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Institute For Theoretical Physics
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Introduction

In my PhD thesis, I studied various methods to circumvent the numer-
ical sign problem present in lattice simulations in various models at finite
chemical potential. The sign problem is the lack of applicability of Monte-
Carlo methods based on importance sampling. For importance sampling to
be applied, the integration measure of the path integral for the partition
function should be real and positive, but this condition is not satisfied, when
one would like to study non-equilibrium or finite density phenomena, since
in these cases the action is complex. The origin of the name ’sign problem’
comes from the widely fluctuating sign of the real part of the Boltzmann-
weight. The problem is present in QCD at finite baryon chemical potential
and hinders the exploration of the temperature–baryon chemical potential
phase diagram, which, however, could be relevant for high energy physics,
nuclear physics and astrophysics as well.

My research was concerned with overcoming the sign problem in the 1+1
dimensional O(3) nonlinear sigma model at finite isospin chemical potential
and in QCD at finite baryon chemical potential in 3+1 dimensions. For
this purpose, I applied several methods, namely reweighting, the complex
Langevin algorithm, the worm algorithm and the density of states method,
which are shortly introduced in the next paragraphs with emphasis on the
later thesis statements.

In the reweighting method (see e.g. Ref. [1]), one generates configura-
tions at such parameters where ’standard’ Monte-Carlo methods are viable
and on each configuration measures the ratio of the Boltzman-weights of
the sign-problem-hindered and the sign-problem-free region, which is called
the weight. With the help of these weights, one can then try to retrieve
the expectation value of observables at the sign-problem-hindered region.
Reweighting is expected to perform worse as similarities between the sign-
problem-hindered and sign-problem-free theories cease. This is called the
overlap problem. In order to reduce the overlap problem, the density of
states method combines reweighting with constrained simulations to reach a
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wider range of parameter space with the hope of hitting the region that is
important to the sign-problem-hindered theory.

In contrast to these approaches, the stochastic quantization [2] or complex
Langevin algorithm throws away the probabilistic interpretation and solves
the Langevin equation using complexified variables. This method is proven
to give the correct result if certain criteria are satisfied [3]. However, whether
these criteria are hold or not, is not easy to decide apriori. Numerical inves-
tigations revealed, that the method could fail in certain regions of parameter
space or even when one changes variables. In the infinitely heavy quark limit
of QCD, however, it was also stated that the failure depends only on the lat-
tice spacing and not the temperature: when the lattice spacing is too large,
the method fails. So in the given model, the low temperature region can also
be reached by increasing the size of the lattice in the time direction. This
statement flashed the possibility that the complex Langevin algorithm may
work in the continuum limit.

The worm algorithm or dual variables approach follows again a different
strategy to solve the sign problem using the fact, that the sign problem
depends on the representation [4]. In this approach, one uses different, so
called dual variables, with which the action is real at finite chemical potential
and one can perform simulations with the worm algorithm. The difficulty of
this approach is to find the appropriate basis in which the action is real.

During my PhD, my first objective was to investigate the performance of
the complex Langevin algorithm toward the continuum, and the second main
objective was to investigate the performance of the density of states method
in QCD.
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Thesis statements

1. The thermodynamics of the O(3) nonlinear sigma model at
finite chemical potential [5]

Since the O(3) nonlinear sigma model in 1+1 dimensions is asymptoti-
cally free, it is a good testing ground to see what happens with the complex
Langevin algorithm towards the continuum. For comparison, first, I imple-
mented the worm algorithm for the O(3) nonlinear sigma model and per-
formed simulations to determine the expectation value of the action density
and the isospin density. Using the integral method, I calculated the pressure
and the trace anomaly, and after I had measured the ma(β) scale, I carried
out a continuum extrapolation up to µ/T = 4. As a consistency check, I
compared the energy spectrum calculated with the worm algorithm to the
results available in the literature.

2. The range of applicability of the complex Langevin algorithm
in the O(3) nonlinear sigma model [5]

I implemented three discretizations of the complex Langevin equation of
the O(3) model and compared the results of the simulations carried out with
these to the results obtained by the worm algorithm. One of the discretiza-
tions used spherical coordinates and the other two used Cartesian coordi-
nates, but maintained the condition of unit length O(3) vectors differently.
I found that the complex Langevin results deviate from the ones obtained
by the worm algorithm, but the extent of the deviation depends on the dis-
cretization. I found that the discretization in which the length of O(3) vectors
are not forced to be strictly one, performed better for the action as compared
to the other two. However, this was not the case for the density, for which all
complex Langevin discretizations gave significantly different results than the
worm algorithm. Toward the continuum limit, the complex Langevin results
did not improve to such extent, that would enable one to carry out the contin-
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uum extrapolation at small temperatures. The failure of the method happens
around the pseudocritical temperatures determined from the inflection point
of the pressure and the maximum of the trace anomaly.

3. The range of applicability of the complex Langevin algorithm
in QCD [6]

The role of continuum limit was also investigated in QCD with staggered
fermions at finite baryon chemical potential. In Ref. [6], we compared the
results of complex Langevin to the results of reweighting from µ = 0 and from
the phasequenched ensemble. I carried out large part of the reweightings
needed for this comparison. As was in the case of the O(3) model, the
complex Langevin results do not improve toward the continuum, and the
breakdown happens in the confined region.

4. The application of the density of states method in QCD

In the final part of my thesis, I studied the density of states method in
QCD at four flavors of staggered quarks. In these investigations, my goal
was to investigate the phase diagram at low temperature, where one expects
no µ-dependence of the expectation values until one reaches the third of the
nucleon mass. Strictly speaking, this applies for zero temperature, but simi-
lar behavior is expected for low temperatures as well. This phenomena was
not observed in the past attempts that have used reweighting, the onset of
the non-constant behavior was observed at the half of the pion mass. This
was argued to be the consequence of reaching the undesirable pion conden-
sation region of QCD at isospin chemical potential, because QCD at isospin
µ is the same as phasequenched QCD. In Ref. [7], the authors argued that
suppressing the pion condensation in random matrix theory, this problem
could be avoided. In order to investigate this proposal, I implemented the
fixing of the pion condensate of QCD at isospin µ in the code that is for
simulations in QCD at finite isospin chemical potential. According to the re-
sults, however, one should include the region with small as well as large pion
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condensate to obtain the correct expectation values. Besides fixing the pion
condensate, I also implemented the constraining of the gauge action density
and performed simulations to see the limit of the reliable application of the
density of states method. I determined the pion and nucleon masses at µ = 0
and used different pion masses to investigate the onset of the quark number
density. According to the results obtained at 64 lattices at T/Tpc ∼ 0.6, it is
possible to reach larger chemical potential than the half of the pion mass and
wander into the pion condensation region up to around µ/mπ ∼ 0.6 . . . 0.7.
However, at the given lattice size, it is true for the reweighting from the
phasequenched ensemble as well.
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