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1. Introduction

This thesis is based on the following papers: Equi-topological entropy curves
for skew tent maps in the square [16], Isentropes and Lyapunov exponents [17],
Convergence of ergodic averages for many group rotations [15], all of them are
joint works with my advisor Zoltán Buczolich.
In this thesis we investigate particular systems, and their long-term behaviour
and complexity. We mostly consider here low dimensional maps, namely in-
terval maps except in the last part, where we generalize from circle rotations
to group rotations.
In general we use topological and measure theoretical concepts to understand
the systems, the properties we mostly use to describe the system are topolog-
ical entropy, Lyapunov exponents, invariant measures, ergodicity.

2. Preliminaries

Skew tent maps Tα,β : [0, 1]→ [0, 1] are defined by (see Figure 1):

Tα,β(x) =

{ β
α
x if 0 ≤ x < α

β
1−α(1− x) if α < x ≤ 1.

(1)

The interval map Tα,β is unimodal, piecewise monotone and of BV . To avoid
trivial dynamics we suppose that 0.5 < β ≤ 1 and α ∈ (1− β, β). (By trivial
dynamics we mean that there is either only one attracting fixed point or there
is one attracting and one repelling fixed point. In these cases every point is
drawn towards the fixed points.) We denote by U the region of [0, 1]2 consisting
of (α, β) with nontrivial dynamics. Tents from U are expanding and have two
repelling fixed points which cause the interesting dynamics later.

For x ∈ R we put

Lα,β(x) =
α

β
x and Rα,β(x) =

β

1− α
(1− x). (2)

Suppose T = Tα,β is fixed for an (α, β) ∈ U and x ∈ [0, 1]. We define
I(x) = Iα,β(x) the itinerary of x by

(i) I(x) is either an infinite sequence of Ls and Rs, or a finite (or empty)
sequence of Ls and Rs ended by C. The jth entry of I(x) is denoted by
Ij(x), j = 0, 1, . . . .

(ii) If T jα,β(x) 6= α for all j ≥ 0 then Ij(x) = L if T jα,β(x) < α and Ij(x) = R

if T jα,β > α.

(iii) If T kα,β(x) = α for some k, then if k0 is the smallest such k and 0 ≤ l < k0

then Ik0(x) = C and Il(x) = L if T lα,β(x) < α and Il(x) = R if T lα,β(x) >
α.
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Figure 1: Parameter range U

The extended itinerary of Tα,β denoted by IE(x) = IE,α,β(x) ∈ {L,R,C}Z≥0 .
If there is no C in IE(x) then I(x) = IE(x), if there is a C then I(x)
is finite, and IE(x) is just the infinite repetition of I(x). We denote by
K(α, β) = Iα,β(β) the kneading sequence of Tα,β.

A sequence M of symbols L,R,C is called admissible if either is an infinite
sequence of Ls and Rs or if M is a finite (or empty) sequence of Ls and Rs,
followed by C. There is a parity-lexicographical ≺-ordering of the kneading
sequences:
We set L ≺ C ≺ R.
Let A = A1A2 . . . , B = B1B2 . . . .
Suppose Aj = Bj for all j < i , Ai ≺ Bi and
the number of Rs up to j = (i− 1) is even then A ≺ B,
the number of Rs up to j = (i− 1) is odd then A � B.

We denote by M the class of kneading sequences K(0.5, β), β ∈ (0.5, 1],
this corresponds to the kneading sequences of T 1

2
,β with 1

2
< β ≤ 1..

By M∞ we denote those kneading sequences in M which do not contain
C. These are the infinite sequences. On the other hand, M<∞ will denote the
finite kneading sequences. These are the ones ending with C corresponding to
parameter values when the turning point is periodic. In that case we have a
Markov partition.

Suppose K(α, β) = M ∈ M. We put M− = limx→β− IE,α,β(x). It is easy
to see that M− does not contain C.

3



Definition 2.1. Let T be a piecewise monotone map. If J is a maximal
interval on which T |J is continuous and monotone, then T : J → T (J) is
called a lap of T . The lapnumber, l(T ) is the number of laps of T .

For these maps for the topological entropy of T , that is htop(T ) the following
holds.

Proposition 2.2. Let T : [0, 1]→ [0, 1] have finitely many laps l(T ). Then

htop(T ) = lim
n→∞

1

n
log l(T n) =

lim sup
n→∞

1

n
log #{clusters of n-periodic points} = max{0, lim

n→∞

1

n
log V T n}

where two n-periodic points are in the same cluster if they belong to the same
lap of T n and V T n is the variation of T n.

3. Tent maps I.

In this section we introduce the equi-kneading curves ΨM and the auxiliary
function ΘM . The next theorem is a corollary of Theorem 1 of [36].

Theorem 3.1. For each M ∈M there exist two numbers α1(M) < α2(M) and
a continuous function ΨM : (α1(M), α2(M))→ U such that for (α, β) ∈ U we
have K(α, β) = M if and only if B = ΨM(α). The graphs of the functions ΨM

fill up the whole set U . Moreover, limα→α1(M)+ ΨM(α) = 1 if M � RLR∞.
If M ≺ RLR∞ then the curve (α,ΨM(α)) converges to a point on the line
segment {(α, 1 − α) : 0 < α < 1

2
} as α → α1(M)+. If M = RL∞ then

α1(M) = 0, α2(M) = 1 and ΨM(α) = 1 for all α ∈ (0, 1). We will refer to
ΨMs as equi-kneading curves.

Remark. On these curves the topological entropy h(α,ΨM(α)) is constant,
therefore we also call them isentropes.
Suppose

M− = RL . . . L︸ ︷︷ ︸
m1

RL . . . L︸ ︷︷ ︸
m2

RL . . . L︸ ︷︷ ︸
m3

R . . . . (3)

We introduce the notation mk = m1 +m2 + · · ·+mk.

Theorem 3.2. Suppose M ∈M\{RL∞} is given. Then there exists a function
ΘM : U → R, such that for (α, β) ∈ U if K(α, β) = M then ΘM(α, β) = 0.
Moreover,

ΘM(α, β) = 1− β +
∞∑
k=1

(−1)k
(

1− α
β

)k (
α

β

)mk
= (4)

1− β +
∞∑
k=1

(
α− 1

β

)k (
α

β

)mk
where m1 = m1 > 0, mk ≤ mk+1 ≤ mk + m1, k = 0, 1, . . . . If M = K(α, β) ∈
MR,∞ then there exists n such that mk+1 = mk for k ≥ n.
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This means that ΨM is a subset of {(α, β) ∈ U : ΘM(α, β) = 0}, the zero
level set of ΘM . Also the isentrope (α,ΨM(α)) satisfies the implicit equation
ΘM(α,ΨM(α)) = 0. One would like to have the property that the level zero
set of ΘM(α, β) = 0 in U equals the curve of ΨM , but it is not exactly true.
On the positive side we have the following theorem.

Theorem 3.3. Suppose M ∈M \ {RL∞} is given, (α, β) ∈ U and K(α, β) =

M̃ �M . Then ΘM(α, β) 6= 0.

This shows that in the region U above the curve (α,ΨM(α)), α ∈ (α1(M),
α2(M)) the auxiliary function ΘM is non-vanishing. Unfortunately, we cannot
state the same of under ΨM .

Theorem 3.4. There exists M ∈M∞\{RL∞} such that for some (α, β) ∈ U
we have ΘM(α, β) = 0, but K(α, β) = M̃ 6= M . By Theorem 3.3 we have
K(α, β) ≺M . (See a counterexample on Figure 2.)

Figure 2: Levels of ΘM ,M = RLLRLRRLR∞.

Lemma 3.5. For any M ∈ M\{RL∞} the function ΘM(α, β) is infinitely
differentiable on U and also in small neighborhoods of the points {(β, β) : 1

2
<

β < 1}.

M. Misiurewicz asked the question whether the isentropes are perpendic-
ular to the diagonal. Using ΘM we show that the curves (α,ΨM(α)) hit the
diagonal {(β, β) : 0.5 < β < 1} almost perpendicularly if (β, β) is close to
(1, 1) (See Figure 3). The curves ΨM are not necessarily exactly orthogonal to
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Figure 3: Blow up of equi-kneading curves near (1/2, 1/2)

the diagonal, for M = RLLRC the curve (α, ϕM(α)) is not orthogonal to the
diagonal. On the other hand, for M = RLC it is.
As we approach the upper right corner of the unit square isentropes are almost
perpendicular as the next theorem states.

Theorem 3.6.
lim

β0→1−
DαΨβ0(β0) = −1. (5)

Where DαΨβ0 the derivative of Ψβ0. This means that the curves Ψβ0 are almost
perpendicular to the diagonal {(β, β) : 1

2
< β < 1} at the point (β0, β0) when

β0 is close to 1.

4. Tent maps II.

In this section we deal with the differentiability of ΨM and the connection
between Ψ′M and the Lyapunov exponents.

Definition 4.1. For the skew tent map Tα,β, (α, β) ∈ U we define the Frobenius-
Perron operator Pα,β : L1[0, 1]→ L1[0, 1] by

Pα,βf(x) =
∑

z∈{T−1
α,β(x)}

f(z)

|T ′α,β(z)|
,

which in a more explicit form is

Pα,βf(x) =
α

β
f

(
αx

β

)
+

1− α
β

f

(
1− 1− α

β
x

)
if 0 ≤ x ≤ β, (6)

and Pα,βf(x) = 0 if x > β.
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Proposition 4.2. [7] Let T : I → I be nonsingular. Then for the Frobenius-
Perron operator PT it holds that PTf

∗ = f ∗ a.e., if and only if the measure
µ = f ∗ · λ, defined by µ(A) =

∫
A
f ∗dλ, is T -invariant, i.e., if and only if

µ(T−1A) = µ(A) for all measurable sets A, where f ∗ ≥ 0, f ∗ ∈ L1 and
‖f ∗‖1 = 1.

In other words the invariant density will be the fixed point of Pα,β. We
also remind to the definition of the variation of a real function f : [a, b]→ R.

V f = V[a,b]f = sup
P

{
n∑
k=1

|f(xk)− f(xk−1)|

}

where sup is taken for all partitions P = {[x0, x1], [x1, x2], . . . [xn−1, xn]} of
[a, b]. If V[a,b]f < +∞ then f is of bounded variation, BV on [a, b].

Definition 4.3. Suppose I = [a, b], T : I → I. A partition

P = {[a0, a1], [a1, a2], . . . , [an−1, an]}

of [a, b] is Markov for T if for any i = 1, . . . , n the transformation T |(ai−1,ai) is
a homeomorphism onto the interior of the connected union of some elements
of P , that is onto an interval (aj(i), ak(i)).

Observe that if T nα,β(β) = α, that is C appears in K(α, β) ∈M<∞ then the

partition determined by the points {0, α, β, Tα,β(β), . . . , T n−1
α,β (β), 1} provides

a Markov partition. If Tα,β is piecewise expanding and 1/|T ′α,β| is of BV then
it admits an absolutely continuous invariant measure, acim whose density is
of bounded variation.
If T : I → I is differentiable, log |T | is integrable and µ is a T -invariant
measure then we can talk about the Lyapunov exponent:

Λ(x) = lim
N→∞

1

N
log |(TN)′(x)| =

= lim
N→∞

1

N

N−1∑
n=0

log |T ′(T n(x))|.

As far as we know in the literature there were two ways to estimate/ ap-
proximate Lyapunov exponents of skew tent maps. One method is based on
computer programs approximating either γ (which depends on the absolutely
invariant measure - acim - µα,β, and γ = µα,β[0, α]), or the invariant den-
sity fα,β. The other method, discussed in [3] is based on the fact that if
K(α, β) ∈M<∞, that is when the turning point is periodic for Tα,β then there
is a Markov partition for Tα,β. Based on the Markov partition one can obtain
a system of linear equations and the solution of this system gives us the invari-
ant density function fα,β of the acim µα,β of Tα,β. Then γ = µα,β([0, α]). The
drawback of this calculation is that the number of equations is the number of
elements in the Markov partition. If K(α, β) ∈M∞ then there is no Markov
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partition, but isentropes corresponding to skew tent maps with Markov parti-
tion are dense in U . But if we approximate maps Tα,β with maps of parameters
(αn, βn) ∈M<∞ then the number of equations tends to infinity.

Our first main theorem in this section is about approximating invariant
densities.

Proposition 4.4. Suppose (αn, βn) ∈ U for n = 0, 1, . . . , (αn, βn)→ (α0, β0)
and Pn = {[0, αn], [αn, 1]}. Suppose that

∀m ≥ 1,∃ δm > 0 such that if

P(m)
n =

m−1∨
j=0

T−jαn,βn(Pn) then min
I∈P(m)

n

λ(I) ≥ δm > 0.
(7)

Then:
(A) For any density f of bounded variation there exists a constant M such
that for any n and k = 1, 2, . . .

V P k
αn,βnf ≤M.

This implies that for any n there is an invariant density fn of Tαn,βn and the
set {fn} is a precompact set in L1([0, 1], λ).
(B) Moreover, if fnk → f0 in L1 then f0 is an invariant density for Tα0,β0.

The second one is about the connection between the tangents and the
Lyapunov exponents:

Proposition 4.5. Suppose (α0, β0) ∈ U , M = K(α0, β0) ∈ M<∞, that is
there exists a minimal nM > 1 such that T

nM
α0,β0

(β0) = α0. Assume that Λ =
Λα0,β0 denotes the Lyapunov exponent of Tα0,β0 and (α,ΨM(α)) is the isentrope
satisfying β0 = ΨM(α0). We also suppose that Ψ′M(α0) exists, that is the
isentrope is differentiable at α0. Then we have the following formula

Λα0,β0 = Λ = γ log
β0

α0

+ (1− γ) log
β0

1− α0

, where γ satisfies (8)

γ =

Ψ′M (α0)

β0
+ 1

1−α0

1
α0

+ 1
1−α0

= α0(1− α0)
Ψ′M(α0)

β0

+ α0. (9)

Moreover, if µ denotes the acim of Tα0,β0 then

γ = µ([0, α0]). (10)

Later we actually prove that ΨM are continuously differentiable:

Theorem 4.6. If M ∈M then Ψ′M exists and is continuous on (α1(M), α2(M)).
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One can obtain ΨM by implicit differentiation.

Ψ′M(α) = −
∂1ΘM(α,ΨM(α))

∂2ΘM(α,ΨM(α))
, (11)

Since the series in (4) converges at an exponential rate if we consider the
partial derivatives we also obtain an exponential convergence rate for the par-
tial derivatives and it is very easy to compute/approximate Ψ′M(α) and there-
fore the Lyapunov exponents. Our next theorem says that we can do this in
the general case, without having Markov partition.

Theorem 4.7. Suppose (α0, β0) ∈ U , Λ = Λα0,β0 denotes the Lyapunov expo-
nent of Tα0,β0 and (α,ΨM(α)) is the isentrope satisfying β0 = ΨM(α0). Then
Ψ′M(α0) exists, moreover (8) and (9) are satisfied.

Figure 4: Tangent of ΨM , M = K(0.5, 0.7), 5000 iterates

5. Convergence of Birkhoff averages for many

group rotations

Birkhoff’s ergodic theorem says that if we have an ergodic transformation
(and measure) and an L1 function f then the time average and the space
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average will be the same as N goes to infinity:

1

N + 1

N∑
i=0

f(T i(x))→ 1

µ(X)

∫
X

fdµ = f ∗ µ a.e. x.

The starting point was here whether it is possible to generalize Birkhoff’s the-
orem if we consider measurable functions f which are not necessarily Lebesgue
integrable. A major obstruction to the generalization of Birkhoff’s theorem to
this case is P. Major’s following example [32]. There exist S, T : X → X two
conjugate ergodic transformations on a suitable probability space (X,µ) such
that

lim
n→∞

1

n+ 1

n∑
k=0

f(Sk(x)) = 0 µ a.e.

and

lim
n→∞

1

n+ 1

n∑
k=0

f(T k(x)) = a 6= 0 µ a.e..

Later M. Laczkovich raised the question whether in Major’s example X can
be changed to T and S, T two different irrational rotations. Let f : T→ R be
a given measurable function. For an α ∈ R put

Mα
Nf(x) =

1

N + 1

N∑
k=0

f(x+ kα)

we will use this particular time average from now on. The answer is yes, Z.
Buczolich showed in [12] that for any two independent irrationals α1, α2 it
is possible to find a measurable f : T → R such that Mα1

N f(x) → c1 and
Mα2

N f(x)→ c2 6= c1.
Some of our results also hold for nonconventional ergodic averages. We change
(k) in Mα

Nf(x) for (nk) which is a strictly monotone increasing sequence of
integers, and we consider f on the compact Abelian group G. We investigate
some special rotation sets on G equipped with the Haar measure m, where f
is measurable:

Γf =
{
α ∈ G : Mα

Nf(x) converges for m a.e. x as N →∞
}
.

We also introduce some similar but slightly different sets than Γf

Γf,0 =
{
α ∈ G :

f(x+ nkα)

k
→ 0 for m a.e. x

}
and

Γf,b =
{
α ∈ G : lim sup

k→∞

|f(x+ nkα)|
k

<∞ for m a.e. x
}
. (12)

It is obvious that Γf ⊂ Γf,0 ⊂ Γf,b. In [12] it was shown that from m(Γf,0) > 0
it follows that f ∈ L1(T), when the sequence nk = k is considered. Our main
result in this final section is the following:
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Theorem 5.1. If (nk) is a strictly monotone increasing sequence of integers
and G is a compact, locally connected Abelian group and f : G → R is a
measurable function then from m(Γf,b) > 0 it follows that f ∈ L1(G).

Theorem 5.1 says that if we do not have “too much torsion” in Ĝ then
from m(Γf,b) > 0 it follows that f ∈ L1(G). If one considers an individual Zp
(the group of p-adic integers) then its dual group is Z(p∞) with all elements of
finite order, so still there seems to be “lots of torsion” in the dual group. It is
also clear that arithmetic properties of nk might matter if we consider Zp. For
us it was quite surprising that if one considers ordinary ergodic averages, that
is, nk = k then Zp behaves like a locally connected group and the following
theorem is true.

Theorem 5.2. Suppose that nk = k, and p is a fixed prime number. We con-
sider G = Zp, the group of p-adic integers. Then for any measurable function
f : G→ R from m(Γf,b) > 0 it follows that f ∈ L1(G).

However, such a result does not hold if the dual group Ĝ contains “infinitely
many multiple torsions”. We say that the group G contains infinitely many
multiple torsions if either there is a prime number p such that G contains
a subgroup algebraically isomorphic to the direct sum (Z/p)

⊕
(Z/p)

⊕
. . . ,

or there are infinitely many different prime numbers p1, p2, . . . such that G
contains for any j subgroups of the form (Z/pj)× (Z/pj).

Theorem 5.3. Suppose that (nk) is a strictly monotone increasing sequence of

integers and G is a compact Abelian group such that its dual group Ĝ contains
infinitely many multiple torsion. Then there exists a measurable f /∈ L1(G)
such that

m(Γf,0) = m(Γf,b) = 1, where m is the Haar-measure on G. (13)

In fact, we show that Γf,0 = Γf,b = G.
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