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Dunaújvárosi Főiskola
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1. Introduction

This work contains the thesis of my PhD dissertation Bifurcation of Biolog-

ical Clocks submitted to the Eötvös Loránd University, Faculty of Natural

Sciences, Doctoral School in Mathematics.

In Section 2 the method are introduced. In Section 3 the results of my

work are summarized. In Section 3.1 the statements about the biological

clock of Drosophila Melanogaster is shown. In Section 3.2 the results of the

investigation of Neurospora Crassa are introduced.

2. Methods

In this Section the methods applied in the dissertation are briefly shown

Let us consider the equation

Ẋ(t) = H(X(t), u), (1)

where H : R
n × R

k → R
n is a differentiable function, X ∈ R

n is the vector

of state variables and u ∈ R
k is the vector of parameters.

Let us suppose that the system of equations H(X, u) = 0 giving the station-

ary points can be reduced to a single equation and two control parameters,

u1 and u2 involved linearly in the right-hand side of the reduced equation.

Now we can write the reduced equation into the form

h(x, u1, u2) = h0(x) + h1(x)u1 + h2(x)u2 = 0 (2)

The implicit function theorem states, that the number of solutions of equation

(2) can change if h(x, u1, u2) = 0 and h′(x, u1, u2) = 0, where prime denotes

differentiation with respect to x.

We introduce the singularity (or saddle-node bifurcation) set S

S = {(u1, u2) ∈ R
2 : exists x ∈ R, h(x, u1, u2) = h′(x, u1, u2) = 0},

which can be given by the PRM as a curve parameterized by x. Hence S can

be easily constructed and the solutions belonging to a given parameter pair
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can be determined by a simple geometric algorithm.

Let us solve equations h(x, u1, u2) = 0 and h′(x, u1, u2) = 0 for (u1, u2).

This solution is the parametric form of the D-curve. Using this curve we can

determine the number and the value of the solutions x of (2), because the

following lemmas hold [?].

1. Lemma (Tangential property). The number x ∈ R is a solution of

equation (2) for the parameter values u1 and u2 if and only if a tangent line

can be drawn from the point (u1, u2) to the D-curve at the point D(x).

2. Lemma (Convexity property). The D-curve consists of convex arcs

that join with common tangent or asymptote. The convexity of the separate

arcs means that they lie on one side of the tangent line belonging to any point

of the arc.

The D-curve can be plotted in the plane of (u1, u2). Let (u�
1, u

�
2) be a parame-

ter pair that is moved in the parameter plane. If (u�
1, u

�
2) crosses the D-curve,

the number of stationary points of (2) changes by two.

3. Lemma. Let J be the Jacobian of Ẋ(t) = H(X(t), u), where H : R
3 ×

R
k → R

3 is a differentiable function, X ∈ R
3 is the vector of state variables

and u ∈ R
k is the vector of parameters. DetJ and TrJ denote the trace and

the determinant of J , and J11, J22, J33 are the corresponding minors of J .

We introduce a new notation

g = TrJ(J11 + J22 + J33) − DetJ. (3)

If J has two pure imaginary eigenvalues, then g = 0.

Noticing that �2 ≥ 0 it can be seen, that g = 0 and sgn DetJ = sgn TrJ

imply that the Jacobian has two pure imaginary eigenvalues hence there is

a Hopf–bifurcation point. However, if g = 0 and sgn DetJ �= sgn TrJ, then

the Jacobian has only real eigenvalues, thus there is no Hopf–bifurcation.
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Using Lemma 3 we can investigate the stability of the stationary points

by g. We define the H-curve by equations (2) and g = 0. The H-curve can

be plotted in the plane of (u1, u2). Let (u�
1, u

�
2) be a parameter pair moved in

the parameter plane. If (u�
1, u

�
2) crosses the H-curve, the stability of one of

the stationary points of (2) changes.

3. Thesis

3.1. The biological clock of Drosophila

The thesis in this Section are proved in [1., 2.]

Investigating the biological clock of Drosophila we use the model intro-

duced by Tyson:

Ṁ =
νm

1 + (P2

Pc
)2 − kmM (4)

Ṗ1 = νpM − k1P1

Jp + P1 + rP2

− k3P1 − 2kaP
2
1 + 2kdP2 (5)

Ṗ2 = kaP
2
1 − kdP2 − k2P2

Jp + P1 + rP2

− k3P2, (6)

Let h0(P1) = −karP
2
1 + (kd + k3)(Jp + P1) + k2.

P2 = h1(P1) =
−h0(P1) +

√
h2

0(P1) + 4r(kd + k3)(Jp + P1)kaP 2
1

2r(kd + k3)

M = h2(P1) =
νmP 2

c

km(P 2
c + h2

1(P1))
.

h3(P1) = − P1

Jp + P1 + rh1(P1)
,

h4(P1) = −k3P1 − 2kaP
2
1 + 2kdh1(P1).

Using PRM:

νp = D1(P1) : =
h′

4(P1)h3(P1) − h′
3(P1)h4(P1)

h2(P1)h′
3(P1) − h′

2(P1)h3(P1)
, (7)

k1 = D2(P1) : =
h′

2(P1)h4(P1) − h′
4(P1)h2(P1)

h2(P1)h′
3(P1) − h′

2(P1)h3(P1)
. (8)
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1. Proposition. For all P1 > 0 (1.) h1(P1) > 0 and h′
1(P1) > 0.

(2.) kaP
2
1 − kdh1(P1) > 0. (3.) 0 < P1h

′
1(P1) − h1(P1) < kaP

2
1 k−1

d .

Let the numerator of νp in (7) F (P1), of k1 in (8)G(P1).

4. Lemma. For all P1 > 0 F (P1) > 0 and G(P1) > 0.

Let the denominator os νp and k1 in (7)–(8) N(P1).

5. Lemma. For all values of the parameters (1.) N(0) < 0, (2.) limP1→∞ N(P1) =

0, (3.) If P1 is large enough then N(P1) < 0.

6. Lemma. 1. If N(P1) < 0 for all P1 > 0, then the D–curve lies in the

negative quadrant.

2. If there exists an open interval (p1, p2) ∈ R for which N(P1) > 0 for

all P1 ∈ (p1, p2) and N(P1) < 0 for all P1 ∈ R\(p1, p2), then the

D–curve consists of three branches (the curve is not connected). The

branch belonging to the interval (p1, p2) is in the positive quadrant, the

others are in the negative quadrant.

Because of Lemma 5 and Lemma 6 the D–curve belongs to one of the

next two classes:

D1 The D–curve lies in the negative quadrant

D2 One branch of the D–curve lies in the positive quadrant, the other part

of the curve is in the negative quadrant. The branches has common

asymptotes in the breaking points. The branch in the positive quadrant

has a cusp point.

Thesis 1:

1. If the D–curve belongs to class D1, and νp, k1 are positive, then the

system (6)-(8) has one stationary point with positive coordinates.
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2. If the D–curve belongs to class D2, and νp, k1 are positive, then there

are two cases. If (νp, k1) is inside the cusp of the D–curve lying in the

positive quadrant, then the system (6)-(8) has three stationary point

with positive coordinates. If (νp, k1) is outside the cusp, then there is

one stationary point.

The H-curve in the (νp, k1) paraméterplane is given by (2) and g = 0.

That is the parametric form of the H-curve H1(P1) = νp, H2(P1) = k1, where

νp and k1 are given by the next system

νph2(P1) + k1h3(P1) + h4(P1) = 0

TrJ(J11 + J22 + J33) − DetJ = 0.

If the parameters are fixed D− and H− curves can be plotted in the (νp, k1)

plane. Numerical investigation shows that the H-curves can be classified as

follows: H1 The positive part of the H–curve has no self intersection point.

H2 The positive part of the H–curve has a self intersection point, i.e. the

H–curve has a loop.

Thesis 2: Let the D–curve belong to class D1, and the the H–curve belong

to class H1, and νp, k1 positive. We use the notations shown in Figure 1.

1. If (νp, k1) ∈ E1, then the system (6)-(8) has one stationary point and

it is stable.

2. If (νp, k1) ∈ E2, then the system (6)-(8) has one stationary point and

it is unstable.

Thesis 3: Let the D–curve belong to class D2, and the H–curve belong

to class H2, and νp, k1 positive. We use the notations shown in Figure 7.

1. If (νp, k1) ∈ E1, then the system (6)-(8) has one stationary point and

it is stable.

2. If (νp, k1) ∈ E2, then the system (6)-(8) has one stationary point and

it is unstable.
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1. ábra. D-curve, H-curve and regions E1, E2 for Pc = 0.01 .

3. If (νp, k1) ∈ E3, then the system (6)-(8) has three stationary points.

Two of them are unstable, and one is stable.

4. If (νp, k1) ∈ E4, then the system (6)-(8) has three stationary points.

Two of them are stable, and one is unstable.
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2. ábra. D-curve, H-curve and regions E1, E2, E3, E4 for Pc = 0.5.

3.2. The biological clocks of Neurospora

The thesis in this Section are proved in [3., 4., 5.]

Investigating the biological clock of Neuarospora we use the model intro-

duced by Gonze:

Ṁ = νs
Kn

I

Kn
I + F n

N

− νm
M

Km + M
(9)
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ḞC = ksM − νd
FC

Kd + FC

− k1FC + k2FN (10)

ḞN = k1FC − k2FN (11)

Let C1 = Kn
I Kmkn

2 ksνs, C2 = Kn
I kn

2 (νm − νs), C3 = νmkn
1 .

Then (11)-(13) can be reduced:

−C1Kd + νd(C2FC + C3F
n+1
C ) − C1FC = 0.

1. Lemma. • If FC = 0 then Kd = 0 and sgn νd = sgn (νm − νs);

• limFC→∞ νd = 0; limFC→∞ Kd = −∞.

2. Lemma. 1. If νm − νs > 0 then N is positive for all FC ≥ 0.

2. If νm − νs < 0 then numerator N has a root FC = n

√
−C2

C3(n+1)
.

1. Corollary. If νm − νs > 0, then the D-curve lies in the II. quadrant, that

is Kd < 0, νd > 0 for all FC > 0.

2. Corollary. If νm−νs < 0 then the D-curve consists of two branches. The

branch corresponding to

• FC < n

√
−C2

C3(n+1)
lies in the IV. quadrant,

• FC > n

√
−C2

C3(n+1)
lies in the II. quadrant.

Thesis 4: The system (9)-(11) has one stationary point for all positive

values of the parameters.

Using the methods introduced before, the D− and H−curves can be

plotted. Summarizing the results we give the bifurcation diagram.

3.3. The 4-variable model of Gonze

The 4-variable model of Gonze is the precised version of the model (6)-(8).

Ṁ = νs
Kn

I

Kn
I + F n

N

− νm
M

Km + M
(12)
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3. ábra. The bifurcation diagram of the Gonze-modell

ḞC = ksM − k1FC + k2FN − kFC (13)

ḞS = kFC − FS

Kd + FS

(14)

ḞN = k1FC − k2FN − νdN
FN

KdN + FN

(15)

Thesis 5: The system (12)–(15) has one stationary point for all positive

values of parameters.

3.4. François model

The biological clock of Neurospora Crassa can be investigated by a third

model as well. This system is the MFL-model by François:

ġ = θ̃

[
(1 − g) − g

A

A0

]
(16)

ṙ = ρ0g + ρ1(1 − g) − r (17)

Ḃ =
1

δ
(r − AB) − dbB (18)

Ȧ =
1

δ
(1 − AB) + μθ̃

[
(1 − g) − g

A

A0

]
− daA (19)

Thesis 6: The D-curve of the system (16)-(19) has a cusp at A =
3
√

A0dbd−1
a .

Thesis 7: If ρ1(A
c) > 0 then the D-curve divides the positive quadrant

into two regions. See Figure 1.

• If (ρ�
1, ρ

�
0) ∈ E1, then (18)-(21) with parameters ρ�

1, ρ�
0 has three sta-

tionary points.
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• If (ρ�
1, ρ

�
0) ∈ E2, then (18)-(21) with parameters ρ�

1, ρ�
0 has one station-

ary point.
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4. ábra. The bifurcation diagram of the MFL modell for δ = 0.003 and δ = 20.
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