symmetry properties of the defect, therefore I chose the natural frame

of reference ({x, y, z}) where z coincides with the axis of rotational symmetry and xz spans

a vertical mirror plane in C3V point symmetry (see Fig. 13). In the case of 4H-SiC, I follow

the same convention for the local basis, whose z axis coincides with the c hexagonal axis.
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Figure 13: NV center in diamond (left) and divacancy center in 3C silicon carbide
(right) with the choice of local frame of reference ({x, y, z}) compared to the crystal axes
({X, Y, Z}). The deformation of the crystal cell is visualized for εxx = 0.1 strain component
in red.

The Hamiltonian of the electron spin in the system in magnetic field is written in the

spectroscopic notation as

He/h = DS2
z +

γe
2π

BS, (113)

where the energy is divided by the Planck constant h. The first term corresponds to the

electron spin-spin interaction with the single coupling parameter D = 2.87 GHz for NV

center and D = 1.33 GHz for divacancy (see 2.8 for further details). The second term

is the Zeeman interaction with the electron gyromagnetic ratio γe
2π

= 2.8 MHz/G. Unlike

magnetic field, any other external fields effect indirectly the fine structure through the

changes in the spin density. Therefore, interaction with electric and strain fields can be

described as an additional effective spin-spin interaction with ZFS parameters dependent

on the field. However, for small perturbations we can approximate the fields dependence to

be linear multiplied with a coupling strength to the specific tensor component of the field.

Additionally, we need to consider constraints such as the total spin and the symmetry of the

system that provides additional relations between the coupling constant of the most general

case.

The most straightforward case is the interaction with a homogeneous electric field that

has a correct form in many publications [114–116]. In this case the perturbation is a vector

field, that has a very intuitive coupling to a quadratic spin expression as the symmetry of the

system is lowered. In spherical symmetry, there is only one independent coupling coefficient.

Axial symmetry allows for a parallel and a perpendicular component. An additional vertical

mirror plane introduces two independent perpendicular coupling parameters. For C3V point

symmetry this results in the electric field Hamiltonian of
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HE = HE0 +HE1 +HE2, (114)

HE0/h = d‖S
2
zEz, (115)

HE1/h = d′⊥ [{Sx, Sz}Ex + {Sy, Sz}Ey] , (116)

HE2/h = d⊥
[(
S2
y − S2

x

)
Ex + {Sx, Sy}Ey

]
, (117)

where d is the spin-electric field coupling strength. Here we note in subscript 0, 1 and 2 the

difference in mS quantum number of which states the corresponding term in the Hamiltonian

can connect. For example, there is a non-vanishing expectational value between |0〉 and |±1〉
levels withHE1. This way, an AC electric field can be utilized to drive this transition essential

in ODMR applications. This is known as electrically driven spin resonance [117–119], and

has a huge importance in the construction of an ODMR device without the need of AC

magnetic fields. This way the electronic structure of the device may be simplified, promising

reduced power consumption.

The above thread could be applied for strain perturbations. However, the description of

the strain fields is more complicated due to the second rank tensor nature of this perturbing

field. Many Hamiltonian in the literature use an unjustified analogy to electric fields and

build a very similar Hamiltonian as above [26,27,120]. Usually these oversimplifications can-

not describe sheer strain and use higher symmetry approximations (usually axial symmetry).

However, a full group theoretical approach results in a complete description of this effect.

It is still manageable to consider the relations due to each symmetry elements and that is

what András Pályi carried out. He solved the 30 linear equations for the 5 independent

quadratic spin component and the six independent element of the strain tensor.

Additionally, I also present a group theoretical derivation of the symmetry allowed Hamil-

tonian. To do so, I arrange the quadratic spin and the matrix components of the deformation

to expressions that transform according to the irreducible representations of C3V symmetry

group. The ones that transform as the totally symmetric one dimensional A1 representation

are scalars

f spin
A1,1

= S2
x + S2

y , f spin
A1,2

= S2
z , (118)

f strain
A1,1

= εxx + εyy, f strain
A1,2

= εzz, (119)

whereas the ones that transform as the two dimensional representation E are 2D vectors

f spin
E,1 =

 S2
x − S2

y

−{Sx, Sy}

 , f spin
E,2 =

{Sx, Sz}
{Sy, Sz}

 , (120)

54



3. RESULTS

f strain
E,1 =

εxx − εyy
−2εxy

 , f strain
E,2 =

εxz
εyz

 . (121)

As only such combinations of spin and strain are allowed by symmetry that results in a

Hamiltonian belonging to totally symmetric A1 representation. It is only possible when the

direct product of the same representations are considered. This direct product of the bi-

linear expressions is simply a scalar product. The symmetry allowed form of the Hamiltonian

is an arbitrary linear combination of these products

Hε =
∑

Γ

∑
i,j

cΓ,i,jf
spin
Γ,i · f

strain
Γ,j , (122)

where the first summation goes for all the irreducible representations (A1 or E in our case),

the second summation goes for the possible bi-linear forms that can be constructed for

each irreducible representation (1 or 2 in our case). The cΓ,i,j coefficients of the linear

combination are the coupling strength coefficients of the spin-strain interaction. There are

eight of these in our case, however, the energy shift can be disregarded by setting the trace

of the Hamiltonian to zero and another coefficient can be eliminated using the expression

of the total spin (cA1,1,1 = cA1,1,2 = 0). These simplifications leave us with six independent

coupling coefficients. Any further relations of these can be obtained from the specific form

of symmetry operations using Pályi’s method. The final form of the spin-strain Hamiltonian

reads as

Hε = Hε0 +Hε1 +Hε2, (123)

Hε0/h = [h41(εxx + εyy) + h43εzz]S
2
z , (124)

Hε1/h =
1

2

[
h26εzx −

1

2
h25(εxx − εyy)

]
{Sx, Sz}+

1

2
(h26εyz + h25εxy) {Sy, Sz}, (125)

Hε2/h =
1

2

[
h16εzx −

1

2
h15(εxx − εyy)

]
(S2

y − S2
x) +

1

2
(h16εyz + h15εxy){Sx, Sy}, (126)

where εij = (∂ui/∂xj + ∂uj/∂xi)/2 is the strain tensor and u(r) is the displacement field.

We use negative strain values for compressive deformation as a convention.

Based on this model, I performed DFT calculations with deformed host crystals to quan-

tify the symmetry allowed coupling strength parameters. For NV center, the experimentally

known parameters are in good agreement with my calculations. Furthermore, I provided

the value of two additional coupling strength parameters that are yet to be measured. For

divacancy center, I predicted all of these values as there is no strain measurement using

this defect to current date. Lastly, I compared these two quantum centers in strain sensing

applications. I estimated their sensitivity for realistic magneto-optical parameters in natural

and isotope engineered samples, and gave a prediction of the achievable sensitivity with the

improvement of the quality of the host and measurement techniques.
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3.2.2 Spin-strain coupling of NV center in diamond

For the calculation of the six coupling strength parameters in Eq. (123), I used DFT with

PBE functional. I increased the usual plane-wave cutoff energy to 600 eV to achieve good

accuracy in strained structure calculations. The model was the usual 512-atom diamond

supercell with NV− defect sampled in the Γ-point. To describe the effect of each strain com-

ponent in ε tensor, I transformed the cell vectors spanning the cubic supercell with 1 + ε

operator. This way, the starting geometry is confined to the given mechanical strain value

and we can further relax the geometry keeping the original strain acting on the system. For

each of these strained structures, I calculated the zero-field splitting D-matrix and trans-

formed it to the local frame of reference. To determine the coupling strength values from

the D-matrix, I used the one-to-one correspondence of the spin-spin interaction Hamiltonian

SDS to the spin-strain Hamiltonian, due to S ◦ S tensor elements in the former are identi-

cal to the bi-linear forms of the quadratic spin operator in the latter. To demonstrate the

calculation of the coupling strength parameters, let us follow the example of h16 parameter.

This belongs to xz and yz sheer strains that couples to different elements of the zero field

splitting tensor. Deforming the supercell with only εyz strain element, only h16 parameter

contributes in the linear spin-strain Hamiltonian, i.e.,

H =
1

2
εyzS

T


0 h16 0

h16 0 h26

0 h26 0

S. (127)

From the above matrix, we identify Dxy as the D-matrix component which shows linear

dependence on this specific sheer strain with coefficient h16. To obtain its value, we need to

calculate the slope of the linear dependence with

h16 = 2
∂Dxy

∂εyz
. (128)

We use a dataset of 11 equidistant values in the range of −0.01 and 0.01 strain for each set

of calculations. Strain dependence of the Dxy zero field splitting matrix component with a

linear fit can be seen in Fig. 18 for εyz. From the fitted slope and its standard deviation,

we infer the value and numerical error of the coupling strength parameter. According to

Eq. (126), h16 can also be determined from the εzx dependence of the D parameters. The

final result is the averaged value of the two calculations. The same procedure is applied

in the calculation of h26 (see Fig. 16), however h15 (see Fig. 19) and h25 (see Fig. 17) are

determined using only the εxy dependency as responses to sheer strain can be calculated

more accurately. h43 and h41 parameters were determined from the dependence of Dzz ZFS

parameter on εzz (see Fig. 14) and its average dependence on εxx (see Fig. 15) and εyy strain

components, respectively.

56



3. RESULTS

 1990

 2000

 2010

 2020

 2030

 2040

 2050

−0.01 −0.005  0  0.005  0.01

D
z
z
 (

M
H

z
)

εzz

DFT calculation
linear fit

Figure 14: Strain dependence of theDzz zero field splitting matrix component in the presence
of εzz strain component with other components set to zero. DFT calculated data points and
linear fit can be seen with the slope of (2262± 181) MHz/strain.
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Figure 15: Strain dependence of theDzz zero field splitting matrix component in the presence
of εxx strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−6443± 79) MHz/strain.
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Figure 16: Strain dependence of theDyz zero field splitting matrix component in the presence
of εyz strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−1407± 28) MHz/strain.
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Figure 17: Strain dependence of theDyz zero field splitting matrix component in the presence
of εxy strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−1298± 38) MHz/strain.
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Figure 18: Strain dependence of the Dxy zero field splitting matrix component in the pres-
ence of εyz strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (9832± 9) MHz/strain.
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Figure 19: Strain dependence of the Dxy zero field splitting matrix component in the pres-
ence of εxy strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (2833± 80) MHz/strain.
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In many cases, we are interested in the effect of the applied stress rather than the strain

deformation of the crystal. These second rank tensors are linearly related to each other by

Eq. (1) with the fourth rank stiffness tensor. For the sake of simplicity, we continue to use

Voigt notation. For further details, see Section 1.2.1. Owing to this linear transformation,

the symmetry adapted structure of the spin-stress Hamiltonian Hσ remains unchanged with

modified coupling strength parameters (g)

Hσ = Hσ0 +Hσ1 +Hσ2, (129)

Hσ0/h = [g41(σxx + σyy) + g43σzz]S
2
z , (130)

Hσ1/h =
1

2

[
g26σzx −

1

2
g25(σxx − σyy)

]
{Sx, Sz}+

1

2
(g26σyz + g25σxy) {Sy, Sz}, (131)

Hσ2/h =
1

2

[
g16σzx −

1

2
g15(σxx − σyy)

]
(S2

y − S2
x) +

1

2
(g16σyz + g15σxy){Sx, Sy}. (132)

These spin-stress coupling parameters can be related to the spin-strain coupling parameters

by substituting ε = C−1σ into Eq. (123). The relations are as follows:

g41 = h41

(
C−1

11 + C−1
12

)
+ h43C

−1
13 , (133)

g43 = 2h41C
−1
13 + h43C

−1
33 , (134)

g26 = h26
1

2
C−1

44 − h25C
−1
15 , (135)

g25 = h25

(
C−1

11 − C−1
12

)
− h26C

−1
15 , (136)

g16 = h16
1

2
C−1

44 − h15C
−1
15 , (137)

g15 = h15

(
C−1

11 − C−1
12

)
− h16C

−1
15 , (138)

where C−1
ij are the elements of the 6 × 6 inverted stiffness matrix transformed to the local

frame of reference. This has the form of

C−1 =



C−1
11 C−1

12 C−1
13 0 C−1

15 0

C−1
12 C−1

11 C−1
13 0 −C−1

15 0

C−1
13 C−1

13 C−1
33 0 0 0

0 0 0 C−1
44 0 C−1

46

C−1
15 −C−1

15 0 0 C−1
44 0

0 0 0 C−1
46 0 C−1

66


(139)
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Table 12: Spin-strain (h) and spin-stress (g) coupling strength parameters for NV center in
diamond. Results are rounded to significant digits.

parameter value (MHz/strain) parameter value (MHz/GPa)

h43 2300± 200 g43 2.4± 0.2

h41 −6420± 90 g41 −5.17± 0.07

h25 −2600± 80 g25 2.17± 0.07

h26 −2830± 70 g26 −2.58± 0.06

h15 5700± 200 g15 3.6± 0.1

h16 19660± 90 g16 18.98± 0.09

with elements

C−1
11 = 86 · 10−5 1/GPa, C−1

33 = 83 · 10−5 1/GPa,

C−1
44 = 198 · 10−5 1/GPa, C−1

66 = 186 · 10−5 1/GPa,

C−1
12 = −7 · 10−5 1/GPa, C−1

13 = −4 · 10−5 1/GPa,

C−1
15 = 9 · 10−5 1/GPa, C−1

46 = −17 · 10−5 1/GPa.

The calculated results for both spin-strain and spin-stress coupling strength parameters can

seen in Table 12. These results show that indeed six independent parameter is needed to

fully describe the spin-strain interaction for NV center in diamond. The coupling strength

for normal and sheer stresses are in the same order of magnitude, around a few MHz/GPa.

The only exception is the h16 or g16 coupling parameter that is an order of magnitude

stronger than the others.

Here I would note that not all the previous publications use simplified model Hamilto-

nian. A recent experiment [54] used a Hamiltonian analogous to ours in Eq. (129), however

it was still incomplete as it missed Eq. (131) (although this was a justified approximation

there in the presence of magnetic field). In that paper, they used the crystal frame of ref-

erence to describe mechanical stress on the sample and the local frame of reference of the

defect for the spin operators. The former choice is advantageous for experimental reasons,

however the zero field splitting sets the eigenframe for the defect spin operators, that is iden-

tical to the symmetry-adapted frame of reference I used above (x, y, z). The representation

of the Hamiltonian in Ref. 54 is dubbed hybrid representation in the following. In order to

compare the experimental values to my DFT calculated ones, I transform the contributions
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Table 13: Comparison of DFT calculated spin-stress coupling parameters and the measure-
ments of Barson et al. [54]. The first column lists the parameters in the hybrid represen-
tation. The second column shows the relation to g parameters in the symmetry-adapted
representation. Third column shows the results of my DFT calculations and the last column
contains the experimental values matched to our sign convention for the mechanical stress.

parameter relation DFT (MHz/GPa) exp.[54] (MHz/GPa)

a1
2g41+g43

3
−2.66± 0.07 −4.4± 0.2

a2
−g41+g43

3
2.51± 0.06 3.7± 0.2

b −g15+
√

2g16
12

1.94± 0.02 2.3± 0.3

c −2g15−
√

2g16
12

−2.83± 0.03 −3.5± 0.3

d −g25+
√

2g26
12

−0.12± 0.01 -

e −2g25−
√

2g26
12

0.66± 0.01 -

in Eq. (129) to this hybrid form

Hσ0/h =MzS
2
z , (140)

Hσ1/h = Nx{Sx, Sz}+Ny{Sy, Sz}, (141)

Hσ2/h = −Mx(S
2
x − S2

y) +My{Sx, Sy}, (142)

where

Mz = a1(σXX + σY Y + σZZ) + 2a2(σY Z + σZX + σXY ), (143)

Nx = d(2σZZ − σXX − σY Y ) + e(2σXY − σY Z − σZX), (144)

Ny =
√

3 [d(σXX − σY Y ) + e(σY Z − σZX)] , (145)

Mx = b(2σZZ − σXX − σY Y ) + c(2σXY − σY Z − σZX), (146)

My =
√

3 [b(σXX − σY Y ) + c(σY Z − σZX)] (147)

with the six coupling strength parameters a1, a2, b, c, d, e in the hybrid representation that

can be directly related to g parameters. These relations and the comparison of my DFT

results to the measured values in Ref. 54 can be seen in Table 13. Although the difference

is larger than the estimated error in the experiments, we find matching signs and order

of magnitude for all the measured parameters. It indicates that the calculated values are

reasonable and our method to describe the spin-strain interaction is correct qualitatively.

Furthermore, we predict the value of two additional spin-stress coupling parameters (d and

e) yet to be measured. These are expected to be smaller in magnitude than the others,

however, these can be also important ingredients in various applications.

61



3. RESULTS

3.2.3 Spin-strain coupling of divacancy center in silicon carbide

I calculated the spin-strain coupling for divacancy center in 3C and 4H polytypes of silicon

carbide. As these defects has triplet ground state and C3V point symmetry, the same

symmetry-adapted form of spin-strain Hamiltonian can be applied as in Eq. (123) for NV

in diamond. I use the same DFT method and settings as stated in the previous section. I use

a supercell of 512 and 576 atoms to model cubic and hexagonal silicon carbide, respectively.

The application of strain and the evaluation of D-tensor calculations to obtain the coupling

strength parameters are identical to the method discussed in the case of NV center (see

Appendix Section 9.1 and 9.2). For the conversion to spin-stress coupling strength, I used

the stiffness tensors in Eq. (5) and Eq. (7) for the two polytypes. The results are found

in Table 14 and Table 15, where we typically find the same sign of the coupling parameters

and order of magnitude as for NV center with a few exceptions. h25 is negative and small

for 3C divacancy and the relation of h15 and h16 is the opposite compared to results in NV

center. However, with a few exceptions, we can conclude that the spin-stress coupling in

divacancy is stronger than in NV center. This is due to the smaller stiffness of the silicon

carbide compared to diamond.

These promising results motivated us to compare divacancy to NV center in not only the

coupling strength but in stress sensitivity as well. Besides the intrinsic spin properties of the

defect, the stiffness of the host plays an important role in the spin-stress coupling strength.

However, many other parameters of the defect, the host and the experimental setup can

affect the strain resolution in a sensing application. In an AC strain measurement, Hahn-

echo type spin manipulation is applied and optically detected magnetic resonance provides

the signal. For further details, see Section 1.4.

The stress sensitivity of a single center in this measurement can be approximated as [121]

η =
1

4gC
√
βT2

, (148)

Table 14: Spin-strain (h) and spin-stress (g) coupling strength parameters for divacancy in
3C-SiC. Results are rounded to significant digits.

parameter value (MHz/strain) parameter value (MHz/GPa)

h43 2530± 30 g43 6.1± 0.07

h41 −4700± 200 g41 −8.1± 0.3

h25 −900± 100 g25 −0.7± 0.3

h26 −1760± 20 g26 −5.0± 0.1

h15 3200± 200 g15 7.1± 0.5

h16 1320± 50 g16 1.3± 0.3
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Table 15: Spin-strain (h) and spin-stress (g) coupling strength parameters for hh divacancy
in 4H-SiC. Results are rounded to significant digits.

parameter value (MHz/strain) parameter value (MHz/GPa)

h43 3110± 30 g43 7.33± 0.06

h41 −4940± 60 g41 −8.65± 0.09

h25 1130± 40 g25 2.8± 0.1

h26 −1580± 30 g26 −5.0± 0.1

h15 7600± 300 g15 18.9± 0.6

h16 1600± 60 g16 5.0± 0.2

where g is the spin-stress coupling, C is the ODMR contrast, β is the average photolumi-

nescence intensity and T2 is the spin coherence time of the defect. Using our results for g as

the only intrinsic parameter and realistic assumptions of the other parameters in Eq. (148)

based on experimental data, I compare the divacancy defect in 3C and 4H silicon carbide

and NV center in diamond.

In Fig. 20, I compare the stress sensitivity for two normal strain coupling parameters,

where the inverse of the sensitivity is plotted (higher values are better).

The saturation photon count rate is highly dependent on the position of the defect

relative to the surface of the crystal so it is not an appropriate property for comparison.

Therefore, we use 26000 1/s photon rate as the brightest divacancy center in 3C-SiC [112]

and use this value for 4H as well, together with the ODMR readout time of 350 ns in NV

center [122] to result the value of β. Off-resonant readout contrast for divacancy in 3C-SiC is

about C = 7.5% with T2 = 0.9 ms in nearly dopant-free crystal at 20 K [112] (green column

in a) and c) of Fig. 20). The spin coherence fall behind that can be reached in high quality

samples of 4H polytype with further reduced nitrogen concentration. The ODMR contrast

could be also improved with optimised excitation wavelength as used for its counterpart in

4H-SiC. Assuming that these improvements can be easily reached in 3C-SiC as well, we also

test the same contrast and natural coherence time as for divacancy in 4H-SiC: C = 15%,

T2 = 1.2 ms [123] (shaded green and blue column in a) and c) of Fig. 20). In the case of NV

center in diamond, the off-resonant readout contrast is 30% and the photon count rate is

28000 1/s. The coherence time is only 0.6 ms in natural samples [50,124]. Above parameters

in Eq. (148) result in sensitivity in the order of 10−5 GPaHz−1/2 in natural hosts (see left

panel in Fig. 20 labelled by ”nat.”).

The presented results indicate that divacancy qubits in 4H-SiC are as good or slightly

better nanoscale stress sensors as NV center in diamond and divacancy in 3C-SiC has also

a huge potential in this regard. We find that spin coherence time has a huge impact on the

sensitivity which can be improved by eliminating the isotopes with nuclear spin from the

host, in order to prevent their interaction with the defect spin that leads to decoherence.
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This procedure is called isotope engineering. Another possibility to increase T2 is the efficient

decoupling of these perturbing spins. It was demonstrated by Balasubramanian et al. for

NV center that spin coherence can be increased up to 1.8 ms [49]. Isotope engineering was

demonstrated by Ivanov et al. for 4H-SiC [125] and it could be achieved for 3C polytype

as well. We can speculate for a similar increase in high quality, isotope engineered samples

of 3C and 4H silicon carbide as well, reaching T2 = 3.6 ms. This could result in almost a

factor of two improvement in the sensitivity (see right panel in Fig. 20 labelled by ”iso.”).

In this case, the minor difference between NV and divacancy is scaled up as well, showing

the superiority of the latter defect.
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Figure 20: Comparison of the inverse stress sensitivity (1/η) of the negatively charged
nitrogen-vacancy center in diamond (orange column), divacancy in 3C-SiC (cyan column),
and hh divacancy in 4H-SiC (purple column) for the most important normal stress coupling
parameters g43 and g41. Estimated values for natural-abundance crystals (nat) and isotopi-
cally purified samples (iso) are shown in (a),(c), and (b),(d), respectively. Other parameters
used in the calculations of 1/η are discussed in the text. Shaded columns show parameters
that are associated with increased coherence times that can be achieved in high-quality
3C-SiC samples with low nitrogen content.
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3.2.4 Conclusion

I calculated the spin-stress coupling strength for NV center in diamond and for divacancy

defects in 3C and 4H silicon carbide. All the six parameters allowed by C3V symmetry

are in the order of MHz/GPa and divacancy has higher stress coupling strength owing to

the lower stiffness of silicon carbide than diamond. These results have great importance

in quantum sensing and quantum communication applications. I estimated the achievable

stress sensitivity in a Hahn-echo measurement using the calculated coupling strength and

real experimental parameters of the defect and its host. I distinguished natural and isotope

engineered samples, as the spin coherence time is crucial for this application. Generally, the

sensitivity for normal strain components is in the order of 10−5 GPaHz−1/2 for these quan-

tum defects. As silicon carbide has several advantages over diamond in crystal growth and

micro-fabrication especially 3C polytype that can be grown epitaxially on a silicon wafer.

In this work I demonstrated, that divacancy in this host is a promising contender of NV

center in diamond, i.e., not only its spin coherence, but its stress sensitivity is excellent as

well. Therefore, I propose the integration of this defect in nano electro-mechanical setups.

My findings have great importance in spin manipulation utilizing AC mechanical stress.

Compared to the conventional electromagnetic excitation, stress coupling can induce mag-

netically forbidden transitions and could prove useful to reduce the energy consumption of

the device.
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3.3 Spectrally stable quantum emitters without inversion sym-

metry

3.3.1 Introduction

The importance of paramagnetic quantum defects in semiconductor hosts was already men-

tioned in Section 1. I showed, that spin selective optical transition is key in optically detected

magnetic resonance (see Section 3.1). Latter can be used for the optical initialization and

readout of the spin qubit. This procedure is essential in both quantum information technol-

ogy and sensing applications. ODMR is realized by a deep level quantum defect, a single

luminescence center with controllable electron spin and spin-selective photoluminescence.

Latter phenomena is also key in quantum communication, where spin-to-photon interfaces

can transfer the qubit state between the stationary and the flying qubit. These can be also

used to create entanglement between distant qubits via coherent photons. The precision of

these quantum applications is determined by the quality of the quantum defect.

In the following, I summarize the criteria for an ideal quantum emitter defect. Firstly, it

needs to possess excellent optical and spin properties, secondly, it should be an excellent spin-

to-photon interface as well. Quantum technology applications require long spin coherence

times. There are many excellent centers in this regard possessing coherence times in the

order of milliseconds at cryogenic temperatures. The main source of decoherence is the

nearby nuclear spins in the host crystal. A few times factor of improvement can be reached

by using isotopically purified samples or with dynamical decoupling techniques. Quantum

technology applications require a strong, coherent optical signal. The luminescence intensity

of a defect is determined by the radiative transition rate between the excited and ground

states.

In addition, the coherence of photons are also instrumental in quantum applications. As

vibronic transitions involving phonons would cause decoherence, only transitions between

pure electronic states (ZPL) are detected.

The two physical quantities that express the intrinsic optical quality of the quantum

defect are the transition dipole moment and the Debye-Waller factor. Besides the intrinsic

factors, the quality of the experimental setup plays a crucial role in the above respects. Huge

improvements can be achieved by using optical crystal cavities and micro-resonators in both

parameters. On the other hand, inhomogeneities in the crystal host lead to degradation of

optical properties as well. Crystal strain and electric field does not only perturb the spin-

spin interaction, but also couples to the orbitals resulting in the shifting of energy levels.

The most significant effect is the statistical fluctuation of the Stark-shift caused by stray

electric fields. This fluctuation translates to the excitation energy causing an inhomogeneous

broadening in the integrated ZPL, called spectral diffusion. This originates from charge

transfer processes activated by the laser excitation of the color center. The rearranged

charge distribution of parasitic point defects modifies the local electric field that effects

the color center. These parasitic point defects can have a relatively long recombination
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Figure 21: Comparison of spectral diffusion in PLE measurements for a) NV center in
diamond [126] b) SiV center in diamond [127] and c) V1 center in silicon carbide [128].

time compared to the applied laser pulse. As a result, each consecutive readout will be at

different local electric field value that will be integrated to a broadened lineshape limiting

the efficiency of applications. The main limitation to the quality of quantum applications

is this spectral diffusion.

As there is no efficient method to circumvent the spectral diffusion by material engi-

neering or device design, one must rely on defect centers that has intrinsically low coupling

strength to electric fields. The coupling strength of an electronic orbital to electric field is

determined by the dipole moment.

The trivial solution of the problem is the utilization of inversion symmetric defects, that

has zero dipole moment in every state due to the dipole operator is odd and the product

representation of the orbital with itself is even. This way the individual levels are decoupled

from stray electric fields, however strong optical transition can still be induced between

orbital states of even and odd symmetry (gerade-ungerade transition). A prime example of

inversion symmetric defect possessing excellent optical properties is silicon-vacancy pair in

diamond, which does not couple to stray fields in the first order [127] [See Figure 21 b)].

However, it has very poor spin coherence in the order of 100 ns.

Inversion symmetry lies inherently in the crystal structure of the host material, ex-

cluding the most promising compound semiconductors such as silicon-carbide, zinc-oxide

and gallium-nitride that host quantum defects with excellent magneto-optical properties.

Hence, point defects hosted in diamond are favored in the literature, especially the nega-

tively charged NV center, which has excellent spin coherence even at room temperature.

However NV center has axial symmetry and suffers from a huge spectral diffusion of usually

around 1 GHz [126] [See Figure 21 a)] and a very low Debye-Waller factor.

Besides diamond, the most typical host material is silicon carbide which has surpassing

advantages in crystal growth and fabrication, however none of the polytypes exhibit inver-
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Figure 22: Negatively charged silicon vacancy in 4H-SiC. a) geometric structure of the h-site
silicon vacancy. b) electronic structure of the negatively charged defect. Two a1 orbitals
are labelled by u and v. Excitation to 4A2 and 4E states are represented by dashed arrows.

sion symmetry. Motivated by the overwhelming interest in silicon carbide based quantum

applications, we investigate the possibilities of an ideal defect quantum emitter that has

no inversion symmetry. Working in collaboration with the Wrachtrup experimental group,

we studied the negatively charged h-site silicon vacancy defect in 4H-SiC, which showed re-

markable spin and optical properties in the experiments. This quantum defect has excellent

spin coherence and an outstandingly robust ZPL in the photoluminescence excitation (PLE)

measurement of Nagy et al. with 60 MHz linewidth for a huge number of scans [128] [See

Figure 21 c)]. These findings motivated us to further study the defect by means of ab initio

calculations and unveil the microscopic origin of its optical stability.

Negatively charged silicon vacancy center in 4H-SiC consists of a single vacancy at a

silicon atomic site [see Figure 22 a)]. As 4H polytype has two different local environment,

h- and k-sites (see Section 1.2.2), there are two type of such defects with slightly different

properties. The defect has C3V symmetry and 4A2 ground state [108, 129, 130]. Owing to

the crystal field in 4H polytype, the local tetrahedral symmetry is lowered, manifested in

the splitting of the unoccupied t orbital to an e and another a1 level [see Figure 22 b)],

resulting a first excited state of the same 4A2 symmetry. The optical transition between

these 4A2 states lies in the near-infrared region. The two defect sites are noted after their

photoluminescence spectral lines, V1 (1.438 eV) and V2 (1.352 eV) for h- and k-site defects,

respectively [131,132].

In this section, I demonstrate that inversion symmetry is not a prerequisite for ideal

quantum emitters. To this end, I formulate the above mentioned criteria and calculate

the key coupling strength parameters using advanced density functional theory. In these

calculations, I study the negatively charged h-site silicon vacancy defect in 4H silicon carbide

called V1 photoluminescence center. I compare the ab initio results to those of NV center

in diamond and determine the microscopic origin of the calculated properties.
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3.3.2 Results

The main requirements for the optical properties of an ideal quantum emitter are the ones

that are intrinsic to the defect, i.e., no spectral diffusion and strong transition. The former

can be satisfied by no coupling at all to stray electric fields. This is the case of inversion

symmetry. The coupling strength to electric fields is governed by the dipole moment of the

defect.

〈g |~r| g〉 = 0, 〈e |~r| e〉 = 0, (149)

where |g〉 and |e〉 are the wavefunction in the ground and excited state, respectively. How-

ever, it is an unnecessarily strict requirement. Spectral diffusion is a result of the statistically

jumping ZPL, that is due to different Stark-shift in the excited and ground state. This can

be eliminated by not only zero coupling strength to stray electric fields but also with the

same coupling strength as well:

|〈e |~r| e〉 − 〈g |~r| g〉|2 = 0. (150)

This can be satisfied by the same charge density in the ground and excited states. Addi-

tionally, the defect should have transition rate large enough. This can be formulated as the

transition dipole moment should be large, i.e.,

|〈e |~r| g〉|2 > 10 Debye2. (151)

Two requirements must be fulfilled. Firstly, the overlap of the orbitals should be large. This

is already satisfied by the condition of no spectral diffusion with the same localization of

the orbitals. Secondly, the transition must be symmetry allowed. This can be followed by

studying the phase of the wavefunction as well. The key in this integral is the odd spatial

symmetry of the position operator. For inversion symmetric defects, this means that the

parity of the wavefunction must change in the transition. This is called a gerade-ungerade

(even-odd) transition that results in the overall even symmetry of the integral. Let us

consider next the most common case without inversion symmetry, the axially symmetric non-

degenerate orbitals. In this case we can separate parallel and perpendicular contributions,

where the latter is zero for the non-degenerate case. The transition selection rule is then

modified concerning only the axial direction. The phase of the wavefunction should change

differently along the axis in the excitation. For example, let us consider two pz orbitals

separated to an upper and lower region in the z axial direction. The right symmetry

along the axis is achieved, when the ground state is pz(1) + pz(2) while the excited state is

pz(1) − pz(2). This behavior mimics the inversion symmetric gerade-ungerade case. This

can be generalized to orbitally degenerate states as well that tend to localize in the plane

perpendicular to the symmetry axis. Based on the above criteria, we constructed the ideal

defect wavefunction of an axially symmetric center in Fig. 23.
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Figure 23: Proposed ideal wavefunction of an axially symmetric defect in compound semi-
conductor (4H SiC in the figure) for ideal quantum emitter properties.

In order to demonstrate the above discussion at the ab initio level of theory, I performed

DFT calculations at the PBE level for V1 center in 4H-SiC and NV center in diamond. I

calculated the first excited state using ∆SCF DFT method and the change of polarization in

the 4A2 → 4A2 transition for V1 center and 3A2 → 3E transition for NV in diamond using

the modern theory of polarization (see Sec. 3.3). I used 420 eV plane-wave cutoff energy

and a Γ centered 2 × 2 × 2 k-point sampling to retain increased accuracy in the smaller

432-atom silicon carbide supercell.

The polarization results are collected in Table 16. The total change of polarization

(∆ptot) consists of the ionic (∆pion) and electronic (∆pel) contribution. The former is treated

classically in the sense of the Born-Oppenheimer approximation as fixed atomic cores (ions

with a positive charge of the valency). This contribution is calculated from the ionic geom-

etry relaxation during the excitation multiplied by the charge of the ionic core. However,

the structural relaxation during an optical transition can be treated as a vibration. As

such, the total displacement vector of the host ions tends to cancel out. Even for compound

semiconductors, the total displacement of the atomic species are zero. For silicon carbide,

the valency are the same, so the ionic contribution of a single vacancy is exactly zero. In

the case of NV center, the extra valency of nitrogen core has a non-vanishing positive con-

tribution. The contribution of the valence electrons are treated fully quantum mechanically

using the Berry phase method of the modern theory of polarization.

Comparing the first and third row of Table 16 shows that V1 center has more than an

order of magnitude smaller change in polarization during the excitation process. This is

in agreement with the experimental findings [128]. Moreover, we can conclude that the

sensitivity of a quantum center to stray fields is due to the electronic structure of the defect,

as ionic contributions play a minor role for the case of NV center as well. Even the geometry

relaxation has minor effect on the change of polarization, as we can see in the second row of

the table, the fixed ground state geometry showed almost the same result. We conclude that

V1 center shows weak coupling to stray fields originating from its specific electron structure

in its ground and excited state. This result is in line with theoretical considerations about
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Table 16: Change of macroscopic polarization of the negatively charged h-site silicon vacancy
defect (V1) in 4H SiC and nitrogen-vacancy (NV) center in diamond as calculated within
Berry phase approximation. ex(gr) notes the excited state electron configuration calculated
with fixed ground state geometry.

center transition ∆pion (eÅ) ∆pel (eÅ) ∆ptot (eÅ)

V1 gr → ex 0 0.044 0.044

V1 gr → ex(gr) 0 0.039 0.039

NV gr → ex 0.061 0.842 0.903

the wavefunction of an ideal quantum emitter.

In order to determine whether V1 center fulfills the criterion of large emission rate, I

calculated the radiative lifetime of the corresponding electronic transition. To this end, we

need to determine the A Einstein coefficient in Eq. (55). In this formula, we calculate the

transition dipole moment (p2) for the transition with ω0 frequency. As it is related to the

integrated absorption coefficient, we obtain the formula for the transition dipole moment

|p|2 =
ε0V

π

∫
Im εr(E)dE, (152)

where V is the supercell volume and εr(E) is the energy dependent complex relative dielectric

function. The integration is for the well separated peak of the transition and it is calculated

by fitting a Lorentzian curve. The radiative lifetime is obtained as the inverse transition

rate. The calculation resulted 12 ns lifetime for the V1 transition, that is comparable to the

calculated [133] and measured [134] values for NV center in diamond. This result implies

that the criterion of no spectral diffusion and large transition rate can be simultaneously

satisfied without inversion symmetry. Based on my calculations, we propose V1 center as a

prototype of nearly ideal quantum emitters without inversion symmetry.

In order to visualize the results for V1 and NV center and compare them to the case of

an ideal emitter, I plot the defect orbitals that contribute to the electronic excitation in the

∆SCF method. For V1 center, the excited state is constructed by promoting an electron

from an a1 orbital labeled u to another a1 orbital labelled v in the minority spin channel.

For NV center, it is created by the promotion from an a1 orbital labelled v to an e orbital in

the minority spin channel. The Kohn-Sham orbitals in the ground state configuration are

visualized in Fig. 24. In this approximation, I neglect relaxation effects and the contribution

of the other electrons, however this is the most clear method to follow the main concepts.

Firstly, let us consider the criterion for no spectral diffusion, that is the charge density

should remain unchanged during the excitation. This can be followed for V1 center in our

approximation, where the u orbital shows even localization on the four carbon neighbors

of the vacancy and v shows only a minor redistribution of the charge density leading to

increased localization on the axial carbon atom. The rearrangement is more pronounced
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Figure 24: Left: the corresponding wave functions of the ground state in the minority spin
channel in the V1 and NV center. Right: the occupation of defect levels for the two defects.
The change of the orbital shape and phase in the excitation process (dotted arrow) can be
approximated by comparing the ground state orbitals.

for NV center in diamond, where the v shows similar features as in V1 center however, e

orbital have no charge density on the axial nitrogen atom but it is completely confined in the

perpendicular plane of the neighboring carbon atoms. This can be interpreted as a nearly

ideal response to stray fields for V1 center and a large sensitivity for NV center.

Secondly, the quantum emitters should emit photons at a large rate, owing to the large

transition dipole moment. For V1 center, a huge overlap of the two orbitals can be imme-

diately recognized. Moreover we can separate two regions along the symmetry axis by the

phase of the wavefunction, the upper plane and the lower plane from the vacancy shows

different orientation of the carbon localized parts of the wavefunction that each resembles

a p-type atomic orbital. This change in the phase of the wavefunction results in a large

parallel transition dipole moment. For NV center, the overlap of the orbitals is confined

to the perpendicular plane of carbon neighbors. In this case, a similar separation of phase

can be seen now in the x direction for ex orbital. This results in the large perpendicular

transition dipole moment of NV center in diamond.

Furthermore, I studied vibrational excitations in silicon vacancy center as their contri-

bution in the optical emission are an important factor in the characterization of its quantum

emitter properties. I calculated the vibrational spectrum at PBE level in a 768-atom super-

cell in the ground state of the defect using density functional perturbation theory. In order

to calculate the phonon sideband spectrum of the defect, I used the home-built code of Gergő

Thiering based on the method of Alkauskas et al. [135]. This calculates the vibrational spec-

tral function using the partial Huang-Rhys factors for each vibrational mode that is used
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Figure 25: Photoluminescence spectra calculated with DFT (red) and measured by the
Wrachtrup group (blue) for V1 center in silicon carbide [136].

as a generating function for the optical spectrum. The calculation of the partial S factors

require the ab initio calculated geometry relaxation between the ground and excited state

and the dynamical matrix of the ground state vibrations. I compare my results in Fig. 25

to the photoluminescence measurement of the Wrachtrup group performed at 4 K [136].

The positions of the phonon replicas show good agreement with the experiment and the

finer structures of the spectrum, corresponding to localized vibrations, are quite accurate

as well. My calculation resulted a Debye-Waller factor about 6% which is comparable to

the experimental finding of 8%. Unfortunately, the strong coupling to vibrational modes

results in lower rate of coherent photons. NV center in diamond shows the same problem,

however controlled coupling of the ZPL of NV center to optical cavity demonstrated a huge

enhancement of the Debye-Waller factor.
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3.3.3 Conclusion

In my research, I stated the criteria and the requirements of the wavefunction for ideal

defect quantum emitters. I showed that inversion symmetry is not a prerequisite for such

defects. I argued that in some aspects material engineering can reach huge advancements

but in the total elimination of parasitic perturbation sources remains a challenge. In this

respect, we need to find intrinsically robust quantum defects.

The exemption from inversion symmetry restriction is an important finding that expands

the search for promising defects in quantum technology applications. Without requiring in-

version symmetry, compound semiconductors and two dimensional materials can emerge

with new contender point defects that may possess more favorable properties than the well-

known NV center in diamond. Some of these hosts have many advantages over diamond.

Moreover, there is a large variety of wide band gap crystal structures that cannot host in-

version symmetric centers such as SiC [137], ZnO [138, 139] and GaN [140, 141]. In these

hosts, there are defects that show promising promising magneto-optical properties. Addi-

tionally, compound 2D materials fall in this category as well. The most notable ones are

hexagonal boron nitride and transition-metal dichalcogenides that shows promising quantum

defects [142–146]. These alternatives should be re-investigated in the regards of quantum

emitter properties.

Based on experimental findings of the Wrachtrup group and my DFT calculations, we

proposed negatively charged h-site silicon vacancy center in 4H-SiC as a prototype of an

ideal quantum emitter without inversion symmetry which combines excellent spin coherence

time with outstanding optical properties and stability.
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4 Thesis statements

4.1 Ab initio theory of the N2V defect in diamond for quantum

memory implementation

N2V defect color center, that is formed similarly in diamond as NV center, has singlet

ground state and metastable triplet state in its neutral charge state. I demonstrated that

it is theoretically feasible to achieve optical spin polarization in the triplet state and to

transfer it to the nuclear spins in the vicinity of the defect, creating a long living quantum

memory. To this end, I determined the magneto-optical parameters of the system using a

method based on Hubbard-model that surpass the conventional KSDFT. I determined the

excitation energies of the strongly correlated states using this method with better accuracy

than it is possible with the conventional self consistent HSE06 calculation. Furthermore, I

determined the possible of intersystem crossing processes and estimated their relative rate.

This way, I found an optical cycle that can achieve ODMR contrast. [T1]

4.2 Spin-strain coupling of paramagnetic point defects

In quantum information applications, the precise knowledge of the interaction of qubit point

defects with the deformation of their host crystal is imperative. In addition, the knowledge

on coupling strengths can be utilized for nanoscale mass measurement in a nanomechanical

system (NEMS).

Spin-strain coupling of NV center in diamond

Using DFT calculations, I determined the six coupling parameters between the electron

spin of NV center and the cell deformation of the diamond host. I provided their conversion

to stress coupling parameters. These are in the order of MHz
GPa

magnitude and show good

agreement with experimental data [54]. I also predicted the value of two coupling parameters

yet to be determined experimentally, namely g25 = −2.17 MHz
GPa

and g26 = −2.58 MHz
GPa

. These

are in the order of magnitude of the other four coupling parameters and belong to the

|0〉 → |±1〉 spin transition. Their importance lies in the possibility to replace microwave

excitation in ODMR experiment with electric one using piezoelectric devices and to achieve

resonant spin manipulation with time dependent deformation. [T2a]

Spin-strain coupling of divacancy center in silicon carbide

I determined with DFT calculations the values of the coupling parameters mentioned

before for divacancy defect in silicon carbide of 3C and 4H polytype. This point defect

possesses similar spin properties as NV center in diamond, thus I compared the results

of these two. While the spin-deformation coupling strength of divacancy is slightly smaller

than that of NV center, SiC has much smaller stiffness parameters. Therefore the spin-stress

coupling of divacancy is greater. Based on the calculated coupling strengths, I estimated the

stress sensitivity of the centers in the order of 10−5 GPaHz−1/2 using relevant experimental
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magneto-optical parameters. Based on the results, I found the isotope purity of the crystal

to be the decisive factor in sensitivity. The improvement of the host quality can make the

divacancy defect more sensitive stress sensor than the NV center. [T2b]

4.3 Spectrally stable quantum emitters without inversion sym-

metry

I theoretically demonstrated that inversion symmetry is not a prerequisite for spectrally

stable quantum emitters. Spectral diffusion can be circumvented not only between states

with zero electric dipole moment, but also in optical excitations with unchanged dipole

moment. That is, the criterion concerns the difference of permanent dipole moments of the

two states. Besides, the criterion for great transition dipole moment can be satisfied as well.

To fulfill these, the wavefunction of the point defect without inversion symmetry have the

same localization but different phase along the symmetry axis in ground and excited states.

I proved with DFT macroscopic dipole moment calculations, that V1 center in SiC fulfills

above criteria with dipole moment change of 0.044 eÅ. This value is one order of magnitude

smaller than 0.903 eÅ calculated for the NV center. I determined the Debye-Waller factor of

6% for V1 center in 4H-SiC which is about twice as large as for NV center in diamond. My

statements on spectrally stable quantum emitters expand the number of crystal structures

taken into consideration for quantum emitter studies and applications. [T3a, T3b]
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T. Ohshima, P. Udvarhelyi, G. Thiering, A. Gali, J. Wrachtrup and F. Kaiser, Spin-

controlled generation of indistinguishable and distinguishable photons from silicon

vacancy centres in silicon carbide

arXiv:2001.02455 accepted in Nature Communications (2020)

78



6. SUMMARY

6 Summary

I calculated the optical and spin properties of quantum bit point defects in semiconduc-

tor host by means of advanced density functional theory. With the characterization of the

magneto-optical properties and their variation in the function of external perturbations, I

predicted crucial physical properties for various quantum communication and sensing ap-

plications. I ordered these results into three thesis statements (see Section 4) corresponding

to Section 3.1, 3.2 and 3.3.

I concluded that N2V defect in diamond shows promising electronic excited state struc-

ture for ODMR technique and for the realization of long living quantum register. I demon-

strated that conventional HSE06 Kohn-Sham DFT method using ∆SCF fails to accurately

describe the excited level structure of the defect due to their strongly correlated nature.

To improve its effectiveness, I combined DFT calculations with a two-state active space

configurational interaction model described by a Hubbard Hamiltonian. My calculations

give a better approximation on the ZPL excitation energies than HSE06 DFT. Both meth-

ods result in a metastable triplet state, it is 0.24 eV above the singlet ground state in the

Hubbard model. This triplet state is key to ODMR applications. I constructed a feasible

ODMR cycle and calculated the hyperfine parameters in the order of 10 MHz for the 13C

nuclei in the vicinity of the defect. The calculated magneto-optical parameters of the defect

imply that the defect can be employed as long living quantum register.

My results on the spin-strain coupling in NV center in diamond and divacancy centers

in silicon carbide are important for every quantum application with these defects for the

full control in presence of crystal strain. The knowledge on these coupling strengths makes

ODMR using fully electric spin control feasible in principle using piezo-electric resonators.

Compared to the application of microwave field, latter mechanism could be integrated in

compact electronic devices. Moreover, these quantum defects are excellent nanoscale me-

chanical stress sensors due to their high coupling strength in the order of MHz
GPa

. I proposed

divacancy centers as alternatives to NV center. These can be even superior in this applica-

tion with the realistic assumption that better quality silicon carbide host are within close

reach. I estimated the stress sensitivity of the centers in the order of 10−5 GPaHz−1/2.

Finally, I demonstrated that inversion symmetry is not a prerequisite for spectral stability

in the example of negatively charged h-site silicon vacancy defect in 4H silicon carbide. In

order to prove this, I calculated the change of polarization in the optical excitation. I set

up a model of the wavefunction of the ideal quantum emitter defects with extreme optical

stability combined with strong optical transition. This serves as an example in the search

for other ideal quantum emitter defects in compound semiconductor hosts. These results

will further the efforts in the theoretical understanding of the solid state quantum defects

and their applications.
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7 Összefoglalás

Doktori munkám során szilárdtestbeli kvantumbit ponthibák optikai és spin tulajdonságait

vizsgáltam sűrűségfunkcionál elméleten alapuló számolásokkal. A kulcsfontosságú magneto-

optikai paraméterek és azok külső perturbációra történő megváltozásának kiszámı́tásával

kvantum kommunikációs és érzékelési alkalmazásokhoz adtam első elvű jóslatokat. Ezen

eredményeket három tézispontban mutatom be a 3.1, 3.2 és 3.3 fejezeteknek megfelelően

(lásd 4 fejezet).

Meghatároztam a gyémántbeli N2V ponthiba gerjesztett állapotainak energia struktúrá-

ját, ami alapján javasolom a kvantumbit centrumot ODMR alkalmazásokhoz és mint hosszú

élettartamú magspin kvantum regisztert. Megmutattam, hogy a hagyományosan alkalma-

zott HSE06 Kohn-Sham DFT módszer a ∆SCF technikát használva nem nyújt megfelelő ger-

jesztett állapoti energiákat erre a ponthibára, mivel ezek az állapotok erősen korrelált, nýılt

héjú szingulettek. Annak érdekében, hogy kiterjesszem a fenti módszer alkalmazhatóságát,

kombináltam a korrelált rendszerek léırására használt konfigurációs kölcsönhatás módszeré-

vel két állaptú akt́ıv teret használva, amit egy Hubbard-modellel ı́rtam le. Ezzel a vegyes

módszerrel jobb becslést tudtam adni a ZPL gerjesztési energiákra, mint amire önmagában a

HSE06 DFT képes. A Hubbard-modell megoldásában a szingulett alapállapot fölött 0.24 eV-

tal egy metastabil triplett állapot adódik, ami kulcsfontosságú az ODMR alkalmazások

szempontjából. Megmutattam, hogy elméletileg lehetséges ODMR kontrasztot létrehozni a

ponthiba optikai ciklusában. Meghatároztam a hiba közelében elhelyezkedő 13C magspinek

hiperfinom kölcsönhatási paramétereit, amik 10 MHz nagyságrendbe esnek.

A szilárdtest ponthibák minden kvantum technológiai alkalmazásában fontos az olyan

alapvető körülmények ismerete, mint a kristály deformációjának hatása a kvantumbitre.

Eredményeim a gyémántbeli NV centrum spin-mechanikai deformáció kölcsönhatási erős-

ségére is elengedhetetlen a kvantumbut teljes kontrollálásához. Emellett piezoelektromos

rezonátorokkal elméletileg megvalóśıtható lenne teljesen elektromos ODMR technika az ered-

ményeim felhasználásával. Ez jelentős előnyökkel b́ırhat a hagyományos mikrohullámú tér

használatához képest az energia-hatékonyság és a ḱısérleti berendezés mérete szempontjából.

Nem utolsó sorban, a kiszámı́tott MHz
GPa

nagyságrendbe eső csatolási erősségek alapján a

nanoskálájú deformáció szenzor alkalmazás területén is ı́géretes a gyémántbeli NV cent-

rum. Továbbá megmutattam, hogy a sziĺıcium-karbidbeli divakancia hiba lehetne egy ked-

vezőbb alternat́ıvája az NV centrumnak. Mindkét ponthiba érzékenysége a 10−5 GPaHz−1/2

nagyságrendű.

Végül megmutattam a negat́ıvan töltött, h-helyű, 4H sziĺıcium-karbidbeli vakancia példá-

ján, hogy az inverzió szimmetria nem elengedhetetlen feltétele az optikai stabilitásnak. Ezt a

polarizáció változásának kiszámı́tásával igazoltam az optikai átmenetben. A tapasztalataim

alapján felálĺıtottam egy modellt az ideális kvantum emitter hullámfüggvényére, ami egy-

szerre biztośıt optikai stabilitást és erős átmeneti csatolást inverzió szimmetria nélkül. Ezen

eredmények kiterjesztik az ı́géretes emitterek keresését olyan vegyület félvezető kristályokra

is, amik nem b́ırhatnak inverzió szimmetriával.
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9. APPENDIX

9 Appendix

9.1 Spin-strain coupling of divacancy defect in 3C-SiC

Coupling strengths of h43 and h41 are directly determined from the linear regression in

Fig. 26 and Fig. 27, respectively. The other parameters are determined from averaging two

different strain component dependencies. h25 is determined from the fitting parameters in

Fig. 28 and Fig. 29. Similarly, h26 is determined from Fig. 30 and Fig. 31, h15 from Fig. 32

and Fig. 33 and h16 from Fig. 34 and Fig. 35.
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Figure 26: Strain dependence of theDzz zero field splitting matrix component in the presence
of εzz strain component with other components set to zero. DFT calculated data points and
linear fit can be seen with the slope of (2526± 26) MHz/strain.
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Figure 27: Strain dependence of theDzz zero field splitting matrix component in the presence
of εxx strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−4691± 161) MHz/strain.
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Figure 28: Strain dependence of the Dxz zero field splitting matrix component in the pres-
ence of εxx strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (232± 53) MHz/strain.
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Figure 29: Strain dependence of theDyz zero field splitting matrix component in the presence
of εxy strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−455± 22) MHz/strain.
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Figure 30: Strain dependence of the Dxz zero field splitting matrix component in the pres-
ence of εxz strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−885± 8) MHz/strain.
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Figure 31: Strain dependence of theDyz zero field splitting matrix component in the presence
of εyz strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−872± 12) MHz/strain.
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Figure 32: Strain dependence of the (Dxx−Dyy)/2 zero field splitting matrix component in
the presence of εxx strain component with other components set to zero. DFT calculated
data points and linear fit can be seen with the slope of (791± 70) MHz/strain.
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Figure 33: Strain dependence of the Dxy zero field splitting matrix component in the pres-
ence of εxy strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (1581± 52) MHz/strain.
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Figure 34: Strain dependence of the (Dxx−Dyy)/2 zero field splitting matrix component in
the presence of εxz strain component with other components set to zero. DFT calculated
data points and linear fit can be seen with the slope of (−633± 36) MHz/strain.

−8

−6

−4

−2

 0

 2

 4

 6

 8

−0.01 −0.005  0  0.005  0.01

D
x
y
 (

M
H

z
)

εyz

DFT calculation
linear fit

Figure 35: Strain dependence of the Dxy zero field splitting matrix component in the pres-
ence of εyz strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (688± 19) MHz/strain.
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9.2 Spin-strain coupling of divacancy defect in 4H-SiC

Coupling strengths of h43 and h41 are directly determined from the linear regression in

Fig. 36 and Fig. 37, respectively. The other parameters are determined from averaging two

different strain component dependencies. h25 is determined from the fitting parameters in

Fig. 38 and Fig. 39. Similarly, h26 is determined from Fig. 40 and Fig. 41, h15 from Fig. 42

and Fig. 43 and h16 from Fig. 44 and Fig. 45.
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Figure 36: Strain dependence of theDzz zero field splitting matrix component in the presence
of εzz strain component with other components set to zero. DFT calculated data points and
linear fit can be seen with the slope of (3110± 30) MHz/strain.
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Figure 37: Strain dependence of theDzz zero field splitting matrix component in the presence
of εxx strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−4937± 57) MHz/strain.
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Figure 38: Strain dependence of the Dxz zero field splitting matrix component in the pres-
ence of εxx strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−268± 11) MHz/strain.
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Figure 39: Strain dependence of theDyz zero field splitting matrix component in the presence
of εxy strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (594± 16) MHz/strain.
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Figure 40: Strain dependence of the Dxz zero field splitting matrix component in the pres-
ence of εxz strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−798± 15) MHz/strain.
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Figure 41: Strain dependence of theDyz zero field splitting matrix component in the presence
of εyz strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (−784± 16) MHz/strain.
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Figure 42: Strain dependence of the (Dxx−Dyy)/2 zero field splitting matrix component in
the presence of εxx strain component with other components set to zero. DFT calculated
data points and linear fit can be seen with the slope of (1809± 109) MHz/strain.
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Figure 43: Strain dependence of the Dxy zero field splitting matrix component in the pres-
ence of εxy strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (3937± 36) MHz/strain.
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Figure 44: Strain dependence of the (Dxx−Dyy)/2 zero field splitting matrix component in
the presence of εxz strain component with other components set to zero. DFT calculated
data points and linear fit can be seen with the slope of (−773± 26) MHz/strain.
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Figure 45: Strain dependence of the Dxy zero field splitting matrix component in the pres-
ence of εyz strain component with other components set to zero. DFT calculated data points
and linear fit can be seen with the slope of (825± 29) MHz/strain.
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[39] F. Bechstedt, P. Käckell, A. Zywietz, K. Karch, B. Adolph, K. Tenelsen, and

J. Furthmüller. Polytypism and properties of silicon carbide. physica status solidi

(b), 202(1):35–62, 1997.

[40] Y Goldberg, Michael Levinshtein, and Sergey Rumyantsev. Properties of advanced

semiconductor materials: Gan, ain, inn, bn, sic, sige. SciTech Book News, 25:93–146,

01 2001.

[41] W. R. L. Lambrecht, B. Segall, M. Methfessel, and M. van Schilfgaarde. Calculated

elastic constants and deformation potentials of cubic sic. Phys. Rev. B, 44:3685–3694,

Aug 1991.

[42] D. W. Feldman, James H. Parker, W. J. Choyke, and Lyle Patrick. Phonon dispersion

curves by raman scattering in sic, polytypes 3c, 4h, 6h, 15r, and 21r. Phys. Rev.,

173:787–793, Sep 1968.

[43] K. Kamitani, M. Grimsditch, J. C. Nipko, C.-K. Loong, M. Okada, and I. Kimura.

The elastic constants of silicon carbide: A brillouin-scattering study of 4h and 6h sic

single crystals. Journal of Applied Physics, 82(6):3152–3154, 1997.

[44] F. Jelezko, T. Gaebel, I. Popa, A. Gruber, and J. Wrachtrup. Observation of coherent

oscillations in a single electron spin. Phys. Rev. Lett., 92:076401, Feb 2004.

93



10. REFERENCES

[45] Marcus W. Doherty, Neil B. Manson, Paul Delaney, Fedor Jelezko, Jörg Wrachtrup,

and Lloyd C.L. Hollenberg. The nitrogen-vacancy colour centre in diamond. Physics

Reports, 528(1):1 – 45, 2013. The nitrogen-vacancy colour centre in diamond.

[46] G. Davies, M. F. Hamer, and William Charles Price. Optical studies of the 1.945 ev vi-

bronic band in diamond. Proceedings of the Royal Society of London. A. Mathematical

and Physical Sciences, 348(1653):285–298, 1976.

[47] C Santori, P E Barclay, K-M C Fu, R G Beausoleil, S Spillane, and M Fisch. Nanopho-

tonics for quantum optics using nitrogen-vacancy centers in diamond. Nanotechnology,

21(27):274008, jun 2010.
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