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For finite algebras there are strong connections between the structural properties
of the algebra and the free spectrum of the variety generated by the algebra itself.
Higman [14] and Neumann [22] proved that if G is a finite group, then the size of
the n-generated relatively free group in the variety generated by G is exponential
in n if G is nilpotent, and doubly-exponential if G is not nilpotent.

A variety is an equational class of algebras, in other words a class closed
under homomorphism, direct product and subalgebras. The variety is finitely
generated if it is generated by a single algebra A, and we denote it by V(A). In
any V variety for every set X there exists the so-called free algebra generated

by X , its notation is FV(X). If |X| = n < ∞, then we use FV(n) instead
of FV(X), and one can also think of the elements of FV(n) as the different
n-ary terms over V . If t = t(x1, . . . , xn) is an n-ary term, then subtituting
the elements of A for the variables determines an n-ray term operation, tA
An → A, a �→ tA(a) (a ∈ An).

A V variety is called locally finite if in V every finitely generated algebra is
finite, in other words if FV(n) is finite for every n. Then the free spectrum of

the variety V is the sequence of cardinalities |FV(n)|, n = 0, 1, 2, . . .. Note
that a finitely generated variety is always locally finite. Let A be an m-element
finite algebra, and V denote the variety generated by A. We can think of the
free spectrum as the number of n-ary term operations over A. The pn sequence

of the variety is the number of essentially n-ary term operations over A. It
is known that the size of the n-generated free algebra (|FV(n)|) in V is at
most mmn. If m ≥ 2, then |FV(n)| ≥ n. For example, the free spectrum of
Boolean algebras is |FV(n)| = 22

n. Furthermore, |FV(n)| =
∑n

k=0

(
n
k

)
pk(A)

holds. Accordingly, the first paragraph can be rephrased as follows:
Higman [14] és Neumann [22] proved that if G is a finite group, then the free

spectrum of the varitey generated by G is exponential in n if G is nilpotent, and
doubly-exponential if G is not nilpotent.

Although, the examination of the free spectrum has started with gropus, the
free spectrum is principally a universal algebraic notion. The following results
are of universal algebraic type, the first two are from McKenzie. Theorem 12.3
of [15] is about congruence distributive varieties, that is, about such varieties
where every algebras’ congruence lattice is distributive: If V is a nontrivial
locally finite congruence distributive variety, then for every constant c such
that 0 < c < 1 and for every large n, the free spectrum of V is bounded below
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by 22
cn. So in these cases the free spectrum is "big". There are the so-called

gap theorems for the free spectra as well. At the lower end, for example, there
is Theorem 12.2 in [15]: Let V be a variety generated by a k-element algebra.
Then either |FV(n)| ≤ cnk for some finite c, or else |FV(n)| ≥ 2n−k for all n.
The following results are about the distance from the free spectrum’s upper
bound. Let V be a variety generated by a k-element algebra, and denote
by δV(n) the nonnegative real valued function for which |FV(n)| = kk

n−δV(n).
Murskǐi [21] proved that either limn→∞ δV(n) = ∞ or there exists an integer
d ≤ k for which δV(n) = d. Berman [1] showed that if k ≥ 3, then there is
a positive constant c only depending on k for which either δV(n) ≥ c2n or
δV(n) = d holds for some constant d ≤ k .

In the literature there are many papers about the properties of pn sequences,
and about the connection between the algebra and the properties of its pn
sequence. The analyses in connection with semigroups have started in the
Algebra and Geometry Department of the University of Novi Sad with the
leading of Sinisa Crvenković. Their main aim was to prove the Berman’s con-
jecture for semigroups. It states that for any locally finite semigroup variety
the pn sequence is a nondecreasing function. Crvenković, Dolinka and Ruškuc
[3] proved the conjecture for some classes of semigroups, for example, for in-
jective semigroups. A semigroup S is called injective, if S2 = S. Using their
methods Dolinka and Marković [9] showed that the conjecture is true for the
nilpoten expansions of regular semigroups.

Crvenković, Dolinka and Ruškuc [4], [5] described those semigroup varieties
whose pn sequence can be bounded above by a polinomial, that is, for which
there exist an inetger k and a constant c such that pn < cnk. Furthermore,
they gave a detailed description of the so-called loglinear varieties, that is,
when k = 1.

Berman [1] presented a new approach to the topic, he characterized the
free spectra of the varieties generated by simple algebras in the language of
tame congruences. His methods did not tell us too much about the semi-
groups themselves. Kátai and Szabó [18], [19] gave the characterization of
the free spectra of simple semigroups. They showed that the logarithm of the
free spectrum of a variety generated by a simple semigroup is either n2 or
2n log n. After their research Seif [34] proved that for any V variety generated
by a non-otrhodox monoid log |FV(n)| is always exponetial, and formulated



3

the following conjecture:

Conjecture 1. (Seif) Let M be a finite monoid. Then the free spectrum
of M is log-polynomial if and only if M ∈ EDA ∩Gnil.

Dolinka [6] gave a Higman-Neuman type condition on the free spectra of the
varieties generated by finite completely regular semigroups. He proved that a
previously mentioned variety’s free spectrum is log-polynoimial if and only if
the variety is locally orthodox and the subgroups contained in the variety are
nilpotent. His result fits Seif’s conjecture.

Another direction of the examinations is aimed to prove the CREAM Con-
jecture. While examining group varieties Higman [14] observed that the free
spectra of the varieties cannot be any arbitrary functions. All of the free
spectra attained by him could be expressed as the Combination of Repeated
Exponentiation, Addition and Multiplicaton, that is, CREAM. To disaffirm
this conjecture Kovács [20] and Olshanszky [23] produced a continuum long
chain of locally finite varieties. Because the free algebras generated by finitely
many elements of varieties containing each other cannot be all distinct, this
gives us continuum many free spectra. This means that we can obtain conti-
nuum many functions as free spectrum, while there are only countably many
CREAM functions. The disadvantage of this construction is that the given
varieties are not finitely generated, and it is not clear either what these func-
tions are. For finitely generated varieties the question, that is the CREAM
Conjecture, remained open.

In our dissertation we disaffirm the CREAM Conjecture: for every k > 0
we give a finitely generated semigroup variety (more precisely, a band vari-
ety), which free spectrum’s logarithm is assymptotically cnk log n. This result
changes a lot our view about the world. If the CREAM Conjecture would be
true, then according to the estimate |FV(n)| ≤ kk

n the logarithm of the free
spectrum should be assymptotically polynomial- or exponential function. The
function cnk log n is neither of them. Therefore, in the case of semigroups we
can expect finer characterizational theorems than in the case of groups. The
existing results are informative. Seif’s construction onyla works for monoids.
Dolinka’s characterizational theorem is about semigroups, but the class of
completely regular semigroups is only a small part of the semigroup varieties.
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Moreover, Dolinka’s result does not differentiate between bands and nilpo-
tent groups, whereas the logarithm of their free spectra belong to different
assymptotical classes.

Therefore, it is necessary to examine the semigroup varieties systematically.
It is hardly known anything about the lattice of semigroup varieties, naturally
certain subclasses, which can be handled easier, are described in detail in the
literature. At first it is worth investigating the free spectra of the smallest and
the biggest varieties. Considering the small ones, the five element B2 is the

Rees matrix semigroup with the sandwich matrix
(
1 0
0 1

)
, and B1

2 is obtained

by adding a unit element to it. Seif [34] proved that 2n2

< |FV(B1
2)
(n)| < 2n

3, so

A1
2, where the sandwich matrix of A2 is

(
1 1
1 0

)
, is the smallest monoid, which

is not deeply observed. The size of the free spectrum of the variety generated
by A1

2 is unknown. We give lower- and upper estimates for this. Furthermore,
it is worth examining the varieties of the class DA and the minimal monoids
which are not in EDA. Considering the big ones the situation is much more
difficult. The free spectra of the "big" varieties are infinite, these varieties are
not locally finite. Accordingly, we start investigating the, in a sense, maximal
completely regular semigroup varieties, and the ones close to them. Green
and Rees in their classical paper [13] proved that a variety defined by xr = x
is locally finite if and only if the semigroup variety defined by xr−1 = 1 is
locally finite. By this they traced back the investigation to the Burnside-
problems. Pastijn and Trotter [24] considered the V variety of completely
simple semigroups whose subgroups are from G, where G is an arbitrary group
variety. They traced back the world problem over V to the word problem over
G. Their research was based on the work of Kadourek és Polák [17], where a
description of the Green-Rees type varieties was already present. The role of
Polák is inprescriptible in mapping the theory of completely regular semigroup
varieties. In the series of his 3 papers [28], [29], [30] he precisely described the
lattice of complety simple semigroup varieties in the language of kernel- and
trace congruences, however he did not use these notations yet. With the help
of kernel he solved the world problem for all of these varieties, therefore he
determined them. He decomposed that lattice with the help of kernel into the
union of disjunct intervals, the top and the bottom elements of the interval
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which contains V are denoted by V and V . For example, the bands form
an interval, or the orthodox semigroups belonging to a given group variety.
Nevertheless, apart from the previously mentioned examples no other interval
is known. They tried to rehandle, understand works of Polák and make it plain
for everyone, for example, [25], [26], [27], [32], but non of them brought a real
break-through. Naturally, by introducing new definitions the descriptions can
be shortened, but these only carried technical aspects, and did not added
much to the mathemitical content. Nothing shows this better than that the
same author tried again and again to interpret the Polák-kind structure. On
one of the many tutorships Libor Polák himself confessed that apart from the
orthodox semigroups he cannot demontstrate his theory even on one single
example: „Nobody knows anything beyond orthodox”. We prove about the
largest V completely regular semigroups that V = V = V , that is, suprisingly
the intervals containing them have a size of one element. Furthermore we give
an estimate on the free spectra of these varieties.

Accordingly, our dissertation can be divided into four main parts. At first
we present the free spectrum of the band varieties, their logarithm is assymp-
totically nk log n. In the second part we examine the free spectrum of the
smallest monoid whose free spectrum’s logarithm is exponential. In the third
part we prove that the free spectra of the varieties generated by the iterated
semidirect product of semilattices are small. Finally, in the fourth part we
examine in a sense maximal completely regular semigroup varieties, and the
ones close to them, and show that the free spectrum of the variety defined by
x3 = x is "huge", bigger than 22

...2

1. Results

1.1 Bands

A band is an idempotent semigroup, that is a semigroup satisfying the iden-
tity x2 = x. Bands play an important role in semigroup theory. For a general
reference about bands consult [16]. Varieties of bands were characterized from
several aspects. The lattice of varieties of bands was independently described
in [2], [10] and [11]. (see Figure 1)
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Figure 1: The Lattice of Band Varieties

For the pn sequence of the variety of (all) bands Gerhard introduced the
notation pn(∞). For pn(∞) the following recurrence formula holds (see [13])

(1) pn(∞) = n2p2n−1(∞).

Moreover, p1(∞) = 1, hence p2(∞) = 4, p3(∞) = 144, etc. For pn(k) the
formula looks more complicated (see [12], and for a corrected version see [36]).

(2) pn(k) = n2p2k−2(∞)
n−1∏

j=k−1

j2pj(k − 1), for n ≥ k ≥ 4.

The initial values are pn(3) = n2 and pn(k) = pn(∞) for n < k.
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In the dissertations we prove that

(3) pn(k) = n2pn−1(k)pn−1(k − 1),

for n ≥ 1-re and k ≥ 4. Let p(n, k) = log pn(k). Taking the logarithm of
both sides of (3) we get

(4) p(n, k) = 2 log n+ p(n− 1, k) + p(n− 1, k − 1)

for n ≥ 2, k ≥ 4 and p(n, 3) = 2 log n és p(1, k) = 0.
Teorem 4. Let k ≥ 4. For the pn sequence of the band variety k

log pn(k) =
4

(k − 3)!
nk−3 log n− 4

(k − 3)!
nk−3

k−3∑
j=1

1

j
+O(nk−4 log n)

holds.

Then we calculate te pn sequences and free spectra for the other band vari-
eties:

Corollary 5. For the free spectra of any band varieties the following hold

(k ≥ 3, k ∈ N):
• log |Fk(n)| = 4

(k−3)!n
k−3 log n− 4

(k−3)!n
k−3

∑k−3
j=1

1
j +O(nk−4 log n),

• log |Fk′(n)| = log |FV(Ak)(n)| = | logFV(A∗
k)
(n)| =

= 2
(k−2)!n

k−2 log n− 2
(k−2)!n

k−2
∑k−2

j=1
1
j +O(nk−3 log n),

• log |FV(Bk)(n)| = log |FV(B∗
k)
(n)| =

= 1
(k−1)!n

k−1 log n− 1
(k−1)!n

k−1
∑k−1

j=1
1
j +O(nk−2 log n),

• log |FUk
(n)| = log |FU∗

k
(n)| =

= 1
(k−2)!n

k−2 log n− 1
(k−2)!n

k−2
∑k−2

j=1
1
j +O(nk−3 log n),

• log |FU ′
k
(n)| = | logFU∗

k
′(n)| =

= 3
(k−2)!n

k−2 log n− 3
(k−2)!n

k−2
∑k−2

j=1
1
j +O(nk−3 log n).

The formula says nothing about the variety of (all) bands. From now on let
us denote by B the variety of all bands. We show that

Theorem 6. The free spectrum of the variety of bands

FB(n) =
1

n2
K2n+1

(1 +O(
1

n
)),
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where K =

√
2

√
3
√

4
√
5 . . ..

1.2 The free spectrum of the variety generated by A1
2

The five element A2 is the Rees matrix semigroup with the sandwich matrix(
1 1
1 0

)
. Accordingly, its elements are 0, [1, 1], [1, 2], [2, 1], [2, 2], where 0 is the

null element, that is, multiplying it by any other element the result is 0. For
the other elements the multiplication rule is the following:

[λ, i][μ, j] =

{
0 if μ = i = 2;

[λ, j] otherwise.

A1
2 is the semigroup obtained by adding a unit element to the semigroup A2.

Seif and Szabó [35] showed that the equivalence class of an n-element word
over A1

2 is fundamentally determined by a system of antichains made out of
the word’s variables. From this it easily yields that 2

2n
√
2√

nπ ≤ |FV(A1
2)
(n)| ≤

(n!)22
2n

√
2n3/2√
π .

One of the main results of our dissertation is proving that there exist positive
constants c és d such that

2c
√
n2n ≤ pn(V(A1

2)) ≤ 2n2
n+d

√
n2n.

1.3 R-trivial semigroups

The class of the so-called R-trivial semigroups is a big subpseudovariety
of the pseudovariety DA. We call a semigroup R-trivial, if every element
generates a different right principle ideal. One of the main results of Section
4 is Corollary 31., where we prove that the logarithm of the free spectrum of
any R-trivial semigroup is "small".
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Stiffler [37] showed that the class of the finite R-trivial semigroups coincides
with the finite elements of the variety generated by the semidirect product of
semilattices. Let U and V be semigroup varieties, then the semidirect product
of these varieteies U ∗ V is the variety generated by the semidirect product
S ∗ T , where S ∈ U és T ∈ V , that is,

U ∗ V = 〈S ∗ T |S ∈ U , T ∈ V〉.
Accordingly, we define a sequence of varieties as follows: V1 = V , V t+1 =
V ∗ V t. Let us denote by SLt the variety generated by the t-times iterated
semidirect product of semilattices. Furthermore, let us introduce the following
notations:

Let u ∈ X+ be a term. Let mu be the last occurring variable. Let fu be
the prefix of u before the first occurence of mu and let bu be the suffix of u
after the first occurence of mu, i.e. u = fumubu, where c (fu) = c (u) \ {mu}.
Note that bu is the empty term if a variable occurs only at the end of u, and
fu is the empty term if u contains only one variable.

Theorem 18. Legyen t ≥ 2 és u, v ∈ X+ such that c(u) = c(v). Then

u ∼t v if and only if the following conditions hold:

(i) mu = mv,
(ii) fu ∼t fv,
(iii) bu ∼t−1 bv.

In other words, by Theorem 18. every n-ary term over SLt can be repre-
sented as a triple. This triple consists of an (n − 1)-ary term over SLt, a
variable and an at most n-ary (possibly empty) term of SLt−1. The base of
the follwing algorithm is the existence of this triple. With this algorithm we
give a normal form for the elements. Let w be an n-ary term. Let us denote
the normal form of a term w in the variety SLt by ϕt (w).

(1) If t = 1, then let ϕ1 (w) = xi1xi2 . . . xik , where the variables occurring
in w are in increasing order according to their indices.

(2) If n = 1 and w = xki , then let l = min {t, k} and ϕt

(
xki
)
= xli.

(3) Otherwise let ϕt (w) be the concatenation of the terms ϕt (fw), mw and
ϕt−1 (bw), i.e. ϕt (w) = ϕt (fw)mwϕt−1 (bw).
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Figure 3

Figure 3 illustrates an example. It shows how the normal form of x31x2x1x3x22x3x1
in SL2 is computed. The normal form is x21x2x1x3x1x2x3. The variety is in-
dicated in the upper right corner of the terms. We show that the length of
this normal form is polynomial in the number of variables and additionally
that one can easily calculate the product of these normal forms and obtain
the result in normal form. Finally, we prove that the free spectrum of SLt is
"small":

Theorem 30. For the pn sequence of the variety SLt the following asymptotic

formula holds for t ≥ 3:

log2 pn(t) =

(
n+ t− 1

t

)
+

1

log 2
· 1

(t− 1)!
· nt−1 log n+Ot(n

t−1).

It is inetersting to mention that by using our methods Dolinka ([8]) has
proved Seif’s conjecture for the class DA. He has shown that the free spectra
for each finite monoid M ∈ DA is log-polynomial.

1.4 Completely regular semigroup varieties

In the last section we examine the, in a sense, maximal completely regu-
lar semigroup varieties, and the ones close to them. A semigroup that is a
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union of its groups is called a completely regular semigroup. The class CR
of all completely regular semigroups forms a variety (binary multiplication
and unary inversion). A semigroup variety V is called a CRS variety, if every
S ∈ V is completely regular.

Furthermore, let L(CR) be the lattice of all subvarieties of the variety of
completely regular semigroups. Then let V and V be the bottom and top
element of the class of the kernel congruence of V in L(CR). Let G be a
group variety, then let us denote by V(G) the semigroup variety whose every
subsemigroup is the union of groups of G. Oneof the main results of our
dissertation is proving that V(G) = V(G) = V(G). On the other hand, Green
and Rees [13] provided the following recurrence formula for the pn sequence of
the maximal CRS varietites: pn = n2p2n−1|Gm| for some m, where Gm is the
m-generated free group in the group variety defined by xr−1 = 1. Kadourek
and Polák [17] gave a complicated recursive description of the generators of
Gm depending on the structure of FV(n−1). However, it can be observed that
pn−1 ≤ m ≤ npn−1. Applying this for the CRS variety defined by x3 = x,
where |Gm| = 2m we get that pn = n2p2n−1|Gm| ≥ n2p2n−12

pn−1 ≥ 2pn−1 ≥
22

pn−2 ≥ · · · ≥ 22
...2

, where there are n-many 2-s. So this inequality shows
that the free spectra of this variety is huge.
Note that Dolinka [7] reproved this result of the author referring to one of the
talks of the author.
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