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Notations used in the thesis

General notations

• A,B, . . . are operators, φ, ϕ,Ψ are functions in Hilbert space H

• I: unit operator, O, P : projectors

• Sp(A): spectrum of operator A

• A,B, . . . are matrices, φ,ϕ,Ψ are vectors

• S: overlap matrix

Notations for the Hamiltonian eigenvalue problem

• H: Hamiltonian (operator) in infinite dimensional Hilbert space H

• E1 ≤ E2 . . . : eigenvalues of H

• Ψ1,Ψ2, . . . : eigenfunctions of H

• H: matrix representation of the Hamiltonian

• Ψ1,Ψ2, . . .ΨN : eigenvectors of H

Notations for the Davidson algorithm

• εm,φm: approximate eigeinvalue and eigenvector at the mth iteration step

• rm: residual vector

• {χ1, . . . ,χm}: basis vectors in the Davidson subspace
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• PD: projector to the Davidson subspace

Notations for PT

• H0: zeroth order Hamiltonian, V : perturbation operator

• E0
1 ≤ E0

2 ≤ . . . and Ψ0
1,Ψ0

2, . . . : eigenvalues and eigenfunctions of the zeroth order
Hamiltonian

• E(m)
i and Ψ(m)

i : PT correction of order m to the ith eigenvalue and eigenfunction

• E[m]
i and Ψ[m]

i : the total energy and eigenfunction at step m.

Notations for the lower bound

• for ε ∈ R and ϕ ∈ H, fbr(ε, ϕ) is the bracketing function

• G(ε) = (H − εI)−1: resolvent, inverse operator

• G0(ε) = (H0 − εI)−1: zeroth order resolvent

• for O = |ϕ〉〈ϕ| and P = I −O

• T (ε) = P (O + P (H − εI)P )−1P is the reduced resolvent

• T 0(ε) = P (O + P (H0 − εI)P )−1P is the zeroth order reduced resolvent
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Introduction

The main topic of my doctoral studies was approximating the FCI (full configuration
interaction) energy from below. The FCI method provides the numerically exact solution
to the eigenvalue problem of the time independent, nonrelativistic Hamiltonian operator
in a given basis set. The computational cost of the FCI method is proportional to the
factorial of the numbers of electrons. Because of that it can only be applied to small
systems. Common electron correlation methods either give upper bound to the FCI
energy or it is not known from which side they approximate. It is simple to obtain upper
bound: any expectation value gives upper bound to the ground state energy. Opposite to
this, currently there is no widely used computational method to calculate lower bound.
Chapter 3 presents a literature overview of lower bound methods of quantum chemistry.
Lower bounds are hardly ever computed in practice, since they are either too loose or
computationally too demanding compared to upper bounds. The prospect of lower bounds
is giving error bars to an approximate energy. This is the motivation behind the topic of
my thesis.

Our approach to lower bound approximations must fulfill the following requirements:

• Given an approximate reference function ϕ, the computational cost of the approx-
imate lower bound should be about the same as the cost of calculating the upper
bound 〈ϕ|H|ϕ〉.

• The error of the lower bound should be of the same magnitude as the error of the
upper bound 〈ϕ|H|ϕ〉, which is O(||δ||2), where δ is the deviation of the approximate
wavefunction ϕ from the exact wavefunction.

• In spite of the approximations, it should be a reliable lower bound.
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The structure of the thesis is as follows. Chapter 4 presents the basis of our approach
to approximating lower bound. Some of the basic results are published in article [1],
which was prepared prior to the doctoral studies. Practical methods for calculating lower
bounds are worked out in Chapters 5 and 7. Results of Chapter 5 were published in article
[2]. Chapter 7 contains unpublished results.

While working on the lower bound topic, an orthogonality problem appeared. Its
solution and application in multireference perturbation theory(MRPT) was published in
article [3] and discussed in Chapter 6. Though the problem was raised by studies on lower
bounds, we realised later that it can be circumvented in our lower bound approach.

For the better understanding most frequently used notations are given at the beginning
of the thesis. During my doctoral work I used several computational methods, both
standard and not common. In the appendix I give detailed explanation of the most
important techniques underlying my studies. The thesis is closed by an overview and
short Hungarian and English summaries.
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Literature overview on lower bounds

An excellent review article on the lower bound topic is from Reid[4], which was pub-
lished in a collection tributed to Löwdin in 1976. The first lower bounds applied in
quantum chemistry are from the end of twenties and from the thirties. The renaissance
of the topic started in the sixties when Bazley and Fox presented their method of in-
termediate Hamiltonians[5, 6] and Löwdin suggested the bracketing function[7]. There
was a flood of articles in the second half of sixties and seventies with modifications and
combinations of the standard methods and with applications on simple systems. Since
then interest in lower bounds has dropped. The reason is probably that – as we will see
– all the techniques for obtaining lower bound are hindered by considerable difficulties.

The first lower bound to operator eigenvalues was given by Temple in 1928[8]. It uses
the expectation value and variance of the Hamiltonian:

ET = µϕ −
σ2
ϕ

E2 − µϕ
< E1 if µϕ < E2, (3.1)

where σ2
ϕ is the variance and µϕ is the expectation value calculated by the reference

function ϕ:

µϕ = 〈ϕ|H|ϕ〉 σ2
ϕ = 〈ϕ| (H − µϕ)2 |ϕ〉 = 〈ϕ|H2|ϕ〉 − µ2

ϕ

Since the exact eigenvalue E2 is generally not known, it can be substituted by E ′2[9, 10]
if µϕ < E ′2 ≤ E2, resulting

E ′T = µϕ −
σ2
ϕ

E ′2 − µϕ
< ET < E1. (3.2)

By minimisation of the variance Kleindienst and Müller provided a tightening series of
Temple’s lower bounds[11, 12, 13]. Cohen and Feldmann gave a generalisation of Temple’s
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lower bound relying on a set of approximate eigenfunctions {ϕ1, . . . ϕN} and the energies
of the excited states[14]:

ECF = µϕ1 −
σ2
ϕ1

E2 − µϕ1

N−1∏
i=1

µϕi
− µϕ1

Ei+1 − µϕi

< E1 if Ei < µϕi
< Ei+1

Neither the original Temple bound, nor its generalisation are practical as they require
either the exact values of the energies of the excited states or tight lower bounds to these
energies.

Another lower bound expressed with the first and second moments is due toWeinstein[15]:

EW = µϕ − σϕ ≤ E1 (3.3)

Weinstein did not prove rigorously, that his formula provides lower bound and Romberg
actually gave a counterexample[16]. Finally Stevenson solved the problem by proving,
that Weinsten’s formula gives lower bound if condition µϕ ≤ 1

2(E1 + E2) is fulfilled.
Stevenson also generalised[17, 18] Weinstein’s (and Temple’s) lower bound:

ES = α−
√

(α− µϕ)2 + σ2
ϕ < E1 if E1 < α ≤ 1

2(E1 + E2) (3.4)

Stevenson’s formula gives Weinstein’s formula if α = µϕ and Temple’s lower bound in the
case of choice α = 1

2(ES + E2).
Numerical experience showed, that Weinstein’s lower bound is much looser than

Stevenson’s and Temple’s, see for example a comparison by Delves in [19]. Delves also
showed that the ratio of error of Stevenson’s and Temple’s lower bound is one in the limit
of exact trial function.

A family of lower bound methods is based on operator inequalities. An ordering among
operators is introduced by definition

A,B ∈ H A < B ⇐⇒ ∀ϕ ∈ H 〈ϕ|A|ϕ〉 < 〈ϕ|B|ϕ〉.

Let us denote the eigenvalues of operators A and B as {a1 ≤ a2 ≤ . . . aN} and {b1 ≤ b2 ≤
. . . bN}. From A < B follows, that the eigenvalues of A are smaller in the same order as
the eigenvalues of B, i.e. ai ≤ bi for every i[7, 20]. The reverse statement does not hold
generally, except for the case of inequality 0 < A. If an operator is positive definite, then
all its egienvalues are positive and vice versa. A simple application of operator inequality
for obtaining bounds to the eigenvalues of the quartic anharmonic oscillator is presented
in Ref. [21].

The method of intermediate operators has wide literature in applied mathematics. A
general overview can be found in the book of Weinstein and Strenger[22]. In quantum
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chemistry it was applied by Bazley and Fox[5, 6]. The starting point is the perturbative
partitioning of the Hamiltonian:

H = H0 + V, V > 0. (3.5)

Because of the positivity of V , H0 < H. Between H and H0 a series of intermediate
Hamiltonians are created:

H0 ≤ Hk ≤ Hk+1 ≤ H.

Intermediate operators are constructed by the method of inner projection. The inner
projection of operator A reads as:

AIP = A
1
2OA

1
2 , A > 0 (3.6)

where O is projector. The square root of operator A is defined through spectral resolution,
and this is the reason why A must be positive. Note that Eq. (3.6) is not a projection
to the subspace of projector O, as operator AIP 6= OAIP. The choice of projector O
determines how difficult it is to obtain AIP. One practical choice to avoid calculating the
square root of A is vectors

|ψi〉 = A−1/2|φi〉, i = 1, . . . ,m.

The projector Om is built with the use of m vectors as

Om =
m∑

i,j=1
|ψi〉(S)−1

ij 〈ψj|,

where S is the overlap matrix of the set {ψi}. The overlap matrix is expressed with the
inverse of operator A:

Sij = 〈ψi|ψj〉 = 〈φi|A−1|φj〉.

In the intermediate Hamiltonian Hm, the inner projection of the positive operator V is
constructed by m basis functions. With this choice the intermediate Hamiltonian takes
the following form:

Hm = H0 + V 1/2OmV 1/2 = H0 +
m∑

i,j=1
|Ψ0

i 〉(S)−1
ij 〈Ψ0

j ,

where projector Om was built by the zeroth order wavefunctions.
The other possible choice, which helps to avoid calculation of the square root is

|ψi〉 = A1/2|φi〉, i = 1, . . . ,m.
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In this case the overlap matrix is

Sij = 〈φi|A|φj〉.

By using the second choice the intermediate Hamiltonian is

Hm = H0 + V
m∑

i,j=1
|Ψ0

i 〉(S)−1
ij 〈Ψ0

j |V.

To guarantee the positivity of an operator is usually a problem. Typically V is chosen
to be the Coulomb interaction between the electrons. In the case of the He atom, simply
V = 1

r12
. Instead of this, Wilson choose V = c

r12
and optimised the resulting lower bound

by the parameter c[23]. Hill presented a combination of the inner projection method and
Temple’s lower bound[24]. He used Eq. (3.2), in which the lower bound for the energy of
the excited state, E ′2 is obtained by the intermediate Hamiltonian approach. He also gave
an algorithm to variationally improve the original and the enhanced Temple bound. The
method of intermediate Hamiltonians was applied to calculate both ground- and excited
state energies of simple systems[25], polarisabilities[26, 27] and London-coefficients[27]
and most recently photonic band gaps[28].

Löwdin constructed the so-called bracketing function

fbr(ε) = 〈ϕ|H −HTH|ϕ〉

which has the property that each argument and function value pairs brackets at least one
eigenvalue. In the formula

T = P

H − ε
and P = I − |ϕ〉〈ϕ|.

The bracketing function can be used to provide error bars not only to the ground state
energy, but also to excitation energies. An advantage of the bracketing function is, that
it can provide tighter energy approximation than the expectation value, as demonstrated
in Fig 3.1. A variation principle applies for the bracketing function[1], i.e. the bracketing
function is stationary with respect to small variations of the reference, if and only if ϕ
is an exact eigenfunction of H. In view of this, the inverse method of Scrinzi[29] can be
regarded a variation technique for the bracketing function, with a specific choice made for
the reference function ϕ.

Applying the bracketing function is demanding, because of the inversion in the formula.
The technique of inner projection can be used to approximate the bracketing function.
Starting point is again the partitioning of the Hamiltonian, which allows to write fbr(ε, ϕ)
as

fbr(ε) = 〈ϕ|H0|ϕ〉+ 〈ϕ|V − V T (ε)V |ϕ〉 = 〈ϕ|H0|ϕ〉+ 〈ϕ|t|ϕ〉,
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Figure 3.1: The lower bound by bracketing function and the expectation value is calculated
using a series of functions getting gradually closer to the exact solution. In the small
picture, the absolute value of the error of the energy is plotted on logarithmic scale. (H2O

in STO-3G basis, d(H −O) = 1Å, starting vector for the iteration: APSG wavefunction,
ε = EAPSG)

provided, that

H(0)|ϕ〉 = E(0)|ϕ〉.

Inner projection has been applied to the so-called reaction operator t[30, 31, 7, 32]. This
estimation ensures strict lower bound at the cost of the further condition that t is posi-
tive. Lower bounds based on inner projection have been studied extensively, using model
systems for which positivity of t can be easily ensured[33, 34]. This combined method
was applied to quartic, sextic and octic anharmonic oscillators [35, 36, 37] and ground
and excited states of He and Li+[38, 39, 40]. Most recently Löwdin’s bracketing function
was applied in Coupled Cluster theory[41].

Coulson and Haskins investigated the ratio of the error of some classical lower bounds
and the error of the expectation value in the limit of an accurate trial function[42]. They
showed that in the case of Weinstein’s lower bound, this ratio tends to infinity, which
is not surprising as Weinstein’s bound has linear dependence on the accuracy of trial
function, while the expectation value has quadratic dependence. In the case of Temple’s
and Stevenson’s lower bound the ratio goes to the same finite value (as follows from the
result of Delves) and moreover this value is usually much larger then one. They also
showed that in the same basis set, lower bounds obtained by intermediate Hamiltonians
outperform Temple’s and Stevenson’s lower bound.

9



Padé approximants[43] were also applied to obtain lower bound. Iyengar et al[44]
applied Padé approximants to provide rigorous error bound to the MP2 correlation energy.
Turchetti[45, 46] approximated Löwdin’s bracketing function and generally the effective
Hamiltonian obtained by Löwdin’s partitioning method. The disadvantage of his method,
is that it implies positive perturbation.

Lower bound can also be obtained via reduced density matrices. This approach was
also initiated by Löwdin[47, 48]. It is based on the fact that the eigenvalues of the so
called two-electron reduced Hamiltonian

K = N

2 (h1 + h2) +
(
N

2

)
H12,

give lower bound to the exact electronic energies. In the equation above hi is the one-
electron part of the Hamiltonian for the ith electron and Hij is the two-electron part of
the Hamiltonian for the ith and jth electron. To approximate the energy the

E2DM =
∫

[KΓ(x1x2|x′1x′2)]x1=x′
1,x2=x′

2
dx1dx2∫

Γ(x1x2|x1x2)dx1dx2
< E

integral is calculated, which is also a lower bound. Löwdin in 1970 achieved only loose
lower bound, but recently Mazziotti provided more accurate results applyingN -representability
conditions[48, 49].

Recent results on the subject of lower bounds are from Marmorino. He generalised
Temple’s lower bound[50, 51], merged the Temple and Bazley lower bounds[52] and mod-
ified Bazley’s lower bound using different basis vectors[53].

Weinstein’s lower bound can be also found in linear algebra literature[54] together
with several other lower bounds for matrix eigenvalues. However none of them serve
the need of a quantum chemist. The classical theorem of Gershgorin[55] provides loose
lower bound. Nicholson gave lower bound to the eigenvalues of AB +BA type matrices,
where A and B are positive definite matrices[56]. Weyl’s theorem[57] gives lower bound
to the eigenvalues of the sum of operators A and B at the price of solving the eigenvalue
problems of both operators.
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4

Theoretical background

In this chapter the properties of Löwdin’s bracketing function is discussed in details.
In section 4.1 the classical results of Löwdin are presented. Section 4.2 is about the
variational property of the bracketing function. In section 4.3. an Eckart-like inequality
is derived for the bracketing function. Both theoretical results were published in article
[1]. In section 4.4 we present a derivation of PT corrections based on the bracketing
function. These derivations follow the book of Mayer[58]. And finally in section 4.5 the
connection of the bracketing function with the optimised partitioning method and with
the CEPA0 method is shown.

4.1 Löwdin’s bracketing function

The bracketing function depends on a scalar and on a normalised function:

fbr : R\Sp(PHP )×H→ R fbr(ε, ϕ) = 〈ϕ|H −HT (ε)H|ϕ〉, where (4.1)

T (ε) = P (O + P (H − εI)P )−1P, O = |ϕ〉〈ϕ|, P = I −O and ||ϕ|| = 1

OperatorsO and P are projectors. O projects to the one dimensional subspace spanned
by ϕ. Projector P projects to the complement subspace. Operator T is the so-called
reduced resolvent. The reduced resolvent contains the inverse of operator (H − εI) on
the subspace perpendicular to ϕ. This is the reason why the spectrum of the projected
operator PHP is not in the domain of the bracketing function.

With a fixed ϕ, the scalar function ε→ fbr(ε, ϕ) has the following properties[7]:

1. it has simple poles at the eigenvalues of PHP ;

2. it is monotonically decreasing in each sector (defined by successive eigenvalues of
PHP);
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3. all fixpoints are eigenvalues of the Hamiltonian, i.e. if fbr(ε, ϕ) = ε, then ε is an
eigenvalue of the Hamiltonian.

The first property is the consequence of the reduced resolvent operator appearing in the
formula. The poles of the bracketing function define sectors. It follows from MacDonald’s
theorem[59] that there is strictly one eigenvalue of H in each sector. The second property
follows from the negativity of the derivative of the bracketing function (except at the
eigenvalues of PHP , where the function is not defined):

∂fbr(ε, ϕ)
∂ε

= −〈ϕ|HT (ε)2H|ϕ〉 = −||T (ε)Hϕ||2 < 0. (4.2)

To prove the third property, let us start with the following identity:

P (H − εI)|φ〉 = PH|ϕ〉,

where a new function,

|φ〉 = T (ε)H|ϕ〉

was introduced. Now expressing P by ϕ and using the definition of φ we get:

(I − |ϕ〉〈ϕ|) (H − εI)|φ〉 = (I − |ϕ〉〈ϕ|)H|ϕ〉.

After rearrangement fbr can be recognised in the expression:

|ϕ〉 〈ϕ|H|ϕ− φ〉︸ ︷︷ ︸
fbr(ε,ϕ)

= (H − εI)|ϕ− φ〉+ ε|ϕ〉.

Further rearrangement leads to

(fbr(ε, ϕ)− ε)|ϕ〉 = (H − εI)|ϕ− φ〉. (4.3)

The third property follows from this last equation: provided that H|ϕ〉 = ε|ϕ〉 the right
hand side of Eq. (4.3) is zero, hence fbr(ε, ϕ) = ε.

As a consequence of the above properties, considering ε an upper bound to Ei in a
given sector, fbr(ε, ϕ) is a lower bound to Ei, and vice versa, justifying the terminology.
The bracketing property of fbr is illustrated in Fig.4.1.

There exists an alternative form of fbr[7], given by the formula:

fbr(ε, ϕ) =


ε+ 〈ϕ|(H − εI)−1|ϕ〉−1 = ε+ 〈ϕ|G|ϕ〉−1, if ε /∈ Sp(H)

ε, if ε ∈ Sp(H)
(4.4)
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eigenvalues of H

g(ε)=ε

f br
(ε

)

ε

(a) The bracketing function

fbr(εub)

E
εub

f br
(ε

)

ε

(b) Illustration of the bracketing property

Figure 4.1: Fig. (a) shows the structure of the bracketing function. The function has
singularities, and between the singularities it is monotonically decreasing. The fix points
of the function are eigenvalues of the Hamiltonian. In Fig. (b) the neighborhood of one
fix point is selected. An εub upper bound is chosen. Upper bound εub, bracketing function
value fbr(εub, ϕ) and the exact eigenvalue are shown by colourful lines and also by grid
lines. As the function is monotonically decreasing, fbr(εub, ϕ) must be lower bound to the
eigenvalue E.
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It can be easily deduced using equation (4.3) and multiplying by the inverse of (H − εI):

(fbr(ε, ϕ)− ε)(H − εI)−1|ϕ〉 = |ϕ− φ〉.

Let us multiply the latter equation by 〈ϕ|:

(fbr(ε, ϕ)− ε)〈ϕ|(H − εI)−1|ϕ〉 = 1.

By expressing fbr(ε, ϕ), we arrive at Eq. (4.4).
The pole structure of fbr is not obvious to see based on form (4.4). On one hand,

appearance of the inverse operator G may give the impression that discontinuities would
appear at the eigenvalues of H, i.e. at ε = Ei. To see that this is not the case, one may
expand ϕ in terms of the exact eigenstates of H, denoted by Ψi. Provided that 〈Ψi|ϕ〉 6= 0,
the limit of 〈ϕ|G|ϕ〉 in equation (4.4) is zero, giving fbr(ε, ϕ) → Ei as ε → Ei. On the
other hand, fbr having poles at the eigenvalues of PHP is not apparent from (4.4). To
make it obvious, the expectation value of the inverse operator G can be expressed with
the determinant of its matrix representation H and a minor to give

〈ϕ|G|ϕ〉−1 = det(H− εI)
det(PHP− εP) ,

with I being the unit matrix and P the matrix representation of projector P . The ex-
pression above shows clearly the zero denominator at the eigenvalues of PHP.

4.2 Variational principle for the bracketing function

The tightness of the lower bound acquired using the bracketing function depends not
only on the choice of ε, but also on the choice of ϕ. A variational principle applies for
the bracketing function, which ensures that as ϕ goes to an exact eigenvector, the lower
bound goes to the corresponding eigenvalue (provided that ε is in the appropriate sector).
In formulae:

δϕfbr(ε, ϕ) = 0 ⇐⇒ H|ϕ〉 = E|ϕ〉, (4.5)

with E = fbr(ε, ϕ).
To prove the statement, let us formulate a Lagrangian by adding to fbr(ε, ϕ) the

normalization condition, supplied with multiplier λ:

L(ϕ) = ε+ 〈ϕ|G|ϕ〉−1 − λ (1− 〈ϕ|ϕ〉) .
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Performing the variation one obtains

δL(ϕ) = 〈ϕ|G|ϕ〉−2〈δϕ|G|ϕ〉+ λ〈δϕ|ϕ〉+ c.c. .

Since δϕ is arbitrary, the condition δL = 0 leads to

G|ϕ〉〈ϕ|G|ϕ〉−2 = λ|ϕ〉 (4.6)

the eigenvalue equation of G, with λ〈ϕ|G|ϕ〉2 being the eigenvalue. Multiplying (4.6) by
ϕ from the left and integrating, the multiplier is found to be

λ = 〈ϕ|G|ϕ〉−1,

yielding 〈ϕ|G|ϕ〉 for the eigenvalue. Substituting λ in (4.6), the equation can be written
as

G|ϕ〉〈ϕ|G|ϕ〉−1 = |ϕ〉 .

Multiplying the above by G−1 gives

|ϕ〉〈ϕ|G|ϕ〉−1 = (H − εI)|ϕ〉,

which can be rearranged to

E|ϕ〉 = H|ϕ〉

with

E = ε+ 〈ϕ|G|ϕ〉−1, (4.7)

which is fbr(ε, ϕ) as given by Eq. 4.4.
It is interesting to observe, that variation of the bracketing function leads to the

eigenvalue equation of G which is obviously equivalent to the eigenvalue equation of H.
Once ϕ is an exact eigenfunction, ε drops from expression (4.4) of fbr(ε, ϕ). Inspection
of (4.1) also shows that as ϕ tends to an exact eigenfunction, fbr(ε, ϕ) gradually becomes
the constant function 〈ϕ|H|ϕ〉, with only one profitable intersection with the identity
function. This is demonstrated on Fig. 4.2, which shows that the curve of the bracketing
function flattens out as the trial function ϕ gets closer to the exact solution.

The variational principle, together with the bracketing property of fbr offers a way to
search an eigenfunction of H by setting fbr stationary with respect to ϕ. The approach is
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analogous to upper bound (c.f. Rayleigh-quotient) based variational methods. At differ-
ence with upper bound minimization, here appears a scalar ε which can be used for root
control. Setting δfbr(ε, ϕ) = 0 is expected to result that eigenfunction, which corresponds
to the eigenvalue lying in the same sector as ε. In general, ε may estimate the eigenvalue
in its own sector from above or from below. The stationary condition for fbr(ε, ϕ) implies
lower bound maximization in the former case and upper bound minimization in the latter.

-1.15

-1.1

-1.05

-1

-0.95

-0.9

-0.85

-0.8

-0.75

-1.5 -1 -0.5  0  0.5

f(ε
) /

E h

ε /Eh

1st iteration
2nd iteration
3rd iteration

Figure 4.2: The bracketing function calculated with three functions getting gradually closer
to the exact solution, i.e. ||φ1 − Ψ|| > ||φ2 − Ψ|| > ||φ3 − Ψ||. (H2 in 6-31G basis,
d(H −H) = 2.5Å, φ1: RHF determinant)

4.3 An Eckart-like inequality for the bracketing func-
tion

As the expectation value calculated by a reference function ϕ approaches the exact
ground state energy E1, the reference function ϕ also approaches the exact ground state
wavefunction Ψ1. This is ensured by the Eckart-inequality[58] which states that the
overlap of a reference function φ with the exact ground state state wavefunction Ψ1,

S = 〈ϕ|Ψ1〉

can be estimated from below using the expectation value and the first two eigenvalues:

|S|2 ≥ E2 − 〈ϕ|H|ϕ〉
E2 − E1

.
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According to the inequality, as 〈ϕ|H|ϕ〉 → E1, then |S| → 1, which is only possible, if φ
is exact.

An Eckart-like inequality holds for the bracketing function:

|S|2 ≥ (E1 − ε)(E2 − fbr(ε, ϕ))
(fbr(ε, ϕ)− ε)(E2 − E1) . (4.8)

Similarly to the original Eckart inequality, as fbr(ε, ϕ)→ E1, the overlap tends to one.
To prove this inequality, first consider ϕ as linear combination of the exact eigenfunc-

tions:

ϕ =
∑
i=1

ciΨi = SΨ1 +
∑
i>1

ciΨi.

The bracketing function can be expressed with the newly introduced coefficients:

fbr(ε, ϕ) = ε+
(
|S|2 1

E1 − ε
+
∑
i>1

c2
i

1
Ei − ε

)−1

.

In order to approximate the ground state energy using the bracketing function, ε must
be in the first sector, which means that

ε < EPHP
1 ,

where EPHP
1 is the first eigenvalue of the projected Hamiltonian PHP . With this choice

of ε the
1

Ei − ε
<

1
E2 − ε

, for i > 2

inequality holds. From this inequality follows, that the bracketing function can be ap-
proximated from below as

fbr(ε, ϕ) ≥ ε+
(
|S|2 1

E1 − ε
+
(∑
i>1

c2
i

)
1

E2 − ε

)−1

= ε+
(
|S|2 1

E1 − ε
+
(
1− |S|2

) 1
E2 − ε

)−1
.

After rearranging we arrive to the inequality

fbr(ε, ϕ)− ε ≥
(
|S|2 1

E1 − ε
+
(
1− |S|2

) 1
E2 − ε

)−1
.

Now let us consider the signs. In the case ε < E1, the bracketing function gives and upper
bound to E1 and both sides are positive. In the case E1 < ε < EPHP

1 , the bracketing
function is a lower bound and the left side is negative. Both cases allow therefore to write

(fbr(ε, ϕ)− ε)−1 ≤ |S|2 1
E1 − ε

+
(
1− |S|2

) 1
E2 − ε

.

Simplification of the above result leads to the inequality (4.8).
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4.4 Deriving PT energy formulas from the bracketing
function

The bracketing function provides an alternative derivation of PT formulas. In the
case of Rayleigh–Schrödinger PT[60, 61] method the Hamiltonian is partitioned in the
following way:

H = H0 + λV, where

λ ∈ R is the perturbation parameter. The eigenvalue and eigenvector are considered as
the power series expansion of λ:

Ψi = Ψ(0)
i +

∞∑
k=1

λkΨ(k)
i

Ei = E
(0)
i +

∞∑
k=1

λkE
(k)
i (4.9)

At the end λ is set to 1. Generally the PT formulas for the energy and eigenvector
corrections are derived using the eigenvalue equation. However they can as well be derived
using the bracketing function, because the power series expansion -if exists - is unique.
The exact ith eigenvalue expressed by the bracketing function is:

Ei = 〈Ψ(0)
i |H −HT (Ei)H|Ψ(0)

i 〉, if 〈Ψ(0)
i |Ψi〉 6= 0,

where Ψ(0)
i is the eigenvector ofH0 and T (Ei) is the reduced resolvent at the ith eigenvalue:

O = |Ψ(0)
i 〉〈Ψ

(0)
i | P = I −O T (Ei) = P (O + P (H − Ei)P )−1P.

Using the partitioning above and utilising that T (Ei)Ψ(0)
i = 0, the energy is the following:

Ei = E
(0)
i + λ〈Ψ(0)

i |V |Ψ
(0)
i 〉 − λ2〈Ψ(0)

i |V T (Ei)V |Ψ(0)
i 〉. (4.10)

Let us introduce the partitioning in (H − Ei) as

H − Ei = (H0 − E(0)
i ) + (λV −∆E), where ∆E =

∞∑
k=1

λkE
(k)
i .

To arrive at the power series of the reduced resolvent, introduce the T 0 zeroth order
reduced resolvent:

T 0(E(0)
i ) = P (O + P (H0 − E(0)

i )P )−1P.
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With the above, the full resolvent takes the form

T (Ei) = T 0(E(0)
i )

∞∑
k=0

(−1)k
(
(λV −∆E)T 0(E(0)

i )
)k

(4.11)

Now let us substitute Eq. (4.11) into Eq. (4.10) to get:

Ei = E
(0)
i + λ〈Ψ(0)

i |V |Ψ
(0)
i 〉 − λ2〈Ψ(0)

i |V T 0(E(0)
i )V |Ψ(0)

i 〉

− λ2〈Ψ(0)
i |V T 0(E(0)

i )
∞∑
k=1

(−1)k
(
(λV −∆E)T 0(E(0)

i )
)k
V |Ψ(0)

i 〉

By grouping the terms according to the powers of λ, the energy correction can be recog-
nised:

Ei =E(0)
i

+λ 〈Ψ(0)
i |V |Ψ

(0)
i 〉︸ ︷︷ ︸

E
(1)
i

+λ2
(
−〈Ψ(0)

i |V T 0(E(0)
i )V |Ψ(0)

i 〉
)

︸ ︷︷ ︸
E

(2)
i

+λ3
(
〈Ψ(0)

i |V T 0(E(0)
i )V T 0(E(0)

i )V |Ψ(0)
i 〉 − E

(1)
i 〈Ψ

(0)
i |V

(
T 0(E(0)

i )
)2
V |Ψ(0)

i 〉
)

︸ ︷︷ ︸
E

(3)
i

...

The Brillouin–Wigner PT energy formulas can also be derived from the bracketing
function. Now let us partition the Hamiltonian without the λ parameter:

H = H0 + V

The exact energy in the formula of bracketing function is kept and the resolvent is written
in the following way:

T (Ei) = T 0(Ei)− T 0(Ei)V T 0(Ei) + · · · = T 0(Ei)
∞∑
k=0

(−1)k
(
V T 0(Ei)

)k
Substituting this power series expansion into (4.10), the exact energy takes the form:

Ei = E
(0)
i + 〈Ψ(0)

i |V
∞∑
k=0

(−1)k
(
T 0(Ei)V

)k
|Ψ(0)

i 〉.

Truncating the formula and solving it for the energy iteratively leads to the Brillouin–
Wigner PT energies. For example the iterative equation for the second order energy
is:

E
(2)
i = E

(0)
i + 〈Ψ(0)

i |V |Ψ
(0)
i 〉 − 〈Ψ

(0)
i |V T 0(E(2)

i )V |Ψ(0)
i 〉
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4.5 Relation of the bracketing function with the op-
timised partitioning technique

The technique of optimised partitioning[62, 63] from Surján and Szabados is closely
related to the bracketing function.

A given partition,

H = H0 + V, H0Ψ(0)
i = E

(0)
i Ψ(0)

i

can be tuned by level shift operators to achieve more accurate PT energies. The modified
partitioning can be written as:

H =
(
H0 +

N∑
i=2

λi|Ψ(0)
i 〉〈Ψ

(0)
i |
)

+
(
V −

N∑
i=2

λi|Ψ(0)
i 〉〈Ψ

(0)
i |
)

= H0′ + V ′.

The level shift operator only modifies the energy denominator in the PT formulas, the
zeroth order ground state remains intact.

To obtain level shifts of the optimised partition, the expectation value calculated with
a trial function is minimised. A possible choice of the trial function is the wavefunction
correct up to the first order, Ψ[1]

1 . The expectation value calculated with Ψ[1]
1 can be

written as

〈Ψ[1]
1 |H|Ψ

[1]
1 〉

〈Ψ[1]
1 |Ψ

[1]
1 〉

= E
(0)′
1 + E

(1)′
1 + E

(2)′
1 + E

(3)′
1 + O(4). (4.12)

By minimising the Rayleigh-quotient in Eq. (4.12) only those level-shift parameters can
be obtained for which

〈Ψ(0)
i |H|Ψ

(0)
1 〉 6= 0, (4.13)

since the wavefunction involves only these states

|Ψ[1]
1 〉 = |Ψ(0)

1 〉 −
∑
k 6=1

Vk1

E0
k − E0

1 + λk
|Ψ(0)

k 〉.

The subspace of vectors Ψ(0)
i conforming Eq. (4.13) is denoted by B, projection of opera-

tors to subspace B is denoted by the subscript B. After neglecting the fourth and higher
order terms and utilising that

E
(0)′
1 + E

(1)′
1 = 〈Ψ(0)

1 |H|Ψ
(0)
1 〉
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does not depend on the partitioning, the level shift parameters are determined from the
stationary condition

∂λi
(E(2)′

1 + E
(3)′
1 ) = 0.

As a result, the third order PT energy correction becomes zero and the second order
correction with optimised partition reads as

E
(2)′
1 =

∞∑
i=0

(−1)i〈Ψ(0)|V (T 0
BV )i|Ψ(0)〉,

where T 0
B is the zeroth order reduced resolvent in subspace B. The energy E[2]′

1 resembles
the bracketing function, calculated with Ψ(0)

1 as trial function.

E
[2]′
1 = 〈Ψ(0)

1 |H|Ψ
(0)
1 〉+

∞∑
i=0

(−1)i〈Ψ(0)
1 |V (T 0

BV )i|Ψ(0)
1 〉

= 〈Ψ(0)
1 |H|Ψ

(0)
1 〉+ 〈Ψ(0)

1 |V − V TBV |Ψ
(0)
1 〉 = fbr,B(E(0)

1 ,Ψ(0)
1 ),

(4.14)

where TB is the reduced resolvent in subspace B. Eq. (4.14) can be interpreted as an
approximation to the bracketing function where operator T is projected into subspace B.
If Ψ(0) is the Hartree–Fock wavefunction, then the second order PT energy with optimised
partitioning is nothing else than the CEPA0 energy. Since the concept of level shift
optimisation is not tied to the Hartree–Fock reference, it is applicable for formulating a
multireference extension of CEPA0[64]. The MR-CEPA0 energy may not be lower bound,
because the approximate bracketing function fbr,B has fixpoints at the eigenvalues of the
Hamiltonian in the subspace B ∪ {Ψ(0)

1 }. The MR-CEPA0 energy is lower bound to the
lowest eigenvalue in this subspace, which is an upper bound to E1.
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5

Calculating lower bound to the FCI
energy

The first step in a quantum chemical calculation is to choose a basis. It provides
a finite dimensional subspace, i.e. the configuration space. The exact energy in this
subspace is the FCI energy, which is an upper bound to the exact operator eigenvalue.
In the bracketing function, the operator inverse needs to be treated approximately. By
using Bazley’s inner projection method, it is possible to approximate the inverse operator
itself, but according to our previews experience this method leads to loose lower bound.
In our approach the approximation to the inverse is introduced considering the inverse
of the matrix representation of the Hamiltonian in the full but incomplete configuration
space. Any consideration on lower bounds in the incomplete space necessarily means an
approximation to an upper bound of the exact operator eigenvalue. For this reason lower
bound property to the exact eigenvalue can not be granted. After accepting this, our goal
was to provide error bars to the FCI energy based on a trial function.

5.1 Approximation of the bracketing function

Let us assume that a trial function φ is given, expanded on a set of basis vectors
{e1, e2, . . . , eN} with N being the dimension of the FCI space. Our approach to ap-
proximate the bracketing function was to write the inverse in formula (4.4) as a power
series and then truncate it. The truncation may lead to the violation of the lower bound
property, as we will see in the numerical results.

First let us partition the Hamiltonian matrix. With the usual notations:

H = H0 + V (5.1)
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Note that bold fonts are used to stress the matrix formalism. The partitioning enables to
write the inverse matrix G in the following form:

G = (H− εI)−1 = G0
∞∑
i=0

(−1)i(VG0)i, where (5.2)

G0 = (H0 − εI)−1.

This expansion leads to Brillouin type energy formulas[65]. A sufficient condition for
the convergence of the series is ||G0V|| < 1. This implies that the closer H0 is to the
Hamiltonian matrix, the better approximation can be achieved by truncating the series.
On the other hand G0 must be easy to invert.

5.1.1 Choosing the partition

Simplest choice is the Epstein–Nesbet partitioning, which means that H0 is the diag-
onal of the Hamiltonian matrix. Unfortunately this choice leads to loose and unreliable
lower bound.

Another straightforward idea is to choose a blockdiagonal H0. A special blockdiagonal
choice is, if H0 contains only one block and otherwise it is diagonal as illustrated in Fig.
5.1. As we saw in Chapter 4, this choice leads to the formulas of the optimised partitioning
technique[62, 63], which provides linearised coupled cluster energy at order 2.

Figure 5.1: A block diagonal choice of H0. The colouring denotes the selected elements.

Instead of the above, our choice is to include one row and one column of the Hamil-
tonian matrix beside the diagonals, as it is shown in Fig. 5.2.

In the thesis such a matrix will be called ”arrow shaped” zeroth order matrix. This
choice is not completely unknown in quantum chemistry [66], but barely used. The
motivation behind H0 in Fig. 5.2 is, that it includes all interaction between excited states
and the reference via the Hamiltonian.
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Figure 5.2: Arrow shaped H0. The colouring denotes the selected elements.

There is a possibility to enhance the ”arrow shaped” zeroth order matrix without signif-
icant increase in computional cost. During the FCI iteration the effect of the Hamiltonian
is known on a subspace. It is straightforward to consider a zeroth order Hamiltonian,
which contains the entire block of the Hamiltonian matrix calculated on this subspace
instead of a single row and column. This choice is called ”thick arrow shaped” zerow
order Hamiltonian and is illustrated in Fig. 5.3.

Figure 5.3: Thick arrow shaped H0. The colouring denotes the selected elements.

In this chapter only the arrow shaped zeroth order Hamiltonian is considered. Approx-
imating the bracketing function using the thick arrow shaped zeroth order Hamiltonian
is the subject of Chapter 7.

5.2 Derivation of the working formulae

The nonzero column and row of the arrow shaped Hamiltonian matrix is calculated by
reference vector φ. An advantage of this choice of zeroth order matrix is, that Hφ = H0φ

is fulfilled once φ becomes the exact eigenvector. This reasoning implies, that the matrix
representation in Fig. 5.2 corresponds to a basis in the FCI space of which vector φ
constitutes the first element.
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Vector φ becoming an element of the basis represents a technical problem since to-
gether with the original basis vectors ({e1, e2, . . . eN}) they form a redundant, overlapping
vector set. To resolve this problem, the orthogonal complement of φ in the FCI space
must be represented. Of the various possible solutions we are considering the following
three options:

1. creating an orthonormal set

2. creating biorthogonal vector sets

3. skipping any choice of a new basis

Options 1. and 2. are equivalent and are illustrated on Fig. 5.4. Option 3. is slightly
different, as we will see.

The first step of option 1. and 2. is to throw out one of the original basis vectors,
practically the one which has the largest overlap with φ, let us denote the omitted vector
e1. The resulting overlapping, but non redundant vector set is {φ, e2, . . . , eN}. One way
to orthogonalise this vector set is to first Gram–Schmidt orthogonalise vectors ei to φ:

ei = ei −
(
φ†ei

)
φ = ei − ciφ, where ci = φ†ei

and then Löwdin-orthogonalise the new {e2, . . . , eN} set. This method is equivalent with
I. Mayer’s Jacobi rotations inspired orthogonalisation method[67, 68]. The advantage
of this orthogonalisation scheme is, that it treats vectors {ei} equivalently, while for
example the result of a Gram–Schmidt orthogonalisation depends on the order of the
vectors. Other advantage is, that the inverse square root of the overlap matrix –which is
needed for Löwdin orthogonalisation – is easy to express:

(
S−

1
2
)
ij

= δij +
cic
∗
j

|c1|(1 + |c1|)
, i, j > 1. (5.3)

An alternative option (No. 2.) is to provide a set biorthogonal to {ei}:

ei = ei −
c∗i
c∗1

e1.

Since the resulting vector sets have simple form, for the implementation of the approximate
bracketing function, we used this solution.

Yet another option (No. 3.) is to use projector matrices instead of basis transforma-
tion. In this representation the zeroth order Hamiltonian takes the following form:

H0 − ε = OHO− εO + OHP + PHO + H0
P, (5.4)
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orthogonal system: {φ, e⊥2, . . . , e⊥N}
biorthogonal systems:
{φ, e2, . . . , eN} and {φ, e2, . . . , eN}

Löwdin-orthogonalisation
or biorthogonalisation

{φ, e2, . . . , eN}

Gram–Schmidt-orthogonalisation
of the determinants to φm

{φ, e2, . . . , eN}

Leaving out one determinant

{φ, e1, . . . , eN}

Figure 5.4: Structure of the overlap matrix at the steps of the (bi)orthogonalisation algo-
rithms of options 1. and 2.

where O and P are projectors:

O = φφ† and P = I−O.

The last term H0
P is defined through it’s inverse:

H0
P
−1 = P (HD − ε)−1 P, (5.5)

where HD is the diagonal of the Hamiltonian in the original basis set. This method is
advantageous, as there is no need to select vector e1 to throw out. This can be a problem
if max(e†iφ) is not unique. Unfortunately this choice emerged only recently and has not
been implemented for the arrow shaped H0 yet.

As we apply option 2. of the above mentioned alternatives, we proceed to construct
matrix representations on the biorthogonal basis. First let us introduce some notations.
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Vectors on the {φ, e2, . . . , eN} basis are denoted by overline, vectors on the {φ, e2, . . . , eN}
basis are denoted by underline. Similarly, overline or underline is indices of matrix ele-
ments refer to the respective basis. Matrices on the biorthogonal basis are denoted by
tilde. For convenience let us introduce the coefficient matrices of the biorthogonal basis
sets expanded on {e1, . . . , eN}. The coefficient matrix of set {φ, e2, . . . , eN} reads

C ∈ RN×N ,
(
C
)
ij

=


e†iφ, if j = 1

e†iej, if j > 1
C =


c1 −c1c†2

c2 IN−1 − c2c†2

 , (5.6)

where IN−1 is the (N − 1)-dimensional unit matrix and c2 contains the coefficients of φ
except for the first element:

c2 =


c2
...
cN


The coefficient matrix of set {φ, e2, . . . , eN} is the following:

C ∈ RN×N , (C)ij =


e†iφ, if j = 1

e†iej, if j > 1
C =


c1 − 1

|c1|c
†
2

c2 IN−1

 . (5.7)

With matrices C and C the biorthogonal relation takes the concise form

CC = I.

The connection between representation of a vector on the biorthogonal basis and on the
original basis set can be given using the coefficient matrices:

ψ = Cψ, ψ = C†ψ (5.8)

The zeroth order matrix calculated in the biorthogonal basis has the following ele-
ments:

(
H̃0

)
ij

=


h1j if i = 1

hi1 if j = 1

hiiδij otherwise.

(5.9)
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The matrix elements can be expressed in terms of matrix vector products as:

h11 = φ†Hφ = ε

h1i =
(
φ†H

)
(ei − ciφ) = di − ciε,

where di and ci are the elements of vectors φ and Hφ represented in the original {e1, e2, . . . , eN}
set.

hi1 =
(
e†i −

ci
c1

e†1
)

(Hφ) = d∗i −
cid
∗
1

c1

hii =
(
e†i −

ci
c1

e†1
)

H (ei − ciφ) = hii −
ci
c1

(
e†1H

)
ei − dici + c2

i d1

c1
. (5.10)

Based on option 2. the matrix representation of H0 according to Fig. 5.2 is now
accomplished. We now proceed to construct the zeroth order resolvent matrix.

The inverse of the arrow shaped matrix can easily be written in closed form using the
block matrix inversion method [57]:A B

C D

 =
 (A−BD−1C)−1 − (A−BD−1C)−1 BD−1

−D−1C (A−BD−1C)−1 D−1 + D−1C (A−BD−1C)−1 BD−1

 (5.11)

Applying Eq. (5.11) to H̃0 − εI gives:

(
G̃0

)
ij

=



(
(h11 − ε)−

∑
k>1

|h1k
|2

h
kk
−ε

)−1
= 1

η
if i = 1 and j = 1

−
h1j

(h
jj
−ε)η if i = 1 and j > 1

−
h

i1
(h

ii
−ε)η if i > 1 and j = 1

− 1
h

ii
−εδij +

h1i
h

j1

(h
jj
−ε)(h

ii
−ε)η if i > 1 and j > 1

(5.12)

In the formula above the term

η = (h11 − ε)−
∑
k>1

|h1k|2

hkk − ε

was introduced. Note, that it has form of second order PT energy correction.
We will see that some matrix manipulations are simpler on the biorthogonal basis,

while for others, the original basis set is straightforward. For this reason the zeroth order
resolvent matrix is needed on the original basis too. To get G0, matrix G̃0 is transformed
by coefficient matrices according to:

G̃0 = C†G0C
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5.2.1 Levels of approximation to the bracketing function

Now we need to evaluate the bracketing function based on the expansion of Eq. (5.2).
The simplest approximation is obtained at the zeroth order, when G is approximated

by G0 only:

fbr(ε,φ) ≈ E
[0]
lb = ε+

(
G̃0

11

)−1
= ε+ η. (5.13)

Let us note, that if ε = h11, then η equals the Epstein–Nesbet second order energy
correction E(2)

EN. In this case E[0]
lb = E

[2]
EN.

To provide better approximation, the next term to calculate is
(
G̃0ṼG̃0

)
11
. The

matrix representation of V on the biorthogonal basis is not known and it can be avoided
by basis transformations and using Eq. (5.1):

V = (H− ε)− (H0 − ε)

(
G̃0ṼG̃0

)
11

= φ†G0VG0φ = φ†G0(H− ε)G0φ− φ†G0φ

= φ†G0HG0φ− εφ†G0G0φ− 1
η

(5.14)

It is exploited in Eq. (5.14) that (H0 − ε)G0 = I.
Calculating an expression means successive transformation of vectors by matrices and

finally taking a scalar product. To evaluate Eq. (5.14), the first ingredient is

G0φ = CC†G0CC†φ = CG̃0φ

Vector G̃0φ is simply the first column of G̃0. Transformation by C is needed because the
effect of H is available on vectors represented on the {e1, . . . , eN} basis. Therefore G0φ

is needed. Having HG0φ evaluated, terms of (G0VG0)11 are computed by taking scalar
products (G0φ)†(HG0φ) and (G0φ)†(G0φ). This is actually an approximation as G0 is
not self-adjoint.

The first order approximate lower bound is

E
[1]
lb = ε+

(
(G0 −G0VG0)11

)−1
. (5.15)

Proceeding to the second order of the bracketing function is possible without any
further transformation by V, based on the already calculated (VG0φ) vector:

(
G̃0ṼG̃0ṼG̃0

)
11

=
(
VG0φ

)†
G0

(
VG0φ

)
.
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To calculate this second order term, first VG0φ must be transformed to the biorthogonal
basis and then the effect of G̃0 can be calculated by Eq. (5.12). The second order
approximate lower bound reads:

E
[2]
lb = ε+

(
(G0 −G0VG0 + G0VG0VG0)11

)−1
. (5.16)

The algorithm of calculating the approximate lower bounds is presented on Fig. 5.5.

G̃0φ

G0φ – stored

VG0φ = HG0φ − φ – stored

ṼG̃0φ

G̃0ṼG̃0φ

G0VG0φ

(
G0φ

)†
VG0φ

(
VG0φ

)†
G0VG0φ

E
[0]
lb

E
[1]
lb

E
[2]
lb

basis transfromation

basis transfromation

basis transfromation

transformation by H

transformation by G̃0

scalar
product

scalar
product

Figure 5.5: The algorithm for calculating approximate lower bounds. – Without projection
to the Davidson subspace.

Of the matrix representation needed for computing the approximate lower bounds
G0ψ is less demanding than Hψ, ψ being an arbitrary vector. The reason behind is
the fact that the expression of

(
G̃0

)
ij

is factorised in indices i and j according to Eq.
(5.12). The same is not true for the matrix representation of H on any basis. Evaluating
a transformation by H is in fact the rate determining step of the computational procedure
we are applying. At the same time, it is possible, that the effect of H is already known
on some vectors, denoted by {χ1, . . . ,χm}. For this reason one further approximation to
(VG0φ) is investigated. In this approximation the effect of H was substituted for the
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effect of HPD, where

PD =
m∑
i=1
χiχ

†
i

is a projection operator to the subspace of vectors {χ1, . . . ,χm}. Taking any vector ψ,
transformation by HPD reads

HPDψ =
m∑
i=1

(Hχi)χ
†
iψ.

The projected first and second order approximate lower bounds are:

E
[1]
lb,P = ε+

(
(G0 −G0VPDG0)11

)−1
(5.17)

E
[2]
lb,P = ε+

(
(G0 −G0VPDG0 + G0PDVG0VPDG0)11

)−1
. (5.18)

The algorithm of calculating the projected approximate lower bounds is presented on
Fig. 5.6.

G̃0φ

G0φ – stored

VPDG0φ = HPDG0φ − φ – stored

ṼP̃DG̃0φ

G̃0ṼP̃DG̃0φ

G0VPDG0φ

(
G0φ

)†
VPDG0φ

(
VPDG0φ

)†
G0VPDG0φ

E
[0]
lb

E
[1]
lb,P

E
[2]
lb,P

basis transfromation

basis transfromation

basis transfromation

projection and transformation by H

transformation by G̃0

scalar
product

scalar
product

Figure 5.6: The algorithm for calculating approximate lower bounds. – With projection to
the Davidson subspace.
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5.3 The accuracy of the approximate lower bounds

In this section we will prove that the approximate lower bounds scale quadratically
with the error of the trial vector φ. In Ref. [2] we gave a proof using the biorthogonal
formalism, here a proof using the projector formalism is presented.

Let us write the trial vector as

φ = µ1Ψ1 + µχ

with Ψ†1χ = 0. Vectors Ψ1 and χ are supposed to be normalised, therefore µ2
1 + µ2 = 1.

Vector Ψ1 is the exact eigenvector of H corresponding to the exact eigenvalue E1.
The zeroth order Hamiltonian matrix was already given at Eq. (5.4). The resolvent

matrix G0 can be obtained using Eq. (5.11):

G0 = K−KOHP(H0
P)−1− (H0

P)−1PHOK+(H0
P)−1 +(H0

P)−1PHOKOHP(H0
P)−1,

(5.19)

where matrix K is the following:

K =
(
(OHO− ε)−OHP(H0

P)−1PHO
)−1

. (5.20)

In our case K = 1
η
φφ†. The zeroth order lower bound is

E
[0]
lb = ε+

(
φ†Kφ

)−1
= φ†Hφ− φ†HP(H0

P)−1PHφ. (5.21)

For the expectation value

φ†Hφ = E1 + O(µ2)

holds. We will show that

φ†HP(H0
P)−1PHφ = O(µ2). (5.22)

Let us consider first PHφ.

PHφ = µPHχ+ µ1PHΨ1

The second term can be further manipulated:

µ1PHΨ1 = E1µ1(I−φφ†)Ψ1 = E1
(
µ1Ψ1 − µ2

1φ
)

= E1
(
µ1Ψ1 − φ+ µ2φ

)
= E1

(
−µχ+ µ2φ

)
.
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Altogether PHφ scales linearly with µ:

PHφ = µζ + O(µ2). (5.23)

As a result follows the statement of Eq. (5.22) and also

E
[0]
lb = E1 + O(µ2)E1 + O(µ2).

Now let us look at the vector G0φ.

G0φ =
(
K− (H0

P)−1PHOK
)
φ = 1

η
φ− 1

η
(H0

P)−1PHφ

Using Eq. (5.23) gives

G0φ = 1
E1 − ε

φ+ µξ + O(µ2). (5.24)

Because of relation Pξ = ξ, the vector ξ is perpendicular to φ:

φ†ξ = 0.

To express the dependence of the next term φ†G0VG0φ, consider now vector VG0φ.

VG0φ = (H− ε)G0φ− φ

=
( 1
E1 − ε

(H− ε)φ− φ
)

+ (H− ε)µξ + O(µ2)

= (H− ε)µξ + O(µ2).

(5.25)

By taking the scalar product of VG0φ and (G0φ)† in Eq. (5.24) and Eq. (5.25) we get:

φ†G0VG0φ = µ
1

E1 − ε
φ†(H− ε)ξ + O(µ2) = µ

1
E1 − ε

φ†HPξ + O(µ2) = O(µ2).

At the last step Eq. (5.23) was utilised. This result leads to the quadratic dependence of
the error of E[1]

lb :

E
[1]
lb = E1 + O(µ2).

As VG0φ = O(µ) and

G0 = 1
E1 − ε

φφ† + Oµ,

the dependence of the term
(
φ†G0VG0VG0φ

)
in E[2]

lb on µ is cubic :

φ†G0VG0VG0φ = O(µ3).

Altogether the dependence of the error of E[2]
lb is quadratic:

E
[2]
lb = E1 + O(µ2).
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5.4 How to choose the upper bound?

The quality of the approximate lower bound greatly depends on the choice of upper
bound substituted into formulas (5.13) and (5.18). To understand the behavior of the
approximate bracketing functions, we performed case studies on a minimal basis set. In
such a small basis, it was possible to calculate the curve of the approximate bracketing
functions on a wide interval. The investigation of this section focuses on the ground state.

In the case of the exact bracketing function fbr(ε, ϕ), the tighter upper bound ε is,
tighter lower bound is provided by the function. However, we have opposite experience
with some of the approximate bracketing functions. One reason is, that fixpoints of the
approximate bracketing function are not at the eigenvalues of the Hamiltonian. For ex-
ample fixpoints of the zeroth order approximation E[0]

lb are at the eigenvalues of the zeroth
order Hamiltonian matrix H0. The lowest lying fix point happens to be the Brillouin–
Wigner second order PT energy. If the fixpoint of the approximate bracketing function is
an upper bound to the ground state energy, then substituting an accurate upper bound,
may also lead to an upper bound. This phenomenon is shown on Fig. 5.7b. and 5.8b.

Another problem is, that higher order approximations of the bracketing function are
not necessarily monotone decreasing functions in intervals. Similarly to the reasoning of
Eq. (4.2), the zeroth order approximation to the bracketing function is monotonically
decreasing. On the other hand, this does not hold for the second order approximation
E

[2]
lb,P , as it is illustrated on Fig. 5.8. Instead of a definite fixpoint the curve of the second

order approximate bracketing function follows the curve of the identity function in the first
and second iteration step, in the fourth iteration step there is even singularity. Because
of this nonmonotonicity, the second order approximation E[2]

lb,P is not suitable for fix point
iteration.

Based on the calculations, the upper bound ideal for obtaining lower bound is

• is in the right section to approximate the ground state energy

• Not too accurate

The simplest choice which fulfills the requirements above is to choose the expectation
value calculated at the beginning of the iteration (ε1).

Unfortunately it is computationally too demanding to calculate the position of the first
singularity which defines the right sector for approximating the ground state energy. How-
ever, the plots also show, that as the reference function tends to the exact wavefunction,
the curve of the approximate bracketing functions flattens out and the first singularity
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Figure 5.8: See caption of Fig. 5.7 for more.
(a)The global behavior of function E[2]

lb,P (ε)
(b)The first fixpoint of E[2]

lb,P (ε)
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appears at higher energy, especially in the case of second order approximation. Because
of this experience the first requirement is generally fulfilled after the first iteration steps.

5.5 Implementation of the approximate lower bounds

The approximate lower bound was implemented into a FCI code. The FCI code was
implemented by Zoltán Rolik, based on the algorithm of Olsen et al.[69]. The algorithm
uses the Davidson method[70] to find the eigenvalue iteratively. The Davidson algorithm
is explained in details in the Appendix.

At the mth iteration step of the Davidson algorithm, there is an m dimensional sub-
space – the Davidson subspace – where the effect of the Hamiltonian is known. The best
approximation to the FCI energy and eigenvector in this subspace is the solution of the
eigenproblem (φm, εm). This approximate energy is naturally an upper bound. In each
iteration step the so-called residual vector (rm) is calculated, which is an estimation to
(ΨFCI−φm). The most demanding computational task (regarding the CPU time) in each
iteration is to calculate the effect of the Hamiltonian matrix on the residual vector. To
obtain the residual vector, the diagonal of the Hamiltonian is calculated and stored at
the start of the FCI calculation.

The approximate lower bounds in Eqs. (5.13) and (5.15)-(5.18) were implemented with
φ = φm, which is the current approximate eigenvector at step m. This choice ensures
the convergence of the approximate lower bound to the FCI energy during the iteration.
For the upper bound in the bracketing function ε = ε1 was chosen. The subspace for the
projection in approximate lower bounds E[1]

lb,P and E[2]
lb,P is the Davidson subspace.

In each step the zeroth order matrix is recalculated. Computing the diagonal according
to Eq. (5.10) is more problematic than computing the row and column because of the
e†1H term. This vector must be computed and stored before the FCI iteration starts,
which means an additional multiplication by the Hamiltonian.

Numerical examples follow in the next sections.

5.5.1 Calculations for water molecule

Test calculations were carried out for water molecule in 6-31G* basis both at equi-
librium geometry and far from equilibrium with symmetric bond stretching. The results
are summarised in tables 5.1-5.3. In the tables the differences of the εm expectation value
and the approximate lower bounds are given. This is the width of the error interval for
the exact energy in the actual step. The absolute error of the expectation value is also
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given. To demonstrate the accuracy of the approximate lower bounds, the error of φm is
presented in the last columns. For comparison Weinstein’s lower bound is also calculated
according to step IIIC. of Ref.[70]:

EW = εm − ||rm||, (5.26)

where rm is the residual vector.
First compare the accuracy of lower bounds provided by approximate bracketing func-

tions and by Weinstein’s formula in table 5.1. In agreement with section 3.2 it is apparent,
that E[0]

lb , E
[1]
lb and E[2]

lb scales quadratically with the error of the wavefunction, while the
error of the Weinstein bound scales only linearly. Even the projected approximate lower
bounds E[1]

lb,P and E[2]
lb,P show quadratic scaling. Asterisks in the tables denote the viola-

tion of lower bound property. The first order approximations of the bracketing function
E

[1]
lb and E[1]

lb,P almost always approximate the exact value from above. Because of that,
they were not presented in tables 5.2 and 5.3. Similarly, the lower bound property of the
zeroth order is unreliable, though the accuracy of it striking.

On the other hand E[2]
lb and E[2]

lb,P mostly provide lower bound to the FCI energy. The
absolute error of the second order lower bounds and the expectation value are plotted in
the Fig. 5.9. In each step E[2]

lb is about one order of magnitude better than the expectation
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Figure 5.9: Absolute error of the the expectation value and the second order approximate
lower bounds (5.16) and (5.18) calculated in each iteration step. (H2O molecule in 6-31G*
basis set, at equilibrium geometry: Re = 0.947296 Å , α(HOH)= 105.5025o )

value. Let us take a closer look and consider the computational cost of E[2]
lb . At each
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iteration step computing E[2]
lb requires an additional transformation by the Hamiltonian.

Therefore the error of E[2]
lb at the mth step should rather be compared to the error of the

expectation value at the 2mth step. From this point of view the performance of E[2]
lb is

not that appealing. On the other hand, the projected version E[2]
lb,P has about the same

computational cost as the expectation value, εm and the accuracies are in the same order
of magnitude. The projected second order lower bound is less accurate than either E[2]

lb or
even E[0]

lb , on the other hand its lower bound property appears to be reliable. Violation
of the lower bound property emerges in parallel with the deterioration of the reference
function as reflected by the last column of Table 5.3. However the violation is obvious
from the reversed order of the expectation value εm and E[2]

lb,P.
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m εm − εm−1 εm − EW εm − E[0]
lb εm − E[1]

lb,P εm − E[1]
lb εm − E[2]

lb,P εm − E[2]
lb εm − EFCI ||φm −ΨFCI||

2 -1.42e-01 2.93e-01 1.89e-02 1.79e-02 1.08e-02* 3.72e-02 1.97e-02 1.52e-02 6.24e-02
3 -1.36e-02 9.34e-02 1.65e-03 1.59e-03 1.19e-03* 3.19e-03 1.82e-03 1.54e-03 2.15e-02
4 -1.36e-03 3.00e-02 1.72e-04* 1.69e-04* 1.31e-04* 3.42e-04 2.00e-04 1.76e-04 8.46e-03
5 -1.49e-04 1.10e-02 2.43e-05* 2.36e-05* 1.87e-05* 4.92e-05 3.03e-05 2.72e-05 3.88e-03
6 -2.18e-05 4.58e-03 4.42e-06* 4.20e-06* 3.50e-06* 9.23e-06 5.88e-06 5.35e-06 1.89e-03
7 -4.20e-06 2.18e-03 9.89e-07* 9.32e-07* 7.37e-07* 2.23e-06 1.30e-06 1.15e-06 8.97e-04
8 -9.26e-07 1.04e-03 2.08e-07* 1.96e-07* 1.42e-07* 4.52e-07 2.68e-07 2.28e-07 4.03e-04
9 -1.82e-07 4.48e-04 3.9e-08* 3.8e-08* 2.8e-08* 8.5e-08 5.2e-08 4.6e-08 2.06e-04
10 -3.5e-08 2.00e-04 8.e-09* 9.e-09* 7.e-09* 1.9e-08 1.1e-08 1.1e-08 1.20e-04
11 -8.e-09 1.04e-04 2.e-09* 2.e-09* 2.e-09* 5.e-09 3.e-09 3.e-09 6.85e-05
12 -2.e-09 5.84e-05 1.e-09 1.e-09* 1.e-09* 2.e-09 1.e-09 1.e-09 3.45e-05

Table 5.1: Energy error estimates on the example of the H2O molecule in 6-31G* basis set, at equilibrium geometry (Re = 0.947296
Å , α(HOH)= 105.5025o ). Start vector of the FCI iteration is the APSG wavefunction. The iteration step is denoted by m. The
expectation value at step m is designated as εm. Approximate lower bounds are calculated according to Eqs.(5.13)-(5.18). Asterisk
indicates violation of lower bound property. Weinstein’s lower bound, EW is calculated according to (5.26). Legitimate error of
the energy and wavefunction at step n is given in the last two columns, for reference. Energy unit Eh is adopted.
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5.5.2 Calculations for the ammonia molecule

The knowledge of both upper and lower bounds enables us to provide error bars
to energy differences. In this section a study on the energy barrier of the inversion of
ammonia is presented. Calculations were performed using 6-31G* and 6-311G* basis
sets. Beside upper bound in the mth iteration step, εm, lower bounds E[0]

lb and E[2]
lb,P were

calculated.
The energies are given in Tables 5.4 and 5.5. Again asterisks denote the violation of

lower bound property. Although E[0]
lb is more accurate than E[2]

lb,P, it tends to approximate
the energy from above in later iteration steps. On the other hand E[2]

lb,P is a reliable lower
bound through the FCI iteration.

Barriers of inversion are displayed in Fig. 5.10. While the barrier itself changes signifi-
cantly with the basis set at this level, lower bound derived barriers behave similarly. Bar-
rier of E[0]

lb outperforms both εm and E[2]
lb,P. It is however E

[2]
lb,P that can be utilized to gener-

ate an error bar for the barrier by subtracting bounds on the planar and pyramidal ground
state energy. An upper bound to the barrier is provided by εm(planar)−E[2]

lb,P(pyramidal),
a lower bound is given by E[2]

lb,P(planar)−εm(pyramidal). As Fig. 5.10 shows, the derived
error bar is yet too loose at step 2, but it tightens rapidly as the iteration proceeds. In
6-31G* basis set bounds for the barrier in mEh are 54.2 < ∆E < 54.8 at iteration step
4 and 54.45 < ∆E < 54.5 at step 5. The same values in 6-311G* basis, again in mEh
are 81.2 < ∆E < 81.9 at step 4 and 81.5 < ∆E < 81.6 at step 5. These error esti-
mates fall in the same order of magnitude as the error itself of the barrier computed as
εm(planar)−εm(pyramidal), the actual values being 0.2 mEh at step 4 and 0.03 mEh at
step 5 in 6-31G* basis and 0.1 mEh at steps 4 and 5 in 6-311G* basis.
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m εm − εm−1 εm − EW εm − E[0]
lb εm − E[2]

lb,P εm − E[2]
lb εm − EFCI ||φm −ΨFCI||

2 -1.21e-01 2.53e-01 2.74e-02 5.50e-02 6.54e-02 1.76e-02 1.55e-01
3 -1.19e-02 1.33e-01 5.81e-03 1.45e-02 1.26e-02 5.69e-03 1.20e-01
4 -3.71e-03 5.64e-02 1.56e-03* 7.57e-03 3.09e-03 1.98e-03 9.29e-02
5 -1.13e-03 3.98e-02 7.47e-04* 3.80e-03 1.70e-03 8.48e-04 6.17e-02
6 -4.96e-04 3.04e-02 4.62e-04 1.45e-03 1.53e-03 3.52e-04 3.39e-02
7 -2.40e-04 1.91e-02 1.03e-04* 3.29e-04 2.11e-04 1.12e-04 1.68e-02
8 -8.38e-05 9.11e-03 2.39e-05* 6.58e-05 3.73e-05 2.85e-05 8.22e-03
9 -1.95e-05 4.98e-03 7.31e-06* 1.94e-05 1.15e-05 9.01e-06 4.59e-03
10 -6.42e-06 2.82e-03 1.98e-06* 5.40e-06 2.96e-06 2.59e-06 2.31e-03
11 -2.01e-06 1.49e-03 5.39e-07* 1.27e-06 6.89e-07 5.77e-07 9.95e-04
12 -4.59e-07 6.26e-04 8.7e-08* 2.11e-07 1.24e-07 1.18e-07 5.55e-04
13 -8.3e-08 2.79e-04 2.2e-08* 7.1e-08 3.6e-08 3.5e-08 3.77e-04
14 -2.1e-08 1.73e-04 8.e-09* 2.6e-08 1.5e-08 1.4e-08 2.50e-04
15 -8.e-09 1.14e-04 4.e-09* 1.2e-08 7.e-09 6.e-09 1.46e-04
16 -4.e-09 7.42e-05 1.e-09* 4.e-09 2.e-09 2.e-09 7.78e-05
17 -1.e-09 4.04e-05 1.e-09 1.e-09 1.e-09 1.e-09 4.12e-05

Table 5.2: The same as Table 5.1 with OH bond distance 2Re = 1.894592 Å .

m εm − εm−1 εm − EW εm − E[0]
lb εm − E[2]

lb,P εm − E[2]
lb εm − EFCI ||φm −ΨFCI||

2 -1.20e-01 1.84e-01 1.79e-02* -3.06e-01* 2.11e-01 2.01e-02 4.36e-01
3 -8.14e-03 7.87e-02 1.80e-02 -1.65e-01* 3.01e-01 1.20e-02 3.81e-01
4 -5.95e-03 1.23e-01 5.39e-03* 4.49e-02 1.98e-02 6.02e-03 2.15e-01
5 -4.27e-03 7.85e-02 3.98e-03 5.53e-02 6.20e-02 1.75e-03 6.91e-02
6 -1.24e-03 4.71e-02 6.38e-04 2.42e-03 1.44e-03 5.04e-04 2.51e-02
7 -4.09e-04 2.05e-02 9.85e-05 2.44e-04 2.67e-04 9.48e-05 8.03e-03
8 -8.41e-05 7.30e-03 1.39e-05 3.44e-05 4.33e-05 1.06e-05 2.39e-03
9 -7.25e-06 3.90e-03 5.67e-06 2.02e-05 2.65e-05 3.38e-06 1.34e-03
10 -2.91e-06 1.52e-03 4.74e-07 1.25e-06 7.61e-07 4.61e-07 4.85e-04
11 -4.11e-07 5.16e-04 6.0e-08 1.39e-07 9.7e-08 5.0e-08 1.57e-04
12 -4.2e-08 1.92e-04 9.e-09 4.1e-08 3.7e-08 8.e-09 8.05e-05
13 -7.e-09 6.64e-05 1.e-09 6.e-09 4.e-09 1.e-09 3.86e-05

Table 5.3: The same as Table 5.1 with OH bond distance 4Re = 3.789184 Å .
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Figure 5.10: Inversion barrier of the NH3 molecule calculated in (a) 6-31G* and (b)
6-311G* basis sets, with core electrons frozen. Geometry is optimized at the SCF level
in both cases. The Hartree-Fock function serves as start vector of the full CI iteration.
Expectation value is designated as ε. Vertical red lines indicate error bars for the barrier,
derived from ε and E[2]

lb,P. Geometries are given in the caption of Tables 5.4 and 5.5.
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pyramidal planar
m εm E

[0]
lb E

[2]
lb,P εm E

[0]
lb E

[2]
lb,P

1 56.1843563 56.4063266 56.4063266 56.1797393 56.3392895 56.3392895
2 56.3554348 56.3741765 56.3930791 56.3031984 56.3188927 56.3353973
3 56.3703166 56.3718991 56.3734647 56.3160553 56.3173447 56.3188061
4 56.3716760 56.3718258 56.3719912 56.3172155 56.3173417* 56.3174937
5 56.3718109 56.3718270 56.3718462 56.3173300 56.3173432* 56.3173582
6 56.3718248 56.3718267 56.3718295 56.3173418 56.3173432* 56.3173451
7 56.3718263 56.3718266 56.3718269 56.3173431 56.3173433 56.3173436
8 56.3718266 56.3718266 56.3718268 56.3173432 56.3173433 56.3173434
9 56.3718266 56.3718266 56.3718266 56.3173433 56.3173433 56.3173433

Table 5.4: Energies in Eh for the planar and the pyramidal ammonia molecule in 6-31G*
basis set. Approximate lower bounds E[0]

lb , E
[2]
lb,P are calculated according to Eqs.(5.13)

and (5.18). Geometry of the planar molecule: R = 0.988455Å, geometry of the pyramidal
molecule: R = 1.002539Å, α = 107.1805◦, β = 114.7845◦.

pyramidal planar
m εm E

[0]
lb E

[2]
lb,P εm E

[0]
lb E

[2]
lb,P

1 -56.2009686 -56.4295704 -56.4295704 -56.1797810 -56.3389673 -56.3389673
2 -56.3801646 -56.4014308 -56.4228320 -56.3030532 -56.3186580 -56.3350535
3 -56.3967884 -56.3987230 -56.4006914 -56.3158395 -56.3171144 -56.3185573
4 -56.3984640 -56.3986717* -56.3989171 -56.3169873 -56.3171112* -56.3172604
5 -56.3986475 -56.3986729 -56.3987035 -56.3170998 -56.3171127* -56.3171274
6 -56.3986694 -56.3986725 -56.3986767 -56.3171113 -56.3171127* -56.3171146
7 -56.3986720 -56.3986725 -56.3986733 -56.3171126 -56.3171128 -56.3171131
8 -56.3986724 -56.3986725 -56.3986727 -56.3171128 -56.3171128 -56.3171128
9 -56.3986725 -56.3986725 -56.3986726 -56.3171128 -56.3171128 -56.3171128
10 -56.3986726 -56.3986725 -56.3986725 -56.3171128 -56.3171128 -56.3171128

Table 5.5: Energies in Eh for the planar and the pyramidal ammonia molecule in 6-311G*
basis set. Geometry of the planar molecule: R = 0.985509Å, geometry of the pyramidal
molecule: R =0.999054Å, α = 107.4295◦, β = 115.2736◦.
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6

An orthogonality problem inspired
by the bracketing function

Behind the construction of the arrow shaped zeroth order matrix in the Fig. 5.2 lies
the problem of dealing with the {φ, e1, . . . , eN} overlapping, redundant basis set. Among
the solutions to this problem, discussed in the previous chapter was replacing vector e1

by φ and then creating an orthogonal or biorthogonal basis set.
There is a possibility to generalise this problem. The generalisation is motivated by a

quest for better H0 to evaluate G0. During the FCI iteration the effect of the Hamiltonian
is known on the Davidson subspace. It is straightforward to consider a zeroth order
Hamiltonian, which contains the entire block of the Hamiltonian matrix calculated on the
Davidson subspace instead of a single row and column. This choice is called thick arrow
shaped zero order Hamiltonian and is illustrated in Fig. 5.3.

The general orthogonality problem, necessary to be solved to construct the thick arrow
shaped matrix is the following. Let us replace in basis {e1, . . . , eN} m vectors by the
orthonormal vectors {χ1, . . . ,χm}. The resulting set is

{χ1, . . . ,χm, em+1, . . . , eN}. (6.1)

This set is not orthogonal as its subsets {χ1, . . . ,χm} and {em+1, . . . , eN} overlap. Is it
possible – similarly to case m = 1 – to provide simple orthogonalisation or biorthogonal-
isation procedure?

In the following sections we will see that the transformation matrices needed to
(bi)orthogonalise the basis set (6.1) can be written in closed form. The cost is deter-
mined by the computational need of solving the eigenvalue problem of an m×m matrix
and forming a couple of scalar products of N dimensional vectors.
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6.1 (Bi)orthogonalisation procedures

We provide three different ways to handle the overlapping basis set of (6.1):

1. Orthogonal projection of vectors {em+1, . . . , eN} to vectors {χ1, . . .χm} as first step.

(a) Then biorthonormal set construction in the (N −m)-dimensional space,

(b) or Löwdin-orthogonalisation in the (N −m)-dimensional space.

2. Omitting orthogonal projection to the reference vectors {χ1, . . .χm}, then

(a) biorthonormal set construction in the N -dimensional space.

Option 2b is missing because we did not manage to give the transformation matrix for
this option in closed form.

Given a vector set, its biorthogonal set is unique. In contrast with this, there are
several ways for orthonormalisation. The Gram–Schmidt orthogonalisation procedure is
widely known, we use it in the first step of option 1. In option 1b. Löwdin’s symmetric
orthogonalisation scheme[71, 72] is used. The advantages of the symmetric scheme are
symmetry conservation and resemblance[72, 73, 74] properties. Compared to Löwdin’s
symmetric scheme, the result of the Gram–Schmidt orthogonalisation depends on the
order of vectors. In our case it is an advantage, as there are m vectors which have a
special role.

Let us assume that coefficients Xji of the expansion

χi =
N∑
j=1

ejXji

are arranged in matrix X, of dimension N ×m. We now introduce notation X1 for the
upper m×m block of X, and X2 for the lower (N −m)×m block. This allows to write

X =
 X1

X2

 . (6.2)

Orthonormality of vectors χi is reflected by

Im = X†1X1 + X†2X2 = A + X†2X2, (6.3)

where Im denotes the m-dimensional unit matrix and shorthand A is introduced for
subsequent use. We note here, that matrix A is positive definite if and only if the set
(6.1) is linearly dependent. The coefficient matrix of the vector set (6.1) is denoted by C:

C =
 X1 0

X2 IN−m

 .
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For the first step of option 1, projector P corresponding to the vector set {χ1, . . . ,χm}
is formulated as

P = XX† =
 X1X†1 X1X†2

X2X†1 X2X†2

 .

The next step is to project vectors {em+1, . . . , eN}, arranged as the last N −m columns
of the unit matrix IN , orthogonal to vectors {χ1, . . .χm}. The resulting set is denoted
by {em+1, . . . , eN} to stress the similarity with the biorthogonalisation procedure in the
case of m = 1. For j > m:

ej = ej −
m∑
k=1

Xjkχk.

The coefficient matrix corresponding to the set

{χ1, . . .χm, em+1, . . . , eN} (6.4)

is denoted by C:

C ∈ RN×N
(
C
)
ij

=


e†iχj, if j ≤ m

e†iej, if j > m
C =


X1 −X1X†2

X2 IN−m −X2X†2

 , (6.5)

where IN−m is the (N −m)-dimensional unit matrix. Overlap of the projected vector set
(6.4) can be expressed as

S = C†C =
 Im

B

 , (6.6)

where

B = IN−m −X2X†2 (6.7)

To construct the biorthogonal set to vectors (6.4) the inverse of the overlap matrix is
needed:

C = CS−1,

where C is the coefficient matrix of the biorthogonal set, used in in analogy with the
previous chapter. A transformation by the minus square root of the overlap matrix leads
to the orthogonal set, according to Löwdin’s symmetrical procedure

C⊥ = CS−1/2
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In the following paragraphs the inverse and inverse square root of the overlap matrix
of Eq.(6.6) is constructed. Clearly, it suffices to focus on B of Eq.(6.7). We approach
the problem in a general manner, by expressing any analytic function, f : (0, 1]→ R of
matrix B. Matrix function f(B) is defined via Taylor-expansion, written as

f(B) = f
(
IN−m −X2X†2

)
=
∞∑
n=0

αn
(
X2X†2

)n
, (6.8)

with αn = (−1)nf (n)(1)/n! . Since ||X2X†2|| < 1 (taking e.g. the 2-norm of the matrix),
the Taylor-series is convergent if the coefficients αn are bounded. Explicit form of the
Taylor-coefficients αn is not necessary for further derivation, all we need to know is that
they are indeed bounded for the inverse and inverse square root function.

We now recognize the following recursion for the powers of X2X†2(
X2X†2

)n
= X2 (Im −A)n−1 X†2, (6.9)

which is easy to prove by induction. While the case n = 1 is trivial, case n = 2 is obtained
as (

X2X†2
)2

= X2X†2X2X†2 = X2(Im −A)X†2 ,

a consequence of Eq.(6.3) . To take the induction step, let us suppose that statement
(6.9) holds for n− 1 and examine the case n > 2. We find(

X2X†2
)n

= X2(Im −A)n−2X†2X2X†2

= X2(Im −A)n−2(Im −A)X†2
= X2(Im −A)n−1X†2

,

which completes the proof.
Let us now substitute Eq.(6.9) into the Taylor-expansion of Eq.(6.8) and utilize α0 =

f(1). We obtain

f
(
IN−m −X2X†2

)
= f(1)IN−m + X2

[ ∞∑
n=1

αn(Im −A)n
]

(Im −A)−1X†2

= f(1)IN−m + X2

{[ ∞∑
n=0

αn(Im −A)n
]
− f(1)Im

}
(Im −A)−1X†2

= f(1)IN−m + X2 (f(A)− f(1)Im) (Im −A)−1X†2 .
(6.10)

In the case Im = A the second term of the expression above is zero. The role of the
analytical treatment can be clearly pointed out at this step. Instead of evaluating function
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f of an (N −m)× (N −m) matrix, it is sufficient to calculate the inverse and the same
function f of m×m matrices. As long as m << N , much can be gained in computational
time, the eventual speedup depending on the structure of A and the nature of f . As
m→ N , the computational advantage however evidently disappears.

6.1.1 Option 1a

Let us now derive the general formula of Eq.(6.10) for our two functions of interest.
Starting with the inverse function we obtain:

(
IN−m −X2X†2

)−1
= IN−m + X2

(
A−1 − Im

)
(Im −A)−1X†2 = IN−m + X2A

−1X†2

The inverse of the overlap matrix of Eq.(6.6) therefore reads

S−1 =


Im

IN−m + X2A−1X†2

 .

The coefficient matrix of the biorthogonal vector set takes the form

C = C
(
IN−m + X2A−1X†2

)
=
 X1 −X1A−1X†2

X2 IN−m

 , (6.11)

having utilized Eqs.(6.3) and (6.5). Note that Eq. (5.7) is the special case of Eq. (6.11).

6.1.2 Option 1b

Let us step now to the inverse square root of Eq.(6.6). Based on the general result of
Eq.(6.10) we obtain

(
IN−m −X2X†2

)−1/2
= IN−m + X2

(
A−1/2 − Im

)
(Im −A)−1X†2

= IN−m + X2
[(

Im + A1/2
)

A1/2
]−1

X†2
(6.12)

Minus square root of the overlap matrix of Eq.(6.6) consequently becomes

S−1/2 =


Im

IN−m + X2
[(

Im + A1/2
)

A1/2
]−1

X†2

 . (6.13)
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In the case m = 1 Eq. (6.13) reduces to Eq. (5.3)
Using matrix S−1/2, the coefficient matrix of the orthonormal set can be expressed:

C⊥ = CS−1/2 = =
 X1 −X1A−1/2X†2

X2 IN−m −X2
(
Im + A1/2

)−1
X†2

 .

6.1.3 Option 2a

Let us finally consider the case of biorthogonal set construction to the basis set of Eq.
(6.1) without the projection step (6.5). The N ×N overlap matrix of basis set (6.1) reads

S =


Im X†2

X2 IN−m

 .

By applying the block inversion method in Eq. (5.11), the inverse overlap is the following:

S−1 =


A−1 −A−1X†2

−X2A−1 IN−m + X2A−1X†2

 . (6.14)

The coefficient matrix of the biorthogonal set of (6.1) is denoted by C̃, which takes the
following form:

C̃ =
 X1 0

X2 IN−m

S−1 =
 X1A−1 −X1A−1X†2

0 IN−m

 .

Similarly to Eq.(6.10), the most demanding computational task (inversion of A) is con-
nected to an m×m matrix, instead of the entire, N ×N overlap matrix.

6.2 Application of the (bi)orthogonalisation schemes
in multireference PT

The procedures developed in Section 4.1. for handling the overlapping vector set of
Eq. (6.1) find straightforward application in multireference PT schemes based on a model
space. In our approach the model space is spanned by the reference vectors {χi}mi=1, which
are supposed to be orthonormal.

50



In the framework of Bloch-equation based MRPT (designated as quasidegenerate PT
(QDPT)[75, 76, 77]) an effective Hamiltonian matrix is approximated perturbatively. The
effective Hamiltonian is defined over the model space and its eigenvalues are exact. The
corresponding eigenvectors are the projection of the exact eigenvectors to the model space.

To derive the QDPT formulas a (bi)orthogonal basis set, which includes the model
space vectors {χi}mi=1 is needed in the configuration interaction (CI) space. Detailed
derivation is given in the appendix, here we summarise only the working formulae.

It is common to assume determinants as basis vectors spanning the model space.
Determinants are a convenient choice as there is no need of orthogonalisation. On the
other hand it may be difficult to determine which determinants should be included in
the model space. Choosing multiconfigurational reference vectors is not widespread, one
reason is the need of overlap treatment. The (bi)orthogonalisation schemes of Section 4.1
offer a way of applying QDPT based on arbitrary multiconfigurational reference vectors.

Notations follow Section 4.1. Unit vectors {ei}Ni=1 of Section 4.1 now represent deter-
minants spanning the CI space. The first m among determinants, ei are selected based
on their projection to the model space.

The zero-order Hamiltonian is formulated via its spectral resolution using the (bi)orthogonal
basis sets. Options 1a and 2a both imply a nonsymmetrical operator, 1b works with a
symmetrical expression. In the one dimensional case, all (bi)orthogonalisation schemes
were already applied in MRPT[78, 79, 67, 80].

Applying option 1a results in an extension of the projected MCPT (pMCPT) method,
which will be referred as multistate projected MCPT (MS-pMCPT) method.

H(0)
MS-pMCPT = C E(0) C†,

where the diagonal matrix E(0) contains zeroth order energies.
Using option 1b, the zeroth order Hamiltonian with the multistate extension can be

written as

H(0)
MS-pLMCPT = C E(0) C†⊥,

here the letter ’L’ refers to Löwdin-orthogonalisation.
In the case where the model space is one dimensional, the complete biorthogonal

treatment of option 2a is termed as SC2-MCPT or unprojected MCPT (uMCPT). The
zeroth order Hamiltonian in the multistate extension reads

H(0)
MS-uMCPT = C E(0) C̃† .
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Specification of zero-order energies filling the diagonal of matrix E(0) is needed to complete
the definition of the partitioning. In the Epstein-Nesbet (EN)[81, 82] case diagonals of
E(0) are t expectation values, calculated with the (bi)orthogonal basis vectors.

To derive the formula of the effective Hamiltonian, projectors are introduced in the
Appendix. The effective Hamiltonians of the three approaches differ in the construction
of projectors. In the case of e.g. MS-pMCPT, the second order effective Hamiltonian
matrix is the following:

(
Heff[2]

MS-pMCPT

)
ij

= δijE(0)
i −

N∑
k=m+1

χ†iHek e†kHχj
E(0)
k − E(0)

j

, i, j = 1, . . . ,m . (6.15)

Corrected energies, E[2] and the corresponding approximate eigenvectors Ψ[2]
i arise as

∑
j

Heff[2]
ij d

[2]
jk = E

[2]
k d

[2]
ik ,

and

Ψ[2]
i =

∑
j

χjd
[2]
ji ,

respectively.

6.2.1 Numerical illustration

As geminal based approaches already have a tradition in our group[83, 84, 85], for a
numerical illustration we considered multiconfigurational reference vectors built as An-
tysimmetrized Product of Strongly Orthogonal Geminals (APSG). The chosen example
is rectangular to square distortion of the H4 molecule. This is a typical model system
showing the inherent failure of the strongly orthogonal geminal approximation. It is
well known, that APSG does not perform well if there is a switching between two Lewis-
structures of the same molecule. In the case of H4 APSG produces a cusp on the potential
energy curve at square geometry. The problem is connected to the fact, that geminals
(assigned to bonds) are reordered at the switching point, thereby capturing the correct,
dominant Lewis-structure at both rectangular arrangements.

There exist solutions to this problem[86, 87, 88], APSG based PT is however notably
not among them, since a qualitative defect of the reference can not be cured by PT.
This is reflected by the MCPT curve in Fig. 6.1. If wishing to proceed by PT, it appears
straightforward to construct two reference functions, corresponding to either of the Lewis-
structures and follow a MS-MCPT strategy with two-dimensional model space. The
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Figure 6.1: Total energy for H4, in STO-3G basis set. The four hydrogen atoms are
confined to a circle with a radius of

√
2 bohr. Angle of two neighboring hydrogen atoms (H)

and the center of mass (X) is labeled angle(H-X-H). The APSG wavefunction, involving
2 geminals, with two orbitals assigned to each represents one of the reference states. The
other reference function is generated by (i) localising orbitals to atoms within the geminal
subspaces; (ii) assigning these orbitals to geminals representing the the longer HH bonds,
instead of the shorter; (iii) optimizing geminal coefficients but not the orbitals. The MS-
pLMCPT energy is obtained as the the lower lying root of the effective Hamiltonian of
Eq.(6.15). The curve MCPT is obtained in EN partitioning following the APSG based
PT strategy of Ref.[78]. Full CI is shown for comparison.

energy profile obtained by such a procedure is shown for the MS-pLMCPT variant in
Fig. 6.1. Multistate theory apparently results a smooth energy curve with a correct, zero
derivative at 90 o. One can also observe in Fig. 6.1 a characteristic overshooting of EN
partitioning at order 2.
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7

Calculating lower bound with thick
arrow zeroth order Hamiltonian

During the FCI iteration, in each iteration step the effect of the Hamiltonian to a
new vector is calculated. These vectors form the Davidson subspace. In Chapter 5, our
idea was to take the best approximate wavefunction lying in the Davidson space(φm at
the mth iteration step) and with this reference vector we built the arrow type zeroth
order Hamiltonian of Fig. 5.2. After approximating the inverse matrix G, the bracketing
function was evaluated by the same reference vector, φm.

It is also possible to include the effect of Hamiltonian matrix on the full Davidson
subspace in the zeroth order Hamiltonian. This idea leads to the thick arrow zeroth order
Hamiltonian of Fig 5.3. In this case G is approximated using a more accurate zeroth
order Hamiltonian. The bracketing function is still evaluated with φm.

As we are still working on this project, we are presenting in this chapter more problems
than successful results.

7.1 The thick arrow zeroth order Hamiltonian on
biorthogonal basis

The zeroth order matrix is constructed on the biorthogonal vector sets of option 1a.
Reference vectors {χ1, . . . ,χm} are the basis vectors in the Davidson subspace. Coeffi-
cients of these vectors are accommodated column wise in matrix X, partitioned as

X =
X1

X2

 .
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In each iteration step Hχm is calculated and stored on disc. Coefficients of vectors
{Hχi}mi=1 are collected column wise into matrix Y ∈ RN×m:

Y = HX =
Y1

Y2


Below we make use of the partitioned form of the Hamiltonian matrix, written as

H =
H11 H12

H21 H22

 .
The first m columns of H̃0 are calculated in the following way:

H̃0
|m columns = C†Y =

 X†Y
−X2A−1X†1Y1 + Y2

 ,
and the first m rows of H̃0 are

H̃0
|m rows = Y†C =

(
Y†X Y†2 −Y†XX†2

)
.

To summarise, H̃0 has the following structure:

Z

H̃ii

Y†2 − ZX†2

−
X

2
A
−
1
X
† 1
Y

1
+

Y
2

H̃0 =

,

where Z = Y†X = X†HX. The diagonals of H̃ can be obtained as:

(
H̃
)
ii

=
(X2A−1X†1 IN−m

)H11 H12

H21 H22

 −X1X†2
IN−m −X2X†2


ii

=
(X2A−1X†1 IN−m

)H11 H12

H21 H22


 0

IN−m

−XX†2



ii

= −
(
X2A−1X†1H12

)
ii

+ (H22)ii +
(
X2A−1X†1Y1X†2

)
ii
−
(
Y2X†2

)
ii
.

(7.1)
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The last three terms of Eq. (7.1) can be calculated easily. On the other hand, the first
term contains block H12, which is not calculated during the FCI iteration. Obtaining
it would mean one additional transformation by the Hamiltonian at each step of the
iteration, which would make the approximate lower bound two times as expensive as
the upper bound. To avoid this, the expensive term may be simply omitted, since this
only corresponds to a different choice of partitioning. For computational economy we use
instead of Eq. (7.1), the following formula:(

H̃0
)
ii

= (H22)ii +
(
X2A−1X†1Y1X†2

)
ii
−
(
Y2X†2

)
ii
.

Let us compare Eq. (7.1) with Eq. (5.10). Each term of the two equations can be
assigned to each other. The first term in Eq. (5.10) is e†1H. In the case of Chapter 5
just one additional transformation is needed by the Hamiltonian to calculate this term.
Comparing with Chapter 5, the first term of Eq. (7.1) is significantly more costly.

In the case of the thick arrow zeroth order Hamiltonian, only the zeroth order approx-
imate lower bound is implemented, reading as:

ETA
lb = ε+

(
φ†
(
H0 − ε

)−1
φ
)−1

. (7.2)

To understand the reason behind, let us consider VG0φ and exploit the trick in Eq (5.14)
to get

VG0φ = (H− ε)G0φ− φ .

If VG0φ is approximated by projection to the Davidson subspace as

(HPD − ε)G0φ− φ

then the block H22 is omitted completely from H, which brings most of the correction in
the higher order terms. For this reason the projected version of VG0φ is not a reliable
approximation. Considering the entire matrix H is expected to provide good results, it
would however not be of comparable cost to the expectation value.

As φm lies in the Davidson subspace, i.e.:

XX†φm = φm,

it is enough to construct the m×m subblock of matrix G̃0 =
(
H̃0 − ε

)−1
to evaluate Eq.

(7.2). For this, again Eq. (5.11) is applied:

G̃0
|m =

(
Z− ε− (−ZXT

2 + Y†2)D−1(−X2A−1X1Y1 + Y2)
)−1

,

56



where D(ε) is obtained by substracting the upper bound ε from the diagonal block of
matrix H̃0:

D(ε) ∈ R(N−m)×(N−m), (D(ε))ij =
(
H̃0
ii − ε

)
δij , i, j > m.

The working formula for the approximate lower bound is:

ETA
lb,biort(ε) = ε+

(
φ†mX

(
Z− ε− (−ZXT

2 + Y†2) (D(ε))−1 (−X2A−1X1Y1 + Y2)
)−1

X†φm
)−1

(7.3)

7.2 The problem of selecting corresponding determi-
nants

During the implementation of the approximate lower bound of Eq. (7.3) a serious
technical problem emerged. This concerns selection of basis vectors {e1, . . . , em}, which
are replaced by vectors {χ1, . . .χm}. This problem was already mentioned in Chapter
3, however for a single reference vector, it did not have large impact. In the present
circumstances at step m of the iteration the basis vector

1. which was not omitted in the previous steps and

2. which has the maximum coefficient in φm, i.e. |e
†
iφm| is maximal

is supposed to be omitted. The problem is, that maxi |e†iφ| is often not unique. If this
occurs, basis vectors contributing to φm with equal squared coefficients should be treated
on an equal footing. Looking for the next highest |e†iφ| value is not a solution, as we
would soon run out of basis vectors.

Let us suppose that ei and ej have the maximal coefficient in φ and

e†iφ = c.

In the case of open shell singlet state, these coefficients have the same sign. Let us rotate
vectors ei and ej by 45◦: 1√

2
1√
2

1√
2 −

1√
2

ei
ej

 =
e′i

e′j

 .
Coefficients of φm on the basis of the rotated vectors are:

e′†i φm =
√

2c and e′†j φm = 0.
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According to this, in the case where ei and ej are open shell determinants contributing
with equal maximal weight to φ, it is useful to replace ei and ej by e′i and e′j. This means
a 2× 2 rotation of the affected matrix elements. Then e′i is replaced by χm.

This solution is definitely not general and not always sufficient. The general treatment
in this spirit would necessitate turning to a full symmetry adapted representation of the
Hamiltonian instead of the determinental representation underlying the present work.
Table 7.1 shows, that in the case of water symmetric dissociation, using the biorthogonal
approach, the approximate lower bound seems to converge to the exact energy at the
beginning of the iteration, but there is a numerical problem at the last steps.

m εm ETA
lb,biort(εm + 10−3) ETA

lb (εm + 10−3)
1 -74.45632110 -75.12862064 -75.12862064
2 -74.70130746 -74.79771068 -74.80755440
3 -74.76064170 -74.77315943 -74.77284621
4 -74.76852546 -74.77237785 -74.77291974
5 -74.77097612 -74.77948192 -74.77916540
6 -74.77365790 -74.77427688 -74.77432015
7 -74.77421321 -74.77435682 -74.77436484
8 -74.77435297 -74.77451468 -74.84110082
9 -74.77449944 -74.77456676 -74.77458716
10 -74.77455790 -74.77457001 -74.77457048
11 -74.77456810 -74.77457045 -74.77457125
12 -74.77457086 -74.77423515 -74.77457163
13 -74.77457134 -74.77490730 -74.77457148
14 -74.77457148 -74.77460758 -74.77457153
15 -74.77457150 -74.80170380 -74.77457151
16 -74.77457150 -74.77458325 -74.77457151
17 -74.77457151 -74.77455621 -74.77457151
18 -74.77457151 -74.77458138 -74.77457151

Table 7.1: STO-3G calculations for water molecule. Geometry: C2v symmetry, OH bond
distance is 1.894592Å, α(HOH)= 105.5025o.

Instead of turning to a symmetry adapted representation of the Hamiltonian, it is
possible to abandon the idea of selecting the basis vectors and use projection matrices,
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similarly to Chapter 5. Formulas of Eq. (5.4), Eq. (5.5) and Eqs. (5.19-5.20) presented
in Chapter 5 are valid, only the projection matrices are defined differently, namely:

O = XX† and P = I−O.

Relying on projection matrices instead of basis vectors, the zeroth order approximate
lower bound takes the form:

ETA
lb (ε) = ε+

(
φ†mKφm

)−1
. (7.4)

Matrix K can be reduced to an m dimensional matrix KD:

K = XKDX†, where

KD =
(
Z− ε−X†HP(H0

P)−1PHX
)−1

.

To compute matrix KD everything is already available during the FCI iteration. To show
this, consider now the last term in KD:

X†HPH0
P
−1PHX =X†H(I−XX†)(HD − ε)−1(I−XX†)HX

=Y†(HD − ε)−1Y + ZX†(HD − ε)−1XZ

−Y†(HD − ε)−1XZ− ZX†(HD − ε)−1Y.

All four terms are m dimensional matrices, which are recalculated in every iteration step.
Eq.( 7.4) gives slightly different results than Eq. (7.3) as observable in Table 7.1. The

two approaches are not equivalent due to the different treatment of the diagonal part
of the thick arrow zeroth order matrix. As Table 7.1 illustrates, the approximate lower
bound calculated according to Eq. (7.2) converges to the exact eigenvalue. It is also
notable in Table 7.1 that ETA

lb gives a closer estimate to EFCI , than εm in most iteration
steps. The lower bound property is not kept, ETA

lb often approximates from above.

7.3 Behavior of the approximate bracketing function

As we saw in Chapter 5, in the case of the single arrow type zeroth order Hamiltonian
matrix, we had to choose loose upper bound to evaluate the approximate lower bound.
In practice ε was chosen to be the expectation value with the approximate wavefunction
at the beginning of the FCI iteration, denoted by ε1. In the case of thick arrow zeroth
order Hamiltonian this choice is not suitable.

Let us take a look at Fig. 7.1a. It shows the approximate bracketing function cal-
culated in the first five steps of the FCI iteration on a wide interval. The approximate
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Figure 7.1: Details of the calculations can be found in the caption of Fig. 5.7.
(a) The global behavior of function ETA

lb (ε)
(b) The first fixpoint of ETA

lb (ε)
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bracketing function is a zeroth order approximation, because of that it is monotone de-
creasing. It is immediately apparent, that as the reference function tends to the exact
wavefunction, the first singularity appears at lower and lower energies. The reason be-
hind is obvious: as the Davidson subspace is extended, the approximations E0

2 , E0
3 . . .

obtained by the thick arrow zeroth order Hamiltonian get gradually better. In order to
obtain lower bound to the ground state eigenvalue, the upper bound must be in the first
sector. An upper bound may easily fall to a wrong sector as the iteration proceeds.

Now let us look at Fig. 7.1b, which shows the fix point of the approximate bracketing
function. During the iteration, the fix point is getting closer to the exact eigenvalue. This
gives the idea to choose εm, the best approximate energy at the mth iteration step as
an upper bound. In practice ε = εm + 10−3 was used to avoid numerical difficulties with
inversion.

7.4 Comparing the approximate lower bounds on the
example of water molecule

Using the thick arrow zeroth order Hamiltonian we performed the same calculation for
water molecule as in section 3.3.1 . In tables 7.2 and 7.3 absolute errors of the approximate
lower bounds are presented.

m εm − EFCI E
[0]
lb (ε1)− EFCI E

[2]
lb,P(ε1)− EFCI ETA

lb (εm + 10−3)− EFCI

1 1.57e-1 -2.96e-2 -2.96e-2 -2.96e-2
2 1.52e-2 -3.78e-3 -4.53e-3 -3.95e-3
3 1.54e-3 -1.15e-4 -2.81e-4 -1.73e-4
4 1.76e-4 4.47e-5 -2.37e-5 -1.81e-5
5 2.72e-5 2.91e-6 -3.18e-6 -2.78e-6
6 5.35e-6 9.25e-7 -5.30e-7 -7.05e-7
7 1.15e-6 1.65e-7 -1.51e-7 -6.57e-7
8 2.28e-7 2.0e-8 -4.0e-8 -9.2e-8

Table 7.2: Energy errors on the example of the H2O molecule in 6-31G* basis set, at
equilibrium geometry (Re = 0.947296 Å , α(HOH)= 105.5025o ). Start vector of the FCI
iteration is the APSG wavefunction. The energy unit is Eh .
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Table 7.2 contains results for water molecule at equilibrium geometry. The approxi-
mate lower bound obtained by thick arrow zeroth order matrix performs well. The lower
bound property is not violated and the accuracy is slightly better than the accuracy of
E

[2]
lb,P at iteration steps 2-5.

m εm − EFCI E
[0]
lb (ε1)− EFCI E

[2]
lb,P(ε1)− EFCI ETA

lb (εm + 10−3)− EFCI

1 1.39e-2 -1.10e-2 -1.10e-2 -1.10e-2
2 1.76e-2 -9.82e-3 -8.15e-3 -3.96e-3
3 5.69e-3 -1.14e-4 4.03e-4 2.91e-3
4 1.98e-3 4.23e-4 -3.13e-4 1.88e-3
5 8.48e-4 1.01e-4 -3.83e-4 1.04e-3
6 3.52e-4 -1.10e-4 -9.26e-5 1.35e-3
7 1.12e-4 8.94e-6 2.68e-5 -1.26e-4
8 2.85e-5 4.58e-6 1.60e-6 1.77e-5
9 9.01e-6 1.70e-6 5.79e-7 1.14e-5
10 2.59e-6 6.06e-7 3.77e-7 8.45e-6
11 5.77e-7 3.8e-08 4.9e-08 -4.6e-7
12 1.18e-7 3.1e-08 2.6e-08 1.96e-7
13 3.5e-8 1.3e-08 8e-09 4.3e-08

Table 7.3: Energy errors on the example of the H2O molecule in 6-31G* basis set, far
from equilibrium geometry (ROH = 2Re , α(HOH)= 105.5025o ). Start vector of the FCI
iteration is the APSG wavefunction. The energy unit is Eh .

Results for the symmetrically dissociated water molecule are not that satisfactory.
The lower bound property is violated and the accuracy is worse than the accuracy of E[0]

lb

and E[2]
lb,P . The reason for the worse zeroth order Hamiltonian of Chapter 5 outperforming

the considerably improved zeroth approximation based method of Chapter 7 is still under
investigation.
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Overview of the dissertation

In quantum chemistry the usage of upper bounds to the energy is common. In contrast
to upper bounds, lower bounds are barely used, because they are much more difficult to
obtain and can only be applied if appropriate conditions are fulfilled. If both upper and
lower bounds were known, it would be possible to provide error bars to the calculated
energy.

One of our goals was to provide error bars to the eigenvalues of the Hamiltonian mat-
rix, represented in a given, finite dimensional basis. In practice the target eigenvalue is
calculated in an iteration process, without using the elements of the matrix. During this
(so called direct FCI) process a better and better approximate wave function is obtained
together with the corresponding expectation value, providing a lower bound. It is known,
that the absolute error of the expectation value is proportional to the square of the error
of the wave function1. In order to provide error bars, in each iteration step a lower bound
with the same accuracy is needed.

Löwdin’s bracketing function[7], Ebr(ε) = ε + 〈ϕ|(H − ε)−1|ϕ〉−1 gives a lower bound
to an eigenvalue of the operator H if the argument ε is an appropriate upper bound. In
general the argument and the value of the function „brackets” at least one eigenvalue. In
an early publication[1] we proved, that the bracketing function has variational nature. It
is also easy to show that the lower bound, obtained using Löwdin’s bracketing function
fulfills the accuracy requirement.

When calculating Löwdin’s bracketing function, the difficulty lies in the inversion
of (H − ε), which is not affordable during the FCI iteration. The lower bound must
have approximately the same computational cost as the upper bound. For this reason
quantities, available during the FCI iteration must be used exclusively. These are the

1||Ψexact −Ψapproximate||2
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diagonal elements of the Hamiltonian matrix and the effect of the Hamiltonian on a set
of vectors (the so-called Davidson subspace). This subspace is m dimensional at the mth
iteration step and contains the approximate eigenfunction.

A possible approach to approximate the inverse is to partition the Hamiltonian matrix
H = H0 + V and then use the Taylor-series expansion of the inverse:

(H−ε)−1 ≈ (H0−ε)−1−(H0−ε)−1V (H0−ε)−1 +(H0−ε)−1V (H0−ε)−1V (H0−ε)−1 . . .

Figure 8.1: Arrow shaped
H0

Our first choice of the partitioning was an arrow shaped H0,
which contains the diagonal elements and the first row and
column of the Hamiltonian (Figure 8.1). The first row and
column is calculated using the approximate eigenvector in each
iteration step. The formulas for calculating approximate lower
bound in this scheme are the following:

E
[0]
lb = ε1 + 〈φm|G0|φm〉−1, where

G0 = (H0 − ε1)−1

E
[2]
lb,P = ε1 + 〈φm|G0 −G0V PDG0 +G0PDV G0V PDG0|φm〉−1,

where ε1 is the energy at the start of the iteration, φm is the approximate eigenvector
at the mth step and PD is the projection operator to the Davidson subspace. Note, that
the projector PD had to be used, because the effect of V is known only on the Davidson
subspace. Our experience shows that E[0]

lb gives accurate energies, often violating the lower
bound property, while E[2]

lb,P is less accurate, but a more reliable lower bound. Our results
are published in article [2].

Figure 8.2: Thick ar-
row shaped H0

Our second choice was a thick arrow shaped H0 (Figure 8.2).
At themth step of the iteration it containsm rows and columns
of the Hamiltonian matrix and the diagonal elements. The
rows and columns are calculated using the basis vectors of the
Davidson subspace. This approach is expected to provide more
reliable lower bound, than the former approach as a larger part
of the Hamiltonian is included in the zeroth order. The other
advantage is, that it makes possible to provide lower bound
also for the excited state energies. The investigation of this
approach is still in progress, but the first results are presented
in Chapter 7.
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Löwdin-orthogonalisation
of the modified determinants

Gram–Schmidt-orthogonalisation
of the determinants to φm

Leaving out one determinant

Figure 8.3: Structure of the overlap
matrix at the steps of the orthogonali-
sation algorithm

In order to construct the H0 matrices men-
tioned above, a technical problem must be solved.
In the case of the arrow shaped H0 in Figure 8.1
there is one distinguished vector: the approximate
eigenvector(φm) in the mth iteration step. This
forms a redundant and overlapping set together with
the original determinant basis. A way to solve this
issue[68, 67] is schematically shown in Figure 8.3.

It is more difficult to build the matrix in Fig-
ure 8.2, since there are m selected orthonormal vec-
tors in addition to the determinants at the iteration
step m. We managed to generalise the orthogonal-
isation process to this case[3]. The greatest advan-
tage of our orthogonalisation method is it’s compu-
tational feasibility, as only an m-dimensional eigen-
value problem needs to be solved. At a later stage
we realised, that we do not even need to construct
the matrix in Figure 8.2. In spite of this, the orthog-
onalisation method is useful. It can, for example be
utilised in multireference perturbation theory, as il-
lustrated in article [3].
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Appendix

9.1 Davidson algorithm

The Davidson-algorithm[70] is an iterative method to determine a few eigenvalues
and the corresponding eigenvectors of a matrix. In each step the difference of the actual
approximate eigenvector and the exact eigenvector is approximated. This difference, as a
correction is used to construct the approximate eigenvector of the next step.

Let φ be an approximate eigenvector and let E ′ = φ†Hφ be the energy obtained by φ.
The exact energy and the corresponding eigenvector are denoted by E and Ψ respectively.
The residual vector is given by definition as:

r = Hφ− Eφ.

Because E is not known, an approximation of the residual vector can be calculated,
reading as:

r′ = Hφ− E ′φ. (9.1)

The residual vector tends to zero as φ approaches the exact eigenvector.
Now let us introduce the difference of the approximate and the exact eigenvectors:

∆Ψ = Ψ− φ.

By multiplying the difference vector with (H− E) from the left we get:

(H− E)∆Ψ = −(H− E)φ = −r.

As a consequence, the difference vector can be expressed with the residual vector as:

∆Ψ = −(H− E)−1r.
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The difference vector is approximated during the iteration in the following way:

∆Ψ ≈ −(HD − E ′)−1r′, (9.2)

where matrix HD contains the diagonals of H.
Steps of the Davidson-algorithm can be summarised as follow:

1. The reference vector is stored in the first column of an array. The vectors of this
array span the so-called the Davidson-subspace

2. Matrix representation of H is built in the Davidson-subspace. This matrix is denoted
by Z.

3. The eigenvalue problem of Z is solved. Leading eigenvalue E ′ and the corresponding
eigenvector φ are selected.

4. Residual vector r′ is calculated according to Eq. (9.1).

5. Difference vector ∆Ψ is calculated according to Eq. (9.2).

6. Difference vector ∆Ψ is orthogonalised to vectors forming the Davidson-subspace.

7. Norm of the orthogonalised difference vector is calculated. If it is smaller than
a given value, then the iteration is interrupted. Otherwise let us proceed to the
following step.

8. The orthogonalised difference vector is normalised and stored in the next column of
the array. A new iteration cycle is started by going to step 2.

9.2 Derivation of the QDPT formulas

In this section a summary of QDPT and a simple derivation of the second order
effective Hamiltonian in Eq. (6.15) is presented. The summary is based on the review
article [89] and the article of Lindgren[75].

In the framework of QDPT a model space of m vectors, {φi}mi=1 is selected. Let us
introduce projection operators to the model space and to the complementary space:

O =
m∑
i=1
|φi〉〈φi|, P = I −O =

N∑
i=m+1

|φi〉〈φi|.

The Hamiltonian is partitioned as

H = H0 + λV.
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Functions φi are eigenfunctions of the zeroth order Hamiltonian, i.e.

H0φi = E
(0)
i φi.

Exact eigenvalues of the Hamiltonian are denoted by {Ψi}Ni=1 and

〈Ψi|φi〉 6= 0

is supposed. Projection of the exact eigenvectors in the model space is introduced as

ΨO
i = OΨi.

The so-called wave operator is a central quantity of QDPT mapping the projected func-
tions ΨO

i into Ψi:

ΩΨO
i = Ψi. (9.3)

Formally the wave operator can be given as

Ω =
m∑

i,j=1
|Ψi〉(X−1)ij〈φj|,

where X is the overlap matrix of sets {φ1, . . . , φm} and {Ψ1, . . . ,Ψm}:

Xij = 〈φi|Ψj〉.

The wave operator (by definition) gives zero when transforming a vector of the comple-
mentary space:

ΩP = 0.

From the above follows, that

ΩO = Ω.

Multiplying Eq. (9.3) from the left by the projector O we get:

OΩΨO
i = ΨO

i .

Assuming that vectors ΨO
i form a basis in the model space1, it follows that

OΩ = O.

1if it is not the case, then the choice of the model space was wrong
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Let us now introduce the wave operator in the Schrödinger-equation to get

HΩΨO
i = EiΩΨO

i (9.4)

Projection by operator O leads to the eigenvalue equation of an effective Hamiltonian:

HeffΨO
i = EiΨO

i ,

where

Heff = OHΩ. (9.5)

The effective Hamiltonian has m eigenvalues which are identical with the exact eigenval-
ues. The corresponding eigenvectors are the projected exact eigenfunctions in the model
space.

In order to arrive at an equation for Ω the partitioning of H is introduced in Eq. (9.4).
This leads to

(Ei − ΩH0O)Ψi = λΩVΨ.

The exact energy can be eliminated by substracting the Schrödinger equation:

(ΩH0 −H0Ω)ΨO
i = λ(V Ω− ΩV Ω)ΨO

i . (9.6)

To obtain the equation above, Eq. (9.3) was also utilised. As Eq. (9.6) is valid for all
ΨO
i , relation

[Ω, H0] = λV Ω− λΩV Ω, (9.7)

follows. Eq. 9.7 is referred as generalised Bloch-equation[75, 90, 76].
In QDPT, Ω and consequently the effective Hamiltonian are approximated perturba-

tively:

Ω =
∞∑
i=0

λiΩ(i). (9.8)

By substituting (9.8) into Eq. (9.7) and requiring the equation to hold for each order of
λ:

[Ω(n), H0] = V Ω(n−1) −
n−1∑
i=1

Ω(i)V Ω(n−1−i) for n > 0. (9.9)

The zeroth order Ω is chosen as Ω(0) = O. To express Ω(n) from Eq. (9.9), consider the
following general equation:

[Ω(n), H0] = A n > 0 .
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Now try to express the matrix elements of the commutator with functions φi and φj:

〈φi|[Ω(n), H0]|φj〉 = (E(0)
j − E

(0)
i )〈φi|Ω(n)|φj〉 = 〈φi|A|φj〉. (9.10)

For n > 0 ,matrix element 〈φi|Ω(n)|φj〉 is nonzero only if i > m and j ≤ m. From Eq.
(9.10) the matrix elements of Ω(n) can be expressed as:

Ω(n)
ij = 〈φi|Ω(n)|φj〉 = 〈φi|A|φj〉

E
(0)
j − E

(0)
i

, i > m and j ≤ m (9.11)

For the first order correction of Ω Eq. (9.9) gives

[Ω(1), H0] = V O.

The matrix elements of Ω(1) according to Eq. (9.11) reads

Ω(1)
ij = 〈φi|H|φj〉

E
(0)
j − E

(0)
i

= Vij

E
(0)
j − E

(0)
i

, i > m and j ≤ m (9.12)

By substituting Eq. 9.12 into Eq. (9.5), the matrix elements of the second order effective
Hamiltonian are

(
H

[2]
eff

)
ij

= E
(0)
i δij +

N∑
k=m+1

VikVkj

E
(0)
j − E

(0)
k

, for i, j ≤ m,

which is in accordance with Eq. (6.15).
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Summary

Calculating lower bound via perturbation theory methods

Zsuzsanna Tóth

Doctoral School of Chemistry
Theoretical, Physical and Structural Chemistry Doctoral Program

Eötvös Loránd University

The main topic of my doctoral work was to calculate lower bound to the electronic energy levels
of molecules. The motivation is, that knowing both upper- and lower bounds faciliates bracketing
the energy levels. Calculating upper bound is common in quantum chemistry. Expectation value of
the Hamiltonian with an approximate wavefunction gives upper bound to the ground state energy.
On the other hand, tight enough and easily obtainable approximation is not known in the literature
of quantum chemistry.

It is possible to obtain lower bound with an approximate eigenfunction Via Löwdin’s bracketing
function, reading as:

EL(ε, ϕ) = ε+ 〈ϕ|(H − ε)−1|ϕ〉−1,

with ϕ being a trial function and ε standing for a real number. Provided that ε is an appropriate
lower bound to an energy level, EL(ε, ϕ) represent a lower bound. Using the bracketing function it
is possible to get tight lower bound exhibiting variational property[1]. In spite of that, this method
is not practical, as the formula contains the inverse of the Hamiltonian.

In publication [2] the inverse was approximated by polynomial series, generated via partition-
ing the Hamiltonian as

H − ε = (H0 − ε) + V.

The zeroth order operator, H0 contains the first row, column and the diagonal of the Hamiltonian
matrix. With this method we provided tight and relatively cheap approximation to the ground state
energy.

In a refined approach H0 contains several rows and columns of the Hamiltonian matrix beside
the diagonals. One advantage of this choice is, that it can yield more accurate lower bound. An-
other advantage is, that with this approach lower bound can be obtained even for excited states.
This method is still under developement. In the thesis only the first results are presented.

To calculate the zeroth order Hamiltonian we had to handle a special overlapping and redundant
basis set. We developed an efficient biorthogonalisation procedure for which closed formulas were
possible to obtain. This procedure can also be applied in the context of multireference perturbation
theory[3].

[1] Á. Szabados, Zs. Tóth J. Math. Chem., 52:2210, 2014.

[2] Zs. Tóth, Á. Szabados J. Chem. Phys, 143:084112, 2015.

[3] Zs. Tóth, P. R. Nagy, P. Jeszenszki, Á. Szabados Theor. Chem. Acc., 134:100, 2015.



Tudományos összefoglaló

Alsó korlát számítása perturbációs módszerekkel

Tóth Zsuzsanna

Elméleti és Fizikai Kémia, Anyagszerkezetkutatás Doktori Program
Kémia Doktori Iskola

Eötvös Loránd Tudományegyetem

Doktori munkám témája alsó becslés számítása molekulák elektronikus energiaszintjeihez. A
témaválasztás motivációja, hogy alsó- és felső becslés ismeretében közre lehetne fogni az ener-
giaszinteket. Felső becslést számolni bevett eljárás a kvantumkémiában, az alapállapoti energiához
a Hamilton operátor közelítő hullámfüggvénnyel számított várható értéke felső becslést ad. Ezzel
szemben a kvantumkémiai irodalomban egyelőre nincs egyszerűen számítható és kellően szoros
alsó becslés.

Löwdin közrefogó függvénye lehetőséget ad arra, hogy egy közelítő hullámfüggvénnyel alsó
becslést számítsunk:

EL(ε, ϕ) = ε+ 〈ϕ|(H − ε)−1|ϕ〉−1,

ahol ϕ egy közelítő hullámfüggvény és ε egy valós szám. Ha ε megfelelő felső becslés egy e-
nergiaszinthez, akkor EL(ε, ϕ) alsó becslés. A közrefogó-függvénnyel szoros és variációs tulaj-
donságú alsó becslést kaphatunk[1]. A Hamilton-operátor inverze azonban csak kis rendszerekre
számítható, így a módszer nem praktikus.

A [2] publikációban az inverzet hatványsorral közelítettük, melyet a Hamilton operátor

H − ε = (H0 − ε) + V

partíciója alapján generáltunk. Az ún. nulladrendű operátor, H0 tartalmazza a Hamilton-operátor
mátrixreprezentációjának első sorát, oszlopát és diagonálisát. Ezzel a módszerrel olcsó és szoros
alsó becslést tudunk adni az alapállapoti energiához.

A fentinél jobb közelítést várunk, ha a diagonális mellett H0 tartalmazza a Hamilton-operátor
több sorát és oszlopát. Ennek több előnye is van. Egyfelől pontosabb alsó becslést tesz lehetővé,
másfelől ezzel a megközelítéssel gerjesztett állapothoz is számíthatunk alsó becslést. Ez a módszer
jelenleg fejlesztés alatt áll, a dolgozat csak az első eredményeket tartalmazza.

A nulladrendű operátor mátrixreprezentációjának számításához egy speciális, átfedő és re-
dundáns bázist kellett kezelnünk. Ehhez új (bi)ortogonalizációs eljárást dolgoztunk ki, aminek
formulái zárt alakban kifejezhetők. Az eljárás alkalmazható multireferencia perturbációszámítás-
ban is[3].

[1] Á. Szabados, Zs. Tóth J. Math. Chem., 52:2210, 2014.
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