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Chapter 1

Introduction

Particle physics studies the fundamental structure and laws of Nature. To our present

knowledge, there exists four fundamental interactions, namely strong, weak, electromag-

netic and gravitational interactions. The first three are described by the Standard Model

of particle physics, while the proper quantum description of gravitation is still lacking. The

particle content of the Standard Model is very rich and it has 19 free parameters.

The ordinary matter around us consists of atoms, which are – in spite of the meaning

of their name 1 – further divisible. The major part of an atom is composed of electrons

and its core is called the nucleus. In the nucleus one finds protons and neutrons, which are

both composed of three (valence) quarks. These quarks of the proton and the neutron are

held together by the strong force, which are mediated by gluons. The quarks and gluons

are believed to be elementary, but at low energies one cannot observe an individual one of

them in Nature. They are confined inside hadrons, like the proton and the neutron. The

sector of the Standard Model which describes the strong interaction is called Quantum

Chromodynamics (QCD). In QCD, the strength of an interaction is described by the so

called coupling constant, whose name is a bit misleading, since it is not constant, but

depends on the energy scale. QCD predicts that at high energies or at short distance,

the couping becomes small, which implies that the interaction between quarks and gluons

becomes weaker and vanishes at asymptotically high energies. Due to this peculiar feature

of QCD referred to as asymptotic freedom, the quarks can be liberated from confinement,

and form the so called quark-gluon plasma (QGP). Between the two phases, characterized

by the hadrons and the plasma of quarks and gluons, one expects a transition in the

statistical physical sense.

1The Greek word ”atomos” means indivisible.
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Investigating the nature of the transition, however, is not a trivial task. While at

large energies, when the coupling is small, perturbation theory can be used to calculate

physical observables, at lower energies this is no longer the case. Therefore, one has to

develop non-perturbative techniques to study QCD at values of large coupling. Such a non-

perturbative method is lattice quantum field theory, where we define the quantum fields

describing particles on a space-time grid instead of in the continuum. When determining

then the expectation value of an observable, calculation of multidimensional integrals are

needed, which are evaulated with the help of Monte-Carlo methods. The way how this

happen will be discussed in Chapter 2 in more detail. These Monte-Carlo methods are

based on importance sampling, i.e. on the generation of configurations according to a

probability density ∝ exp(−SE), where SE is the Euclidean action of QCD. Therefore, for

the applicability of these methods, it is necessary to have a non-complex action. When

this is the case, then lattice QCD can provide ab-initio results for hadron masses [1, 2],

equation of state [3], confinement related quantities [4,5], coupling constant [6] and so on.

With lattice QCD methods one can study the relevant quantities for determining the

nature of the QCD phase transition as a function of temperature and/or various intensive

quantities (e.g. chemical potentials). Results of Ref. [7] implies that the QCD transition is

an analytic crossover, i.e. occurs in a smooth manner as the temperature increases, at zero

chemical potentials. It follows that one has no clear definition of the critical temperature,

since various definitions would give different values. However these are close to each other

and it is said that the pseudocritical temperature of QCD is around 150-170 MeV. This

crossover type behaviour seems to hold up as one turns on the baryon chemical potential,

but it is believed that there is a first order phase transition at larger chemical potential.

At the meeting point of these two different transition types, one expects a critical point,

where the transition is of second order. Investigating and determining the temperature and

baryon chemical potential (µB) pair that corresponds to the critical point, or determining

the line of the expected first order behavior is a challenging task with lattice QCD. The

reason for this is that the action is no longer real as we set a nonzero µB, and thus the

above mentioned probability interpretation fails and importance sampling cannot be used.

This problem is also present in many models at finite chemical potential, in QCD with a

theta term, and also arises in condensed matter physics, e.g. in the simulations of strongly

correlated electronic systems. Moreover, this complex action or so called sign problem2

hinders the use of standard lattice simulation methods for nonequilibrium dynamics. To

solve these complex action problems, several methods have been devised, examples are

2We discuss the origin of the name later.
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reweighting, density of states method, Taylor expansion around µ = 0, analytic continua-

tion from imaginary chemical potential, complex Langevin, Lefschetz thimbles or the dual

approach. For a review of different approaches and further references, see [8–17].

In this thesis, I concentrate mainly on three of the above mentioned methods, namely

the complex Langevin, the dual approach and the density of states. Here, in the next three

paragraphs, I shortly introduce these methods and outline the motivation of my work.

The complex Langevin (CL) method is based on stochastic quantization which origi-

nates from the work of Parisi, Wu and Klauder from the 80’s [18–20]. The method consists

of solving the Langevin equation with complexified variables without using the probability

interpretation in order to have configurations with the proper distribution. This distribu-

tion as a function of complexified variables is not known apriori. Soon after the proposal of

the CL method, the first simulations revealed certain problems. These were the instability

of the simulations with absence of convergence (runaway trajectories) [21], and that even

stable simulations may converge to a wrong limit [22], which was observed when CL results

were compared to the results of other methods or analytical results. Thanks to adaptive

stepsize [23] runaway trajectories could be eliminated and a formal justification of the algo-

rithm, as well as necessary and sufficient conditions for convergence to correct results have

been established [24–26]. Roughly speaking, these suggest that if the distributions of the

complexified variables fall sufficiently fast, then the results are correct. For gauge theories

this could be achieved by the introduction of the gauge cooling procedure [27]. However,

it has turned out that this procedure cures the problem only in a specific parameter range.

In Ref. [27–29] the gauge cooling procedure was applied to heavy dense QCD (HDQCD)
3 and was found that although CL results converge to wrong values in a parameter range

that corresponds more or less to the confining region, it could help to take larger and

finer lattices to produce correct results in that phase. In other words, the onset of wrong

CL results seems to be not scale dependent in the given model. This prospect poses the

idea to study the possibility of similar behavior in models in which the continuum limit is

well defined. Therefore, we investigated this question both in the 1+1 dimensional O(3)

nonlinear sigma model (section 4.2) at finite (isospin) chemical potential and in QCD in

3+1 dimensions on coarse lattices at finite baryon chemical potential (Section 4.5).

In the case of the O(3) model, we use the results of the so called dual variables formalism

as a benchmark. Using the dual variables the partition function has only real and positive

contributions. The success of dual variables is based on the fact that the sign problem

3HDQCD is the heavy quark limit of QCD, where all spatial hopping terms are ignored [30].
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is basis dependent, thus by finding a suitable basis, the complex action problem can be

avoided. After the model has been rewritten to these dual variables, it can be simulated

with the help of the worm algorithm [31] and results can be compared to that of the CL

method. I will introduce the dual variables and the worm algorithm for the O(N) nonlinear

sigma model in Chapter 3. In the case of QCD, we use multi-parameter reweighting as a

comparison.

The third method under study is the density of states method (DoS). This method can

be regarded as an improvement of the reweighting approach. In the reweighting method

one generates configurations using the ”standard” simulation methods at a certain point

in the parameter region where the action is real and non-negative. For example at zero

chemical potential. Then one determines the configurations which can be relevant for the

desired simulation points (where the action is complex) by measuring the weight – the ratio

of Boltzmann-weights – of each configuration. The method has two main weaknesses. First,

the weights can fluctuate a lot, which would result in large errors of the expectation values of

observables and the relative error that can be achieved is proportional to exp(αV/T ), where

V is the volume, T is the temperature and α > 0. Second, it can happen that the generated

configurations with real and positive action do not resemble the ”target” configurations

with complex action. Then one has no, or only rarely has such configurations that are

relevant for the desired physics. This second problem is referred to as the overlap problem.

In order to reduce the overlap problem, the DoS method advises the calculation of the

histogram of a chosen quantity at parameters for which the action is real. This is achieved

by using constrained simulations. By using the histogram, the weights and the values of

the observable whilst some quantity is constrained, one can – in principle – determine the

expectation value of the observable at the desired parameters. The method reduces the

overlap problem because, owing to the constraint, we can reach the otherwise rarely visited

regions of configuration space. The details of the DoS method, with constraining the pion

condensate or the gauge action density will be elaborated in Chapter 5

The thesis is structured as follows. In Chapter 2, I present a general introduction to the

formulation of quantum field theories on the lattice, and briefly introduce the staggered

fermion formalism which is used for the QCD simulations of the thesis. In Chapter 3, I

introduce the O(N) nonlinear sigma model, the dual variables and the worm algorithm.

I also present there the results achieved by the worm algorithm and investigate the ther-

modynamics and some T = 0 properties of the model. Chapter 4 consists of two main

sections. Section 4.2 discusses the complex Langevin algorithm for the O(3) model and

show the results compared to those of the worm algorithm and reweighting, while section
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(4.5) deals with the investigations in QCD using the CL method. In Chapter 5, I present

(preliminary) results from applying the density of states method to QCD.

The presented results are based on work done in collaboration with Gergely Endrődi,

Zoltán Fodor, Sándor Katz, Ferenc Niedermayer, Dániel Nógrádi, Dénes Sexty and Kálmán

Szabó.

My contributions were the following:

• Implementing the worm algorithm for the O(3) nonlinear sigma model and performing

simulations to determine the expectation value of several thermodynamic observables

as well as determining the energy spectrum of the model as a crosscheck.

• Measuring the ma(β) scale of the O(3) model and carrying out continuum extrapo-

lations based on the worm data.

• Investigating the seriousness of the sign problem in the O(3) model with the help of

reweighting from the µ = 0 ensemble.

• Implementing various discretizations of the complex Langevin equation for the O(3)

nonlinear sigma model and performing simulations to study the behavior of the al-

gorithm toward the continuum.

• Performing large part of the reweightings needed to compare the complex Langevin

results to QCD in order to study whether there is any improvement toward the

continuum.

• Implementing the fixing of the gauge action density as well as the fixing of the pion

condensate in the code that is used for simulations of QCD at finite isospin chemical

potential. I have determined the pion and nucleon masses at µ = 0 and performed

simulations to obtain results of the DoS method. I have also performed simulations

to compare the effectiveness of reweighting from finite isospin chemical potential to

the effectiveness of the DoS.



Chapter 2

Quantum Field Theory on the Lattice

In this chapter, a brief introduction to lattice field theory is given. Detailed introduction

can be found in e.g. [32–34]. At the end of the chapter, I also discuss the sign problem.

2.1 Quantization with path integrals

In standard textbook quantum mechanics, the states of a quantum system are described by

vectors (rays) of the Hilbert space and observables are represented by hermitian operators

acting on these states. The time evolution of a state is governed by the Schrödinger

equation, 1 for which we can write the formal solution (for a time-independent Hamiltonian)

in the form of

|ψ(t′)〉 = U(t′, t)|ψ(t)〉, (2.1)

where

U(t′, t) = e−iH(t′−t) (2.2)

is called the time-evolution operator. For simplicity, let us study a particle in one space

dimension. Using 〈x|ψ(t)〉 = ψ(x, t), one obtains

ψ(y, t′) =

∫
dx〈y|U(t′, t)|x〉ψ(x, t) (2.3)

where |x〉 denotes the eigenvectors of the space operator. Thus, 〈y|U(t′, t)|x〉 act as the

propagator for the wave function. We can interpret it as the transition amplitude of a

particle propagating from position x and time t to position y and time t′. In order to

1Here, the Schrödinger representation is used.
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obtain an explicit formula, we can divide the time interval into small elements and repeat

the insertion of integrals over space eigenstates. Then, in the infinitesimal time element

limit, one gets

〈y|U(t′, t)|x〉 =

∫ y

x

Dx′ eiS[x′], (2.4)

where S is the classical action, and
∫ y
x
Dx′ denotes the summation over all possible clas-

sical paths between x and y. In the one-dimensional case considered here, it means the

summation over all different x(t′′) functions, where x(t′′ = t) = x and x(t′′ = t′) = y.

The integrand, however, oscillates very strongly, making the expression ill-defined. Thus,

the calculation has to be carried out in Euclidean, rather than in Minkowski-space, which

means that we use imaginary time τ defined by τ = it. Then the integrand becomes

exp(−SE), where SE is called the Euclidean action and it has the form of the energy.

2.2 Scalar fields on the lattice

In quantum field theory, an analogous result to Eq. (2.4) holds on for representing the

two-point Green’s function using a path integral. This gives the probability amplitude of

creating a field quanta from the vacuum at time t and evolving it with the Hamiltonian

and then annihilating it at time t′. At first, we restrict the discussion to scalar fields. The

two-point Green’s function is given by:

GM(x, y) = 〈φ(x)φ(y)〉M =
1

ZM [0]

∫
Dφ φ(x) φ(y) exp {iS} , (2.5)

where ZM [J ] is called the generating functional (in Minkowski-space) and defined with the

help of an arbitrary scalar source function J(x) as

ZM [J ] =

∫
Dφ exp

{
iS + i

∫
d4xJ(x)φ(x)

}
. (2.6)

Here
∫
Dφ is understood as integrating over all possible field configurations. The name

of ZM [J ] stems from the fact that its functional derivatives with respect to the source

function yields the appropriate n-point correlation functions. Using imaginary times, the

Euclidean two-point function is:

GE(xE, yE) = 〈φ(xE)φ(yE)〉E =
1

ZE[0]

∫
Dφ φ(xE) φ(yE) exp {−SE} , (2.7)

where

ZE[J ] =

∫
Dφ exp

{
−SE +

∫
d4xEJ(xE)φ(xE)

}
(2.8)
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and xE is the space-time coordinate in Euclidean space. SE is called the Euclidean action

and has the form of the energy.

The only object left in order to have a well-defined path integral is the proper definition

of the integration measure Dφ. In the above formulas, we ignored the subtleties regarding

its precise definition. The definition given previously by plain words can be translated to

Dφ =
∏

x dφ(x), but this is meaningful only when we have a finite number of integrations.

In continuum field theory, however, we are dealing with an infinite number of degrees of

freedom, which spoils the definition of Dφ. Therefore, in order to fix that, we have to

discretize space as well.

Then we arrive to lattice field theory, where the fields are defined on a space-time lattice.

The integrals over space-time become finite sums, and the derivatives of the continuum

theory are replaced by finite differences. In this thesis, we consider only isotropic lattices,

when the lattice spacing is the same for all directions. We denote it by a. In d space-time

dimensions, the lattice grid is referred to as Λ = aZd. Finally, the generating functional

for a QFT of a bosonic field φ is

Z lat
E [J ] =

∫
Dφ exp

{
−SlatE +

∑
xE∈Λ

adJ(xE)φ(xE)

}
, (2.9)

where Dφ =
∏

xE∈Λ dφ(xE) and SlatE is the discretized (lattice) Euclidean action. The

Euclidean two-point correlation function, Eq. (2.7), then is meant by using the lattice

discretization, that is changing SE to SlatE and using the integration measure Dφ defined

on the lattice.

Besides clarifying the meaning of the functional integral, the introduction of the lattice

and a finite lattice spacing serves as a regulator to a given QFT. The finiteness of the

lattice spacing a implies that the largest momentum is 2π/a on the lattice, so it may

be regarded as a similar regularization to the momentum-cutoff regularization used in

perturbation theory. After performing the proper renormalization, one has to remove the

regularization constant dependence as well. That is called taking the continuum limit, i.e.

the extrapolation of the lattice spacing to zero. To hold the large-distance physics fixed,

this has to be done in a specific way. To discuss it in more detail, we first discuss the

statistical physical interpretation of QFT in Euclidean space.

As was mentioned above, SE has the form of the energy. If it is bounded from be-

low, then it can be interpreted as a reasonable statistical weight. Formally, the generating

functional in Eq. (2.9) has the same form as the partition function of a classical statis-

tical mechanics system. In general, we will call Eq. (2.9) the partition function also in
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QFT from now on. The exponent in Eq. (2.9) has the form of the Gibbs free energy,

φ(xE) plays the role of a fluctuating spin s(x) and J(xE) can be regarded as an external

magnetic field. Then the connected two-point correlation function of the quantum fields

〈φ(xE)φ(yE)〉E,c = 〈φ(xE)φ(yE)〉E − 〈φ(xE)〉E〈φ(yE)〉E corresponds to the connected spin-

spin correlation function 〈s(x)s(y)〉−〈s(x)〉〈s(y)〉 of the classical statistical physics system.

In the free theory at equal times, the former decays at large distances ∝ exp(−m|xE−yE|),
while the latter falls of ∝ exp(−|x − y|/ξ). Comparing the large-distance behavior of the

two objects, we obtain a relation between the correlation length ξ and the mass gap m,

ξ = 1/m. The mass gap equals the physical mass of the lightest particle in the theory.

Therefore while taking the continuum limit, we demand m to remain finite and thus the

dimensionless lattice correlation length ξlat = ξ/a = 1/(ma) diverges as the lattice spacing

goes to zero. Constant m can be achieved by a suitable choice of the values of bare pa-

rameters. Because of the divergent lattice correlation length, taking the continuum limit

in Euclidean QFT can be regarded as a second order phase transition or critical point

in the statistical physical system. In principle, renormalization group arguments would

tell one how to change the bare parameters of the Lagrangian in order to leave invariant

the large-distance physics. However, renormalization group equations are introduced and

usually treated perturbatively, thus their predictions are equivocal, where the perturbative

approach breaks down. In practice, fixing the large-distance physics is achieved by choosing

a set of quantities to be held constant as changing the bare parameters of the Lagrangian.

The curve in the space of bare parameters, which fulfills the prescribed conditions is called

the line of constant physics (LCP). One has to choose as many quantities to fix as the

number of relevant couplings (in renormalization group sense).

The aforementioned formal correspondence between Euclidean QFT and the four-

dimensional classical statistical physical system is valid at zero temperature. At finite

temperature, the thermal two-point correlation function is defined as

〈φ(x)φ(y)〉β =
Tr{T φ(x)φ(y)e−βH}

Tr{e−βH}
, (2.10)

where T is the time-ordering symbol, β = 1/T is the inverse temperature and H is the

Hamiltonian. The Boltzmann-constant kB is now chosen to be unity. To obtain a path inte-

gral representation of the above formula, one has to use analytic continuation to Euclidean

times – similarly to the zero temperature case –, but now the imaginary time direction

integral is evaluated only at a restricted interval – namely between 0 and β = 1/T –, with

periodic boundary conditions. Thus on a lattice with temporal extension Nta, the scalar

field satisfies φ(x, 0) = φ(x, Nta), and T = 1/(Nta). We note, that the appearance of the

boundary conditions is due to the trace of the partition function, and unlike for bosons,
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for fermions antiperiodic boundary conditions apply.

Finally, we note here, that for the discretization of the Euclidean action one can have

several possibilities, which have the same desired continuum Euclidean action. However,

various discretizations could have e.g. different scaling toward the continuum. The expec-

tation value of an observable A measured on the lattice using lattice spacing a, 〈A〉lat,a,
differs from the expectation value of A in the continuum according to

〈A〉lat(a) = 〈A〉cont +O(aη). (2.11)

Here, η depends on the discretization. The larger its value, the better the discretization.

We note, that since we did not specify the model, here we do not discuss this question

more detail. However, in a later Chapter, we will present different discretizations for a

theory involving scalar fields after specifying the model.

After briefly discussing scalar fields, we continue with the formulation of QCD on the

lattice. In the next Section, we first introduce the model in the continuum.

2.3 QCD in the continuum

QCD is a nonabelian local SU(3) gauge theory with fermions transforming according to

the fundamental representation of SU(3). The fundamental degrees of freedom are the

quark and antiquark fields denoted by ψ and ψ, respectively, and the gauge fields Aaµ that

represent the gluons (a = 1, . . . , 8). The quarks and antiquarks are fermions and come in

6 different flavors (up, down, strange, charm, bottom, top), each transforming according

to the fundamental representation of the gauge group as well as spinors under Lorentz-

transformations. Thus, ψ of each flavor has color and Dirac indices. These indices are

not written out explicitly in the following expressions. The gauge fields Aaµ are real-valued

vector fields, that can be written more compactly with the help of the su(3) Lie-algebra

generators Ta as Aµ =
∑8

a=1 A
a
µTa. In the case of QCD, the Tas are the half of the Gell-

Mann matrices.

The Lagrangian density of QCD with Nf flavors of quarks is

LQCD = − 1

2g2
tr(FµνF

µν) +

Nf∑
f=1

ψf (iγµD
µ −mf )ψf . (2.12)

Here, Fµν is the matrix-valued field strength tensor, defined as

Fµν = −i[Dµ, Dν ] = ∂µAν − ∂νAµ + i[Aµ, Aν ], (2.13)
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and Dµ is the covariant derivative

Dµ = ∂µ + iAµ. (2.14)

The tr refers to the trace in color space. The γµs are the Dirac matrices, which obey

{γµ, γν} = 2gµν14 (2.15)

in Minkowski-space, where gµν is the metric tensor. The first term of Eq. (2.12) describes

the dynamics of the gauge fields, while the second term contains the interaction between the

quark and gauge fields. The QCD Lagrangian has a total of Nf + 1 parameters, these are

the gauge coupling g and the masses of the quarks, mf . The coupling is dimensionless, thus

the theory is renormalizable. In order to define the partition function, analytic continuation

to Euclidean time is applied. Then Euclidean gamma matrices are introduced according

to γEi = −iγi, γE4 = γ0. The anticommutation relation of these becomes

{γEµ , γEν } = 2δµν14. (2.16)

From now on, we omit the labels noting that we use the Euclidean space formulation. The

partition function in Euclidean space reads

Z =

∫
DADψ Dψ exp{−Sg[A]− Sf [ψ, ψ,A]}, (2.17)

where Sg[A] is called the Euclidean gauge action and Sf [ψ, ψ,A] is the Euclidean fermion

action. The proper definition of the integration over the fields is given in the next Section.

Besides the local color SU(3) gauge symmetry, which is used to define the model, the

QCD Lagrangian posesses other (approximate) symmetries.

In the limit of massless quarks, mf → 0 for all flavors, the above Lagrangian is invariant

under global UL(Nf )× UR(Nf ) transformations. The L and R subscripts refer to left- and

right-handed. To understand the transformation, let’s introduce chiral projection operators

PL = (14 − γ5)/2, PR = (14 + γ5)/2, where γ5 = iγ0γ1γ2γ3 and 14 is the 4 × 4 identity

operator. With these, the quark fields can be split to left- and right-handed components:

ψ = ψL + ψR, where ψL = PLψ and ψR = PRψ. ψL and ψR have chirality -1 and +1,

respectively. In the zero-mass limit, these equal to the helicity, i.e. PL and PR project to

negative and positive helicity eigenstates, respectively. Then the QCD Lagrangian at zero

quark masses (chiral limit) can be written

LchirQCD = − 1

2g2
tr(FµνF

µν) +

Nf∑
f=1

(
ψL,f iγµD

µψL,f + ψR,f iγµD
µψR,f

)
. (2.18)
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Due to the flavor independence of the covariant derivative, LchirQCD is invariant under

ψL → ψ′L = ULψL, ψR → ψ′R = URψR, (2.19)

where UL and UR are independent Nf ×Nf matrices.

Although the quark masses are not zero (i.e. chiral symmetry is explicitly broken),

the approximate chiral symmetry is found to implicate useful relations when studying low-

energy QCD. On one hand, at low energies – e.g. well below the hadronic scale ≈ 1 GeV –

the heavier quarks (charm, bottom, top) are all too heavy to affect the dynamics. On the

other hand, the masses of the three light quarks (up, down and strange) are negligible as

compared to the relevant energy scale. This implies that UL(Nf )×UR(Nf ) with Nf equals

3 (or 2) could be a good approximate symmetry. The chiral symmetry group UL(Nf ) ×
UR(Nf ) can be also written as SUV (Nf )×SUA(Nf )×UV (1)×UA(1). Here the indices V and

A indicate that the corresponding conserved current transforms as vector- or axial-vector,

respectively, under Lorentz-transformations. We note, that even when all quark mass is

zero, chiral symmetry is spontaneously broken to SUV (Nf )×UV (1)×UA(1). Furthermore,

UA(1) is anomalous, which means that although this symmetry is valid classically, it is

destroyed by quantization. In contrast to this, the UV (1) symmetry is valid both at the

classical and quantum level, even when the quark masses are nonzero. The corresponding

conserved charge is the baryon number. The subgroup SUV (Nf ) is quite well realized both

at Nf = 2 (isospin symmetry) and at Nf = 3 (flavor symmetry).

When the quark masses are neglected, the Lagrangian of QCD contains no dimensionful

parameter. Then the classical theory is also invariant with respect to dilation transforma-

tions:

x→ x′ = e−σx,

ψ(x)→ ψ′(x′) = e3σ/2ψ(x),

Aµ(x)→ A′µ(x′) = eσAµ(x), (2.20)

where σ is a real number. If this symmetry would be realized, the coupling constant of

QCD would be constant, there would be no scale dependence of the theory. However, this

symmetry (also called scale invariance) is broken by quantum effects, in other words it is an

anomaly. The associated order parameter is the trace of the energy-momentum tensor Θµν ,

which receives contributions – proportional to the beta function times the gluon condensate

– even at zero quark masses.

An other approximate symmetry which is related to the color symmetry is called the

center symmetry [35]. To identify this symmetry, we use the fact that the gauge and quark
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fields must be respectively periodic and antiperiodic in Euclidean time, i.e.

Aµ(x, x4 + β) = Aµ(x, x4), ψ(x, x4 + β) = −ψ(x, x4). (2.21)

However, Aµ transforms in the adjoint representation and ψ transforms according to the

fundamental representation:

Aµ(x)→ A′µ(x) = Ω(x)Aµ(x)Ω†(x) + i(∂µΩ(x))Ω†(x), (2.22)

ψ(x)→ ψ′(x) = Ω(x)ψ(x). (2.23)

Focusing first only on the transformation of the gauge field, in order to maintain the

boundary condition of Eq. (2.21), the gauge transformations have to obey Ω(x, x4 + β) =

zΩ(x, x4), where z ∈ Z(3), i.e. element of the center of SU(3). The fact, that only

these group elements are appropriate can be seen by applying a gauge transformation to

Aµ(x, x4 + β) and demanding A′µ(x, x4 + β) = A′µ(x, x4). The elements of the center of

the group commute with all group elements and can be written as z = 13 exp(2πin/3)

(n = 1, 2, 3). Considering now the quarks, however, reveals that dynamical quark fields

explicitly break the Z(3) symmetry. However, using infinitely heavy, static quarks – i.e.

neglecting the dynamics of quarks –, the Z(3) symmetry becomes exact and a connection

between center symmetry and confinement can be established. The partition function of

gauge fields and an infinitely heavy test quark Q placed at position x is

ZQ =

∫
DA L(x) exp {−Sg[A]} , (2.24)

where

L(x) = Tr

(
P exp

{
i

∫ β

0

dx4A0(x, x4)

})
(2.25)

is the Polyakov loop at x and P denotes the path ordering of the exponential. Therefore,

the thermal expectation value of L(x) is

〈L(x)〉 = ZQ/ZNf=0 = exp{−βFQ(x)}, (2.26)

where FQ(x) is the free energy of a single static quark at position x measured relative

to that in the absence of the quark. At low temperatures, color confinement takes place,

which results in an infinite free energy. Hence, in the confined phase 〈L(x)〉 = 0. On the

other hand, at higher temperatures, when quarks and gluons become deconfined, the free

energy, and thus 〈L(x)〉 will be finite. Thus, in the absence of dynamical quarks, 〈L(x)〉
acts like an order parameter signalling the confinement-deconfinement transition. Since

under Z(3) transformations L(x) becomes zL(x), the non-zero expectation value of L(x)

implies that the Z(3) symmetry is spontaneously broken.

After discussing the continuum theory of QCD, we now continue with the lattice for-

mulation in the next Chapter.
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2.4 Gauge fields and fermion fields on the lattice

For simplicity, consider now a single flavor of fermion field with mass m, placed on the

lattice. In order to incorporate Fermi statistics, one has to use Grassmann numbers to

represent the fermion field. On the lattice, our fermionic degrees of freedom are ψ(k)c,α,

ψ(k)c,α, where k ∈ Λ = aZ4. Color (c) and Dirac indices (α) are supressed in the following

notations. Starting from the Euclidean continuum fermion action in the absence of gauge

fields

Scontf [ψ, ψ] =

∫
d4xψ(x)(γµ∂µ +m)ψ(x), (2.27)

and replacing the partial derivative by a symmetric difference and the space-time integral

by a sum over Λ, the corresponding (naive) free fermion lattice action becomes

Slat,0f [ψ, ψ] = a4
∑
k,l∈Λ

ψ(k)

(
4∑

µ=1

γµ
1

2a

{
δk+µ̂,l − δk−µ̂,l

}
+mδk,l

)
ψ(l). (2.28)

The expression between the brackets is the kl element of the free fermion matrix, which is

usually denoted by M0. M0 without the mass term is called the free Dirac matrix and is

denoted by /D0. The fermion fields transform under gauge transformations according to

ψ(k)→ ψ′(k) = Ω(k)ψ(k), ψ(k)→ ψ
′
(k) = ψ(k)Ω†(k). (2.29)

Then the derivative terms of Eq. (2.28) are not gauge invariant. In order to maintain

gauge invariance, instead of the Lie-algebra valued gauge fields which are assigned to

lattice points, we need rather SU(3) matrices which are assigned to the links of the lattice.

These are denoted by Uµ(k) and are called link variables. Uµ(k) is assigned to the link

which connects lattice sites k and k + µ̂ and is the lattice version of a gauge transporter.

It is related to the Lie-algebra valued gauge field according to Uµ(k) = exp(iaAµ(k)). In

order to have a gauge invariant fermion action, the transformation of Uµ(k) under the

gauge group is

Uµ(k)→ U ′µ(k) = Ω(k)Uµ(k)Ω(k + µ̂)†. (2.30)

Finally, using the link variables, the (naive) fermion action in the presence of gauge fields

can be written as

Slatf [ψ, ψ] = a4
∑
k,l∈Λ

ψ(k)

(
4∑

µ=1

γµ
1

2a

{
Uµ(k)δk+µ̂,l − U−µ(k)δk−µ̂,l

}
+m13δk,l

)
ψ(l). (2.31)

To obtain the total action of QCD, one cannot forget the construction of the lattice

gauge action in terms of the link variables. While doing this, we would like to have an
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expression that is gauge invariant and that approaches the continuum gauge action in the

naive continuum limit a → 0. Gauge invariant combinations are formed by the product

of link variables around closed loops. The simplest gauge invariant combination of link

variables on the lattice is the ordered product of Us along a 1× 1 square,

U1×1
µν (k) = Uµ(k)Uν(k + µ̂)Uµ(k + ν̂)†Uν(k)†, (2.32)

where we have utilized that U−µ(k) = Uµ(k − µ̂)†. U1×1
µν (k) is called the plaquette, based

on which the lattice gauge action (or Wilson gauge action) can be given as

SWilson
g [U ] = β

∑
k∈Λ

∑
µ<ν

(
1− 1

3
Re tr U1×1

µν (k)

)
. (2.33)

Here, β is not the inverse temperature as in the earlier sections of this chapter, but is 6/g2.

The scaling towards the continuum can be improved by adding further gauge invariant

combinations, from which the simplest is the ordered product of links along the 1 × 2

rectangle. This would give the following action

SSymanzikg [U ] = β

(
c0

∑
k,µ<ν

(
1− 1

3
Re tr U1×1

µν (k)

)
+ c1

∑
k,µ6=ν

(
1− 1

3
Re tr U1×2

µν (k)

))
,

(2.34)

where the values c0 = 5/3 and c1 = −1/12 are determined by a tree-level calculation to

improve the scaling. Eq. (2.34) is therefore called the tree-level improved Symanzik gauge

action.

Finally, the partition function of QCD on the lattice can be defined as

Znaive =

∫
DU Dψ Dψ exp{−Slatf [ψ, ψ, U ]− Sg[U ]}, (2.35)

where Slatf is the fermion action (Eq. (2.31) and Sg[U ] is the gauge action (e.g. Eq. (2.33)

or Eq. (2.34)). As discussed before, the space-time integral in the formula of the action

is evaluated for the whole space-time at zero temperature, and for an infinite space, but

finite temporal size at finite temperature. The integration measure over the fermionic field

configurations are products of integration measures over single quark field components

Dψ Dψ =
∏
k∈Λ

∏
c,α

dψc,α(k) dψc,α(k), (2.36)

where now color (c) and Dirac indices (α) are written out explicitly. Since the fermion

action is bilinear in the fermion fields, using the properties of Grassmann-variables, one

obtains∫
Dψ Dψ exp{−Slatf [ψ, ψ, U ]} =

∫
Dψ Dψ exp{−ψM [U ]ψ} = detM [U ], (2.37)
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where M [U ] is the fermion matrix. The integration over the group manifold of SU(3) is

defined using the Haar measure (see [32,36] for details), which is the gauge-invariant group

integration measure. Then DU is meant according to

DU =
∏
k∈Λ

4∏
µ=1

dUµ(k) =
∏
k∈Λ

4∏
µ=1

J({εi(k, µ)})
8∏
i=1

dεi(k, µ) (2.38)

where J is the Jacobian and εi(k, µ) (i = 1, . . . , 8) are the group parameters of the gauge

group SU(3), with which an SU(3) matrix U can be written as

U = exp

{
i

8∑
j=1

εjTj

}
. (2.39)

Here, the Tjs are the group generators. They are given by Tj = λj/2, where λjs are the

Gell-Mann matrices.

Although, at this point, it may seem that we are at the end of the day, the fact is that

we did not make it to the finish. The reason for this is that although expression (2.31) is the

most plausible form of the fermion action, it does not provide the expected physics in the

continuum. Calculating the inverse of the free fermion matrix in momentum space reveals

that it has poles not only in one, but in all the 24 = 16 corners of the first Brillouin-zone as

we approach the continuum. In other words, it describes 16 fermions instead of describing

only a single one. This is the so called doubling problem and the extra fermions are called

the doublers.

Various discretizations of fermions are constructed to overcome this problem, but these

are restricted by the Nielsen–Ninomiya no-go theorem. This theorem states, that there

exists no local lattice Dirac operator that has the correct continuum limit without dou-

blers meanwhile satisfying chiral symmetry. Chiral symmetry is expressed with the Dirac

operator as { /D, γ5} = 0.

In order to have a fermion action describing less than 16 fermions, we now introduce

the computationally cheapest fermion discretization called staggered (or Kogut–Susskind)

fermion discretization. The idea behind this discretization is to distribute the fermionic

degrees of freedom over the lattice in such a way that the effective lattice spacing doubles.

This can be accomplished if we assign spinor components of fermions to the points of

a hypercube. To this end, we carry out a staggered transformation (local basis change)

according to

ψ(k) = γk1
1 γ

k2
2 γ

k3
3 γ

k4
4 ψ

′(k), ψ(k) = ψ
′
(k)γk4

4 γ
k3
3 γ

k2
2 γ

k1
1 . (2.40)
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Here kµ is the value of the µ component of the site index k. Utilizing the anticommutation

relation of Euclidean Dirac matrices (Eq. (2.16)), one gets for the fermion action

Sf [ψ
′, ψ
′
] = a4

∑
k∈Λ

ψ
′
(k)

(
4∑

µ=1

ηµ(k)
1

2a

{
Uµ(k)δk+µ̂,l − U †µ(k − µ̂)δk−µ̂,l

}
+m13δk,l

)
ψ′(l),

(2.41)

where ηµ(k) = (−1)k1+...+kµ−1 is the so called staggered phase, which replaces the corres-

ponding gamma matrix. Obviously, Eq. (2.41) is diagonal in Dirac space and thus contains

a four-level degeneracy, when describing fermions. Thus, we can safely omit three of the

four identical copies, i.e. leave the running over the Dirac index in the action. Then, with

the Grassmann-valued fields χ and χ – which have only color, but no Dirac indices –, the

staggered fermion action is

Sf [χ, χ] = a4
∑
k∈Λ

χ(k)

(
4∑

µ=1

ηµ(k)
1

2a

{
Uµ(k)δk+µ̂,l − U †µ(k − µ̂)δk−µ̂,l

}
+m13δk,l

)
χ(l).

(2.42)

This fermion action has discretization errors O(a2) and has a remnant U(1)L × U(1)R

chiral symmetry. The role of γ5 is played by η5(k) = (−1)k1+k2+k3+k4 . However, Eq. (2.42)

still describes four flavors of fermions. We will return to this comment later. Additional

problems arise from the mixing of Dirac and flavor indices. On one hand, from the point

of view of hadron spectroscopy, the construction of hadron interpolators with definite

spin and parity becomes more involved. Moreover, different elements of the Dirac spinor

distributed on the lattice (called here tastes) are affected by different gauge fields, i.e.

taste symmetry breaking occurs. Consequently, the SU(4) taste symmetry is violated: the

masses of the four tastes will be different, which implies that the hadron masses in the

staggered formalism also show this as a splitting in their multiplet structure. For instance,

one has 16 pion states using the staggered discretization, from which 15 are unphysical

and only one behaves as a Goldstone boson. Although these pions become degenerate in

the continuum limit, their splittings can affect the thermodynamics at not small enough

lattice spacings.

To reduce their impact, different techniques were developed, from which in the present

thesis we use the so called stout smearing. Roughly speaking, during smearing, one replaces

the link variable by the average of the product of links along certain paths connecting the

endpoints of the given link. In order to have an SU(3) matrix at the end of the process,

projection to the SU(3) manifold is needed. In particular, in the case of stout smearing, we

first calculate the weighted sum of perpendicular staples which begin at k and terminate
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at k + µ̂:

C(k, k+µ̂) =
∑
ν 6=µ

ρµν

(
Uν(k)Uµ(k+ν̂)Uν(k+ν̂)†+Uν(k−ν̂)†Uµ(k−ν̂)Uν(k−ν̂+µ̂)

)
. (2.43)

Then we use these to build a Hermitian and traceless matrix

Qµ(k) =
i

2

(
Ωµ(k)† − Ωµ(k)− 1

3
tr
{

Ωµ(k)† − Ωµ(k)
})

, (2.44)

where Ωµ(k) = C(k, k + µ̂)Uµ(k)†. Then, the exponent of iQµ(k) times the link variable

will be again an element of SU(3), U
(1)
µ (k). Carrying out this procedure with the resulting

SU(3) matrices in an iterative manner as

U (n+1)
µ (k) = exp

(
iQ(n)

µ (k)
)
U (n)
µ (k), n = 0, 1, . . . , nstout − 1, (2.45)

we get the nstout-level stout smeared (also called fat) links. Here, the U
(0)
µ (k)s are the non-

smeared (thin) links. The ρµν real parameters are chosen in this work to be independent

of the directions. The smearing does not change the continuum physical behavior, but at

finite lattice spacing, it reduces taste symmetry breaking and improve the signal-to-noise

ratio of the observables.

Staggered fermions are widely used in lattice simulations, and in those parts of thesis,

when QCD is under survey, we also used the staggered fermion discretization. However, as

it was mentioned before, the staggered fermion action (Eq. 2.42) describes four fermions.

As we would like to have only one, we refer to a trick called rooting or fourth-root-trick.

This trick is based on the observation that further flavors of fermions in the action produce

further fermion determinants for the partition function when quark fields are integrated

out. When masses of fermions are equal to each other, then detM is raised to a corre-

sponding positive integer power. Now the idea of rooting comes from the expectation that

by extracting the root of detM could lower the number of fermions. So, describing only

one flavor staggered fermion may be possible with the partition function

Zstagg =

∫
D U detM [U ]1/4 exp {−Sg[U ]} . (2.46)

Although, it is not proven that the theory described by this partition function is a local

one, numerical evidence indicates the validity of the rooting procedure.

After discussing the lattice realization of gauge fields and fermion fields as well as scalar

fields from the previous section, the next section will be concerned with the generation of

configurations.
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2.5 Generating configurations and measurements

Suppose, we have an arbitrary quantum field theory with quantum fields Φ and Euclidean

lattice action S[Φ]. Then in the path integral formalism, the vacuum expectation value of

an O observable and the partition function ZΦ are given by

〈O〉 =
1

ZΦ

∫
DΦ exp {−S[Φ]} , ZΦ =

∫
DΦ exp {−S[Φ]} , (2.47)

where all fields are symbolized with Φ in this compact notation. For example, in the case

of QCD, we include gauge and fermion fields in Φ as well.

However, calculating the above integrals on a not so tiny lattice by standard numerical

integration is not a viable alternative, because of their huge dimension. Therefore, Monte-

Carlo methods based on importance sampling are used. Importance sampling means, that

we generate configurations according to the distribution exp{−S[Φ]}/ZΦ. Then measure-

ments of observables on these configurations are carried out, approximating 〈O〉 as

〈O〉 = lim
N→∞

1

N

N∑
i=1

O[Φi]. (2.48)

Here, Φi denotes the ith configuration on a sequence (called Markov-chain). In practice,

the number of configurations N is large, but finite. Then Eq. (2.48) holds up to the

statistical error, which is proportional to 1/
√
N . The statistical error is usually estimated

by the jackknife method.

Generating configurations with the desired distribution is called a Markov chain. In a

Markov chain or Markov process, one generates a new configuration Φ′ from a previous

one Φ with transition probability P (Φ′ ← Φ) and repeats it many times. Starting from an

arbitrary configuration, the Markov process will converge to an equilibrium distribution,

Wc[Φ], provided that the initial distribution has a non-zero overlap with the equilibrium

distribution (strong ergodicity) and the detailed balance condition,

P (Φ′ ← Φ)Wc[Φ] = P (Φ← Φ′)Wc[Φ
′], (2.49)

holds. There are many algorithms that accomplish these conditions. Here, I introduce the

Hybrid Monte-Carlo (HMC) algorithm.

This algorithm is based on the idea of regarding the Euclidean action as the potential

of a classical statistical mechanics system. Completed this with a kinetic term containing

the appropriate conjugate momenta, one gets a Hamiltonian. Then, solving the discretized
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classical canonical equations, i.e. following a Hamiltonian process developing in simulation

time, the expectation value of an observable is obtained by averaging along that trajec-

tory. The expectation values are not affected by the conjugate momenta, since the terms

containing these in the Hamiltonian are quadratic. Thus, one can integrate them out,

giving only an irrelevant constant factor which cancels out from the expectation value. In

continuum classical molecular dynamics, the Hamiltonian is preserved along the trajectory.

When using finite stepsize, numerical errors are unavoidable, thus the Hamiltonian changes

along the trajectory. To correct these changes, at the end of each trajectory, a Metropolis

accept-reject step is introduced. The probability of accepting the new configuration Φ′ is

PA(Φ′,Φ) = min
(

1, exp
{
−H(Φ′, P ′) +H(Φ, P )

})
, (2.50)

where H =
∑

ϕ∈{Φ} P
2
ϕ/2 + S[Φ] is the engineered Hamiltonian with Pϕ∈Φ canonical mo-

menta.

2.6 The sign problem

For importance sampling to be used, it is crucial that the Euclidean action of the theory

under study is positive. When the action is negative or complex, the propability inter-

pretation of the weights exp{−S} cannot be applied. In this case, one encounters the so

called complex action problem or sign problem. Typical examples are theories with chemical

potential or with a vacuum term.

Here, I discuss two models: the 1+1 dimensional O(N) nonlinear sigma model at finite

chemical potential and QCD at finite baryon chemical potential. Both models will be

studied in later chapters of the thesis.

2.6.1 The O(3) nonlinear sigma model

at finite chemical potential

The O(3) model in 1+1 dimensions has been widely studied in the past for several reasons,

amongst others because it has interesting features in common with four-dimensional non-

Abelian gauge theories. Over the years, many important results have been achieved both

numerically and analytically. Nonetheless, we do not overview here the overall history of

the model, but mention only some facts that made it attractive for the study that will be

presented later.
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First of all, the coupling constant of the theory is dimensionless, thus the theory is

perturbatively renormalizable. It is asymptotically free in 1+1 dimensions [37, 38], which

enables us to study the continuum limit of the results obtained at finite lattice spacings.

The O(3) model also has a nonperturbative mass gap generated dynamically due to inter-

actions.

The continuum action of the model is

S
(cont)
O(3) =

∫
d2x

1

2g2
(∂νφ)2, (2.51)

where the fields obey the
∑3

i=1 φ
2
i = 1 condition in every spacetime point. g is the bare

coupling. Since symmetry transformations (rotations) in the O(3) model can be described

by three generators, one can assign a chemical potential for each infinitesimal rotation. We

choose now the rotations in the (12)-plane for this purpose. Then the continuum action at

finite chemical potential becomes

S
(cont)
O(3) (µ) =

∫
d2x

1

2g2

{
(∂νφ)2 + 2iµ(φ1∂0φ2 − φ2∂0φ1)− µ2(φ2

1 + φ2
2)
}
. (2.52)

The corresponding lattice action – using exponentialization in µa and periodic boundary

condition –, is

S
(lat)
O(3)(µ) = 2βV − β

∑
k∈Λ

(
φk+0̂eiµat12φk + φk+1̂φk

)
, (2.53)

where t12 denotes the antisymmetric, real generator of the rotation in the (12)-plane of

O(3), β = 1/g2 and V = Nx ×Nt is the lattice volume. Obviously, for nonzero and real µ

the action becomes complex, so standard Monte-Carlo methods can not be applied for the

simulation of this model.

2.6.2 QCD at zero and at finite chemical potential

In the case of QCD, the action has a U(1) global symmetry, for which the corresponding

converved charge is the quark number. This is given by the spatial lattice integral of

temporal hopping terms, and the chemical potential enters to the lattice action through

this expression in an exponential form. Without exponentialization, i.e. using only the

linear term in µa, the subtracted free energy density ε(µ)− ε(0) 2 would become divergent

in the naive continuum limit a→ 0 [39]. According to Ref. [39], the form of the staggered

2ε(µ) is defined according to ε(µ) = 〈HQCD〉/Vsp, where HQCD is the QCD Hamiltonian and Vsp is the

spatial volume.
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fermion matrix in the presence of quark number chemical potential µ is then

Mkl(µ) =
∑
ν

ην(k)

2a

(
eδν4µaUν(k)δk+ν̂,l − e−δν4µaU †ν(k − ν̂)δk−ν̂,l

)
+m13δkl, (2.54)

i.e. forward and backward time-like links are multiplied by recpectively exp(µa) and

exp(−µa). At first sight, looking at the above matrix element, it may be not evident

that it would lead to a complex fermion determinant and thus a complex integration mea-

sure (see Eq. (2.46)), nor so evident that without µ the fermion determinant is real. In

order to validate these statements, it is common to start with the so called γ5-hermiticity

property of the Dirac-matrix:

γ5 /D(µ)γ5 = /D
†
(−µ∗), (2.55)

where /D(µ) denotes the naive Dirac matrix at finite chemical potential, implemented by

similar exponentials as in Eq. (2.54). The kl element of the naive Dirac matrix at µ = 0

is the term in the brackets of Eq. (2.31), without the mass term. The proof of Eq. (2.55)

straightforwardly follows from {γ5, γν} = 0 and γ2
5 = 14. Obviously, similar statement

holds for the naive fermion matrix M(µ) = /D(µ) +m13N3
xNt

as well. Moreover, expression

(2.55) is satisfied by other fermion discretizations as well, using the appropriate matrix

that corresponds to γ5. In the case of staggered fermions, it is η5(k), and the staggered

γ5-hermiticity reads as /D
†
st(−µ)kl = η5(k) /Dst(µ)klη5(l) = − /Dst(µ)kl.

Taking the determinant of both sides of Eq. (2.55), one obtains

det /D(µ) = det /D(−µ∗)∗. (2.56)

Similar relation holds for the fermion matrix, that is

detM(µ) = detM(−µ∗)∗. (2.57)

When µ is zero or purely imaginary, it follows that the Dirac matrix (and thus the fermion

matrix) is real. However, when µ is real (or a general complex number), one cannot

deduce anything regarding the complex or real nature of the determinant. In general, the

determinant may be complex and based on physical grounds, one expects it to be complex.

To see this, let us consider the lattice realization of the Polyakov loop, defined in Eq. (2.25)

in the continuum. On the lattice, the corresponding operator is

L(n) = Tr
Nt−1∏
n4=0

U4(n, n4). (2.58)

As was discussed in Section 2.3, it is related to the free energy of a static quark. By taking

the adjoint of the operator behind the trace of Eq. (2.58), we define the adjoint (or inverse)
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Polyakov loop:

Ladj(n) = Tr
0∏

n4=Nt−1

U †4(n, n4). (2.59)

Obviously, Ladj(n) = L(n)∗. Then, the free energies of a single static quark at n and a

single static antiquark at n′ are formally given, respectively, as

FQ(n) = −T ln Re〈L(n)〉 = −T ln

∫ (
Re(Dω)Re(L(n))− Im(Dω)Im(L(n))

)
,

FQ(n′) = −T ln Re〈Ladj(n′)〉 = −T ln

∫ (
Re(Dω)Re(L(n′)) + Im(Dω)Im(L(n′))

)
,

where Dω denotes the complex integration measure (Dω ≡ DU detM(µ)e−Sg) in the

presence of chemical potential. When chemical potential favors quarks over anti-quarks,

different free energies are expected, and these can be obtained only if Im(Dω) 6= 0, i.e. the

integration measure is expected to be complex. Therefore, standard Monte-Carlo methods

cannot be applied for simulating QCD at finite quark chemical potential.



Chapter 3

The dual variables approach

In this chapter, I discuss a way of circumventing the sign problem in the O(3) nonlinear

sigma model at finite chemical potential. The method is called the dual variables approach

[31], and it eliminates the sign problem by the introduction of new variables.

In order to maintain generality, we will review the algorithm and the dual formulation

in the O(N) case at d + 1 dimensions. Throughout this chapter, the lattice coordinate

is denoted by x. In the O(N) case, the fields obey the
∑N

i=1 φ
2
i = 1 condition in every

spacetime point. The discretized action in d+ 1 dimensions is

S = β(d+ 1)Vd+1 − β
∑
x∈Λ

(
φx+0̂eiµat12φx +

∑
i=1,..,d

φx+îφx

)
, (3.1)

where now β = ad−1/g2 and the (d+ 1)-dimensional lattice volume is Vd+1 = Nd
s ×Nt.

Our goal in lattice simulations is to calculate expectation values. The worm algorithm

performs this as counting different types of configurations, as we are going to explain later.

The algorithm itself is based on the dual formulation of a model, which means in our case

the characterization of configurations not with the φ(x) continous variables at every lattice

point but with a set of discrete variables {ma}a=(l;i=1,...,N), which ”live” on links (l). One

{ma} configuration matches to a certain, finite partial sum of an infinite sum (e.g. the

expansion of the partition sum), and the algorithm jumps between these partial sums.

In the following, we first review notation conventions and integrals over the O(N) sphere,

which will be useful later. Then, at first, we restrict ourselves for the dual formulation of

the case without chemical potential and introduce the worm algorithm for that case. Then

we repeat the same procedure for the case with chemical potential. Finally, we present

continuum results in Sections 3.4.2, 3.4.3, 3.4.4.

27



28 CHAPTER 3. THE DUAL VARIABLES APPROACH

We mention, that during the finalization of the comparison of the complex Langevin

and worm results, the dual formalism for the O(N) model was also introduced and studied

in Refs. [40–42].

3.1 Integrals over O(N) sphere

Consider an O(N) vector φ of unit length, φ2 = 1. Averaging over the O(N) sphere, with

the normalization condition 〈1〉 = 1, one has 〈φiφj〉 = δij/N , 〈φiφjφkφl〉 = (δijδkl + δikδjl +

δilδjk)/(N(N + 2)). For the general case of k even number of vectors one has

〈φi1φi2 . . . φik〉 = C
(N)
k (δi1i2δi3i4 . . . δik−1ik + perm), (3.2)

where

C
(N)
k =

1

N(N + 2) . . . (N + k − 2)
=

Γ(N/2)

2k/2Γ(N/2 + k/2)
. (3.3)

In the brackets in (3.2) there are altogether

Mk = (k − 1)!! ≡ 1 · 3 · . . . (k − 3)(k − 1) = 2−
k
2

+1 Γ(k)

Γ(k/2)
(3.4)

terms for all possible pairings of the indices. This can be obtained e.g. from the recursion

relation Mk+2 = Mk+k(k−1)Mk−2, with M2 = 1, M4 = 3. To check this, one can contract

in the last two indices ik−1, ik. The corresponding recursion relation reads

C
(N)
k−2 = C

(N)
k

(
N +

Mk

Mk−2

− 1

)
= C

(N)
k (N + k − 2). (3.5)

It is interesting to note that for a free system, i.e. when the constraint δ(φ2−1) is replaced

by the Gaussian exp(−φ2/2), then one gets C
(N)
k = 1 for the weights in (3.2). This is in

agreement with the relation

lim
N→∞

Nk/2C
(N)
k = lim

N→∞

Nk/2

N(N + 2) . . . (N + k − 2)
= 1. (3.6)

When one collects the powers of different components, one has

w(k1, . . . , kN) ≡ 〈φk1
1 φ

k2
2 . . . φkNN 〉 =

Γ(N/2)

Γ((k +N)/2)

N∏
i=1

Γ((ki + 1)/2)

Γ(1/2)
(3.7)

=
1

N(N + 2) . . . (N + k − 2)

N∏
i=1

(1 · 3 · . . . · (ki − 1)),
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where all ki are even and k = k1 + . . . + kN . In the last expression, the product is taken

only for i’s for which ki > 0. Also, obviously, w(0, 0, . . . , 0) = 1. Some useful relations

obtaining the coefficients are (assuming that all powers k are even)∫ ∞
−∞

dy e−y
2

yk = Γ

(
k + 1

2

)
, (3.8)

and ∫
dNy e−y

2

yk1
1 . . . ykNN =

N∏
i=1

Γ

(
ki + 1

2

)
=

∫ ∞
0

dr e−r
2

rN+k−1SN〈φk1
1 . . . φkNN 〉

=
1

2
Γ

(
N + k

2

)
SN〈φk1

1 . . . φkNN 〉, (3.9)

where y is an arbitrary vector withN component and SN is the surface of theN -dimensional

sphere: SN = 2πN/2/Γ
(
N
2

)
.

3.2 Strong coupling expansion

without chemical potential

In the case without chemical potential, for one link between neighbor lattice points x and

y, one can write

eβφ(x)φ(y) =
∑

m1,...,mN

βm

m1! . . .mN !
(φ1(x)φ1(y))m1 . . . (φN(x)φN(y))mN , (3.10)

where m = m1 + . . .+mN . Then, one can consider the sum

N∑
i=1

∑
u,v∈Λ

∫
φ

φi(u)φi(v)e−S =
∑
conf

W (u, v, i;m)

= e−β(d+1)Vd+1

∑
conf

(∏
l

βm
(l)

m
(l)
1 ! . . .m

(l)
N !

)(∏
x

w(k1(x), . . . , kN(x))

)
,

(3.11)

where conf = {u, v, i; {m(l)
j }all l links

j=1,...,N} is the configuration: two distinguished points (u and

v), a component i, and the set {m(l)
j }all l links

j=1,...,N .
∫
φ

denotes the integral over the O(N) sphere.

The weights w(. . .) of Eq. (3.11) are given by Eq. (3.7). The value of kj(x) depends on

the position of x:

kj(x) = k̂j(x) + (δxu + δxv)δij, (3.12)
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where k̂j(x) =
∑
x∈∂l

m
(l)
j . Then all kj(x) values must be even. The ratios of the weights

when one of the ki’s is changed by ±2 are

w(k1 + 2, k2, . . . , kN)

w(k1, k2, . . . , kN)
=
k1 + 1

k +N
, (3.13)

w(k1 − 2, k2, . . . , kN)

w(k1, k2, . . . , kN)
=
k +N − 2

k1 − 1
. (3.14)

During the simulations, the configuration can change in different ways, which we dis-

cuss in the Appendix. One way is to change u to a neighboring site, meanwhile increas-

ing/decreasing m
(l)
i along the link l, that connects these two. We start from u = v and the

continuous path connecting u and v that appears this way is called the worm. With the help

of the sum (3.11) defined above, one can see that the partition sum is related to those config-

urations where the two ends of the worm coincide (u = v); this gives explicitly Vd+1Z. The

configurations with one distance between the two ends (c1) divided by the number of config-

urations where the two ends of the worm coincide (c2), give
c1

c2

= − 2

β

(
〈S〉
Vd+1

− β(d+ 1)

)
,

from which one can determine 〈S〉, the expectation value of the action.

3.3 Strong coupling expansion

with chemical potential

The action with the chemical potential coupled to t12 is obtained from the standard one

by replacing the interaction terms which couple the fields in the time direction according

to φ(x + 0̂)φ(x) → φ(x + 0̂)eiµat12φ(x). Therefore, the corresponding action is complex.

For the O(2) nonlinear sigma model this problem was avoided in Ref. [43] using the worm

algorithm: the terms in the strong-coupling expansion are real even in the presence of the

chemical potential. We describe here the extension to the O(N) case for general N . For

this purpose, let us first introduce φ± = 1√
2
(φ1 ± iφ2). Expressed through these variables,

the scalar product is

φ(x+ 0̂)φ(x) = φ−(x+ 0̂)φ+(x) + φ+(x+ 0̂)φ−(x) +
N∑
i=3

φi(x+ 0̂)φi(x). (3.15)

The action at finite µ becomes

S = β(d+ 1)Vd+1 − β
∑
x

d∑
ν=0

(
e−µνaφ−(x+ ν̂)φ+(x) + eµνaφ+(x+ ν̂)φ−(x)

+
N∑
j=3

φj(x+ ν̂)φj(x)
)
, (3.16)
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where µν = µδν,0, ν = 0, 1, . . . , d. When one integrates over φ at a given site, the nonvan-

ishing contributions are all real and positive,

w(k1, k2, . . . , kN) = 〈(φ+φ−)k12φk3
3 . . . φkNN 〉

=
1

2k12

k12∑
m=0

(
k12

m

)
〈φ2m

1 φ2k12−2m
2 φk3

3 . . . φkNN 〉

=
Γ(N/2)

Γ((k +N)/2)
2−k12Γ(k12 + 1)

N∏
i=3

Γ((ki + 1)/2)

Γ(1/2)
, (3.17)

where k = 2k12 + k3 + . . .+ kN and k3, . . . , kN are even.

The strong coupling expansion for spatial neighbor sites is the same as in (3.10), and

for temporal neighbor sites, it is

eβS
′T eiµat12S =

∑
m+,m−,m3,...,mN

βm

m+!m−!m3! . . .mN !

(
eµaS−S

′
+

)m+
(
e−µaS+S

′
−
)m− N∏

i=3

(SiS
′
i)
mi ,

(3.18)

where m = m+ +m− +m3 + . . .+mN and S ≡ φ(x),S′ ≡ φ(x+ 0̂). Consider then∑
i

∑
u,v∈Λ

∫
φ

φi(u)φi(v)e−S =
∑
conf

W ({u, v, i;m};µ)

= e−β(d+1)Vd+1

∑
conf

(∏
l

βm
(l)

e(µa)(l)m
(l)
+ e−(µa)(l)m

(l)
−

m
(l)
+ !m

(l)
− ! . . .m

(l)
N !

)(∏
x

w(k12(x), k3(x), . . . , kN(x))

)
,

(3.19)

where i = +,−, 3, . . . , N and (aµ)(l) = aµ for timelike links, and 0 for spatial links. In

these expressions,

kj(x) = k̂j(x) + δxuδjiu + δxvδjiv j = +,−, 3, . . . , N, (3.20)

where (iu, iv) = (−,+), (3, 3), . . . , (N,N), and different k̂’s are defined as

k̂+(x) =
d∑

ν=0

(
m

(x−ν̂,x)
+ +m

(x,x+ν̂)
−

)
(3.21)

k̂−(x) =
d∑

ν=0

(
m

(x−ν̂,x)
− +m

(x,x+ν̂)
+

)
(3.22)

k̂j(x) =
∑
x∈∂l

m
(l)
j =

d∑
ν=0

(
m

(x,x+ν̂)
j +m

(x−ν̂,x)
j

)
if j = 3, . . . ,N. (3.23)
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The nonzero terms in (3.19) are those in which the same number of φ+(x) and φ−(x) factors

are present; i.e.

k+(x) = k−(x) = k12(x), (3.24)

and the number of φj(x) factors, kj(x) (for j = 3, . . . , N), is even at all sites x. The detailed

steps of the worm algorithm based on these prescriptions are discussed in the Appendix.

In the following sections we leave the general formalism and consider the O(3) model in

1 + 1 dimensions.

3.4 Numerical results

3.4.1 Scale setting

Before discussing the results obtained by the worm algorithm, I devote a section to intro-

ducing the way how we determined the lattice spacing as a function of β. Although, it can

be also done with the worm algorithm itself (see Sec. 3.4.5), it is more efficient with the

cluster algorithm [44–46]. In particular, I measured the second moment correlation length

ξ2 at zero temperature and chemical potential. ξ2 is defined through

1

ξ2

=
sin(π/Nt)

π/Nt

√(
2M0a2

M2

− 4π2

N2
t

)
, (3.25)

where M0 denotes the zeroth moment and M2 denotes the second moment [47,48]:

M2n =

(
Nta

2π

)2n∑
t

(
2 sin

(
πt

Nta

))2n

C(t). (3.26)

C(t) is the two-point correlation function, C(t) =
∑

x〈
∑

a φa(x, t)φa(0, 0)〉. ξ2 does not

equal ξ = 1/ma but scales as ξ in the β → ∞ limit [47, 49, 50], and in infinite volume,

the ratio ξ/ξ2 is very close to 1; it is 1.000826(1) [51]. The advantage of using ξ2 is that

one does not need to fit any correlators this way. We can thus estimate the mass gap

ma = 1/ξ with the help of ξ2 by running large volume, zero temperature simulations.

Actually, we used 80×80 and 100×100 lattices for 0.9 ≤ β ≤ 1.57, 120×120 and 140×140

lattices for 1.58 ≤ β ≤ 1.62, 250×250 lattices for 1.63 ≤ β ≤ 1.72, and 400×400 lattices for

1.73 ≤ β ≤ 1.85. The simulation points were chosen uniformly in the above β ranges with

∆β = 0.01 distance from each other with 106 or 2×106 cluster updates after thermalization,

using every tenth for measurement. We studied the overlapping β regions as well and used

larger lattices if deviations larger than errors between the smaller and larger volumes had

occurred. The results are shown in Fig. 3.1.
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Figure 3.1: The ma(β) scale for the 1+1-dimensional O(3) model. Errors are smaller than

or compatible with the width of the line.

Knowing a(β) precisely is particularly important, when one is interested in carrying

out the continuum extrapolation. Since – as was mentioned in the Introduction –, we

would like to study the behavior of complex Langevin results towards the continuum by

comparing these to the worm results, we need to know the scale in order to decide which

βs to use when running the simulations at different lattice sizes. This comparison will be

made in Chapter 4. Here, in the remaining sections of this chapter, I focus on the results

obtained by the worm algorithm.

3.4.2 Pressure

Similar to what was mentioned at the end of Sec. 3.2, the sum in Eq. (3.19) is related to

the partition function if u = v, when it gives V2Z. For the action, one needs to calculate

the ratio of two terms. In the denominator there is Z, while in the numerator, there is

−β
2
(eµa × #1 + e−µa × #2 + #3 + #4), where #1 is the number of configurations with

v = u + 0̂ and iu = −, iv = +; #2 is the number of configurations with u − 0̂ = v and

iu = −, iv = +; #3 is the number of configurations with u± 1̂ = v and iu = −, iv = +; and

#4 is the number of configurations with u± ν̂ = v with ν = 0, 1 and iu, iv = 3. The value

of the numerator is constructed in the way that is suitable for the action (3.16). (The first

term of (3.16), which is independent of the dual variables was added to the averages at the

end.)

For calculating thermodynamic quantities, we used lattices with Nx > Nt and measured

the action after each worm movement. Since it is divergent as a → 0, we renormalized

it by subtracting 〈S(β, T = 0, µ = 0)〉. For the latter, we used large symmetric lattices,
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in particular those that were used for determining the scale (see Sec. 3.4.1). In order to

eliminate the finite-size effects, we chose box sizes of ma(βpc)Nx ≥ 5, where βpc is the

inflection point of the pressure. Since no phase transition is expected in this model, this

βpc is only a pseudocritical quantity. The chosen box sizes correspond to the aspect ratio

Nx/Nt = 4, so we have used 32 × 8, 40 × 10, 56 × 14, 64 × 16, 72 × 18, 80 × 20, 120 × 30

lattices for finite-temperature simulations.
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Figure 3.2: The renormalized action divided by the lattice volume (V = Nx×Nt), measured

by the worm algorithm.

We used around 4 × 1010 . . . 1.2 × 1011 local worm updates on these lattices, after

(3 . . . 5) × 105 thermalization steps. Note that these numbers refer to the local change of

the configuration. In order to compare the amount of updates to those of the Langevin

simulations, one should divide them with the two-dimensional lattice volume. After calcu-

lating the action, we used the integral method [52] to obtain the pressure, p(T ):

p

T 2
=
Nt

Nx

logZ =
Nt

Nx

∫ β

β0

dβ′
∂ logZ

∂β′
=
Nt

Nx

∫ β

β0

dβ′
〈
− ∂S
∂β′

〉
. (3.27)

Since we defined S with β included, ∂S/∂β is simply S/β. The pressure is also diver-

gent, so we need to renormalize it using the expectation value of the renormalized action

〈Sren(β, T, µ)〉 = 〈S(β, T, µ)〉 − 〈S(β, T = 0, µ = 0)〉 in the integrand of formula (3.27). In

the following, we denote the renormalized pressure with p. Figure 3.2 shows the renormal-

ized action density at µ/T = 1, while Figs. 3.3 and 3.4 show the results for the renormalized

pressure.
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Figure 3.3: Comparison of our lattice results and the two-loop calculation of Ref. [53] for

p/T 2 at µ = 0 in the continuum. The dashed line at π/3 shows the asymptotic limit at

high temperature.
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Figure 3.4: Continuum results for p/T 2 as a function of T/m for different µ/T values.

3.4.3 Trace anomaly

Another quantity of interest is the trace anomaly (also called interaction measure):

θ

T 2
=
ε− p
T 2

= −Nt

Nx

a
∂ logZ

∂a
=
Nt

Nx

(am)
∂(am)
∂β

〈
S

β

〉
. (3.28)

This quantity is also divergent; thus, renormalization is needed to obtain a finite value in

the continuum, which is achieved simply by using the renormalized action Sren instead of

S in the above formula. Below, we show the continuum results for different µ/T values as

a function of temperature (Fig. 3.5 ).
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Figure 3.5: Continuum results for θ/T 2 as a function of T/m for different µ/T values. The

two-loop result for µ = 0 is from Ref. [53].

We note that, similarly to the inflection point of the pressure, the peak position of

the trace anomaly can also serve as a definition of a pseudocritical temperature (Tpc)

characterizing the transition in the O(3) model. 1

3.4.4 Density

Another quantity we measured during the simulations was the isospin charge density, which

is defined through

n =
T

Vsp

∂ logZ

∂µ
=

T

Vsp

1

Z

∂Z

∂µ
=

T

Vsp

〈
−∂S
∂µ

〉
= m

1

NtNx

1

am

〈
− ∂S

∂(µa)

〉
, (3.29)

where Vsp is the spatial volume which is simply Nxa in our case. The density does not need

to be renormalized, because the divergent part of the action is independent of µ. In the

figures, we show the dimensionless ratio n/m. With the worm algorithm, the density can

be calculated again as a ratio, which has Z in its denominator, and in the numerator, there

is β
2
(eµa ×#1 − e−µa ×#2), where #1 is the number of configurations with v = u+ 0̂ and

iu = −, iv = + and #2 is the number of configurations with u− 0̂ = v and iu = −, iv = +.

The value of the numerator is constructed in the way that is suitable for ∂S/∂(µa) (see

the derivative of (3.16) w.r.t. µa).

As one can observe in Fig. 3.6, n/m depends almost linearly on T/m. Although we did

not perform continuum extrapolation above T/m ≈ 3.5, the numerical data from 56× 14

lattices show that this linear behavior also holds at higher temperature, at least up to

1Together with the Tpc calculated from the inflection point of the pressure, we show how the pseudo-

critical temperatures depend on µ/T in Fig. 4.15.
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T/m ≈ 4.6. The configurations used for the finite density calculation were the same as for

the pressure.
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Figure 3.6: The isospin charge density divided by m at finite temperature in the continuum

limit.
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Figure 3.7: The isospin charge density over m at low temperatures at β = 1 and at β = 1.5

for different lattice sizes. We used the T → 0 limit extrapolation based on these results to

obtain the continuum limit. Although the analytical behavior of n/m is known at T = 0

and infinite volume near µ ∼ m [42], our lattice results do not show this directly, because

we are either far from the continuum (left panel) or the temperature is not so small to

reproduce this precisely (right panel).

We have also analyzed the low temperature behavior of the density as a function of µ/m,

where we observed the well-known Silver Blaze phenomenon [54,55] (Fig. 3.7). According

to it, at T = 0, the system remains in the lowest energy state, i.e. in the vacuum, until

the chemical potential reaches the first excitation energy. The statement is obvious, if one

rewrites the partition function as a sum over all energy eigenstates and investigates the

T → 0 limit. We approached the T = 0 continuum physics by running simulations at fixed

β values increasing the volume of the symmetric lattice; then, we extrapolated these T = 0
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results to the continuum (Fig. 3.8 and 3.9). Another way of obtaining the continuum

results would be to run simulations at fixed low temperatures and take the continuum

limit first, then extrapolate these finite temperature continuum results to T = 0. We did

not analyze in full detail this latter case but only performed simulations to obtain the

density at two low temperatures: T/m = 0.01 and T/m = 0.005. We compared these to

the T = 0 results in Fig. 3.9, right panel.

The parameters for these low temperature simulations can be found in Table B.1.

We note that the thermalization took significantly more steps at low temperature as one

increased the lattice size and β. For example in the case of Nt = 500, β = 1.3234 for

Nxma = 10 thermalization took 3×109 steps, but for Nxma = 40, it was∼ 4.4 times longer,

and for Nxma = 100 (symmetric lattice), it was ∼ 19 times longer than for Nxma = 10.

Thermalization was analyzed using the values of density during the simulations.
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Figure 3.8: Continuum extrapolation at some µ/m at T/m = 0.
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3.4.5 Spectrum

Using the worm algorithm, one can also study the spectrum of the O(3) model. The energy

levels are characterized by the isospin quantum numbers I, I3 and the momentum p. Let

us consider the p = 0 case. Then the smallest energy at zero µ in a given sector is denoted

by E(I). The chemical potential splits the 2I + 1-fold degeneracy and the energy levels

become E(I, I3;µ) = E(I) − µI3, which has a minimum at I = I3 = q(µ). By increasing

µ, larger q values are expected. Using the worm algorithm and counting the number of +

and − link variables connecting two time slices, one can determine q for that interval.

This is based on the following observation. Applying Eq. (3.24) to a lattice point x 6= u,

x 6= v, one finds that k̂+(x) = k̂−(x), which implies∑
ν

(
m

(x−ν̂,x)
+ −m(x−ν̂,x)

−

)
=
∑
ν

(
m

(x,x+ν̂)
+ −m(x,x+ν̂)

−

)
. (3.30)

This is the discrete version of the condition that (m+−m−)(x) has zero divergence, i.e. it

is conserved. Additionally, according to Eq. (3.19) one finds that the µ-dependence of the

partition function – determined from the number of configurations with u = v –, is given

by exp{µa
∑

x(m
(x,x+0̂)
+ −m(x,x+0̂)

− )}. However, according to the update steps of Sec. A.2,

when u = v, one has

exp

{
µa
∑
x

(m
(x,x+0̂)
+ −m(x,x+0̂)

− )

}
= exp

{
µaNtw

}
= exp

{µ
T
w
}
, (3.31)

where w is the winding number, the number the worm wraps the time direction. Therefore,

keeping also in mind that m+ and m− are the dual variables of the O(2) unbroken subgroup

of O(3), it is natural to identify w with the I3 isospin charge.

When u 6= v and x coincides with one of the ends of the worm, then Eq. (3.30) is

violated. But the two ends of the worm divide the periodic time direction into two parts:

an interval with length τ (where 0 ≤ τ < Nt) and charge I3 = q, and an interval with length

Nt − τ and charge I3 = q − 1. Then, these give the leading contribution to the correlator

C(τ ; q, q−1) ≈ Aq,q−1 exp{−E(q;µ)τ−E(q−1;µ)(Nt−τ)} ∝ exp{−(E(q)−E(q−1)−µ)τ},
and thus by fitting the correlator, the energy differences can be determined. Choosing

µ ≈ E(q)− E(q − 1) one obtains a long plateau in the effective mass plot. This way, one

can follow the signal over a large interval in τ to measure energies of higher excitations.

These energy differences provide a strong consistency check, since we measure the same

difference with different µ values. In particular, we have measured the energy differences

on 16 × 200 lattices at β = 1.779 using several values of µ and obtained E(1) − E(0) =
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0.0662(1), E(2) − E(1) = 0.1284(3), E(3) − E(2) = 0.1867(2). Note that these agree

roughly with the (approximate) rotator picture which is expected to hold for small spatial

volumes [56–58]. The mass gap E(1) − E(0) agrees within the statistical error with the

value cited in Ref. [59].
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Figure 3.10: Left: Correlators with w = 2 at some µ value for determining E(3)− E(2).

Right: The E(3)− E(2) values determined from the fitting of the correlators.

In this chapter, I presented the dual variables formulation for the O(N) nonlinear sigma

model, and the results of the simulations in the N = 3 case. The dual variables approach

totally eliminates the sign problem, but not easy to derive for more complex models, e.g.

for QCD, in a way that ensures the positiveness of the integration measure. However,

in the O(3) case, it can be used for comparison to the complex Langevin results to gain

insight on the behavior of the latter. This topic will be discussed in the next chapter.



Chapter 4

The complex Langevin algorithm

We proceed in this chapter by reviewing the main concepts of complex Langevin (CL)

dynamics along with recent developments, then I present my investigations, carried out in

this field. The CL algorithm enables one to study theories with complex actions, because

it does not assign probabilistic weights to the configurations. Although the method has

been successfully applied to several models with complex actions, it has certain problems

that will be also discussed briefly. The structure of this chapter is the following. Based

on Refs. [24, 60, 61], Sec. 4.1 presents a short introduction to CL. In Sec. 4.2 and 4.4, the

investigations made in the O(3) model are presented, while Sec. 4.5 deals with QCD.

4.1 Introduction to the Langevin algorithm

4.1.1 Real Langevin algorithm

To begin with, I introduce the real Langevin process in a case of a zero dimensional QFT

with a single scalar field φ. When the action (S(φ)) is real, one evolves the scalar field in

a fictious time t according to

dφ

dt
= −∂S

∂φ
+ η(t), (4.1)

where η(t) is a Gaussian random noise with the following properties:

〈η(t)〉η = 0, 〈η(t)η(t′)〉η = 2δ(t− t′). (4.2)

41
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Eq. (4.1) is called the real Langevin equation. 1 The expectation value of an observable

O is defined by performing averages over the noise η as

〈O(φ)〉η =

∫
Dη O(φ)η exp

{
− 1

4

∫
dt η(t)2

}∫
Dη exp

{
− 1

4

∫
dt η(t)2

} , (4.3)

where I refer to the η dependence of the observable as well. This comes from the η

dependence of the φ fields, since to obtain these, one has to solve the Langevin equation,

which contains the noise. Practically, the expectation value is calculated along the time

evolution governed by Eq. (4.1) with Gaussian random noises, according to

〈O(φ)〉η = lim
T→∞

1

T

∫ T

0

O(φ(t))dt. (4.4)

Associated with the Langevin process, one can define the probability density P (φ, t),

with which expectation values can be written as

〈O(φ)〉P (φ,t) =

∫
O(φ)P (φ, t) dφ. (4.5)

This probability density is normalized to one,∫
P (φ, t) dφ = 1, (4.6)

and satisfies the Fokker–Planck equation

∂P (φ, t)

∂t
=

∂

∂φ

(
∂

∂φ
+
∂S

∂φ

)
P (φ, t). (4.7)

Introducing Q(φ, t) ≡ P (φ, t)eS(φ)/2, the Fokker–Planck equation becomes

∂Q(φ, t)

∂t
= −

(
− ∂2

∂φ2
− 1

2

∂2S

∂φ2
+

1

4

(
∂S

∂φ

)2
)
Q(φ, t) = −HFPQ(φ, t), (4.8)

where HFP is called the Fokker–Planck Hamiltonian. HFP is a self-adjoint, positive semi-

definite operator with only one zero eigenvalue for which the eigenstate Q0(φ) = e−S(φ)/2

belongs. For n > 0, the time-independent eigenvalue equation,

HFPQn(φ) = EnQn(φ), (4.9)

has solutions with En > 0. Taking these into consideration, one can write the general

solution of Eq. (4.8) as

Q(φ, t) =
∞∑
n=0

anQn(φ)e−En/t. (4.10)

1Eq. (4.2) is meant symbolically and refer to the restriction that at different times the noise is uncorre-

lated. Mathematically more rigorously, one should use Wiener processes to define the Langevin equations

in order to avoid the occurence of distributions.
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Using the definition of Q, one can investigate the t→∞ limit of P (φ, t) and find

lim
t→∞

P (φ, t) = lim
t→∞

e−S(φ)/2Q(φ, t) = e−S(φ)/2a0Q0(φ) =
e−S(φ)∫
dφe−S(φ)

, (4.11)

because the normalization condition (Eq. (4.6)) sets a0 = 1/
∫
dφe−S(φ). A more rigorous

way of deriving this result can be found in [62].

4.1.2 Complex Langevin algorithm

Since the calculation of QFT expectation values according to Eqs. (4.1) and (4.4) of the

previous section nowhere referred to importance sampling, one can wonder whether this

approach may deal with the sign problem. Therefore, in this section, let us investigate

what happens when one lets S(φ) to be complex. In this case, one can set up Langevin

equations for both the real and imaginary part of φ. These are,

dφR
dt

= −Re
∂S

∂φR
+ ηR(t),

dφI
dt

= −Im
∂S

∂φR
, (4.12)

respectively, where the real noise, ηR, is again of Gaussian type and satisfies Eq.s (4.2).

The choice of a purely real noise is not necessary, however, numerical studies have shown

that, contrary to the case with real noise, using complex noise could imply convergence to

wrong results [63]. To define Eq. (4.12) for all of S’s domain (and for further benefits),

the action is supposed to be holomorphic.

Then, as first proposed in Ref. [19], a real valued probability distribution P (φR, φI ; t)

on the complex plane can be associated to Eq. (4.12) and the CL expectation value is

given as

〈O〉P (t) =

∫
dφR dφI O(φR + iφI)P (φR, φI ; t).

2 (4.13)

At this point, several questions may arise. On one hand, one could ask whether the t→∞
limit of this probability distribution exists or not. Next, if this limit exists, could it be the

case, that the expectation value defined by Eq. (4.13) in the t→∞ limit, be the same as

the expectation value with respect to the complex density ρ(φR, t → ∞) = e−S(φR)? The

latter expectation value is defined formally as

〈O〉ρ(t) =

∫
dφR O(φR)ρ(φR, t)∫

dφR ρ(φR, t)
. (4.14)

2P (φR, φI ; t) is normalized to 1.
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The time evolutions of ρ(φR, t) and P (φR, φI , t) are given by the corresponding Fokker–

Planck equations (see Ref. [24] for details).

Following Ref. [24], in order to prove 〈O〉P (t) = 〈O〉ρ(t), we define the interpolating

function, F (t, τ), as

F (t, τ) ≡
∫
P (φR, φI ; t− τ)O(φR + iφI ; τ) dφR dφI , 0 ≤ τ ≤ t. (4.15)

F (t, τ) interpolates between the expectation values defined with the help of ρ and P ,

respectively,

F (t, 0) = 〈O〉P (t), F (t, t) = 〈O〉ρ(t). (4.16)

Then, the desired equality of expectation values follows from the fact that F (t, τ) is inde-

pendent of τ , which can be verified by integration by parts, leaving the boundary term.

Furthermore, since

lim
t→∞
〈O〉ρ(t) = 〈O〉ρ(∞) (4.17)

with ρ(∞) = e−S, one concludes that the CL gives the appropriate QFT expectation values

even in the presence of complex actions, provided that the boundary term can be neglected.

So far, so good, as one would say, but problems arise, when one tries to apply the

method in practice. But before mentioning the difficulties, it is worth to emphasize,

that the CL algorithm has enabled to study several models with serious sign problems,

starting from the scalar φ4 model to various approximations of QCD (e.g. Heavy-Dense

QCD (HDQCD) 3 ). However, as was mentioned, it has turned out by comparing the CL

results to the results of alternative – usually model specific – approaches, that although

the CL process converges, it sometimes converges to a wrong value. This failure is usually

attributed to too far excursions in the complexified space, which results not fast enough

decays of the distributions of several observables. 4 This, of course, ruins the negligibility

of the boundary term in the partial integration step of the above sketched proof.

To be more specific, as an example, a failure was observed in the three-dimensional

XY-model [63], where it was found that the breakdown of CL occurs around the phase

boundary and CL provides wrong results in the broken phase. Similar observations were

found in HDQCD [], but there, it was argued that the failure happens below a specific β

value (β is the inverse coupling) and by increasing the temporal lattice size, one can get

3 HDQCD is the heavy quark limit of QCD, where one neglects the spatial hopping terms from the

fermion action.
4Commonly, one says that if the decay is not exponential at least, then convergence to wrong values

could arise.
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correct results at lower temperatures. In other words, continuum extrapolation may be

feasible. However, the validity of this statement is not entirely clear, since in HDQCD,

the quarks are static, and the continuum limit is not well-defined. On the other hand, the

statement could also depend on the model under study.

However, it is an interesting possibility, that one could get correct results in the

continuum, which is worth to study. Therefore, we investigated this question in the

two-dimensional O(3) nonlinear sigma model in the continuum limit as well as in four-

dimensional QCD on coarse lattices.

4.2 The complex Langevin method for the O(3) model

In this section, I proceed with the realization of the complex Langevin algorithm for the

O(3) model. The continuum complex Langevin equation for each component i = 1, 2, 3 of

a three-component scalar field variable is

∂φx,i(τ)

∂τ
= −δS[φ; τ)

δφx,i(τ)
+ ηx,i(τ), (4.18)

where τ is the simulation time and ηx,i(τ) is a Gaussian noise obeying the following rela-

tions:

〈ηx,i(τ)ηx′,j(τ
′)〉 = 2δijδxx′δ(τ − τ ′), 〈ηx,i(τ)〉 = 0. (4.19)

The simplest discretization for Eq. (4.18) is the so-called Euler (Euler–Maruyama) dis-

cretization,

φ
(n+1)
x,i = φ

(n)
x,i − ε

δS

δφx,i

(n)

+
√
εη

(n)
x,i , (4.20)

where we denote the simulation steps with n, and ε is a finite step size. However, Eq. (4.20)

does not preserve the length of the φx vector, so in order to simulate the O(3) nonlinear

sigma model, we must somehow include the constraint
∑

i φ
2
x,i = 1, because the partition

function for the O(3) model is

ZO(3) =

∫ ∏
x

dφxδ(φ
2
x − 1)e−S[φ] =

∫ ∏
x

dφxe
−(S[φ]−

∑
x ln δ(φ2

x−1)). (4.21)

Usually the integration measure is not considered explicitly during the integration: one

does not use the force arising from the constraint, but uses other (general) coordinates or

specific integration. For example, suitable general coordinates in our case are spherical

coordinates, and an example for a specific integration scheme in Cartesian coordinates is

the so-called Euler discretization in group space, which is used for example in complex
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Langevin (CL) simulations of SU(N) gauge groups [27]. In the following we will study

these approaches to integrate CL equations.

4.2.1 Use of spherical coordinates

Using spherical coordinates φx = (sinϑx cosϕx, sinϑx sinϕx, cosϑx), ZO(3) becomes

ZO(3) =

∫ ∏
x1

dϕx1

∏
x2

dϑx2e−(S[ϕ,ϑ]−
∑
x ln sinϑx) =

∫ ∏
x1

dϕx1

∏
x2

dϑx2e−Seff [ϕ,ϑ], (4.22)

where

Seff [ϕ, ϑ]=2βV−β
∑
x,ν

(
sinϑx+ν̂ sinϑx cos(ϕx+ν̂−ϕx−iµaδν,0)+cosϑx+ν̂ cosϑx

)
−
∑
x

ln sinϑx.

(4.23)

From this expression one can deduce the drifts:

−δSeff

δϕx
=β
∑
ν

(
sinϑx

[
sinϑx+ν̂ sin(ϕx+ν̂− ϕx− iµaδν,0)−sinϑx−ν̂ sin(ϕx− ϕx−ν̂− iµaδν,0)

])
,

(4.24)

and

−δSeff

δϑx
= β

∑
ν

(
cosϑx

[
sinϑx+ν̂ cos(ϕx+ν̂ − ϕx − iµaδν,0)

+ sinϑx−ν̂ cos(ϕx − ϕx−ν̂ − iµaδν,0)
]
− sinϑx(cosϑx+ν̂ + cosϑx−ν̂)

)
− 1

tanϑx
.

(4.25)

Then the discretized complex Langevin steps are

ϕx(n+ 1) = ϕx(n) + εnK
(ϕ)
x (n) +

√
εnη

(ϕ)
x (n), (4.26)

ϑx(n+ 1) = ϑx(n) + εnK
(ϑ)
x (n) +

√
εnη

(ϑ)
x (n), (4.27)

where K
(ϕ)
x = −δSeff/δϕx and K

(ϑ)
x = −δSeff/δϑx. In these equations η

(ϕ)
x and η

(ϑ)
x are real,

Gaussian noises, and the finite step size εn is determined adaptively, so it also depends

on n. As one can observe, the force −δSeff [ϕ, ϑ]/δϑx is singular, because of the 1/ tanϑx

term. In order to avoid overflow during the simulations due to the singular forces, one can

do a constrained simulation and truncate the configuration space to avoid the values of ϑx

near zero and π. If the step size is not small enough, this is needed in order to get stable

simulation runs.
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One can achieve this by reflecting the trajectories in the following way:

ϑx(n+ 1) :=


2ϑLIM − ϑx(n+ 1), if ϑx(n+ 1) < ϑLIM,

ϑx(n+ 1), if ϑLIM < ϑx(n+ 1) < π − ϑLIM,

2(π − ϑLIM)− ϑx(n+ 1), if π − ϑLIM < ϑx(n+ 1).

(4.28)

The threshold value for ϑ was defined with a parameter ϑLIM. Results shown later support

the expectation, that if ε and ϑLIM are small enough, then the results are independent of

their values.

4.2.2 Integration in group space

Using ideas from the CL equation on SU(N) gauge groups [27], one can write a specific

integration scheme that uses Cartesian coordinates, but takes the constraint into account:

the Euler discretization (which we call below the exponentialized Euler-Maruyama dis-

cretization). For the O(3) group elements Ox, this is the following

Ox(n+ 1) = Rx(ε)Ox(n). (4.29)

Since all φx can be written with some φ0 constant unit vector and with an Ox rotation

matrix as φx = Oxφ0, the above time evolution can turn into the time evolution of the

original φx variables.

The Rx(ε) in Eq. (4.29) can be written in different ways. It can be e.g.

R(1)
x (ε) = exp

(∑
a

ta(εKax +
√
εηax)

)
(4.30)

or

R(2)
x (ε) =

∏
a∈(1,2,3)

exp
(
ta(εKax +

√
εηax)

)
(4.31)

or

R(3)
x (ε) =

∏
a∈(1,2,3)

exp (taεKax) exp
(
ta
√
εηax

)
. (4.32)

Since eA+B 6= eAeB, when [A,B] 6= 0, these are not equivalent to each other at finite ε,

but the difference in the simulation results is not detectable at the numerical precision and

parameter set we used. Due to this, during the simulations, I used R
(2)
x , which, although

is not the computationally cheapest version [it is R
(1)
x (ε)], but the cheapest version that

evolves the system in each direction in the tangent space individually one after another.
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In the expressions above, the tas are the three generators of O(3) in the three-dimensional

representation. The drift Kax is

Kax = −DaxS[O] = −∂αS[eαtaOx]|α=0

= β(φT0O
T
x+0̂

eiµat3taOxφ0 − φT0OT
x tae

iµat3Ox−0̂φ0 + φT0O
T
x+1̂

taOxφ0 − φT0OT
x taOx−1̂φ0)

= β(φT
x+0̂

eiµat3taφx − φTx taeiµat3φx−0̂ + φT
x+1̂

taφx − φTx taφx−1̂). (4.33)

Here, φT and OT denote the transpose of φ and O, and ηax is the usual Gaussian noise.

The time evolution determined by Eq. (4.29) then can be written with φx as

φ(n+1)
x =

∏
a∈(1,2,3)

exp [(εnKax +
√
εnηax)ta]φ

(n)
x . (4.34)

In particular, I performed the updates by varying the order of the three matrix multipli-

cation randomly. Higher order integrations, like Runge-Kutta [64], are also possible,

φ′x = exp
[
(εnKax[φ

(n)] +
√
εnηax)ta

]
φ(n)
x

φ(n+1)
x = exp

[εn
2

(
1 +

CAεn
6

)(
Kax[φ

(n)] +Kax[φ
′]
)
ta +
√
εnηaxta

]
φ(n)
x , (4.35)

where CA = 2 is the Casimir invariant for the three-dimensional representation of O(3).

4.2.3 Direct method to include the constraint in Cartesian coor-

dinates

Using Cartesian coordinates, the constraining force can be considered by using a term

arising from −
∑

x ln δ(φ2
x − 1), see Eq. (4.21). This is also singular, so one can attempt

to approximate the Dirac δ with a sharp Gaussian, (
√

2πb)−1e−x
2/(2b2) → δ(x), as b → 0.

The force is then

Kx = − δ

δφx

(
S[φ]−

∑
y

ln δ(φ2
y − 1)

)

= β
(
φx+0̂eiµat3 + eiµat3φx−0̂ + φx+1̂ + φx−1̂

)
− 2

b2
(φ2

x − 1)φx, (4.36)

where the last term helps to keep the length of φx near 1. Then the fields evolve according

to

φ
(n+1)
x,i = φ

(n)
x,i + εnK

(n)
x,i +

√
εnη

(n)
x,i , (4.37)

where again εn is the finite step size determined adaptively, and the noise is Gaussian with
√

2 width. Note that using this time evolution, the
∑

i φx,i = 1 condition is no longer true
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during the simulations, but the force can push the field into this direction. I refer to this

time evolution as ’standard Euler-Maruyama discretization with Dirac δ’ in the following.

In the next section, I will first present evidence for the presence of a serious sign problem

at the O(3) model by using reweighting, then in Sec. 4.4, I will discuss the results obtained

using various CL discretizations and compare these to the worm and reweighting results.

4.3 Reweighting from µ = 0 in the O(3) model

Reweighting uses the idea of rewriting the partition function (and the expectation value of

observables) in such a way, that one needs to do simulations only at zero µ and determine

the configurations that can be relevant at finite µ. This is done by measuring the weights

of the configurations, which enables one to distinguish between them.

In the multiparameter reweighting approach [65], one reweights both in β and µ, as I

show it for the partition function of the O(3) model,

ZO(3) =

∫ ∏
x

dφxδ(φ
2
x − 1)e−S(β,µ)

=

∫ ∏
x

dφxδ(φ
2
x − 1)e−S(β0,µ0=0)w(β, µ, β0, µ0 = 0)

= Z0〈w〉β0,µ0=0, (4.38)

where w(β, µ, β0, µ0 = 0) = eS(β0,µ0=0)−S(β,µ) is the weight and Z0 is the partition function

for β0 and µ0 = 0. As one can see, this rewritten partition function can be simulated

directly using standard methods since the action S(β0, µ0 = 0) is real. Using reweighting,

the expectation value of an O observable is the following:

〈O(β, µ)〉β,µ =
〈O(β, µ)w(β, µ, β0, µ0 = 0)〉β0,µ0=0

〈w(β, µ, β0, µ0 = 0)〉β0,µ0=0

. (4.39)

Although reweighting can reduce the sign problem, an overlap problem occurs in this case.

That is, we have different important configurations at our ”source” (β0, µ = 0) ensemble

and at the ”target” (β, µ) ensemble. If the two sets just slightly overlap or do not overlap at

all, then one rarely reaches the important configurations at β, µ by simulating at β0, µ0 = 0.

In these cases, it can happen that one has many relatively small weights at the same order

of magnitude, and only some with many magnitudes larger, and as a consequence, collects

only a tiny fraction of useful statistics during even long simulations. It was observed

that multiparameter reweighting helps to reduce the overlap problem in the case of QCD
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and also can help to reduce the sign problem by doing reweighting on the so-called best

reweighting lines [66,67]. These are defined as those curves that have the smallest standard

deviations of Re(lnw) on them. In the case of the O(3) model, I illustrate these lines in Fig.

4.1, and I show the overlap problem and the advantages of multiparameter reweighting in

Fig. 4.2’s left and right panels, respectively. I also illustrate the severeness of the sign

problem in Fig. 4.3, which is based on measurements on 56×14 lattices. I used the cluster

algorithm to simulate at µ0 = 0.
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Figure 4.1: The standard deviation of Re(lnw) for reweighting from β0 =

1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.8 to different β, µ values on 56×14 lattices. We define the best

reweighting lines (with dashed) as those, that have the smallest standard deviations on

them.

Further results obtained by the multiparameter reweighting method can be found in

Sec. 4.4, where I compare them to the worm and complex Langevin results.
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Figure 4.2: Left: The histogram of normalized weights along the best reweighting line

starting from β0 = 1.4, µ0 = 0 shows the severeness of the overlap problem. At the

horizontal axis, one finds |wi|/|wN | sorted as |w1| < |w2| . . . < |wN |, while at the vertical

axis we show #/N/∆w, where # is the number of configurations that have normalized

weights between |wi|/|wN | and |wi|/|wN | + ∆w. N is the total number of configurations

and ∆w = 0.005. Right: The figure illustrates how reweighting in β can help to enhance

overlapping: the green curve shows that one has more configurations with greater weights

when reweighting from β0 = 1.4, µ0a = 0 to β = 1.38, µa = 0.255, than in the case of e.g.

standard reweighting.
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Figure 4.3: Left: The figure shows the expectation value of the real part of the normalized

weight at 56×14 lattice when reweighting from β0 = 1.5, µ0 = 0 to β = 1.5 and µa values

along the horizontal axis. Right: 〈Re(w)/|w|〉 shows how hard the sign problem is in

different β, µ regions.
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4.4 Comparison of results

As it was discussed in the introduction of this chapter, the complex Langevin algorithm

may provide a feasible way to study sign problems in different models, but may converge

to wrong results, which would lower the reliability of the simulation when there are no

alternative results in the problematic parameter range. The conventional reasoning of

explaining the wrong results is that the justification of complex Langevin [24–26] is not

correct in that parameter range, because some observables develop long tailed distributions.

(For details, I refer to Ref. [25].) However, in some models (e.g. in a random-matrix

model [68, 69]) it was observed that using different variables in describing the model can

help to eliminate this problem. This can imply that the failure of the algorithm is not

because physics has changed, but because of some unknown algorithmic details. The

source of these can be quite broad. One can think of systematic errors originating from

e.g. step size to zero limit, low randomness in the random number generator, floating

point round-off errors, or not taking the continuum limit, or sampling errors because low

autocorrelation for example due to some distinguished region in configuration space, etc.

In the following we analyze some of these aspects in the case of the 1+1-dimensional O(3)

model. The results are compared to the worm results, which are referred to as the correct

ones in the text.

Although I used adaptive step size in all our simulations, this cannot replace the com-

pletion of the ε → 0 extrapolation of the results, if I observe discrepancies between the

results of the runs with different maximum step size. Of course, the need for taking this

limit depends on the used numerical precision and the algorithm under study as well as

on the statistics and maybe other subtle circumstances. For example, as we will see, the

simulations with spherical coordinates do not depend in a detectable way on ε at the sim-

ulations with the used set of parameters for e.g. the action variable. In the following, first,

I discuss the results for the action S and the trace anomaly θ and then, for the density

n/m.

4.4.1 Action and trace anomaly

Using spherical coordinates to parametrize the model, I ran simulations on 56 × 14

lattices, at several chemical potentials (see Table C.1). I analyzed the step size and ϑLIM

dependence of the results. Although I found that there was no detectable step size depen-

dence of the results, I extrapolated to zero step size at µa = 0.071 and 0.143 using four
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step sizes. I also found that the results do not depend on ϑLIM if it was chosen quite small.

To test this at µa = 0.071, we used ϑLIM = 10−3, 10−5, 10−7, 10−8, 10−11 and ε = 0.0005.
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Figure 4.4: CL results for Re〈S〉/V with spherical coordinates. Left: µa = 0.071 (µ/T =

1), right: µa = 0.143 (µ/T = 2).

I found that at µa = 0, spherical CL results agree completely with the correct results.

On 56 × 14 at µa = 0.018 they deviate below β ∼ 1.3. This clearly shows that the

wrong convergence property is not the consequence of the severeness of the sign problem,

because it was very mild at µa = 0.018 (see Fig. 4.1, right panel). Note that CL results

obtained with spherical coordinates seem to slightly deviate from the correct ones in the

high β region as well, but these differences are not significant statistically (they are within

2 sigma). At high µ/T however, the deviations are significant, so at e.g. µa = 0.286,

56 × 14, results for the action are wrong at all β values. Since this discretization was a

bit problematic due to the singularity in the force, and deviations at high µ/T seemed

discouraging, I did not test so carefully its continuum behavior or possible improvements.

However, I mention that using 72× 18 lattices did not show any improvement at µ/T = 1.

I show some results in Fig. 4.4.

I investigated the group integration approach (Section 4.2.2) more carefully. First,

I compared simulation results of using R(1), R(2), or R(3) on 56 × 14 lattices at µa =

0.071, ε = 0.0005 using 2000 Langevin trajectories at several β in the range 0.9 . . . 1.8. I

found complete agreement using these parameters. Then I used R(2) during our further

simulations with the exponentialized Euler-Maruyama discretizaton (abbreviated in the

following and in the figures as exp. E-M). I carried out simulations on several lattice sizes

and chemical potentials in the β range 0.9. . .1.8. The parameters for these simulations

can be found in Table C.2. Several initial step sizes were used during these simulations

and I extrapolated these to zero step size. (However, I did not find significant step size
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dependence of the results obtained with step sizes 10−4 and smaller.)
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Figure 4.5: The comparison of Re〈S〉/V results for different algorithms: worm, CL with

exponentialized E-M, CL with standard E-M discretization with Dirac δ. Left: µa = 0.018

(µ/T = 0.25), right: µa = 0.071 (µ/T = 1). Note that the exp. E-M method is wrong at

low β even when the sign problem is still very mild.

I came to similar conclusions as with spherical coordinates: at µ/T = 0 complete

agreement was found, then at µ/T nonzero – even at µ/T = 0.25 –, a discrepancy in

the low β region. Note, however, that the exp. E-M. results do not deviate from the

correct results at higher β values. In order to quantify the deviations and investigate

their continuum behavior, I first calculated (〈Sw〉−Re〈Scl〉)/V/σ, where 〈Sw〉 is the worm

result, 〈Scl〉 is the exp. E-M result in the ε → 0 limit, V = Nx ×Nt is the lattice volume

and σ =
√

∆2
w + ∆2

cl, where ∆w, ∆cl are the full errors of the worm and CL simulations,

respectively. (∆w is just the statistical error, but ∆cl contains systematic errors because

of the step size extrapolation.) After that, I determined a β region at each lattice size

and µa parameter, when (〈Sw〉 − Re〈Scl〉)/V/σ started to be above 2. This definition of

the β range (the latest point under 2 sigma, and two successive points above 2 sigma) is a

bit ambiguous in the sense that it depends on the statistics, but I did not find significant

differences between the results of some smaller statistics runs and the long runs. Figure

4.6 shows an example of the determination of this β range.
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sigma interval, and the black lines show the 2 sigma interval. The orange lines show the

beta threshold range, below which exp. E-M complex Langevin fails.
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Figure 4.7: The temperature T
(S(β))
threshold/m as a function of 1/N2

t at µ/T = 3. Below

T
(S(β))
threshold/m the action densities obtained by the exp. E-M discretization start to become

wrong. Using larger lattices this temperature becomes lower, but the continuum extrapo-

lation of this quantity cannot be made without assuming some functional dependence of

it as a function of 1/Nt, which would hinder drawing the conclusion.

Then, the middle of this range with errors to cover the whole range was used to calculate

T
(S(β))
threshold/m, the temperature below which CL converges to wrong results at the lattice

under study. I show how these temperatures depend on the temporal lattice size at µ/T = 3

in Fig. 4.7. In that figure, one can see that these threshold temperatures become lower asNt

increases, but we do not know the scaling of this quantity as a function of the lattice spacing

or Nt; thus, we cannot extrapolate to the continuum without assumptions. In order to avoid

these assumptions, I calculated the continuum limit of (〈Sw(T, µ/T )〉−Re〈Scl(T, µ/T )〉)/V
and then determined the continuum threshold temperature T

(S)
threshold/m below which the

continuum results deviate from zero. The results for these temperatures (with further
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relevant temperature ranges discussed in the text) are shown in Fig. 4.15.

Of course, one can discuss the deviations of the correct and the CL action density in

terms of a more standard physical quantity which has a continuum limit: the trace anomaly.

So I also used the trace anomaly and investigated what happens with the continuum

limit of the ”wrong” complex Langevin results (Fig. 4.8), and obtained similar threshold

temperature values.
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Figure 4.8: The trace anomaly determined with the complex Langevin algorithm using the

exp. E-M discretization and the worm algorithm. Although I do not plot the continuum

limit of the complex Langevin results here, the results suggest that there is no improvement

toward the continuum.

I also made some runs to test this approach against a change in computer numerical

precision and the order of integration; that is, I used float (32-bit) and long double (80-

bit) precision, and found that although float and double differ from each other (float is

wrong at all β), double and long double are almost the same at the parameters used to

clarify this (56× 14, µ/T = 0.071, 0.143, ε = 0.0005, ∼ 1800 Langevin traj.). I also tested

exponentialized Runge-Kutta integration at double precision, but results did not improve.

I also checked the shape of the distributions, and these are shown in Fig. 4.9. I observed

that the distributions are narrower in the high temperature range.
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Figure 4.9: The histogram of Re〈S〉/V (left) and Im〈S〉/V (right) at β = 1.2 and at

β = 1.6. These β values correspond to T/m = 0.32 and T/m = 1.9; the former is such a

temperature where the complex Langevin exp. E-M discretization develops wrong results

for the action, and the latter is a temperature where it is correct. One can see that the

histograms indeed show the usual concomitant sign of wrong results, that is, the longer

tail of the distribution of the observables.
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Figure 4.10: Left: The figure shows how taking the b → 0 limit can help to obtain the

correct results for the action with the standard E-M implementation (the starting ε step

size was 5 · 10−5 during the simulations to obtain the data points of the figure). Right:

The effect of the reduction of the b parameter on the average length of φ vectors. The lines

show the one sigma interval.

Finally, let us discuss the results obtained using the standard Euler-Maruyama

discretization with a Dirac δ approximated with a Gaussian. I simulated with this

algorithm at the parameters of Table C.3. I used several initial step sizes and at each step
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size several b values (0.01 < b < 0.06). Using double precision, I found that at a given

step size, below a low b value, simulations became unstable, so there I used long double

precision to set lower b values. At each step size, I extrapolated to b→ 0, then used these

results to extrapolate in ε. As mentioned in Sec. 4.2.3, this algorithm did not keep the∑
i φ

2
i = 1 constraint rigorously during the simulation. To characterize it quantitatively, I

measured the length of the φ vectors over the lattice and found that it is typically a bit

larger than 1, but with smaller b and ε values it can be reduced (see the right panel of Fig.

4.10).
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Figure 4.11: Histograms of Re〈S〉/V (left) and Im(S)/V (right) at β = 1.2 obtained with

the exp. E-M implementation and with the std. E-M implementation with Dirac δ. The

std. E-M implementation develops quite similar distributions for the real part of the action,

while narrower for the imaginary part. The shapes of the histograms do not change so much

as decreasing b (the width of the Gaussian that approximates the Dirac δ), although results

get closer to the correct ones.

I found that after taking both the b to zero (Fig. 4.10), and ε to zero limit, the results

obtained by this method agree well with the correct results (Figs. 4.5 and 4.6). These

results are interesting, because when I accomplish the b to zero and ε to zero limits, the

used data may have distributions also with some nonexponential decay, see Figure 4.11.

The obtained histograms were then compared to those of the exp. E-M discretization and

one can see that the decay in the case of the standard E-M discr. with Dirac-δ seems to

be sharper (Fig. 4.11). For completeness, we mention here that the errors coming from

the two extrapolations became significantly larger, especially at small βs as the chemical

potential increased.
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4.4.2 Density

In the present section, I review the results for the density (Eq. (3.29)) obtained by the

different algorithms. For the worm results and complex Langevin implementations, I used

the same configurations as listed in the above sections. For reweighting results, I used the

cluster algorithm to simulate at µ = 0 and used 3× 106 updating steps.

Regarding the density, I found that reweighting results agree well with the worm results

below µa ∼ 0.16 on 56 × 14 lattices, that is below µ/T ∼ 2.2 (see Fig. 4.12). At higher

µa values the results have large error bars and (apparent) deviations from correct results

occur. This coincides with the fact that the sign problem became severe at these lattices

around µa ∼ 0.15 (Fig 4.3).

Regarding the different CL implementations, I found that both the exp. E-M integration

and the standard E-M with Dirac δ produced wrong results at low temperature (Fig. 4.12).

A threshold temperature (T
(n/m)
threshold/m) can be defined similarly as I did in the case of the

action: this is the temperature below which continuum CL density results deviate from the

continuum worm density results with 2 sigma significance. A comparison of the continuum

results from the exp. E-M. CL and the worm algorithm can be seen in Fig. 4.13. I note,

that in the low temperature region, the continuum extrapolation takes the CL results even

further from the worm continuum results. By increasing the chemical potential one can

observe that T
(n/m)
threshold/m is approximately constant, then gets smaller (see Figs. 4.14 and

4.15). We note, that the T
(n/m)
threshold/m values are approximately the same for the exp. E-M.

discretization and for the standard E-M. discretization with Dirac-δ.
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Figure 4.12: The density at low temperature measured on 56 × 14 lattices, at µ/T = 1

(left) and at µ/T = 2 (right).
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tion at µ/T = 1. The figure shows that the continuum extrapolation from the complex
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Figure 4.14: The density differences of different complex Langevin results (ncl/m) and the

worm (nw/m) divided by σ =
√

∆2
cl + ∆2

w at µ/T = 1 (left) and at µ/T = 4 (right). The

figure shows that the threshold temperature does not reduce toward the continuum. The

black triangles are calculated from the continuum CL density and the continuum worm

density.

The spherical CL implementation also developed wrong results, but its threshold tem-

perature seemed to be larger than that of the others. However, I note that in the case of

the spherical formulation I did not determine so carefully the threshold temperature.

The distributions of the real and imaginary parts of ∂S/∂(µa) are again narrower, when

different complex Langevin algorithms produce correct results. Comparing the distribu-
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tions for this quantity of the exp. E-M and std. E-M with Dirac-δ implementations, we

see that, although the latter is narrower, the results do not converge to the correct results

as in the case of the action they did.

To sum up, I found that both the spherical coordinates and the exp. E-M discretization

gave wrong results at the low β (low temperature) range. For the exp. E-M discretization,

I analyzed whether taking the continuum limit can help to improve the results and found

that although the accessible temperature range becomes larger, one cannot explore the

full low temperature region. However, I established that the so-called standard Euler-

Maruyama discr. with Dirac-δ method can give correct results for the action density after

taking both the b to zero and ε to zero limits. I found that for the density observable,

the situation is different: in this case the latter way of integrating the CL equations gave

wrong results also at low T/m and the results did not seem to improve by taking larger

and finer lattices. Figure 4.15 summarizes these conclusions.
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4.5 The complex Langevin method for QCD

In this section, after giving a brief overview of the formulation of the CL algorithm for QCD

and of reweighting, I will compare the results of the two, with emphasis on the possibility

of any improvement towards the continuum.

4.5.1 Integration in group space

When formulating the CL equations for QCD [70], one uses very similar expressions to

those, that were presented in Sec. 4.2.2. The Langevin update for the link variable Ux,ν

that connects the sites x and x+ ν̂ is

U (n+1)
x,ν = exp

{
i
∑
a

λa
(
εKaxν +

√
εηaxν

)}
U (n)
x,ν , (4.40)

where ε is the Langevin time, ηaxν is the Gaussian noise, and Kaxν is the force,

Kaxν = −DaxνSeff [U ] ≡ ∂αSeff (e
iαλaUx,ν)|α=0. (4.41)

With a complex action, Seff , the drift term is also complex and that results link variables

to be in SL(3,C). Then, unitarity and compactness are lost, and the system may spend

too much time in ”far from unitary regions” of the complexified configuration space. This

could, of course, violate the necessary condition of fast decaying distributions needed for

correct convergence.

Moreover, since the QCD action – after integrating out fermions and exponentializing

the fermion determinant – can be practically written as

Seff [U ] = Sg[U ]− Nf

4
ln detM [U ;µ), (4.42)

one finds that it is no longer holomorphic, because of the zeros of the measure (detM = 0).

For the gauge sector, in this investigation, we used the Wilson gauge action (Eq. 2.33).

In order to solve the first problem, in Ref. [27], a procedure called gauge cooling was

introduced. The method uses gauge transformations of the enlarged gauge group SL(3,C)

to keep the link variables as close as possible to the unitaries, thereby preventing the devel-

opment of distributions with long tails. It is practically achieved by minimizing a quantity

– called unitarity norm –, that characterizes the distance from the unitary manifold. The

unitarity norm is defined as

d ≡ 1

4Ω

∑
x,ν

Tr
((
Ux,νU

†
x,ν − 1

)2
)
. (4.43)
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In naive CL simulations, this distance grows exponentially, even at µ = 0 [70]. With

Langevin steps interspersed with several gauge cooling steps (SL(3,C) gauge transforma-

tions along the steepest descent of Eq. (4.43)), this can be compensated, and can be kept

under control as long as the β parameter of the action is not too small. Gauge cooling

could also improve the stability of the CL algorithm, but besides it, adaptive stepsize was

used for this purposes. Typical step-sizes were in the range ε ≈ 10−5 . . . 5 × 10−5. Since

simulation results at such small step-sizes differ from each other only within errors, we did

not analyse the ε→ 0 limit.

Regarding the second problem (non-holomorphic action), Ref. [71] claims that if an

observable is suppressed near the pole, then one gets correct results for that observable.

If the decay of distributions near the pole is not sufficiently fast, then wrong expectation

values are obtained. In high-temperature QCD, it is found, that there are typically no

eigenvalues close to zero. As the temperature lowers, this situation may change. In the

thesis, however, I do not analyse this question in more detail, and focus only on the

comparison of CL and reweighting.

4.5.2 Reweighting

In the multi-parameter reweighting approach for QCD with Nf = 4 flavors of staggered

quarks, one rewrites the expectation value of an observable as

〈O〉β,µ =

∫
DU O detM(µ) e−Sg(β)∫
DU detM(µ) e−Sg(β)

=

∫
DU O w(µ, β, β0) detM(0)e−Sg(β0)∫
DU w(µ, β, β0) detM(0)e−Sg(β0)

=
〈Ow〉β0,µ0

〈w〉β0,µ0

,

(4.44)

where the weights are

w(µ, β, β0) =
detM(µ)

detM(0)
e−Sg(β)+Sg(β0). (4.45)

According to Eq. (4.44) and (4.45), thus, one generates configurations with detM(0)e−Sg(β0)

– i.e. one reweights from β0 and µ0 = 0 –, and measures the weights and the observables

in that ensemble.

When the number of flavors is not divisible by four, additional difficulties arise due to

rooting. Recall that it was mentioned at the end of Sec. 2.4 that the staggered fermion

matrix describes four flavors of quarks, so, in order to have only one quark flavor, one may

extract the fourth root. A system with flavor number non-divisible by four, one extracts

the fourth root of detM and then raises it to the appropriate power. This, however, means

that the weights are ambigous, since, when the determinant is complex, its fourth root is
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ambigous. One possibility to choose the appropriate root is to demand the weight to be

a continous function of µ along the positive real axis [72]. To obtain Nf = 2 results, that

soon will be presented, the reweighting was carried out according to this prescription.

Note that apart from the µ0 = 0 ensemble, one could choose other ensembles with posi-

tive measure. For the case of QCD, examples are the imaginary chemical potential ensemble

and the phasequenched ensemble. Here, I also show some results obtained by reweighting

from the phasequenched ensemble. Configurations of this latter are generated with, roughly

speaking, | detM(µ)|, i.e. we used the weights w(µ, β, β0) = e−Sg(β)+Sg(β0) detM(µ)/| detM(µ)|.
5

4.5.3 Observables

The observables we studied, were the expectation value of temporal and spatial plaquettes

(Eq. (2.32)), the spatial average of the Polyakov loop (Eq. (2.58)) and its inverse (Eq.

(2.59), the chiral condensate

〈ψψ〉 =
T

V

∂ lnZ

∂m
(4.46)

and the quark number density

〈n〉 =
T

V

∂ lnZ

∂µ
. (4.47)

Here, Z =
∫
DUe−Seff is the QCD partition function at Nf flavors of staggered quarks, in

which Seff is given by Eq. (4.42). In order to determine the severity of the sign problem,

we also measured the phases of the determinants

〈e2iϕ〉 =

〈
detM(µ)

detM(−µ)

〉
. (4.48)

4.5.4 Scale setting

We determined the pion masses as well as the lattice spacing using the w0 scale as proposed

in [73] for several quark masses.

One sees that choosing the quark masses ma = 0.05 for the Nt = 4 lattice, ma = 0.02

for the Nt = 6 lattice and ma = 0.01 for the Nt = 8 lattice, in the vicinity of the critical

temperature, we have mπ/Tc ≈ 2.2− 2.4. We additionally investigated the Nt = 8 lattice

5More precisely, the generation of configurations is done with e−Sg(β0) det(M†M + λ2), where λ is

needed to make the determinant positive. This topic is elaborated in detail in Sec. 5.2.2 of Chapter 5.
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with am = 0.05, which corresponds to the rather heavy pion mass of mπ/Tc ≈ 4.8. Tc (or

βc) is the location of the inflection point of the Polyakov loop.

4.5.5 Comparison of results

First, we compared CL to reweighting at a fixed β as a function of µ at well above the

deconfinement transition. Our chosen β was 5.4 on Nt = 4, and the transition is at

βc ≈ 5.04 at µ = 0 with the quark mass m = 0.05, we used.

Fig. 4.16 shows the comparison of the gauge observables: plaquette and Polyakov

loop expectation values. We generated O(104) independent configurations in the µ = 0

ensemble with the HMC algorithm (using every 50th configuration of the Markov chain),

and reweighted to nonzero µ according to the formulas of Sec. 4.5.2. As the Figure

shows, CL and reweighting agrees well for small chemical potentials µ/T < 1− 1.5. Above

µ/T ∼ 1.5, however, the reweighting start to develop large errors and the comparison is

not so informative. The problem is the manifestation of the overlap problem: the ensemble

we have sampled has typical configurations which are not the typical configurations of the

ensemble, we wish to study.
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Figure 4.16: Comparison of the expectation values of the spatial and temporal plaquettes

(left panel) and Polyakov as well as inverse Polyakov loops (right panel) calculated with

the CL algorithm and reweighting from the µ = 0 ensemble.

Regarding the fermionic observables, Fig. 4.17 shows that the agreement between CL

and reweighting holds to much higher values of µ/T . This is probably the consequence

of their explicit dependence on µ, which dominates their change as the chemical potential

changes. In Fig. 4.17, the quark number density is divided by the saturation value.
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Saturation happens when every lattice site is being occupied by the maximum number of

fermions allowed by the Pauli principle. In QCD with Nf flavor of staggered fermions, the

lattice saturation density is a3nsat = 6Nf/4.

Note that right panel of Fig. 4.16 also shows the phenomenon of saturation around

µ/T ∼ 3, where the downward turn of the Polyakov loop and its inverse happens. Around

this chemical potential, half of the available fermionic states on the lattice are filled, as

visible in Fig. 4.17.

Using Nf = 2, we did not find significant difference in the behavior of CL and reweight-

ing. One can claim that the agreement between the two holds up to around µ/T ∼ 2 (Fig.

4.18).
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Reweighting from the phasequenched ensemble enables one to compare the CL and

reweighting approaches up to higher µ/T values, meanwhile using less configurations. For

Figure 4.19, the number of configurations was around 5000. By this comparison, we found

a µ/T region 4.5 . . . 5, where CL starts to develop wrong results as compared to phase-

quenched reweighting. The breakdown is also signaled by large skirts of the distributions.
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Figure 4.19: Comparison of the expectation values of plaquettes (left panel) and Polyakov

loops (right panel) as a function of µ obtained by the CL algorithm and reweighting from

the phasequenched ensemble.

Next, we investigated the appearance of a discrepancy of CL and reweighting results

as a function of β. See Fig. 4.20. We found that at µ/T = 1, using 83 × 4 lattices, that

below β ∼ 5.10, the distributions of various quantities develop long tails and, moreover,

CL simulations become unstable, which means that the unitarity norm increases without

limit and the conjugate gradient algorithm (needed for the calculation of the drift terms

of the CL algorithm) fails to converge. By increasing Nt (123 × 6, 163 × 8 lattices), similar

behavior was found, whith a limiting β value that is slightly above the β that corresponds

to the transition. Consequently, CL simulations seem to be valid at high temperatures,

but not allow to explore the confined region.

.
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(top, right), and the density as well as the chiral condensate (bottom, left) as a function
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In this chapter, I presented the results of the investigations regarding the applicability of

complex Langevin to solve the sign problem in the O(3) model at finite chemical potential

and QCD at finite chemical potential.

In both cases, we discussed reweighting and used it to investigate the severeness of the

sign and overlap problems, and also to compare it to CL results. In the case of the O(3)

nonlinear sigma model, the worm algorithm based on a dual formulation was also used for

this purpose. We analyzed the correctness of CL as the function of the temperature and

the chemical potential as approaching the continuum limit. In both cases, we found that

CL fails in the low temperature region and the breakdown seems to prevent the exploration

of this region. However, we found, that the location of the breakdown of CL depends on
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the observable as well as the discretization in the case of the O(3) model. This could be

relevant for future studies, regarding e.g. QCD.



Chapter 5

The density of states method for

QCD

5.1 Introduction

In this chapter, I study the density of states method (DoS), which was proposed in Ref. [74]

and was tested there in the three-dimensional Ising model. Briefly, the method advises the

calculation of the histogram of the energy by using constrained simulations. By using the

results of these constrained simulations, one can then build the histogram, and use it to

calculate the expectation value of other observables as well. I will discuss the method

in detail in Sec. 5.2. Soon after its proposal, it was applied for models with complex

action [75], and also to finite density QCD at infinite gauge coupling in Ref. [76]. Later,

the method was used to gain information about the phase structure of QCD at finite

gauge couplings. Ref. [77] studied the flavor number dependence of the results with this

method in QCD at zero chemical potential. In Ref. [78], the method was used in four

flavor staggered QCD at finite chemical potential mainly on 44, 64 lattices at various quark

masses, using the plaquette action, while Ref. [79] used the method for two flavors of

p4-improved staggered quarks at finite chemical potential on 163 × 4 lattices. However,

these studies at finite chemical potential both used certain, more or less justifiable, but

unnecessary approximations.

Besides studying QCD, the method was used and thorougly investigated in other models

like compact QED [80], random matrix models [81–84], Z(N) spin models [85–87], SU(2)

and U(1) models [88], two-color heavy-quark QCD [89], SU(3) model with static color

70
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charges [90], etc. In recent years, new improvements, like the LLR algorithm [88] and

the functional fit approach (FFA) [86] have been developed. The former uses an iterative

procedure, while the latter a sequence of one-parameter fits to reduce the statistical error

of the histogram.

Here, I employ the density of states method (DoS) for QCD with Nf = 4 flavors of

staggered quarks. Besides applying it in its standard form without any approximations, I

investigate also the possibility of improving the results based on insights from the expected

low temperature behavior of QCD.

It has been known for a long time (see e.g. [91]), that in QCD at finite baryon chemical

potential (QCDB), the quark number density at zero temperature should be zero until the

chemical potential reaches the first excitation energy, µo = MN/3− EB. Here, MN is the

mass of the lightest baryon, the nucleon, and EB is the binding energy of nuclear matter.

Similar behavior (no or weak µ-dependence until ∼ µo) of other quantities is expected,

even at non-zero, but low temperature. Early attempts to reproduce this phenomenolog-

ical expectation have revealed that the onset µo is at a lower chemical potential, around

mπ/2 [92]. It is also believed that the sign problem becomes severe if µ goes beyond mπ/2.

Therefore, it may happen that the occurence of an earlier onset is the consequence of the

failure of the given approach. In order to find a larger µo value, several attempts were

made [93–99]. These works have used either reweighting from µ = 0, or the phasequenched

approximation. The phasequenched approximation omits to include the phase of the deter-

minant. However, the ensemble sampled this way is related more closely to QCD at isospin

chemical potential (QCDI) [100, 101], because the phasequenched theory is equivalent to

QCDI . The onset at µo = mπ/2 can then be interpreted as reaching the onset of pion con-

densation in QCDI . In other words, by doing a phasequenched simulation at µ > mπ/2,

the vacuum of the phasequenched theory is very different from the vacuum of the full the-

ory, since in the former case, pion condensation takes place above mπ/2, while in the full

– non-phasequenched – theory (QCDB) no pion condensation should occur. Thus, in this

case, one generates unimportant configurations by using the phasequenched ensemble as

the ”source” ensemble for reweighting to ”target” ensemble QCD at finite baryon chemical

potential. To overcome this difficulty, I mention a particular idea, that was proposed in

random matrix theory (RMT) [84], where the situation is very similar to the case of QCD.

Ref. [84] states that by doing constrained simulations and suppressing the pion condensa-

tion, one can reduce the overlap problem and can make the sign problem milder in RMT.

In this chapter, I investigate whether similar improvements can cure the problems in QCD,

and I focus primarly on the low temperature region of the phase diagram.
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The organization of the chapter is as follows. In Section 5.2, I first review the density

of states method in general (Sec. 5.2.1), then discuss the method applied for QCD and

also give the definitions of the lattice actions and observables I used (Sec. 5.2.2 and 5.2.3).

In Section 5.3, I present the numerical results regarding the density of states method and

compare it to the results of reweighting from the phasequenched theory.

5.2 The density of states method

5.2.1 Formulation of the method

Suppose, one has an arbitrary quantum field theory with quantum fields Φ and action S[Φ].

Then in the path integral formalism, the partition function is

Z =

∫
DΦ e−S[Φ], (5.1)

where all fields are symbolized with Φ in this compact notation. So in the case of QCD,

one includes gauge and fermion fields in Φ as well. Now one can insert a real Gaussian

integral in the path integral

Z =

∫
DΦe−S[Φ] N

∫
dx e−

γΩ
2

(Q[Φ]−x)2

, (5.2)

where we parametrized the Gaussian with γ and x, and Ω is the lattice volume of the

system. N is an irrelevant normalization factor, and the operator Q can be any operator

of the theory. Interchanging the order of integrations, one can write

Z =

∫
dx

∫
DΦN e−S[Φ]− γΩ

2
(Q[Φ]−x)2

. (5.3)

Then, if Q is chosen to be the energy and if N ∝ √γ and γ → ∞, the Gaussian approxi-

mates a Dirac-δ, and the second integral gives what is conventionally called the density of

states in condensed matter physics. The partition function then naturally shows up as the

integral of the density of states over all possible values of the energy. It is also common to

call the second integral of Eq. (5.3) as the density of states for finite value of γ and any

operator Q.

Naturally, when doing Monte-Carlo simulations, one uses a finite value of γ and one

can think of the exponent of the Gaussian as a potential term added to the action. This

term then constrains the value of Q close to the minimum of that potential, which is likely

to be near x, when γ is large enough.
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For the present purposes, we need to be even more general to include a reweighting

factor in the method to use it for non-real actions. One can write exp{−S[Φ]} = w[Φ]g[Φ],

isolating a positive factor g[Φ], that can be used for Monte-Carlo simulations. Then the

definition of the density of states is

ρ(x) =

∫
DΦ g[Φ] e−

γΩ
2

(Q[Φ]−x)2

. (5.4)

Expectation values in the full ensemble can then be written as

〈O〉 =

∫
DΦO[Φ] w[Φ]g[Φ]

∫
dx e−

γΩ
2

(Q[Φ]−x)2∫
DΦ w[Φ]g[Φ]

∫
dx e−

γΩ
2

(Q[Φ]−x)2
=

∫
dx ρ(x) 〈Ow〉x∫
dx ρ(x) 〈w〉x

, (5.5)

where the expectation value with the subscript x refers to the expectation value in the

constrained ensemble with that specific x value, according to

〈A〉x =
1

ρ(x)

∫
DΦ A g[Φ] e−

γΩ
2

(Q[Φ]−x)2

(5.6)

for an operator A. As one can observe, ρ(x) is the partition function in the constrained

ensemble. One can calculate it through its logarithmic derivative:

∂

∂x
ln ρ(x) = 〈γΩ(Q− x)〉x. (5.7)

Using this formalism (Equations (5.4)-(5.7)), one can do simulations based on importance

sampling in the constrained ensemble and with the help of those results, one can recover

the expectation values in the original ensemble, defined by Eq. (5.1).

As was mentioned above, in the limit γ → ∞, ρ(x) measures the histogram of the

operator Q. Directly measuring the histogram would be very challenging as rarely visited

bins would have very bad signal to noise ratio. Using finite γ means a smearing of the

histogram on the scale 1/γ. For a large enough value of γ, ρ(x) will have a maximum

(or several maxima) around the expectation value of Q without the fixing term, and will

quickly decay around that.

5.2.2 Lattice actions and observables

The system we are interested in is QCD at finite chemical potential using Nf flavors of

staggered fermions, defined by the partition function

ZB =

∫
DUe−Sg [U ] det( /D(µ, U ′) +m)Nf/4, (5.8)

where µ is the one-third of the baryon chemical potential µB, Sg[U ] is the tree-level

Symanzik improved gauge action and U ′ denotes the stout smeared gauge fields using
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four smearing steps with ρ = 0.125. (For simplicity, the lattice spacing a was set to 1 in

the notations of this and the next two sections. The subscript in Eq. (5.8) refers to the

ensemble in which the partition function or the expectation value is calculated, i.e. here B

refers to the fact that a non-zero µB is used.) The gauge observables we are interested in

are the gauge action, the spatial and temporal plaquette averages, and the spatial average

of the Polyakov loop (Eq. 2.58),

〈P 〉B =
1

N3
s

〈∑
n

L(n)

〉
B

=
1

N3
s

〈∑
n

Tr
Nt−1∏
n4=0

U4(n, n4)

〉
B

. (5.9)

From among the fermionic observables, I studied the quark number density and the chiral

condensate density, defined as

〈n〉B =
T

V

∂ lnZB
∂µ

=
T

V

Nf

4

〈
∂ ln detM(µ)

∂µ

〉
B

, 〈ψ̄ψ〉B =
T

V

∂ lnZB
∂m

, (5.10)

respectively. The quark number density requires no renormalization, while the chiral con-

densate should be renormalized, both multiplicatively and additively. However, I do not

study the continuum limit in the thesis, thus there is no need to carry out the renormal-

ization.

As it was mentioned earlier, one cannot directly simulate the theory defined by Eq.

(5.8) with the Hybrid Monte Carlo algorithm (HMC). Thus, for generating configurations

one needs to change either the algorithm or the integration measure, and in this latter

case use reweighting in the DoS formulation. I proceed with this latter option and choose

the phasequenched ensemble for generating configurations. The phasequenched partition

function can be written as

Zpq ≡
∫
DUe−Sg [U ]| det( /D(µ, U ′) +m)|Nf/4

=

∫
DUe−Sg [U ] det

(
( /D(µ, U ′) +m)†( /D(µ, U ′) +m)

)Nf/8
=

∫
DUe−Sg [U ] det( /D(+µ, U ′) +m)Nf/8 det( /D(−µ, U ′) +m)Nf/8, (5.11)

where, for the last equality, γ5-hermiticity (Eq. (2.55)) was used. According to the last

line of Eq. (5.11), the phasequenched theory is equivalent to the theory with Nf/2 flavors

having +µ and Nf/2 flavors having −µ chemical potentials, i.e. to QCD at isospin chemical

potential. However, the above integration measure is not strictly positive, it can be zero

as well. 1

1 Unlike at µ = 0, where the eigenvalues are bounded from below by the quark mass, no such statement

can be made here. Although numerically the eigenvalues will never be zero, they could be arbitrarily small,

which would slow down the matrix inversions during the simulations.
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Therefore, in Monte-Carlo simulations, one uses the following partition function [102]

ZI(λ) =

∫
DUe−Sg [U ] det( /D(τ3µ, U

′)+m+iλη5τ2)Nf/4 =

∫
DUe−Sg [U ] det(M †(µ)M(µ)+λ2)Nf/8,

(5.12)

where one includes a small number λ, which renders the determinant strictly positive.

Here, the τs are the Pauli matrices acting in flavor space and η5(x) is the ”staggered

γ5”, (−1)nx+ny+nz+nt , where the nis are the lattice site indices. The flavor off-diagonal

term comes from the introduction of the λψη5τ2ψ term in the action before integrating for

fermions, where ψη5τ2ψ is proportional to the operator of the pion condensate. Due to

non-zero λ, this off-diagonal term explicitly breaks the Uτ3(1) symmetry that has remained

after the UL(Nf ) × UR(Nf ) chiral symmetry of the theory with m = 0, µ = 0 was broken

to SUV (Nf )×UV (1)×UA(1) by the quark mass and then to Uτ3(1)×UV (1)×UA(1) by the

isospin chemical potential. The expectation values calculated in the above ensemble are

denoted as 〈.〉I,λ. The probability density of Eq. (5.12) is used for the HMC simulations,

both when generating configurations for reweighting to QCDB and in the density of states

method as well, completed with a constraining factor in this latter case (see later).

In order to study the effect of explicit isospin symmetry breaking of the theory and

properly define the pion condensate in QCD with baryon chemical potential, one can

introduce

ZB(λ) =

∫
DUe−Sg [U ] det( /D(µ, U ′)+m+iλετ2)Nf/4 =

∫
DUe−Sg [U ] det(M †(−µ)M(µ)+λ2)Nf/8,

(5.13)

which is the partition function of QCD at baryon chemical potential with explicit isospin

symmetry breaking, due to finite λ. This theory is referred to as QCDB,λ. With the help

of Eq. (5.12) and (5.13) the operators of the pion condensate in QCDI,λ and QCDB,λ are

〈π〉I,λ =
T

V

∂ lnZI(λ)

∂λ
=
T

V

Nf

8
2λ
〈

Tr
(
M(µ)†M(µ) + λ2

)−1
〉
I,λ
, (5.14)

〈π〉B,λ =
T

V

∂ lnZB(λ)

∂λ
=
T

V

Nf

8
2λ
〈

Tr
(
M(−µ)†M(µ) + λ2

)−1
〉
B,λ

, (5.15)

respectively. Somewhat suprisingly, the two operators differ from each other after inte-

grating for fermions. Similarly, other observables that are derived with the help of the

determinants differ from each other in QCDB,λ and QCDI,λ. Besides the pion condensate,

I study here the behavior of the quark number density in QCDB,λ, which is defined as

〈n〉B,λ =
T

V

∂ lnZB(λ)

∂µ
=
T

V

Nf

8

〈
∂ ln det(M(−µ)†M(µ) + λ2)

∂µ

〉
B,λ

. (5.16)
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5.2.3 Choosing the operator to constrain

As was discussed in Sec. 5.1, the physics of the system to be studied can give useful hints

as to what operators could be useful to include in the fixing term. In particular, in QCDB

the Silver Blaze phenomenon indicates that the vacuum state should persist until the quark

chemical potential hits roughly the third of the nucleon mass. In the phasequenched (or

QCDI,λ) simulation, however, configurations with large pion condensate will occur when

µ is over half of the pion mass. By naive reweighting from QCDI,λ, one can not really

avoid these configurations. Fixing the pion condensate to values near zero, however, could

help to suppress the occurence of such undesirable configurations. Moreover, according

to the results that will be presented later, there is a non-zero correlation between the

pion condensate and the gauge action density (Fig. 5.5), which poses the idea to test

the DoS method with fixing the latter alone as well. Therefore, in this study, I applied

the DoS formulation with fixing the pion condensate or the gauge action density. The

implementation of the fixing for the gauge action density is straightforward, so I turn to

the pion condensate.

As was mentioned, the operators for measuring the pion condensate in QCDB,λ and

QCDI,λ differ: 〈π〉I,λ is real, while 〈π〉B,λ is complex in general, which makes the latter

more complicated to constrain. Here, I do not elaborate on this question and continue

with constraining the pion condensate of QCDI,λ. Usually, traces in lattice QCD are

calculated stochastically, according to

TrA ≈ 1

Nv

Nv∑
i=1

η(i)†Aη(i), η∗j ηk ≡
1

Nv

Nv∑
i=1

η
(i)
j

∗
η

(i)
k

Nv→∞−−−−→ δjk, (5.17)

where j and k label the components of the noise vector η(i), and Nv denotes the number

of noise vectors. Applying this formula for the pion condensate would be very expensive,

if one would like to use it to reach reasonable precision when calculating the action for the

accept/reject steps. We can overcome this problem with the help of the Npf complex scalar

fields (also called pseudofermion fields) that are used in the calculation of the determinant.

The determinant of Eq. (5.12) is represented with these fields in the following way

det(M †(µ)M(µ) + λ2)Nf/8 ∝
∫ Npf∏

j=1

Dφ†jDφj exp

−
Npf∑
j=1

φ†j(M
†(µ)M(µ) + λ2)

−
Nf

8Npf φj

 .

(5.18)

Usually, the φj scalar fields are not integrated during the HMC, but generated according

to the above distribution at the beginning of each trajectory. However, if we let these fields

to be dynamical and evolve them during the HMC, we can use Eq. (5.18) to give another
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expression for the pion condensate:

〈πφ〉I,λ =
T

V

∂ lnZI,φ(λ)

∂λ
=
T

V

〈
Nf

8Npf

2λ

Npf∑
j=1

φ†j
(
M(µ)†M(µ) + λ2

)−Nf+8Npf
8Npf φj

〉
I,λ

.

(5.19)

In Eq. (5.19), ZI,φ(λ) is equivalent to ZI(λ) (Eq. (5.12)), the only difference is that the

pseudofermion fields are dynamical in the former case. I note, that the operators from

(5.14) and (5.19) do not give explicitly the same result on a given configuration, only when

the number of noise vectors and the number of pseudofermions goes to infinity.

5.2.4 Reweighting

Before presenting the results, I briefly overview here the phasequenched reweighting for-

mulas which I use in the DoS and for comparison as well. For calculating the expectation

value of an operator O in QCDB, using phasequenched reweighting, one uses the following

formulas

ZB = 〈wB〉I,λZI(λ), 〈O〉B =
〈OwB〉I,λ
〈wB〉I,λ

. (5.20)

Here ZB and ZI(λ) are given by Eq. (5.8) and (5.12), respectively, and wB denotes the

weight. The logarithm of this weight is given by

lnwB =
Nf

4

(
ln detM(µ)− 1

2
ln det(M(µ0)†M(µ0) + λ2)

)
. (5.21)

µ0 denotes the chemical potential, where simulations are carried out and µ is the chemical

potential, one reweights to. Since detM(µ) is complex, its logarithm is defined only up to

an additive 2kπi term, where k is an integer. When Nf 6= 4, this means that the weight is

not defined unambiguously. One possibility is to choose the appropriate k by demanding

the weight to be a continous function of µ along the positive real axis [72], I note, however,

that the correctness of this procedure and in more general, the rooting procedure with and

without µ is still, to some extent, under investigation [103, 104]. Nevertheless, the above

ambiguity does not affect my calculation of the weights in the aformentioned case, because

I use Nf = 4 in this thesis.

But besides that, as was mentioned in Sec. 5.2.2, I also reweight to QCDB,λ at finite

λ (Eq. 5.13). I have various considerations for doing this. First, I would like to calculate

the pion condensate in QCD at finite baryon chemical potential (Eq. 5.15), which can be

nonzero on average at a finite lattice only when one includes the explicit breaking with

λ. Second, I would like to see whether the effect of the explicit breaking in QCDB,λ can
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make any difference when I carry out the λ→ 0 extrapolation as compared to reweighting

directly to λ = 0. When reweighting to QCDB,λ at finite λ, the logarithm of the weight

becomes

lnwB,λ =
Nf

8

(
ln det(M(−µ)†M(µ) + λ2)− ln det(M(µ0)†M(µ0) + λ2)

)
. (5.22)

Thus, in this case, the above mentioned ambiguity holds on, hence I use the continuity of

the weights as a function of λ and µ to choose the appropriate Riemann sheet. This can

be done, however, only if one knows the analytical dependence of the determinant on µ

and λ. The former is known in the λ = 0 case, due to the so called reduction formula [72].

Regarding the λ-dependence, I calculated the eigenvalues of M(−µ)†M(µ), and used these

with λ2 shifted to obtain the determinant. For determining the appropriate Riemann

surface of ln det(M(−µ)†M(µ) + λ2), I fixed the imaginary part of ln det(M(−µ)†M(µ))

comparing it to 2 ln detM(µ) – the latter obtained by the reduction formula –, and then

used the same kπi term when I calculate with λ via

ln det
(
M(−µ)†M(µ) + λ2

)
= ln det

(∏
i

(
ξi + λ2

))
+ kπi, (5.23)

where the ξis are the eigenvalues of M(−µ)†M(µ). One can then use similar formulas as

in Eq. (5.20), but with the weights of Eq. (5.22), namely

ZB(λ) = 〈wB,λ〉I,λZI(λ), 〈O〉B,λ =
〈OwB,λ〉I,λ
〈wB,λ〉I,λ

. (5.24)

This procedure is quite expensive – the computational cost is O((3N3
sNt)

3) –, thus I carried

out it only on our smallest lattices.

In the DoS formulation, I used the weights of Eq. (5.21) or Eq. (5.22) in the integrals

of Eq. (5.5), when I calculated the expectation value of an observable O, 〈O〉B or 〈O〉B,λ,
respectively. Moreover, by setting the weights to 1 in Eq. (5.5), one can calculate 〈O〉I,λ,
or 〈O〉I by using

lnwI =
Nf

4

(
ln | detM(µ)| − 1

2
ln det(M(µ0)†M(µ0) + λ2)

)
. (5.25)

〈O〉I denotes the expectation value of the operator O in QCDI , which is identical to the

phasequenched ensemble. Using a leading order expansion for the weights of Eq. (5.25)
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(cf. Ref. [105]), one can rewrite lnwB as

lnwB = ln

(
detM(µ)Nf/4

| detM(µ0)|Nf/4
| detM(µ0)|Nf/4

det(M(µ0)†M(µ0) + λ2)Nf/8

)

=
Nf

4
ln

(
detM(µ)

ln | detM(µ0)|

)
+
Nf

8
ln

(
det(M(µ0)†M(µ0) + λ2 − λ2

w)|λ2
w=λ2

det(M(µ0)†M(µ0) + λ2)

)
=
Nf

4
ln

(
detM(µ)

ln | detM(µ0)|

)
− Nf

8

(
∂ ln det(M(µ0)†M(µ0) + λ2)

∂λ

λ

2
+O(λ4)

)
=
Nf

4
ln

(
detM(µ)

ln | detM(µ0)|

)
− λ

2

V

T
π +O(λ4), (5.26)

where π is the pion operator in QCDI,λ (cf. Eq. (5.14)) and I used a Taylor-expansion

in λ2
w. On one hand, this formula shows – at least to leading order in λ –, that when

one reweights from QCDI,λ to QCDB, apart from the phase, a large pion condensate

suppresses the weight, making it harder to obtain a good signal to noise ratio. On the

other hand, the above formula would be practically useful as well, because estimating the

weight by measuring the pion condensate is computationally much cheaper, than calcu-

lating det(M(µ0)†M(µ0) + λ2). However, unfortunately, I found that when one reaches

the pion condensation region, the formula is no longer reliable and it overestimates the

actual weights (Fig. 5.3.3). Whether the next term in the Taylor expansion improves the

behavior or not is left for further study, i.e. I calculate det(M(µ0)†M(µ0) +λ2) directly by

Gauss elimination in the following.

I note here, that one can take into account the fixing term with the help of reweighting

as well, according to

ZB =

〈
wB exp

{
γΩ

2
(Q− x)2

}〉
x

ρ(x), 〈O〉B =

〈
OwB exp

{
γΩ
2

(Q− x)2
}〉

x〈
wB exp

{
γΩ
2

(Q− x)2
}〉

x

, (5.27)

where Q is the fixed operator, Ω is the lattice volume and γ is a parameter that control

the width of the Gaussian. ρ(x) is given by Eq. (5.4) applied for QCD, with the Φ

fields corresponding to the link variables and g chosen to be the integrand of ZI(λ) (see

Eq. (5.12)). Although the exponential factor in the expectation values seems to be quite

problematic - since there is a volume factor in the exponent -, I investigate whether the

distribution of Q − x can be so narrow to compensate the large γΩ/2 factor. I refer to

this approach as direct reweighting from the constrained ensemble in the following. If the

fluctutation of the exponent could be made small and ZB as well as 〈O〉B would not depend

on x (at least, for a wide enough interval), then the method may provide reasonable results

without integration in x.
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5.3 Results

5.3.1 Simulation details

I performed simulations with Nf = 4 flavors of staggered fermions, on 43× (8, 12, 16), 63×
(6, 8, 12) lattices. I used the following quark mass and β pairs in the simulations: for

Ns = 4, (ma, β)={(0.05, 2.9), (0.02, 2.74)}, and for Ns = 6, (ma, β)={(0.05, 2.9), (0.02,

2.9)} was set. I used several λa and γ values at some simulation points to see their effect

on the results. In order to determine the lattice spacing, the pion and nucleon masses, I

used Nt = 24 and Nt = 32 lattices. The results and the simulation parameters for these

runs are summarized in Table 5.1. I also checked that the simulation points are in the

deconfinement region. On 163 × 6 lattices, at pion mass mπ ≈ 335 MeV, the peak of the

chiral susceptibility was found to be at βpc ≈ 3.4, which corresponds to the pseudocritical

temperature Tpc ≈ 165 MeV. The temperatures on the lattices that were used for the DoS

were less then the 2/3 of this Tpc. Although, I did not determine Tpc at the other two pion

masses that were used, I checked that the Polyakov loop was small during the simulations

also in that cases. Since the lattices are quite coarse, I applied four stout smearing steps to

reduce the finite lattice spacing effects. Finite volume effects are expected to be moderate

on the lattices with quark mass ma = 0.02 (mπaNs ∼ 2.3) and somewhat smaller on

lattices at ma = 0.05 (mπaNs & 3).

Ns Nt β ma λa a[fm] mπa mπ[MeV] mNa mN [MeV]

4 32 2.74 0.02 0.0 0.33565(6) 0.571(1) 335.7(6) 1.73(11) 1017(65)

4 32 2.74 0.02 0.004 * 0.576(3) 339(1) - -

4 32 2.9 0.05 0.0 0.32876(2) 0.728(1) 437.0(6) 2.03(8) 1218(48)

4 32 2.9 0.05 0.01 * 0.730(3) 438(2) - -

6 24 2.9 0.02 0.0 0.33048(2) 0.381(1) 227.5(7) 1.66(15) 1009(90)

6 32 2.9 0.05 0.0 0.33304(4) 0.565(1) 334.8(7) 1.76(7) 1055(17)

Table 5.1: Summary of ”zero” temperature runs to determine the pion and nucleon

mass and the lattice spacing. I note, that the results and errors for the nucleon mass are

quite indefinite at small quark masses. This is because the relative error for the staggered

nucleon correlator grows exponentially with time measured in lattice units, therefore using

the accumulated statistics the effective mass plateau is only faintly recognized. * On the

configurations with finite λa, I did not measure the lattice spacing, but used the lattice

spacing of the λ = 0 configurations to give the pion and nucleon masses in physical units.
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5.3.2 Fixing πφ

In this section, I present the DoS results that were obtained by constraining the pion

condensate, πφ (Eq. 5.19). I achieved this as it was discussed at the end of Sec. 5.2.3

and I used Npf = 1 pseudofermion fields in most of our simulations. Although, I note,

that by using only one pseudofermion field, the simulations were instable in the range

x ∈ [−0.18, 0.18] in the following sense. (Here x refers to the value at which one would like

to constrain πφ.)

To have an acceptance ratio around 0.8, the number of gauge and pseudofermion up-

dates for a single trajectory varies as one uses different x values. To determine the number

of appropriate updates, I adjusted the stepsize adaptively during the thermalization phase

of the constrained simulations. After the system had thermalized, I started the simulation

with the estimated number of gauge and pseudofermion updates for a single trajectory.

In the problematic region, these turned out to be too small to maintain the acceptance

ratio ∼0.8. Moreover, the HMC forces had become sometimes so large, that the simula-

tion stopped. After a 100 − 300 trajectories long thermalization, the problem sometimes

occured only after a further 100 − 300 or even more trajectories with accept/reject steps

turned on. This, say, ’instability problem’ was avoided by using more updates along a

unit length trajectory. This resulted an acceptance ratio between 0.91 and 1. No such

instability was found by using more than one pseudofermion field, but in those cases, the

simulation slowed down tremendously as compared to using Npf = 1 and more updates. It

is important to recall again that πφ does not give the same result as the pion condensate

calculated with the help of noise vectors (Eq. (5.14) and (5.17)), only if the number of

pseudofermions as well as the number of noise vectors goes to infinity. The difference is

shown in Fig. 5.1 using Npf = 1, 2, 3 in the constrained simulations.

I emphasize it again, that both operators for the pion condensate in QCDI,λ are real

and positive definite at finite λ. Therefore, one can not constrain πφ to zero or negative

values, but can push it closer to zero, e.g. by writing a negative x in the fixing term. I

found, that it is more efficient to proceed this way, rather than decreasing the width of

the Gaussian of the fixing term when using a small positive x or x = 0, because a smaller

width (larger γ) results in larger forces and slows down the simulation at other values of x

as well.

After this technical detour, I discuss the results obtained by this method. First, I note,

that by calculating the full DoS integrals, I got the same results as one gets by reweighting
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Figure 5.1: The expectation values for the pion condensate in the constrained ensembles

using noise vectors (〈π〉I,x) and with the help of pseudofermions (〈πφ〉x). The simulations

were carried out by constraining πφ using Npf = 1, 2, 3.

from QCDI,λ.

But this way, the region with large pion condensate also contributes to the final result.

Therefore, I analyzed what happens when I omit the configurations with larger pion con-

densate by investigating how the results of DoS depend on the upper limit of the integrals

of Eq. (5.5). For this purpose, I cut the integrals in the numerator and in the denominator

at the same x value, and plot the ratio of the two cut values, as a function of x. Figure 5.2

shows the expectation value of different observables in the constrained ensemble together

with the results of DoS obtained by cutting the integrals at different x values. Here, the

constrained ensemble expectation values are denoted as in Sec. 5.2.1 (〈·〉x), and the DoS

results for QCDB with a cut are denoted as 〈·〉B(x). In Figure 5.2, one can see that as

the pion condensate becomes small, the real part of the weights gets larger and the quark

number density gets also smaller. This happens in a wide interval, when µ < mπ/2, but

at larger values of µ the falling of 〈Re wB〉x gets steeper. Since on the ensembles with

x . 0, the pion condensate is small and the weights are positive even when µ > mπ/2,

one may naively presume that cutting the integrals in this range could be correct. The

obtained results, however, depend on the value where one cuts the DoS integrals (see Fig.

5.3 for this in the case of the chiral condensate), and thus one could not really select a

correct, unique one among the possible values. This can be understood by noting that

in the range, where 〈π〉I,x is really small, the value of 〈O〉B(x) (where O is an arbitrary

operator) is predominantly determined by the latest value of the integrands, because there

is several orders of magnitude difference in two successive values of ρ. In other words, in
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the range in question, for any observable one gets∫ xc dxρ(x)〈OwB〉x∫ xc dxρ(x)〈wB〉x
≈ 〈OwB〉xc
〈wB〉xc

, (5.28)

which is an estimate for 〈O〉B,xc , the expectation value of the O operator in QCDB with

constraint characterized by xc. Of course, 〈O〉B,xc can depend on xc, nevertheless 〈π〉I,xc
and 〈πφ〉xc are small.
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Figure 5.2: Results obtained by constraining the pion condensate, πφ. The black squares

show the density of states, ρ(x), multiplied by an irrelevant C constant to adjust its

largest value to these figures. On the horizontal axis, x refers to the fixing value, used

in the constraining term. With red squares, we show pion condensate in the constrained

ensembles. 〈RewB〉x refers to the expectation value of the real part of the weights in

these ensembles. 〈n〉B(x) is the quark number density calculated with the DoS method,

as a function of the upper limit (x) of the integrals used in this calculation. Similarly,

a3〈ψ̄ψ〉B(x) is the (unrenormalized) chiral condensate as a function of the upper limit of

the DoS integrals.
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To overcome the xc dependence, one could try to carry out a further reweighting,

which was introduced in the last paragraph of Sec. 5.2.4. I found that in the range of low

x (x . −0.2), where the pion condensate fluctuates less, reweighting with the modified

weights of Eq. (5.27) including the exponential factor is manageable. However, this does

not eliminate the x dependence.

The results at µ < mπ/2 (see the upper panel of Fig. 5.2) also suggests that in order to

have a not x-dependent, correct expectation value, one has to include the configurations

with large pion condensate. 2

Although the behavior of weights at large µa queries that evaluating the full DoS

integrals could be meaningful, it is worth to question whether one finds any improvement

as compared to reweighting and locate the highest µa value where the methods can be

consistently applied. As a consistency or reliability criterion, one can demand the DoS as

well as reweighting to provide a positive ZB. Since the partition sum can be written as

ZB = Tr(exp{−(H−µN)/T}) and the Hamiltonian H commutes with the particle number

operator N , ZB is a sum of positive numbers ZB =
∑

n,N exp{−(En − µN)/T}. When

applying reweighting based methods, however, the fact that the partition sum should be

positive is not manifest.

Since we are lead to the conclusion that in order to have the correct expectation values,

one should include configurations with large 〈π〉I,x on them, in the following, I do not

investigate DoS with constraining πφ, but fix the gauge action density, because simulations

in the case of fixing the latter are much faster.
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Figure 5.3: a3〈ψ̄ψ〉B(x) is the (unrenormalized) chiral condensate as a function of the

upper limit of the DoS integrals.

2 We refer here to 〈π〉I,x. 〈π〉B,λ will be discussed later, in the case of fixing the gauge action density.
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5.3.3 Fixing the gauge action density

I turn now to the study of the case when the gauge action density is used as the fixed

quantity. As an illustration, Figure 5.4 shows the histogram of the gauge action density

and the expectation value of the real part of the weights as well as the pion condensate

on the constrained ensemble characterized by x, the value at which sg is constrained. The

Figure shows that by constraining the gauge action density to smaller values, the pion

condensate also becomes small and simultaneously the real part of the weights increases.

The imaginary part of 〈wB〉x fluctuates around zero at all x. The correlation between the

gauge action density and the pion condensate in QCDI,λ is also shown in Fig. 5.5. As

one can observe in that Figure, although the correlation is weak in the interval of x in

which ρ(x) ∼ O(1), one can reach configurations with low pion condensate below x ∼ 13.5.

The weights fluctuate less on these configurations, and as in the previous section, one can

analyze how the results of DoS depend on the upper limit of the integrals of Eq. (5.5).
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Figure 5.4: DoS results in the case of sg fixing at µ/mπ ≈ 0.44 and at ≈ 0.87 (left and

right panel, respectively). The real part of the weights goes to zero, as the pion condensate

increases. As µ is greater, this happens at a lower x.

For this purpose, I cut the integrals in the numerator and the denominator at the

same x, and plot the ratio of the two cut values, as a function of x. For the density, the

results on Ns = 4 are shown in Figures 5.6 and 5.7 for two temperatures, together with the

expectation value of the real part of the weights. The cut value of the density, 〈n〉B(x),

could remain near zero at small x until the integration reaches the value x, where the

weights are consistent with zero. This behavior holds up to µ/mπ ≈ 0.87, that is µa = 0.50,

at both temperatures, although at T = 74 MeV, the results significantly depend on x at

µ/mπ ≈ 0.87, and come near to zero only at about x ∼ 13.5. Above µa ∼ 0.50, 〈n〉B(x) in
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Figure 5.5: The pion condensate as a function of the gauge action density on individual

configurations on 43 × 8, µ/mπ ≈ 0.87, T ≈ 74 MeV, mπ ≈ 336 MeV, λa = 0.004. When

the value of x is transcripted, then the results were obtained by constraining the gauge

action density, otherwise it is obtained from a simulation in QCDI,λ.

the low x region starts to increase as µa gets larger, and its no longer constant as a function

of x. As Fig. 5.7 shows, at larger µ, 〈n〉B(x) follows 〈n〉I,λ(x), thus the x-dependence of the

operator dominates the final results for the expectation values. The results of the Figures

are taken by using the Formula (5.21) for the weights, i.e. we reweight directly to λ = 0

to arrive at QCDB. I checked whether first reweighting to finite λ – i.e. to QCDB,λ with

weights of Eq. (5.22) –, then taking the λ→ 0 limit changes any of the results, and found

that this has negligible effects for all investigated quantities except the pion condensate in

QCDB,λ (〈π〉B,λ, see Fig. (5.8)).

On the Ns = 6 lattices, I found that 〈n〉B(x) is not even constant in the low gauge action

region, even when µ < mπ/2. Generally, 〈n〉B(x) follows closely 〈n〉I,λ(x) in that range and

decreases continously until we slightly pass the x value where the pion condensate starts

to increase rapidly. Above this specific x range, the behavior of the quark number density

depends on µ in the following way. When µ < mπ/2, it drops to zero, otherwise it increases

and follows the isospin density, but with larger errors, likely due to the fluctuating weights.

The results for the pion condensate of QCDB,λ are shown in Figure 5.8. As λ goes

to zero, 〈π〉B(x) also goes to zero at all x even at a larger chemical potential as well –

although with large errors. This indicates that 〈π〉B(x) is dominated on these lattices by

a contribution from the explicit breaking due to finite λa.
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Figure 5.6: Left panel: The expectation value of the quark number density in lattice units as

a function of the upper limit of the DoS integrals, obtained by fixing the gauge action density.

Right panel: The expectation value of the real part of the weights (Eq. (5.21)) on the ensembles

with different constrained sg.
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Figure 5.7: Left panel: The expectation value of the quark number density in lattice units as

a function of the upper limit of the DoS integrals, obtained by fixing the gauge action density.

Also shown is the isospin density, a3〈n〉I,λ for the smallest and the largest chemical potentials

of the Figure. While the weights can suppress 〈n〉B(x), when µ is small, it does not happen at

larger values of µa, where 〈n〉B(x) closely follows 〈n〉I,λ(x). Right panel: The expectation value

of the real part of the weights (Eq. (5.21)).

Regarding other observables, I found that these also show a significant x-dependence.

At low x, the Polyakov loop gets enhanced, which suggests that the (approximate) Z(3)

symmetry gets broken. This is clearly a physically unwanted behavior, since we would like

to simulate in the confined phase in the low temperature region. The chiral condensate

starts to increase as a function of x, but the smaller weights suppress its value down and

soon it becomes noisy.
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As in the case of constraining the pion condensate, these results suggest that the con-

figurations with well-behaving weights are not the appropriate configurations to reproduce

the expected physics at low temperature.
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Figure 5.8: Results for 〈π〉B,λ(x) as a function of the upper limit of the DoS integrals in the

case of sg fixing. Different colors refer to different ’target’ ensembles characterized by λa in the

reweighting. When calculating the full integrals at µ/mπ > 0.5 (right panel), the errors of 〈π〉B,λ
are much larger in the interval of x where ρ(x) ∼ O(1). However, both the full integral DoS

results and the cut integral results extrapolate to zero when λa goes to zero.
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The leading order formula (green) applies only at low a3〈π〉x values. (The data were obtained

on 64, β = 2.9, ma = 0.05, µa = 0.40, λa = 0.01.)
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In the following, I will analyze the results, when calculating the full DoS integrals. As

was mentioned in the former section, I demand the DoS as well as reweighting to provide

a positive ZB. Therefore, I tried to collect enough configurations to satisfy this criterion

at least to a 2 sigma level, which is called the reliability condition. Since in the case of

the DoS, ZB = ZI,λ
∫
dx〈wB〉xρ(x), while in the case of reweighting, ZB = ZI,λ〈wB〉I,λ, I

demand
∫
dx〈RewB〉xρ(x) > 0 and 〈RewB〉I,λ > 0 to hold at 2 sigma, respectively for DoS

and for reweighting from QCDI,λ. The positive constant factor ZI,λ does not modify the

reliablity criterion. Furthermore, one expects
∫
dx〈Im wB〉xρ(x) = 0 and 〈Im wB〉I,λ = 0

to hold, for DoS and for reweighting, respectively.

In Figure 5.10, I show the results for the quark number density obtained by the DoS

method as well as reweighting from QCDI,λ for the 43×8 ensembles. Accumulating around

104 configurations at the points where ρ(x) is O(1), I found that the DoS method is reliable

up to µa ∼ 0.40 – and indeed, gives zero quark number density within errors – on 43 × 8

at pion mass mπ ≈ 336 MeV. On the finer 43 × 8 lattice with pion mass mπ ≈ 437 MeV,

µa ∼ 0.45 can be reached with similar statistics. These correspond to µ/mπ ∼ 0.7 and

0.62, respectively, or µ/mN ∼ 0.22 . . . 0.23. Thus, one can reach considerably higher µa

values than mπa/2 on these small lattices.
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Figure 5.10: Results obtained by constraining the gauge action density on 43× 8, amπ/2 =

0.2855(5). Left panel: the ratio of partition functions as a function of µa. Right panel: the

quark number density as a function of µa. Filled symbols denote the simulation points, and

open symbols are the results of reweighting in µ. The reweighting results are unreliable from

µa ∼ 0.4 due to accumulating less statistics than for the DoS.

Two comments are in order. First, the highest reliably reachable µa value certainly

depends on the accumulated statistics. I will elaborate more on this later. Second, strictly

speaking, the pion condensation region of QCDI starts at mπ/2 only at zero temperature
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and it can bend toward higher chemical potentials as the temperature increases. Therefore,

to have a reliable comparison, it is important to locate the aµ
(π)
c value, where the pion

condensation sets in at the given temperature.

In order to determine this, I carried out simulations at different λa values at several

chemical potentials and studied the λa to zero limit. This extrapolation, however, is not

satisfactory to determine precisely aµ
(π)
c . Following Ref. [106, 107], I also tried to fit the

results by the appropriate formula of chiral perturbation theory [107], but these fits were

rather unreliable, probably due to the fact that the volume is not large enough. Alter-

natively, one can obtain aµ
(π)
c (T ) directly from the lattice simulations with the help of

the spectral representation for the pion condensate [105, 108]. To obtain this, the singu-

lar values of the Dirac operator, ξn, have to be calculated, which are the eigenvalues of

M †(µ)M(µ). Although this approach is valid again if the volume is large enough, following

Ref. [105,109,110], one can define π(impr.) according to

〈π〉I,λ =
T

V

Nf

8
2λ
〈

Tr
(
M †(µ)M(µ) + λ2

)−1
〉
I,λ

=
T

V

Nf

8
2λ

〈∑
n

(
ξ2
n + λ2

)−1

〉
I,λ

V→∞−−−→ Nf

4

〈∫
dξρ(ξ)λ(ξ2 + λ2)−1

〉
I,λ

λ→0−−→ Nfπ

8
〈ρ(0)〉I,λ→0 ≡ 〈π

(impr.)〉I,λ→0,

(5.29)

where the spectral density, ρ(ξ) is defined as

ρ(ξ) = lim
V→∞

T

V

∑
n

δ(ξ − ξn). (5.30)

In the integral over ξ, ρ(ξ) is multiplied by a representation of the Dirac-δ distribution, thus

by taking the λ → 0 limit, one arrives at Nfπρ(0)/8, which is the improved operator. 3

Therefore, it is enough to determine the lowest 200-300 singular values, build a histogram

for the integrated spectral density,

N(ξ) =

∫ ξ

0

ρ(ξ′)dξ′, (5.31)

and take the ξ → 0 limit of a3〈N(ξ)〉I,λ/ξ, which after multiplied by π/2 gives the improved

pion condensate. Unfortunately the approach on Ns = 4 again cannot be applied probably

due to the small volume, but it seems to provide reasonable results on Ns = 6 (see Fig.

5.11).

Despite the fact that on Ns = 4, a reliable determination of aµ
(π)
c (T ) is not possible

from the lattice data, I note, that the interval in which the pion condensate can be fitted

3 Here and in the l.h.s. of the last equality of Eq. (5.29), obviously, but maybe notationally a bit

confusingly, π refers to the ratio of a circle’s circumference to its diameter.
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by a linear function starts at around µ/mπ ∼ 0.60. Although the pion condensate shrinks

towards zero, as λa is reduced, the location where the linear behavior sets in seems to

be independent of λa, so one may guess that something related to spontaneous symmetry

breaking (and not to explicit symmetry breaking) may happen at around this chemical

potential, which is nearly the same, where the DoS and reweighting starts to become

wrong with our present statistics.
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Figure 5.11: The pion condensate of QCDI,λ measured at several λa as a function of

µa for 43 × 8 and 64 lattices.

In order to test how the limit of the reliable application of DoS or reweighting changes as

one decreases the temperature, I performed simulations at a larger temporal size, namely

on Nt = 12 and Nt = 16. I found that although on 43 × 12, ma = 0.02, µa = 0.34,

ReZB > 0 can be satisfied to ∼ 9 sigma level by using around 1800 configurations at

each x, I can not reach even positive ZB at the 1 sigma level at µa = 0.38 using around

5000-6000 configurations. Naively estimating the number of needed configurations using

the scaling of absolute errors as the inverse square root of configurations at different x

yields that more than 105 further configurations are needed at each x, where ρ(x) ∼ O(1).

However, this estimation is not so reliable, it can be either an underestimation or – less

probably – an overestimation. To see this, note, that in order to have ReZB > 0 satisfied

for a large sigma level, we need the relative error of the integrand at each point to be small,

otherwise a large relative error of a single point would propagate to the final relative error

of the integral. However, since the expectation value of the real part of wB can be much

smaller using a larger number of configurations, the estimated reduction of the absolute

error could not necessarily reduce the relative error. Less probably it can also happen, that

by accumulating much more configurations, one chances upon a region of the configuration

space where the phases do not fluctuate so widely, thus making it easier to get a reliable

estimation for wB.
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Although I have accumulated less configurations on 43 × 16, ma = 0.02, using these, I

found that the 2 sigma level condition ReZB > 0 spoils in the range µa ∼ 0.30 . . . 0.36.

It is worth to emphasize, that the positiveness of ReZB can be satisfied using much

less configurations at smaller chemical potential. For example on 43 × 8, ma = 0.02,

µa = 0.35 (µ/mπ ≈ 0.61), around 40-60 configurations at each x are enough to satisfy

ReZB > 0 at 2 sigma, so with the statistics around 650-850 configurations at each x,

ReZB 6= 0 is satisfied at ∼ 11 sigma. Moreover, the ReZB > 0 condition seems not to be

crucial to recover the expected physics, i.e. without satisfying ReZB > 0 at 2 sigma, the

expectation values of different observables are constant within errors as a function of µa at

low chemical potential. I came to this conclusion by chosing 30 configurations in sequence

from ensembles at different x values and then evaluating the DoS integrals using these.

Although typically ReZB > 0 was satisfied on these sub-samples at less than 2 sigma, all

studied observables (except the Polyakov loop), were within 1 sigma (although with larger

errors) as compared to the values obtained by using all configurations. Polyakov loop

expectation values obtained from these sub-samples were typically in the 2 sigma range.

These observations imply, that at low µ the operators dominate the expectation values and

the weights as well as the precise determination of ZB have less important role.

Similarly, although on 43 × 12, ma = 0.02, µa = 0.38, ReZB > 0 is not satisfied at

2 sigma, the value of an observable is consistent with the value of the observable at the

previous µa value, because of the larger errors. As µa is increased further, errors again

become smaller, but the values of observables differ from their µa = 0 values, without

reaching µ ∼ mN/3.

On Ns = Nt = 6, ma = 0.05, the ReZB > 0 criterion is valid at more than 2 sigma

until the chemical potential range 0.34 . . . 0.37. However, unlike the case of Ns = 4, it

is found that at the last chemical potential at which our physically motivated condition

ReZB > 0 is satisfied more than 2 sigma, i.e. at µa = 0.34, the quark number density,

a3〈n〉B becomes nonzero at the ∼ 5 sigma level. This chemical potential corresponds to

µ/mπ ∼ 0.60 or µ/mN ∼ 0.19.

At the same lattice size, but at a smaller quark mass ma = 0.02, the reliability condition

spoils at µ/mπ ∼ 0.76, so it clearly does not follow a scaling behavior related to mπ (Fig.

5.12). If that would be the case, based on (mπa)2 ∝ ma, one would find the breakdown of

the reliability condition at around µa ∼ 0.23 (µ/mπ ∼ 0.61).

Apart from the overlap and the sign problem, I mention a further limitation to safely
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Figure 5.12: The quark number density in QCDB measured on 64 lattices at β = 2.9,

ma = 0.05 and m = 0.02. The huge horizontal errors come from the poor determination

of mN . The red and the blue bands denote the location of mπ/(2mN) for ma = 0.05 and

ma = 0.02, respectively. The temperature is around 100 MeV in both cases.

reach µ ∼ mN/3 on small lattices. As one might notice in the left panel of Fig. 5.11,

finite lattice size effects become non-negligible around µ/mπ ∼ 1.4 (at λa = 0.004). At

around that µa, the pion condensate breaks down and the isospin density starts to rise

more rapidly. In Ref. [102], this was referred to as a saturation effect, although in our

simulations the isospin density is only around the one fifth of its saturation value.

In summary, both the DoS and reweighting provide results consistent with our expec-

tations as long as they are classified as reliable. The possible reason for no or negligible

advance achieved by the DoS method is that ρ(x) and 〈Re wB〉x both decay very rapidly,

and there is no such region of x at high µ, where both have comparable magnitude with

small relative errors. Due to the bad signal-to-noise ratio of 〈wB〉x at low T and high µ in

the interval of x, where ρ(x) ∼ O(1), the effect of the phases gets averaged as one calculates

the full DoS integral and therefore one gets probably wrong results.
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Summary

In this thesis, I investigated several methods to circumvent the sign problem. These were

tested in two models. In Chapters 3 and 4 the O(3) nonlinear sigma model at finite chemical

potential was investigated with the worm algorithm as well as with complex Langevin and

reweighting. With the help of dual variables, the thermodynamics and the spectrum of the

model was studied. Using these variables, the sign problem of the model was eliminated

and thanks to this, it was ideal to compare with the results of the complex Langevin

algorithm.

In Chapter 4, I investigated several discretizations of the complex Langevin equation

and performed simulations with these in order to test (1) how the complex Langevin results

depend on the discretizations in this model and (2) to investigate whether by taking the

continuum limit of the complex Langevin results could make any improvements. Similarly

as was observed in other models, I found that the complex Langevin results depend on the

discretization, but none of the investigated discretizations provided correct results for all

studied observables. As for the continuum extrapolation, I found that complex Langevin

results remain wrong in the continuum as well, so the behavior observed in HDQCD is not

true in general. This question was also investigated in QCD at finite chemical potential in

Chapter 4.

In the last Chapter of the thesis, I studied the density of states method in QCD at

finite chemical potential. My particular object there was to explore the low temperature

phase diagram at Nf = 4, based on an appealing idea to constrain the pion condensate to

low values and thus evade the overlap problem and reduce also the sign problem this way.

According to the findings of Chapter 5, this attractive idea seems not to deliver correct
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results, the DoS integrals cannot be cut unambigously and in order to have a positive

ZB, one also needs the region in which the pion condensate of QCDI,λ is large and the

sign problem is severe. The pion condensate of QCDB,λ extrapolates to a small value

near zero, even when one calculates the full DoS integrals. I also found that the peak

of the reweighted histogram ρ(x)〈Re wB〉x shifts only slighty to smaller pion condensates,

therefore the DoS method cannot really has any considerable advance on the investigated

lattice sizes as compared to reweighting from QCDI,λ. Apart from these observations, in

the final section of Chapter 5, I analyzed the applicability range of the DoS method to see

how deep one can invade into the phase with non-zero pion condensate. On 64 lattices, at

temperature T ∼ 0.6 Tpc, I found the indication of reaching the onset of the quark number

density meanwhile satisfying the reliability condition. At lower temperatures, however, the

estimated number of configurations to a reliable application of DoS or reweighting is much

larger, setting a limit of practical applicability of reweighting based methods.



Acknowledgements

First of all, I would like to thank Sándor Katz for his advices and help. We discussed lots

of interesting problems and ideas during the years that helped me to better understand

lattice field theory as well as the nature of the sign problem.

I would like to also thank all of my collaborators with whom we worked together in

various topics presented in the thesis, in alphabetical order, special thanks goes to Gergely
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Appendix A

Worm algorithm updating steps

In this Appendix, I describe the updating steps of the worm algorithm in detail. As in the

beginning of Sec. 3.1, I consider the general case O(N) in d+ 1 dimensions.

A.1 Updating steps of the worm algorithm

When µ is zero, one may consider three simple updating steps.

1. Move the head of the worm from the position u along a link l to the new position

u′. To keep the constraints, by this we increase or decrease the corresponding link variable

m = m
(l)
i by 1. (Here, i is the index of the worm.) The corresponding 2d possibilities are

chosen with equal probabilities.

1a. Propose increasing the link variable, m′ = m + 1. The corresponding acceptance

probability is pacc = min{q, 1}, where

q =
β

m′
ki(u

′) + 1

k(u′) +N
. (A.1)

1b. Propose decreasing the link variable, m′ = m − 1. When m = 0, the move is

rejected, otherwise the corresponding acceptance probability is given by

q =
m

β

(k′(u) +N)

(k′i(u) + 1)
. (A.2)
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2. When the two heads of the worm coincide, the worm can jump to a new position,

and change its index (u = v → u′ = v′, i→ j). In this case

q =
(k(u) +N − 2)(kj(u

′) + 1)

(ki(u)− 1)(k(u′) +N)
=

(k̂(u) +N)(k̂j(u
′) + 1)

(k̂i(u) + 1)(k̂(u′) +N)
(A.3)

3. Propose increasing or decreasing a link variable m ≡ m
(l)
j by 2, without changing

the worm variables u, v, i.

3a. Propose increasing: m→ m′ = m+ 2. The acceptance probability is given by

q =
β2

m′(m′ − 1)

∏
x∈∂l

kj(x) + 1

k(x) +N
, (A.4)

3b. Propose decreasing: m → m′ = m − 2. When m < 2 the proposal is rejected,

otherwise the acceptance probability is given by

q =
m(m− 1)

β2

∏
x∈∂l

k′(x) +N

k′j(x) + 1
. (A.5)

A.2 Worm update with chemical potential

According to the representation, Eq. (3.15) of the scalar product, the index of the head and

tail of the worm could be (iu, iv) = (−,+), (3, 3), . . . , (N,N); hence, we have to distinguish

two types of the worm. For the type (iu, iv) = (j, j) the updating steps described in A.1.

remain unchanged. The same is true for updating a link variable m
(l)
j for j = 3, . . . , N .

Below, I consider the case (iu, iv) = (−,+).

1. Moving the (−) end of the worm in direction +ν̂ form u to u′ = u+ ν̂

1a. Propose increasing the variable m+ → m′+ = m+ + 1 on the corresponding link:

q = eµν
β

m′+

k12(u′) + 1

k(u′) +N
(A.6)

1b. Propose decreasing the link variable m− → m′− = m− − 1: if m− = 0, then the

proposal is rejected; otherwise,

q = eµν
m−
β

k′(u) +N

k′12(u) + 1
. (A.7)

2. Moving the (−) end of the worm in direction −ν̂ from u to u′ = u− ν̂:
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2a. Propose increasing the link variable m− → m′− = m− + 1:

q = e−µν
β

m′−

k12(u′) + 1

k(u′) +N
. (A.8)

2b. Propose decreasing the link variable m+ → m′+ = m+ − 1. If m+ = 0, then the

proposal is rejected; otherwise,

q = e−µν
m+

β

k′(u) +N

k′12(u) + 1
. (A.9)

The acceptance probabilities for moving the (+) end of the worm are described by the

same expressions, the case (+), ±ν̂ is equivalent to (−),∓ν̂ (both decrease/increase the

Q12 = +1 line by 1). However, because of the next updating step, one does not need to

move the (+) head to satisfy ergodicity. Due to these facts, in our simulations we did not

update the (+) end, but only the (−) end with 2/3 probability.

3. When the two ends of the worm coincide (u = v) it can jump to a new position

(u′ = v′) and change its index.

3a. (i, i)→ (j, j):

q =
(k̂(u) +N)(k̂j(u

′) + 1)

(k̂i(u) + 1)(k̂(u′) +N)
(A.10)

3b. (−,+)→ (−,+):

q =
(k̂(u) +N)(k̂12(u′) + 1)

(k̂12(u) + 1)(k̂(u′) +N)
(A.11)

3c. (−,+)→ (j, j):

q =
(k̂(u) +N)(k̂j(u

′) + 1)

(k̂12(u) + 1)(k̂(u′) +N)
(A.12)

3d. (i, i)→ (−,+):

q =
(k̂(u) +N)(k̂12(u′) + 1)

(k̂i(u) + 1)(k̂(u′) +N)
(A.13)

4. Changing the link variables ± on a given link simultaneously.

4a. m+ → m′+ = m+ + 1,m− → m′− = m− + 1:

q =
β2

m′+m
′
−

∏
x∈∂l

k12(x) + 1

k(x) +N
(A.14)
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4b. m+ → m′+ = m+ − 1,m− → m′− = m− − 1 (if m+ = 0 or m− = 0, then the

proposal is rejected):

q =
m+m−
β2

∏
x∈∂l

k′(x) +N

k′12(x) + 1
(A.15)

Note that these expressions with the chemical potential using the modified basis

φ+, φ−, φ3, . . . , φN look very similar to those discussed in the case without chemical po-

tential.



Appendix B

Parameters of zero temperature

worm runs for the O(3) model

T/m β ma Nt = Nx

0 1 0.551 30, 60, 120, 180, 240, 300, 360

1.1 0.422 30, 60, 120, 180, 240, 300, 360

1.2 0.312 30, 60, 120, 180, 240, 300, 360, 500

1.3 0.219 30, 60, 120, 180, 240, 300, 360, 500

1.5 0.091 30, 60, 120, 180, 240, 300, 360

T/m β ma Nt Nxma

0.01 1.1789 0.333 300 approx. 10, 20, 40, 60,

1.2644 0.25 400 100 (symmetric lattices)

1.3234 0.2 500

1.3682 0.167 600

0.005 1.2644 0.25 800 approx. 10, 20, 30, 40,

1.2963 0.222 900 50, 60, 70

1.3234 0.2 1000

1.3473 0.182 1100

Table B.1: The set of parameters for low and zero temperature runs with the worm algo-

rithm. I ran simulations at several µa using the above parameters. The number of used

worm configurations for these runs was around (3 . . . 9)× 1010 after thermalization.
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Appendix C

Parameters of complex Langevin

runs for the O(3) model

Method Nx ×Nt µ/T β ε θLIM # traj.

CL with spherical 56×14
0, 0.25, 0.5,

1, 2, 3, 4
0.9. . .1.8

(5, 2, 1)× 10−4,

10−5
10−5

1000. . .1600

coordinates 72×18 1 0.9. . .1.8 (5, 1)× 10−4 10−5

Table C.1: The set of parameters for the simulations with the complex Langevin algorithm

using spherical coordinates. In the Table, ε refers to the largest step size in the runs and

θLIM is the minimum distance between any ϑx and 0 (π). (See the text for the definition

of θLIM.) The θLIM dependence of the results was analyzed on 56×14 lattices at µ/T=1 by

using θLIM = 10−3, 10−5, 10−7, 10−8, 10−11. These are not listed in the table.
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Method Nx ×Nt µ/T β ε # traj.

32×8 0.25 0.9. . .1.8 (5, 2, 1)×10−4 4500. . .5500

40×10 0.25, 0.5, 1 0.9. . .1.8 (10, 5, 2, 1, 0.5)×10−4 3000. . .5000

56×14 0, 0.25, 0.5, 1, 2, 3, 4 0.9. . .1.8 (10, 5, 2, 1)×10−4 3000. . .5500

CL with 64×16 0.25, 0.5, 1, 2, 3, 4 1.1. . .1.8 (10, 5, 2, 1, 0.5)×10−4 2000. . .3500

group 72×18 0.25, 0.5, 1, 2, 3, 4 1.1. . .1.8 (10, 5, 2, 1)×10−4 2500. . .5500

integration 80×20 0.25, 0.5, 1, 2, 3, 4 1.1. . .1.8 (10, 5, 2, 1)×10−4 3000. . .5500

(exp. E-M) 120×30 0.5, 3 1.1. . .1.8 (1, 0.5, 0.2, 0.1)×10−4 1000. . .2000

200×50 0.5, 3 1.2. . .1.8
(1, 0.8, 0.5,

0.2, 0.1)×10−4
800. . .1200

Table C.2: The set of parameters for the simulations with the complex Langevin algorithm

using the group integration approach (exponentialized Euler-Maruyama method). In

the Table, ε refers to the largest step size during the trajectories.

Method Nx ×Nt µ/T ε b # traj.

CL with 40×10 0.25, 0.5, 1 (5, 2, 1, 0.5, 0.2)×10−4 0.01. . .0.06 2000. . .3000

direct

constraint
56×14

0, 0.25, 0.5, 1,

2, 3, 4
(5, 2, 1, 0.5)×10−4 0.015. . .0.05 1800. . .3000

(standard 64×16 0.25, 1, 2, 3 (1, 0.8, 0.5)×10−4 0.02. . .0.05 2000. . .3500

E-M method 72×18 1, 2, 3 (1, 0.8, 0.5)×10−4 0.018. . .0.038 1600. . .2500

with Dirac δ) 80×20 1, 2 (2, 1, 0.8, 0.5)×10−4 0.02. . .0.04 1600. . .2500

Table C.3: The set of parameters for the simulations with the complex Langevin algo-

rithm using the standard Euler–Maruyama discretization with directly including the

constraint by approximating the Dirac δ. ε refers to the largest step size during the tra-

jectories and b is the width of the Gaussian approximating the Dirac δ (see Section 4.2.3).

β values usually were between 0.9 . . . 1.8.
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