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Introduction and objective

A considerable portion of solid materials is polycrystalline, meaning that it consists of
a large number of crystalline grains. The physical properties of such materials are highly
influenced by their microstructure: the size, shape, and composition distributions of the
crystallites they consist of. Therefore, it is important to determine how microstructure
is developed and how one may influence its evolution. The microstructures that form
during solidification can generally be sorted into three categories: (1) globular or dendritic
grains impinging upon each other; (2) polycrystalline growth forms, which develop by
the appearance of new orientations along the growth front, a process that leads to the
formation of e.g., spherulites; (3) polycrystalline growth forms impinging upon each other.

The microstructure is also influenced by grain coarsening that follows solidification, a
phenomenon which is in the focus of scientific research for a long time. During the latter
process, which is governed mainly by the reduction of the excess free energy associated
with the grain boundary network, the average size of the grains grows following a power law
and the grain size distribution changes in a self-similar way, so that the reduced grain size
distribution tends to a limiting distribution (LGSD=Limiting Grain Size Distribution).
This phenomenon, contrary to its relatively simple nature, has not been yet described in a
satisfactory way, mainly because of the complex geometry of the grain boundary network.
The related theories, simulations, and experimental results are not without contradiction.

My thesis addresses three problems. The first is the description of morphologies that
appear during polycrystalline solidification within the framework of orientation field based
phase-field (OFPF) models. This part of my work was motivated by the publication of a
new OFPF model1. The goal of my research was to investigate whether or not the new
model is capable to describe the formation of complex polycrystalline morphologies. The
second part of my work was motivated by the appearance of an experimental review2,
which showed that the LGSD emerging during microstructure evolution in thin metallic
films can be well fitted by a lognormal distribution. It was also pointed out that this
behavior is highly independent of the choice of the experimental parameters, within a
wide range. The lognormal LGSD deduced from these experiments deviates from most of
the distributions predicted by theory and simulations, with the exception of the Phase-

1Henry, H., Mellenthin, J. & Plapp, M. "Orientation-field model for polycrystalline solidification with
a singular coupling between order and orientation." Physical Review B 86(5): 054117,2012.

2Barmak, K., et al. "Grain growth and the puzzle of its stagnation in thin films: The curious tale of a
tail and an ear." Progress in Materials Science 58(7): 987-1055,2013.
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Field Crystal (PFC) model3. While earlier theories rely on a significantly simplified picture
of the phenomenon, the PFC model describes it on an atomistic scale, incorporating a wide
range of phenomena. My goal was to build a minimal orientation field based model which
yields the proper LGSD. In the third part of my work I investigated the topological defects
present in the OFPF models. This was motivated by the observation that in polycrystalline
structures described by OFPF models, solely due to the properties of the order parameter,
topological defects can appear, and the presence of these defects can significantly alter the
dynamics of the system. My goal was to understand the phenomenon and to find possible
solutions.

Applied methods

Phase-field theory is the natural framework to describe microstructure evolution during
phase transitions, including polycrystalline solidification. The theory relies on the phase-
field, a scalar structural order parameter, which can be used to monitor any type of first
order phase transition, where the phases are separated by an interface. In my thesis phase-
field is used as the order parameter that monitors the evolution of the crystalline order,
hence as the order parameter of solid-liquid phase transition. To describe polycrystalline
systems besides the phase-field, an additional order parameter, the orientation field is
needed, which describes the local crystallographic orientation. The models, which use
these two fields together for polycrystalline systems are termed orientation-field-based
phase-field models. The dynamics of such systems is based on a Ginzburg-Landau type
free energy functional, in which the phase-field is coupled with other thermodynamic
quantities, such as temperature, composition, etc. The time evolution of all these fields
follows standard variational dynamics that comes from the linear response theory of non-
equilibrium thermodynamics.

In the description of polycrystalline growth forms, I relied on the ideal-solution ther-
modynamics of two component systems whereas for grain coarsening, thermodynamics of
pure one component system was used.

The partial differential equations representing the time evolution of the system were
solved numerically on a uniform square grid, using the finite difference spatial discretization
combined with the simple forward Euler time stepping. The simulations were performed
on CPU clusters and graphic cards.

3Backofen, R., et al. "Capturing the complex physics behind universal grain size distributions in thin
metallic films." Acta Materialia 64: 72-77,2014.
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Theses

1. A new orientation field based phase-field model was introduced recently, in
which the square gradient term of the orientation field is multiplied by a sin-
gular function of the phase-field. I have shown that in this new model the
orientational order parameter can be extended to the liquid phase by a proper
choice of orientational mobility function. In the liquid phase, orientation field
fluctuates in time and space, and the amplitude of the fluctuation tends to
zero in the solid-liquid interface, while going from the liquid phase to the solid
phase. By using the above introduced extended orientational order parame-
ter, I have shown that the model can be applied both for the description of
thermal fluctuation induced nucleation and by incorporating the phenomena
of growth front nucleation for the description of a wide range of polycrystalline
solidification morphologies. [P1]

2. Two-dimensional grain coarsening was investigated for the first time within the
framework of orientation field based phase-field models. I have shown that the
models introduced by Kobayashi and co-workers [1] and the one introduced
by Mellenthin and co-workers [2, 3] leads to a similar limiting grain size dis-
tribution (LGSD). That LGSD is quite the same as the ones obtained from
computer simulations of other models based on the reduction of free energy or
interface free energy. However this LGSD deviates significantly from the one
observed in experiments. [P1, P2]

3. Using the orientation field based phase-field models I have shown that the
LGSD is critically sensitive to the detection of small angle grain boundaries
during evaluation. By gradually changing the misorientation resolution of the
evaluation method the respective LGSD changed continuously from that ob-
tained from former models to the one observed in experiments. An LGSD sim-
ilar to the one obtained from former models can be obtained if the small angle
grain boundaries are detected with high precision whereas the LGSD is close
to the lognormal deduced from experiments if the misorientation resolution of
the evaluation is worse than few degree. [P1,P2]

4. Possible values of the orientational order parameter can be mapped onto the
unit circle, a domain which is topologically not simply connected. This has the
following consequences: (i) for the grain boundary of two grains with arbitrary
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orientations there exist two grain boundary solutions and the two solutions
can not be transformed into each other continuously; (ii) if both of these solu-
tions appear at the same grain boundary a topological defect appears between
them, where the gradient of the orientation field diverges; (iii) at trijunctions
a topological defect must appear in the case of appropriate set of orientations;
(iv) topological defects influence significantly the dynamics of polycrystalline
systems in computer simulations. [P3]

5. To remove the non-physical effect of topological defects, I have introduced new
orientation field models. These models rely on the extension of the original ori-
entation models. In one of these new models, I have extended the orientational
order parameter to the surface of the three dimensional sphere, while in the
second case, I have extended the orientational order parameter to the whole
two-dimensional plain while, introducing a Landau-de Gennes potential. The
parameter space of the new order parameters is simple connected and thus
are free of topological defects by construction. I have demonstrated that using
these new models the non-physical effects of topological defects present in the
usual orientation field models can be avoided.
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