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1 Introduction

Quantum Chromodynamics (QCD) is the theory of the strong interactions. The elementary

particles of QCD – quarks and gluons – cannot be observed directly in Nature, on the contrary,

they only show up as confined constituents of hadrons like the proton or the neutron. However,

due to one of the most important properties of QCD, asymptotic freedom, the interaction be-

tween quarks vanishes at asymptotically high energies. Therefore under extreme circumstances

– namely, at very high temperature or density – quarks can be liberated from confinement,

creating a plasma of quarks and gluons (QGP).

It is widely accepted that strongly interacting matter existed in this plasma state until

about 10−5 seconds after the Big Bang, when the transition to the confined phase occurred.

Furthermore, the same extreme circumstances are claimed to have been reproduced in con-

temporary heavy ion experiments at high energy particle accelerators. The properties of the

transition separating the confined and deconfined phases of quarks thus plays an important

role in both the understanding of the early Universe and in the interpretation of data from

such experiments.

Asymptotic freedom ensures that at extremely high temperatures or densities one can study

the strong interactions using perturbation theory. However, the temperature scale where these

expansions converge is still far above the transition temperature, making phenomena character-

istic to the deconfined phase accessible only for non-perturbative methods. A mathematically

well-defined, systematically adjustable non-perturbative approach is the numerical simulation

of the lattice discretization of the theory, called lattice QCD.

According to lattice calculations the transition between the QGP and confined matter at

zero density is no real phase transition, but an analytic crossover. Furthermore, the pseu-

docritical temperature Tc corresponding to this transition has also been studied extensively.

Much more difficult is the situation at nonzero densities – i.e. nonzero chemical potentials μ –,

where numerical simulations are hindered by the sign problem, causing ordinary Monte Carlo

methods to fail. The structure of the QCD phase diagram as a function of the temperature

T and the chemical potential – in particular, the existence of a critical endpoint where the

crossover may turn into a first-order phase transition – is for this reason still controversial.

Therefore my primary aim in this thesis was to study the behavior of thermodynamic

observables at zero and nonzero density around the transition in order to determine the phase

diagram and the equation of state (EoS) of the dynamical theory. Furthermore I studied the

pure gluonic theory in the high temperature limit, where it becomes possible to connect the
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non-perturbative results from the lattice to the perturbative behavior expected at extremely

high temperatures.

2 Methods

The lattice simulations were carried out with various lattice extensions (ranging up to 643 ×
12 for the dynamical projects and up to 1203 × 5 for the pure SU(3) project) and lattice

spacings (ranging down to 0.1 fm around the transition temperature). In all cases the Symanzik

improved discretization was used for the gauge action and, for the dynamical projects, stout

smeared staggered quarks for the fermionic action. The Nq = 2+1 theory of the up, down and

strange quarks was simulated and the quark masses were set to their physical values, defined to

keep ratios of experimentally measurable observables fixed. For the QCD equation of state the

charm quark was also taken into account on the level of partial quenching. The lattice scale

was determined using the kaon decay constant for the dynamical projects, and the transition

temperature for the gluonic theory. In all three projects we thoroughly checked finite size

effects and discretization effects, thereby controlling the two most important possible sources

of systematic error. In order to ensure that the extrapolations lead to the correct continuum

limit, all the necessary additive and multiplicative renormalizations were applied to the studied

observables.

For the study of the phase diagram of QCD a Taylor-expansion approach was used to

circumvent the sign problem and extract results reliable for moderate chemical potentials.

Starting from the definition of the partition function the coefficients up to order O(μ2) for

an arbitrary observable are written down using generalized correlators of the observable with

the quark density and the quark susceptibility. From the coefficients we define the curvature

of the Tc(μ) line, which contains information regarding both the change in the transition

temperature and the relative change in the strength of the transition. Two observables that give

different pseudocritical temperatures at zero μ were used to define the transition temperature

as a function of the chemical potential. The curvatures for various lattice spacings are fitted

together with a lattice spacing-dependent function, from which the continuum extrapolated

results can be read off.

The equation of state of QCD was calculated up to 6Tc with Nq = 2+1 flavors of dynamical

quarks. The primary observable for the EoS is the pressure, which was determined with

the help of a newly proposed method. Using this multidimensional integration scheme the

systematics related to the integration of the raw lattice data are under control and the quark
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mass-dependence of the result can also be quantified. From the pressure further thermodynamic

observables like the interaction measure can also be straightforwardly calculated. Our results

are compared to the Hadron Resonance Gas model at low temperatures, where the integration

constant in the pressure can be set. A global parameterization of the interaction measure is

given in the whole temperature range, which can be directly used in hydrodynamic models.

The effect of a charm quark on the equation of state was also estimated using partial quenching.

The apparent deficit of the pressure from its Stefan-Boltzmann limit at temperatures 5 −
6 Tc, and the fact that perturbation theory only converges at extremely high T makes it worth

to study the EoS on the lattice at much higher temperatures. This has recently become possible

in the pure gauge sector. Despite the huge computational demand we were able to determine

thermodynamic observables up to 1000Tc, using lattices with aspect ratios up to Ns/Nt = 24.

We gather statistics that exceed results in the literature by at least an order of magnitude.

Results with different lattice spacings are fitted together with a multi-spline function to ensure

the smoothness of the continuum extrapolated data. At very high temperatures the lattice

results are compared to improved and resummed perturbation theory and fits are carried

out to determine the free parameters of the perturbative expansions. Furthermore, there

have been indications from lattice studies that the interaction measure may contain a non-

perturbative contribution, which can never show up in perturbative expansions. We identify

this contribution and fit it with two simple functional forms.
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3 Results

• I have developed and implemented a method to define the curvature without the need to

fit the μ > 0 data. This definition also gives information regarding the relative change

in the strength of the transition.

• For the study of the phase diagram I have performed all of the simulations and mea-

sured the Taylor-coefficients necessary for this definition. By means of a multifit to data

measured at various lattice spacings I determined the curvature of the transition line

separating the confined and deconfined phase.

• I have developed a multidimensional integration scheme that can be used to reconstruct a

smooth hypersurface using scattered gradient data. I used this approach to determine the

pressure of QCD in the two-dimensional parameter space spanned by the gauge coupling

and the light quark mass. In this approach it is straightforward to study the quark mass

dependence of the EoS and to estimate the systematic error in the pressure.

• I have measured the charm condensate on part of the dynamical configurations and eval-

uated the charm contribution to the pressure and to other thermodynamic observables.

• I have evaluated the pressure using a multi-spline fit to data measured at various lattice

spacings and extracted the continuum extrapolated curve from this fit.

• I have compared and matched lattice results with improved and resummed perturba-

tive formulae. The free parameters were fitted to best reproduce the lattice results at

high temperature. Furthermore, I quantified the non-perturbative contribution to the

interaction measure with either a constant or a logarithmic ansatz.
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4 Conclusions

Considering the study of the phase diagram of QCD we determined the curvature of the Tc(μ)

line for both the renormalized chiral condensate and the strange quark number susceptibility.

We found that Tc decreases with growing chemical potential, as expected. The results also

indicate that the strength of the transition decreases very slightly, thus the crossover that is

present at μ = 0 persists to moderate chemical potentials. The findings are summarized in

figure 1.

For the study of the equation of state in dynamical QCD the pressure p, the interaction

measure I, the energy density ε, the entropy density s and the speed of sound cs was determined

in the temperature range 100MeV . . . 1000MeV. We observe that the pressure is roughly 20%

below its Stefan-Boltzmann limit at the highest temperature. We determined the pseudocritical

temperature in terms of the maximum point/inflection point of the interaction measure or the

minimum point of the speed of sound or p/ε. The final result for the pressure as measured

on three different lattice spacings is shown in figure 2. The effect of the charm quark on the

pressure was also estimated using partial quenched measurements of the charm condensate on

the Nq = 2 + 1 configurations, and was found to give a significant contribution already at

∼ 2Tc.

The pure gluonic theory was studied and the interaction measure was determined at previ-

ously unreached temperatures, up to 1000 Tc. Comparing to improved perturbation theory the

unknown coefficient of the O(g6) order was fitted, shown in figure 3. A similar fit was carried

out to the scale parameter of the Hard Thermal Loop approach. Motivated by the behavior

of the interaction measure multiplied by T 2 in the region Tc < T < 5Tc, we quantified the

non-perturbative contribution to the interaction measure in two simple forms: Inp = anp/T
2

and Inp = (anp + bnp log(T/Tc))/T
2 and fitted these coefficients. These fits are also plotted in

figure 3.
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• Sz. Borsányi, G. Endrődi, Z. Fodor, A. Jakovác, S. D. Katz, S. Krieg, C. Ratti and
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7



Figure 1: The phase diagram of QCD for small chemical potentials. The crossover transition

between the ‘cold’ and ‘hot’ phases is represented by the colored area. The lower solid band shows

the result for Tc(μ) defined through the chiral condensate and the upper one through the strange

susceptibility. The width of the bands represent the statistical error of Tc(μ) for the given μ coming

from the error of the curvature for both observables. The dashed line is the freeze-out curve from

heavy ion experiments. Also indicated are with different symbols the individual measurements of the

chemical freeze-out from RHIC, SPS (Super Proton Synchrotron) and AGS (Alternating Gradient

Synchrotron), respectively. The center of mass energies
√
sNN for each are shown in the legend.

Figure 2: The pressure normalized by T 4 as a function of the temperature on Nt = 6, 8 and 10

lattices. The Stefan-Boltzmann limit pSB(T ) ≈ 5.209 · T 4 is indicated by an arrow.
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Figure 3: The continuum limit of the interaction measure obtained from the lattice results (red

band), compared to fitted perturbation theory. We fit the g6 coefficient (gray dashed-dotted line),

and the non-perturbative contribution in two different forms (black dashed line and green dotted

line).
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