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Notations

n number of jobs

J set of jobs {J1, . . . , Jn}
pj processing time of job Jj

m number of parallel machines

M set of parallel machines {M1, . . . ,Mm}
r number of the resources

R set of resources

q number of replenishments

u` time moments when some resource is supplied, 0 =

u1 < u2 < . . . < uq

b̃` amount of the resource supplied at u` in case of a

single resource

b̃`,i in the case of multiple resources, it is like b̃`, but for

resource i ∈ R
b`, b`,i amount of resource supplied until u`

aj resource requirement of job Jj in case of a single re-

source

ai,j requirement of job Jj from resource i

psum
∑n

j=1 pj

C∗max the optimal makespan
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Chapter 1

Introduction

Scheduling problems emerge in several places in the industry, where the decision

maker has to allocate resources to tasks (jobs) over time. We can distinguish two

main types of resources: renewable resources (like machines, workers or special

tools), which can be used for further jobs after usage; and non-renewable resources

(like raw material, energy, or money), which are consumed by the jobs (and may

be replenished by other jobs, or from external sources). Machine scheduling is a

major subfield of scheduling theory and it also has a great practical relevance. In

these problems there are so-called machines with the following properties: (i) each

machine can process at most one job at a time, and (ii) each job can be processed

by one machine at a time.

The most basic machine environment is the single machine environment, where

there is only one machine, on which each job must be processed, or, in other words,

we have to allocate disjoint time periods to the jobs, when they can be processed

on the machine. One of the most important extension of this model is the parallel

machine environment, where there are at least two identical machines, and each job

must be processed on exactly one of these machines.

This thesis considers machine scheduling problems with non-renewable resource

constraints. In these problems the jobs have additional resource requirements, and

they consume the non-renewable resources when they are started on the machine.

The resources have initial stocks, which are replenished at some a-priori known

moments of time. We will consider single and parallel machine environments and

several objective functions (makespan, maximum lateness and total weighted com-

pletion time).

Formally, we have a finite set of n jobs, J = {j1, . . . , jn} and a finite set of

non-renewable resources R consumed by the jobs. We examine single machine en-

vironments in Chapters 3, 4 and 5, and parallel machine environments with m

1
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t

u1 = 0 u2 u3 = uq

j2
a2 = 2

j5
a5 = 1

j3
a3 = 3

j1
a1 = 2

j4
a4 = 5

b̃1 = 3 b̃2 = 4 b̃3 = 6

Figure 1.1: An example for a feasible schedule.

machines, M = {M1, . . . ,Mm} in Chapter 6. Each job j has a processing time

pj ∈ Z+, a release date rj, and resource requirements ai,j ∈ Z+ from the resources

i ∈ R. In case of a single resource we omit the first index and use aj. There will be

several variants without release date constraints, thus this will be the case unless we

indicate it otherwise. Preemption of the jobs is not allowed and each machine can

process at most one job at a time. The resources are supplied in q different time

moments, 0 = u1 < u2 < · · · < uq; the vector b̃` ∈ Z|R|+ represents the quantities

supplied at u`.

A schedule σ specifies a machine and the starting time Sj of each job and it is

feasible if (i) on every machine the jobs do not overlap in time, (ii) Sj ≥ rj for each

j ∈ J , and if (iii) at any time point t the total supply from each resource is at

least the total request of those jobs starting not later than t, i.e.,
∑

(` : u`≤t) b̃`,i ≥∑
(j : Sj≤t) ai,j, ∀i ∈ R. We denote the completion time of job j in schedule σ by

Cj. Since preemption is not allowed, we have Cj = Sj + pj. An example problem

along with a feasible schedule is depicted in Figure 1.1. This is a single machine

problem with a single non-renewable resource, where there are 5 jobs represented

by 5 rectangles. For each job j, the width of the corresponding rectangle indicates

its processing time, while the resource requirement aj is provided in the rectangle.

Further on, there is an initial supply of b̃1 = 3 at time u1 = 0, and two more supplies

at u2 and u3 with supplied quantities b̃2 = 4 and b̃3 = 6, respectively. In the depicted

schedule, job j1 cannot start earlier, since it requires 2 units of the resource, but

there is only b̃1 + b̃2− a2− a5− a3 = 1 unit on stock before the supply arrives at u3.

We summarize the most important notations at the beginning of this thesis and

there is a short overview in the Appendix of the basics of scheduling theory used

throughout this thesis.

We will consider several well-known objective functions, like the makespan (Cmax :=

maxj∈J Cj), the maximum lateness (Lmax := maxj∈J (Cj−dj)) and the total weighted

completion time (
∑
wjCj :=

∑
j∈J wjCj, where the weight wj ∈ Z+ describes the

importance of job j).

We end this section by a simple observation. Since the total requirement of the
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jobs from resource i is
∑

j∈J ai,j, we do not have to deal with supplies after we have

reached this value, and less supply means that not all the jobs can be scheduled,

which is out of our scope. Therefore,

Assumption 1.0.1.
∑q

`=1 b̃`,i =
∑

j∈J ai,j, ∀i ∈ R, holds without loss of generality.

1.1 Background and motivation

Scheduling with non-renewable resources has a great practical interest. We list a few

examples from recent years. Chapter 4 of Stadtler and Kilger (2008) describes ex-

amples in the consumer goods industry and in computer assembly, where purchased

items have to be taken into account at several planning levels including short-term

scheduling which is the topic of the present thesis. Herr and Goel (2016) study a

scheduling problem arising in the continuous casting stage of steel production. A

continuous caster is fed with ladles of liquid steel, where each ladle contains a cer-

tain steel grade and has orders allocated to it that determine a due date. The liquid

steel is produced from hot iron supplied by a blast furnace with a constant rate.

The sequence of ladles, including setups between ladles of different setup families, is

not allowed to consume more hot metal than supplied by the blast furnace. Belkaid

et al. (2012) study a problem of order picking in a platform with a distribution

company that leads to the model considered in this thesis. In Carrera et al. (2010),

a similar problem is investigated in a shoe-firm.

There are several papers about theoretical results in the problem. Now, we give

a short overview of previous results. At the beginning of the forthcoming chapters,

we repeat the most relevant results in a more detailed way.

Scheduling problems with resource consuming jobs were introduced by Carlier

(1984), Carlier and Rinnooy Kan (1982), and Slowinski (1984). In Carlier (1984),

the computational complexity of several variants with a single machine was estab-

lished, while in Carlier and Rinnooy Kan (1982) activity networks requiring only

non-renewable resources were considered. In Slowinski (1984) a parallel machine

problem with preemptive jobs was studied, and the single non-renewable resource

had an initial stock and some additional supplies, like in the model presented above,

and it was assumed that the rate of consumption of the non-renewable resource was

constant during the execution of the jobs. These assumptions led to a polynomial

time algorithm for minimizing the makespan, which is in strong contrast to the NP-

hardness of all the scheduling problems analyzed in this thesis. Further results can

be found in e.g., Toker et al. (1991), Xie (1997), Neumann and Schwindt (2003),
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Laborie (2003), Grigoriev et al. (2005), Briskorn et al. (2010), Briskorn et al. (2013),

Gafarov et al. (2011), Morsy and Pesch (2015). In particular, Toker et al. (1991)

proved that scheduling jobs requiring one non-renewable resource on a single ma-

chine with the objective of minimizing the makespan reduces to the 2-machine flow

shop problem provided that the single non-renewable resource has a unit supply in

every time period. Neumann and Schwindt (2003) study general project scheduling

problems with inventory constraints, and propose a branch-and-bound algorithm

for minimizing the project length. In a more general setting, jobs may produce as

well as consume non-renewable resources. In Xie (1997), Grigoriev et al. (2005)

and Gafarov et al. (2011) the complexity of several variants was studied and some

constant ratio approximation algorithms were developed in Grigoriev et al. (2005).

Briskorn et al. (2010), Briskorn et al. (2013) and Morsy and Pesch (2015) exam-

ined scheduling problems where there is an initial inventory, and no more supplies,

but some of the jobs produce resources, while other jobs consume the resources.

In Briskorn et al. (2010) and Briskorn et al. (2013) scheduling problems with the

objective of minimizing the inventory levels were studied. Morsy and Pesch (2015)

designed approximation algorithms to minimize the total weighted completion time.

It is easy to show that the problem with the makespan objective is NP-hard

even in very special cases, hence we focus mainly on approximation algorithms and

exact methods. To that end, we examine several aspects of the problem: (i) we will

present connections with other well-known combinatorial optimization problems that

provide us complexity and approximability results; (ii) we will present approximation

algorithms, schemes that use various enumeration techniques, LP-based and other

methods; and (iii) we will also present an exact method to obtain an algorithm

useful in practice.

Before starting this research, we found only very simple approximation algo-

rithms in the literature. In the case of makespan minimization, the best achieved

approximation ratio was two, while now, we have several approximation schemes

(that provide an approximation ratio of (1 + ε)) and have proved lower bounds on

the best ratio for different variants. These results provide an almost complete pic-

ture of makespan minimization. Other objective functions proved to be much harder:

however, we have improved approximation ratios for several important variants of

these problems. This thesis is based on results of Györgyi and Kis (2014), Györgyi

and Kis (2015a), Györgyi and Kis (2015b), Györgyi and Kis (2017), Györgyi (2017),

Györgyi and Kis (2018a) and Györgyi and Kis (2018b).
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1.2 Terminology

An optimization problem Π consists of a set of instances, where each instance has

a set of feasible solutions, and each solution has an (objective function) value. In

a minimization problem a feasible solution of minimum value is sought, while in a

maximization problem one of maximum value. A (1 + ε)-approximation algorithm

for an optimization problem Π delivers in polynomial time for each instance of Π a

solution whose objective function value is at most (1 + ε) times the optimum value

in case of minimization problems, and at least 1/(1+ε) times the optimum in case of

maximization problems. For an optimization problem Π, a family of approximation

algorithms {Aε}ε>0, where each Aε is an ε-approximation algorithm for Π is called a

Polynomial Time Approximation Scheme (PTAS) for Π. A Fully Polynomial Time

Approximation Scheme (FPTAS) is a family of algorithms {Aε}ε>0 with the same

properties as a PTAS, plus each Aε runs in polynomial time in 1/ε as well.

Observation 1.2.1. For a PTAS for some minimization problem Π, it is sufficient

to provide a family of algorithms {Aε}ε>0 where each Aε is a (1+c·ε)-approximation

algorithm for Π, where the constant factor c does not depend on the input or on ε.

Then, letting ε := δ/c, we get a PTAS {A(δ/c)}δ>0 for Π.

An optimization problem is in APX (abbreviation of ’approximable’) if there is a

constant-factor approximation algorithm for that problem. A problem is APX-hard

if there is a PTAS-reduction (for definition see Section 3.1) from every problem in

APX to that problem, and an APX-hard problem is APX-complete if it belongs to

APX.

We use the standard α|β|γ notation for scheduling problems (Graham et al.,

1979), where α denotes the processing environment, β the additional restrictions,

and γ the objective function (see the Appendix for details). α = Pm indicates

m parallel machines for some fixed m. In the β field, ’rm’ means that there are

non-renewable resource constraints, rm = r indicates |R| = r. Further options are

q = const meaning that the number of supplies is a fixed constant, rj indicates job

release dates, while the restriction #{rj : rj < uq} ≤ const bounds the number of

distinct job release dates before the last supply date uq by a constant. For a set H,

we define p(H) :=
∑

j∈H pj and let psum :=
∑

j∈J pj.

An objective function Fmax is monotone, if it satisfies the following conditions:

(i) Fmax is monotone increasing in the job completion times, i.e., Fmax(C1, . . . , Cn) ≤
Fmax(C ′1, . . . , C

′
n), for an arbitrary 0 ≤ Cj ≤ C ′j, j = 1, . . . , n,
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(ii) Its value does not grow faster than the value of any of its arguments, i.e.,

Fmax(C1 + δ, . . . , Cn + δ) ≤ Fmax(C1, . . . , Cn) + δ for any δ ≥ 0,

(iii) On any instance, and for any feasible schedule, Fmax is at least uq.

Notice that e.g. the makespan, and the maximum lateness increased by some (in-

stance dependent) constant satisfy the above properties, but the total completion

time does not. Clearly, Lmax is a generalization of Cmax. From now on Fmax denotes

an arbitrary monotone objective function.

1.3 Structure of the thesis

This thesis contains six chapters and an Appendix. Chapter 2 contains the necessary

background that we use subsequently. Sometimes we sketch some proofs because

these ideas inspired some of our results. This chapter does not contain any new

results.

Chapter 3 gives a short overview of approximation preserving reductions and then

present four reductions between variants of our scheduling problem and variants of

the classical Knapsack Problem. These reductions have many consequences, e.g.,

provide us new approximability results and faster algorithms. These results are

based on the paper Györgyi and Kis (2015a).

Then, Chapter 4 describes complexity and approximation results in single ma-

chine environment. After summarizing the previous results and presenting an im-

portant observation, we examine two important objective functions: Section 4.3

deals with makespan minimization, while Section 4.4 deals with the minimization of

the total weighted completion time. The makespan minimization results are mainly

based on Györgyi and Kis (2014) and Györgyi and Kis (2015b). Since some of the

single machine results have been extended to the parallel machine environment, we

do not always give detailed proofs for these results. The results of Section 4.4 are

described in Györgyi and Kis (2018b).

After that, Chapter 5 presents an exact algorithm for the lateness minimization

problem with computational results from Györgyi and Kis (2018a). This chapter

significantly differs from the other chapters, since it examines the practical aspect

of the problem. Even so, we have used several ideas from the theoretical results.

The last chapter (Chapter 6) deals with parallel machine problems, the results

of this chapter were published in Györgyi and Kis (2017) and Györgyi (2017). Some

of the single machine results can be extended to parallel machines, but some others

not, and there are important differences depending on whether the number of the
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machines is a constant or part of the input. We present four PTAS-es, three for the

makespan minimization problem and one minimizing lateness.

The Appendix sketches a slightly modified PTAS of Hall and Shmoys (1989) and

a short overview of scheduling theory.
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Chapter 2

Preliminaries: Knapsack Problems

Knapsack problems are among the most-studied problems in combinatorial opti-

mization. There are many variants and methods of all kinds have been devised

over the years to get some solutions, see e.g., the book Kellerer et al. (2003) for an

excellent overview. These problems have played an important role in the design of

algorithms for scheduling problems, see e.g., Lawler (1994), Kolliopoulos and Steiner

(2007), Su et al. (2009), Zhang et al. (2010), Fu et al. (2012) to mention but a few

examples.

During this thesis we reuse several ideas, algorithms and other results of the

topic to achieve new results on the scheduling problem under study. This chapter

summarizes definitions, algorithms and theorems that will be helpful in the latter

chapters, but does not contain any result from the author.

First, we introduce the classical Knapsack Problem and list some corresponding

results in Section 2.1. In Sections 2.2 and 2.3 we do the same in case of two important

variants of the problem: the Multidimensional Knapsack Problem and the Multiple

Knapsack Problem, respectively.

2.1 The (basic) Knapsack Problem

In the (basic) Knapsack Problem (KP ) there is a set of n items j with profit vj and

weight wj. One has to select a subset of the items with the largest total profit so

that the total weight of the selected items is at most a given constant (’capacity’)

9
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b′. Formally:

OPTKP := max
n∑
j=1

vjxj (2.1)

s.t.
n∑
j=1

wjxj ≤ b′ (2.2)

xj ∈ {0, 1}, j = 1, . . . , n. (2.3)

We will use the notation OPTKP for the optimal value of this problem. Throughout

this theses we always assume that wj ≤ b′, ∀j = 1, . . . , n. Note that n · OPTKP ≥∑n
j=1 vj. Now we mention some basic results about the Knapsack Problem based

on Kellerer et al. (2003).

Let ej := vj/wj denote the efficiency of item j. Sort the items by their efficiency

in non-increasing order (assume that e1 ≥ . . . ≥ en). Let k be the smallest index

such that w1 + · · · + wk ≥ b′, unless
∑n

j=1wj < b′ in which case k := n, and let

UKP := v1 + · · ·+ vk.

Proposition 2.1.1 (Kellerer et al., 2003). OPTKP ≤ UKP ≤ 2 ·OPTKP .

Now we turn to approximation. Let vmax denote the maximal profit among the

items. Consider the following algorithm:

Procedure Ext-Greedy (Kellerer et al., 2003)

1. Order the items in non-increasing efficiency order and consider them one-by-

one.

2. If we do not exceed the capacity of the knapsack, then pack the current item.

Otherwise, drop the current item and consider the next one.

3. After we have considered each item, let vgreedy denote the total profit of the

packed items. If vmax > vgreedy, then drop each item from the knapsack and

pack an item with maximal profit.

Obviously, this algorithm has a linear running time. Note that without step 3,

the algorithm can produce arbitrary bad result.

Proposition 2.1.2 (Kellerer et al., 2003). Procedure Ext-Greedy is a 2-approximation.
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There are better approximation algorithms, but these require more time (see

Kellerer et al. (2003) for an overview). Indeed, there is even an FPTAS for the

problem.

Theorem 2.1.3 (Ibarra and Kim, 1975 or Kellerer and Pferschy, 1999). There is

an FPTAS for KP.

Remark 2.1.4. According to our knowledge the currently fastest FPTAS has a

running time O(nmin{log n, log(1/ε)} + 1/ε2 log(1/ε) · min{n, 1/ε log(1/ε)}) and

requires O(n+ 1/ε2) space. (Kellerer and Pferschy, 1999, 2004).

Instead of an FPTAS, we present a PTAS from Kellerer et al. (2003), because it

will be useful later:

Procedure Hε (Kellerer et al., 2003)

Initialization: z = 0 the value of the best solution value found so far.

1. ` := min{d1
ε
e − 2, n}.

2. Examine each subset with size at most ` − 1 and choose the best feasible

solution among them. Refresh z.

3. For each `-element feasible subset L apply algorithm Ext-Greedy to the knap-

sack instance with item set N := {j : vj ≤ min{vi : i ∈ L}} \ L and capacity

b′ −
∑

j∈Lwj. Let z̄ be the obtained solution value. If z̄ +
∑

j∈L vj > z, then

we have a new best solution.

Lemma 2.1.5 (Kellerer et al., 2003). Procedure Hε is a PTAS for KP.

2.2 The Multidimensional Knapsack Problem

In the r-dimensional Knapsack Problem (r-DKP) there are r capacity constraints.

Each item j has an r-dimensional weight (w1j, . . . , wrj) apart from its profit vj and

there is a capacity constraint in case of each dimension:

OPTr−DKP := max
n∑
j=1

vjxj (2.4)

s.t.
n∑
j=1

wijxj ≤ b′i, i = 1, . . . , r (2.5)

xj ∈ {0, 1}, j = 1, . . . , n. (2.6)
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The optimum value of this problem is denoted by OPTr−DKP .

Let Ur−DKP =
∑n

j=1 vj.

Proposition 2.2.1 (Kellerer et al., 2003). OPTr−DKP ≤ Ur−DKP ≤ n ·OPTr−DKP .

We have the following approximability results for r-DKP:

Theorem 2.2.2 (Gens and Levner, 1979). There is no FPTAS for 2-DKP unless

P = NP .

Procedure H1/(r+1) (Caprara et al., 2000)

1. Compute an optimal basic solution of the LP relaxation xLP .

2. Pack the items with xLPj = 1.

3. If vmax is greater than the total profit of the packed items then drop each item

from the knapsack and pack an item with maximal profit.

Since the number of the items with 0 < xLPj < 1 is at most r, we have the

following lemma:

Lemma 2.2.3 (Caprara et al., 2000). Procedure H1/(r+1) is an (r+1)-approximation

for r −DKP .

If we replace Procedure Ext-Greedy in Procedure Hε with the above algorithm,

the new algorithm is a PTAS, thus:

Theorem 2.2.4 (Caprara et al., 2000). There is a PTAS for r−DKP if r is fixed

with a running time O(ndr/εe−r).

Remark 2.2.5. When r is part of the input, no PTAS is known for r − DKP

according to our knowledge.

2.3 The Multiple Knapsack Problem

In the Multiple Knapsack Problem (MKP) we have a set of bins 1, . . . ,m, apart from

the set of items 1, . . . , n. Each bin i has a capacity of b′i, and each item j has a profit

vj and a weight wj. The objective is to find a subset U of items of maximum profit

such that the items in U can be packed into the m bins.
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OPTMKP := max
m∑
i=1

n∑
j=1

vjxij (2.7)

s.t.
n∑
j=1

wjxij ≤ b′i, i = 1, . . . ,m (2.8)

m∑
i=1

xij ≤ 1, j = 1, . . . , n (2.9)

xij ∈ {0, 1}, i = 1, . . . ,m; j = 1, . . . , n. (2.10)

The optimum value of this problem is denoted by OPTMKP .

Similar to other variants we mainly focus on the approximation results. We

would like to highlight two of them. The first follows from strong NP-hardness

of several variants of the problem, while the latter requires a quite sophisticated

algorithm.

Theorem 2.3.1 (Kellerer et al., 2003). There is no FPTAS for MKP even in case

of 2 knapsacks.

Theorem 2.3.2 (Chekuri and Khanna, 2006). There is a PTAS for MKP.

Since we will reuse ideas from this PTAS, we summarize a part of this algorithm

based on Kellerer et al. (2003). For details see Chekuri and Khanna (2006) or

Kellerer et al. (2003). This PTAS is divided into a guessing stage and a packing

stage. In the guessing stage the optimum value is ’guessed’ along with a set of items

which can be packed into the bins, whereas in the packing stage a subset of items

is chosen and a feasible packing is sought while losing only an O(ε) fraction of the

optimum profit, where ε > 0 is a parameter. Here, we describe only the main steps

of the guessing stage:

Main steps of the guessing stage of the PTAS of Chekuri and Khanna,

2006

1. Guess a value O which is close to the optimum solution value (examine each

element in a polynomial size set).

2. Round the down the profits so that the total loss is at most εO and the number

of the different profit values is O(lnn/ε).

3. Partition the items into sets S1, . . . , Sh so that the items in the same Si have

the same profit.
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4. Order the items in non-decreasing order of weights in each Si.

5. Let U be the set of items chosen in an optimal solution for the instance with

the rounded items and let Ui = U ∩ Si for each i ≤ h. Guess a value for each

i to get an approximate value of the total profit of v(Ui) (again, examine each

element of a polynomial size set).

6. Choose items from each Si with the help of the previous guess. Let S ′i denote

the set of items obtained from Si.

All in all we have a polynomial number of guesses and we have a set of chosen

items in sets (S1, . . . , Sh). The next lemma summarizes the main result of the

guessing stage.

Lemma 2.3.3 (Chekuri and Khanna, 2006). There is a guess such that the chosen

items are feasible (i.e., we can pack them into the knapsacks) and their total profit

is at least (1− ε)O.

The remaining task is to pack ’most’ of these items into the knapsacks such that

the total profit of the packed items reaches (1 − O(ε))
∑h

i=1

∑
j:j∈S′i

pj. Since our

algorithms use ideas only from the guessing stage and the packing stage is quite

difficult and long, we do not give details here, just refer to Chekuri and Khanna

(2006) or Kellerer et al. (2003) for a summary.



Chapter 3

Reductions and their consequences

In this chapter we describe some direct connections between variants of our schedul-

ing problem and variants of the Knapsack Problem. Recall that in Chapter 2,

we have introduced the basic Knapsack Problem and the r-dimensional Knapsack

Problem, the variants will be used below.

This chapter is based on Györgyi and Kis (2015a) and studies the makespan

minimization problem on a single machine. First, in Section 3.1, we overview ap-

proximation preserving reductions. Then, in Section 3.2 we will study the problem

with a single non-renewable resource, while in Section 3.3, we consider multiple non-

renewable resources. We do not deal with release dates (i.e., each rj = 0) and we

assume that there are only two supplies or in other words that q = 2.

We say a job j is assigned to the time point u1 if and only if the total requirement

of the jobs that start not later than j in S is at most b̃1. Let P1(S) denote the sum

of processing times of the jobs assigned to u1 and P2(S) denote the total processing

time of the remaining jobs. Clearly, P1(S) + P2(S) = psum.

Observation 3.0.4 (Györgyi and Kis, 2015a). Let S∗ be an optimal schedule for

1|rm = r, q = 2|Cmax. We have

i) C∗max = max{P1(S∗) + P2(S∗), u2 + P2(S∗)}.

ii) C∗max ≥ psum and C∗max > u2.

Proof. Notice that

i) P1(S∗) ≥ u2 implies C∗max = P1(S∗) + P2(S∗) and P1(S∗) < u2 implies C∗max =

u2 + P1(S∗).

ii) C∗max ≥ psum is obvious from the previous point, and C∗max > u2 holds because

of Assumption 1.

15
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3.1 Approximation preserving reductions

In this section we recapitulate the basic definitions of approximation preserving

reductions, and in particular we provide formal definitions of the Strict-, the PTAS-

, and FPTAS-reductions. Our discussion follows Crescenzi and Panconesi (1991) and

Crescenzi (1997), see also Ausiello et al. (1995) and Orponen and Mannila (1990).

For an optimization problem Π, let cΠ denote its cost function, which assigns to

every instance I, and feasible solution x for I a scalar value cΠ(I, x). Let RΠ(I, x)

denote the ratio of the optimum value of problem instance I of Π, and the value of

some feasible solution x for I. If Π is a maximization problem, then RΠ(I, x) :=

OPTΠ(I)/cΠ(I, x), while for a minimization problem RΠ(I, x) := cΠ(I, x)/OPTΠ(I).

Notice that RΠ(I, x) ≥ 1.

Formally, a reduction is a pair of functions f and g, where f maps the instances

of problem Π1 to that of problem Π2, and g provides a feasible solution for instance

I1 of problem Π1 from a feasible solution y for the corresponding instance f(I1) of

Π2. The following diagram illustrates the functions f and g:

Problems: Π1 Π2

Instances: I1 −→f f(I1)y
Solutions: g(I1, y) g ←− y

(f, g) is a Strict-reduction from problem Π1 to problem Π2 (Π1 ≤Strict Π2) if f

and g are computable in polynomial time in the size of their parameters, and for

every instance I1 of Π1, and for every solution y to f(I1) we have

RΠ1(I1, g(I1, y)) ≤ RΠ2(f(I1), y).

A reduction (f, g) is a PTAS-reduction from problem Π1 to problem Π2 (Π1 ≤PTAS
Π2) if there exists a function α(·) such that

i) for any instance I1 of Π1, and for any ε > 0, f(I1, ε) is an instance of Π2 and it

is computable in tf (|I1|, ε) time,

ii) for any solution y of f(I1, ε), g(I1, y, ε) is a solution to I1, and it is computable

in tg(|I1|, |y|, ε) time,

iii) for every fixed ε > 0, both tf (·, ε) and tg(·, ·, ε) are bounded by a polynomial,

and
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iv) α maps error parameters for problem Π1 to that for problem Π2 such that for

every solution y to f(I1, ε):

RΠ2(f(I1, ε), y) ≤ 1 + α(ε) implies RΠ1(I1, g(I1, y, ε)) ≤ 1 + ε. (3.1)

The following statement is from Crescenzi and Panconesi (1991).

Lemma 3.1.1 (Crescenzi and Panconesi, 1991). Let Π1 and Π2 be optimization

problems such that Π1 ≤PTAS Π2. If Π2 admits a PTAS, then there is a PTAS for

Π1 as well.

The following lemma shows the connection between the Strict-reduction and the

PTAS-reduction (for a proof see Crescenzi (1997)):

Lemma 3.1.2 (Crescenzi and Panconesi, 1991). Every Strict-reduction is a PTAS-

reduction as well.

Therefore, Lemma 3.1.1 remains valid if we replace the PTAS-reduction by Strict-

reduction in the statement. Finally, an FPTAS-reduction is like a PTAS-reduction

with the following modifications:

iii’) Both tf (·, ε) and tg(·, ·, ε) must be bounded by a polynomial in 1/ε as well.

iv’) α maps instances and error parameters for problem Π1 to error parameters for

Π2 such that for every solution y to f(I1, ε):

RΠ2(f(I1, ε), y) ≤ 1 + α(I1, ε) implies RΠ1(I1, g(I1, y, ε)) ≤ 1 + ε. (3.2)

That is, (3.2) replaces (3.1) in the definition of FPTAS.

v’) α can be computed in polynomial time in |I1| and 1/ε.

vi’) There exists a two-variable polynomial poly(·, ·) such that 1/α(I1, ε) ≤ poly(|I1|, 1/ε)
for any ε > 0.

Remark 3.1.3. In the above definition, ε may be restricted to 0 < ε ≤ c, where c

is a positive constant, since we usually want to choose ε arbitrarily close to 0.

In Crescenzi and Panconesi (1991) the following statement was made:

Lemma 3.1.4 (Crescenzi and Panconesi (1991)). If there is an FPTAS-reduction

(f, g) from problem Π1 to problem Π2, and if Π2 admits an FPTAS, then there is an

FPTAS for Π1 as well.
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Observe that an FPTAS-reduction is not a PTAS-reduction in general. To see

this, suppose we have a pair of optimization problems Π1 and Π2, and there is an

FPTAS-reduction from Π1 to Π2 with α(I1, ε) := ε/n, where n is the number of

some objects in I1, and the n objects in I1 are mapped to n objects in f(I1, ε).

Moreover, suppose we have a PTAS for Π2 of running time O(n1/ω), where ω is the

desired error ratio. Now, the running time of the PTAS on instance f(I1, ε) with

error parameter ω := α(I1, ε) is O(n1/α(I1,ε)) = O(nn/ε), which is not polynomial in

n. Clearly, a PTAS-reduction is not an FPTAS-reduction in general, since the time

complexity of computing f and g is not required to be bounded by a polynomial in

1/ε, cf. condition iii) of the PTAS-reduction.

As in the case of PTAS reductions, one can show the following:

Lemma 3.1.5. Every Strict-reduction is an FPTAS-reduction as well (trivial).

The next lemma follows from Crescenzi and Panconesi (1991) and Orponen and

Mannila (1990):

Lemma 3.1.6 (Crescenzi and Panconesi, 1991 and Orponen and Mannila, 1990).

The defined reductions are transitive.

3.2 Results in case of a single resource

In this section we prove that there is a Strict-reduction from the problem 1|rm =

1, q = 2|Cmax to KP and there is an FPTAS-reduction in the opposite direction.

Since every Strict-reduction is an FPTAS-reduction as well, we find a new FPTAS

for 1|rm = 1, q = 2|Cmax with a much better running time than the previously

known FPTAS. We start with some preliminary observations.

Lemma 3.2.1 (Györgyi and Kis, 2015a). Consider the following two problems:

Knapsack Problem (KP): There are n items with profits vj, item weights wj (j =

1, . . . , n), and the knapsack has a capacity of b′.

1|rm = 1, q = 2|Cmax: n jobs with processing times pj, resource requirements aj (j =

1, . . . , n), and supply dates 0 = u1 < u2, and amount of resource supplied b̃1

and b̃2 at u1 and u2, respectively.

Suppose pj = vj, aj = wj (∀j ∈ J ), b̃1 = b′ and b̃2 =
∑

j aj− b̃1. Let OPTKP denote

the optimum value of KP, and C∗max that of 1|rm = 1, q = 2|Cmax.

i) If P1(S∗) < u2 for some optimal schedule S∗ of the scheduling problem, then

P1(S ′) < u2, C∗max = u2 + P2(S ′) and OPTKP = P1(S ′) for every optimal

schedule S ′.
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ii) If P1(S∗) ≥ u2 for an optimal schedule S∗, then C∗max = P1(S ′) +P2(S ′) = psum

for every optimal schedule S ′, and OPTKP ≥ u2.

Proof. i) Firstly, notice that P1(S ′) = P (S∗) for every optimal schedule S ′, be-

cause if there were an optimal schedules S ′ such that P1(S∗) < P1(S ′), then

P2(S∗) > P2(S ′) would follow, and thus C∗max = Cmax(S∗) = u2 + P2(S∗) >

max{u2 +P2(S ′), P1(S ′)+P2(S ′)} = Cmax(S ′), which contradicts the optimality

of S∗. Since P2(S ′) = psum − P1(S ′), C∗max = u2 + P2(S ′) follows.

Consider an optimal schedule S∗. Pack the items to the knapsack that corre-

spond to the jobs assigned to u1 in schedule S∗. Since b′ = b̃1, this is a feasible

packing and the total profit is P1(S∗), therefore OPTKP ≥ P1(S∗).

It remains to prove OPTKP ≤ P1(S∗). Let K denote the set of the packed items

in an optimal solution of KP. Now we build a new schedule S ′ by scheduling the

jobs that correspond to the items in K in arbitrary order from t = 0 without any

gaps, and schedule the remaining jobs in arbitrary order from t = max{u2, p(K)}
without any gaps. Since b̃1 = b′, S ′ is feasible, hence, Cmax(S ′) = max{u2 +

P2(S ′), P1(S ′) + P2(S ′)} ≥ u2 + P2(S∗) = Cmax(S∗). Since P1(S ′) + P2(S ′) =

psum < u2 + P2(S∗), as P1(S∗) < u2 by assumption, we must have Cmax(S ′) =

u2 + P2(S ′), and therefore, OPTKP = p(K) = P1(S ′) ≤ P1(S∗).

ii) The first part of the statement is trivial. For the second part consider the

schedule S∗. Pack those items into the knapsack that correspond to the jobs

assigned to u1 in schedule S∗. Since S∗ is a feasible schedule and b′ = b̃1, this

yields a feasible packing for KP of profit P1(S∗), and thus OPTKP ≥ P1(S∗).

Since P1(S∗) ≥ u2 by assumption, we deduce OPTKP ≥ P1(S∗) ≥ u2.

The first main result of this section is a strict reduction from 1|rm = 1, q =

2|Cmax to KP . That is, we show that any instance I of 1|rm = 1, q = 2|Cmax can be

mapped to an instance f(I) of KP in such a way that any solution y of f(I) can be

mapped back to a solution g(I, y) of 1|rm = 1, q = 2|Cmax with the property that

the ratio of the value of the solution g(I, y) and the value of an optimal solution

to I is not greater than the ratio of the optimum value of f(I) and the value of

the solution y. The idea of the transformation is shown in Figure 3.1. There is

a one-to-one correspondence between the jobs of the scheduling problem, and the

items of the corresponding instance of the Knapsack Problem. Moreover, if K is

the set of items packed into the knapsack in a feasible solution of the KP problem

instance, then the corresponding jobs are scheduled consecutively from time 0 on,
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K

OPTKP

a)

t

u1 u2P1

OPTKP = P ∗1 C∗max = u2 + P ∗2

Cmax

K J \ K

b1)

t

u1 u2P1

P ∗1

OPTKP
C∗max = psum

Cmax

K J \ K

b2)

t

u1 u2 P1 OPTKP Cmax = C∗max = psumP ∗1

K J \ K

Figure 3.1: The corresponding solutions of KP and 1|rm = 1, q = 2|Cmax. On
the left: the approximate and optimal solutions of KP (the height indicates the
value of a solution). On the right: the approximate and optimal solution of 1|rm =
1, q = 2|Cmax in case of a) P ∗1 < u2, b1) P ∗1 ≥ u2 > P1 and b2) P1, P

∗
1 ≥ u2.

The length of the red zigzag line equals OPTKP , that of the blue wavy line equals
OPTKP −

∑
j∈K pj, and the length of the green dashed line is psum −OPTKP .

and the remaining jobs from time max{u2,
∑

j∈K pj} on. Let Pk := Pk(g(I, y)) and

P ∗k := Pk(S
∗) for k = 1, 2 where S∗ is an optimal schedule to I. The three schedules

on the right of Figure 3.1 depend on the relations between P1, P ∗1 , and u2, and will

be elaborated in the proof of the next statement.

Theorem 3.2.2 (Györgyi and Kis, 2015a). 1|rm = 1, q = 2|Cmax ≤Strict KP .

Proof. Firstly, we define functions f and g. For a given instance I = {n, (pj, aj)
n
j=1,

(u`, b̃`)
2
`=1} of 1|rm = 1, q = 2|Cmax, let f(I) := {n, (vj, wj)nj=1, b

′} be an instance of

KP with vj = pj, wj = aj, j = 1, . . . , n, and b′ = b̃1. For a given feasible solution y

of instance f(I) of KP, let K be the set of items that are packed into the knapsack.

Define a solution g(I, y) of the Material consumption problem as follows: schedule

the jobs that correspond to the items in K in arbitrary order from time t = 0 without

any gaps. Define p(K) :=
∑

j∈K vj which equals
∑

j∈K pj by the definition of the

vj. Schedule the remaining jobs in arbitrary order after max{u2, p(K)} without any

gaps. Since b′ = b̃1, g(I, y) is a feasible solution of the scheduling problem, and let

Cmax denote its makespan.

Let y be an approximate solution to f(I). It suffices to prove that for any solution

y to the instance f(I) of KP, R1|rm=1,q=2|Cmax(I, g(I, y)) ≤ RKP (f(I), y). Let ε ≥ 0

be such that RKP (f(I), y) = 1/(1 − ε). Since RKP (f(I), y) ≥ 1, ε is well defined,
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and ε < 1. It is enough to show that R1|rm=1,q=2|Cmax(I, g(I, y)) ≤ 1 + ε, since

1+ε < 1/(1−ε) for any 0 ≤ ε < 1. Let S∗ be an optimal schedule, P ∗k := Pk(S
∗) for

k = 1, 2. Let P1 := p(K), and P2 := psum − P1. Using Lemma 3.2.1, we distinguish

between two cases:

a) P ∗1 < u2: in this case C∗max = u2 + P ∗2 , and OPTKP = P ∗1 (see Figure 3.1a)

for illustration). By the definition of ε, P1 = (1 − ε)OPTKP . Therefore, P2 =

psum− (1− ε)OPTKP . Since P ∗1 < u2 by assumption, we have Cmax = u2 +P2 =

u2 + psum − (1 − ε)OPTKP . Since P ∗2 = psum − P ∗1 = psum − OPTKP , we have

C∗max = u2 + psum − OPTKP , hence Cmax = C∗max + (1 − (1 − ε))OPTKP ≤
(1 + ε)C∗max.

b) P ∗1 ≥ u2: in this case C∗max = P ∗1 + P ∗2 = psum, and OPTKP ≥ u2, thus p(K) ≥
(1 − ε)u2 (see Figure 3.1 b1) and b2) for illustration). Then P2 ≤ psum − (1 −
ε)u2. Notice that Cmax = max{P1 + P2;u2 + P2} by Observation 3.0.4. Since

P1 + P2 = psum = C∗max, we only have to prove that u2 + P2 ≤ (1 + ε)C∗max:

u2 + P2 ≤ u2 + psum − (1− ε)u2 = psum + (1− (1− ε))u2 ≤ (1 + ε)C∗max.

Finally, notice that both of the transformations f and g take linear time and space

in the size of I.

Corollary 3.2.3 (Györgyi and Kis, 2015a). There is an FPTAS for 1|rm = 1, q =

2|Cmax in O(n ·min{log n, log(1/ε)}+ (1/ε2) log(1/ε) ·min{n, (1/ε) log(1/ε)}) time

and in O(n+ 1/ε2) space.

Proof. Since every Strict-reduction is an FPTAS-reduction and there is an FPTAS

for KP (Theorem 2.1.3, Ibarra and Kim (1975)) we can use Lemma 3.1.4 to obtain

an FPTAS for 1|rm = 1, q = 2|Cmax. Since the transformations f and g take linear

time and space, we statement follows from Remark 2.1.4 (Kellerer and Pferschy,

1999, 2004).

Remark 3.2.4. There is an other FPTAS for 1|rm = 1, q = 2|Cmax in Györgyi and

Kis (2014), but it requires O(n7/ε4) time and space, therefore the new FPTAS based

on the Knapsack Problem is more effective.

Corollary 3.2.5 (Györgyi and Kis, 2015a). There is an 3/2-approximation algo-

rithm for 1|rm = 1, q = 2|Cmax of time complexity O(n log n).

Proof. We have shown in the proof of Theorem 3.2.2 that if KP admits a (1/(1 −
ε))-approximation algorithm (A) then 1|rm = 1, q = 2|Cmax admits an (1 + ε)-

approximation algorithm. The complexity of this algorithm is that of A plus the

linear time transformation. Let ε := 1/2 and use the Procedure Ext-Greedy, which

is 2-approximation algorithm for KP (Proposition 2.1.2).
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t

u1 u2 = UKP

vKP = P y
1 P ∗1 = OPTKP

C∗max Cy
max

F J \ F

F

vKP

OPTKP

UKP

Figure 3.2: The corresponding solutions of 1|rm = 1, q = 2|Cmax (on the left) and
KP (on the right, the height of a solution indicates its value). The length of the red
zigzag line equals P ∗1 = OPTKP , that of the blue wavy line equals OPTKP − vKP ,
and the length of the green dashed line is psum −OPTKP .

Remark 3.2.6. We can create other approximation algorithms for 1|rm = 1, q =

2|Cmax if we transform other algorithms originally devised for KP (for an overview

of these algorithms see Kellerer et al. (2003)).

Theorem 3.2.7 (Györgyi and Kis, 2015a). KP ≤FPTAS 1|rm = 1, q = 2|Cmax.

Proof. Let us define functions f and g as follows. For a given instance I = {n,
(p′j, w

′
j)
n
j=1, b

′} of KP, let f(I, ε) := {n, (pj, aj)nj=1, (u`, b̃`)
2
`=1} be an instance of

1|rm = 1, q = 2|Cmax with pj = p′j, aj = w′j, j = 1, . . . , n, b̃1 = b′, b̃2 =
∑n

j=1 w
′
j −

b′, u1 = 0, u2 = UKP (where UKP is an upper bound for OPTKP with OPTKP ≤
UKP ≤ 2 ·OPTKP , see Chapter 2). For a given feasible solution y of instance f(I, ε)

of 1|rm = 1, q = 2|Cmax, let F be the set of jobs that are assigned to u1 in y.

Define a solution g(I, y, ε) of the Knapsack Problem as follows: put the items into

the knapsack that correspond to the jobs in F . Let vKP denote the total profit of

the items in F . See Figure 3.2 for illustration.

Since b̃1 = b′, g(I, y, ε) is a feasible solution for KP. Notice that the transforma-

tion of instance x to f(I) and that of the solution of f(I, ε) back to a solution of x

all take linear time and space in the size of I.

Let α(I, ε) := ε/((1+ε)(n+1)), and suppose that y is an α(I, ε)-approximate so-

lution (schedule) to f(I, ε). We have to show that g(I, y, ε) is an (1+ε)-approximate

solution for KP. Notice that 1/α(I, ε) = (n+1)(1+ε)/ε is bounded by a polynomial

in |I| and 1/ε for any constant bound on ε (cf. Remark 3.1.3 after the definition of

the FPTAS-reduction in Section 3.1). Let Cy
max denote the makespan of the approx-

imate solution y, P y
k := Pk(y) for k = 1, 2, and δ := ε/((1 + ε)(n+ 1)). Let S∗ be an

optimal solution to the scheduling problem of makespan C∗max, and let P ∗k := Pk(S
∗)

for k = 1, 2.

We know that OPTKP ≤ UKP , thus P ∗1 ≤ u2, C∗max = u2 +P ∗2 (see Lemma 3.2.1)

and Cy
max = u2 + P y

2 ≤ (1 + δ)C∗max. We have vKP = P y
1 = psum − P y

2 = psum + u2 −
Cy

max. Since OPTKP = P ∗1 from Lemma 3.2.1, thus C∗max = u2 + psum − OPTKP ,
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therefore vKP ≥ psum + u2 − (1 + δ)C∗max = psum + u2 − (1 + δ)u2 − (1 + δ)psum +

(1 + δ)OPTKP = −δpsum − δu2 + (1 + δ)OPTKP . Since u2 = UKP ≤ 2OPTKP ,

psum ≤ n · OPTKP and δ > 0, we deduce that vKP ≥ −δn · OPTKP − 2δOPTKP +

(1+δ)OPTKP = (1−(n+1)δ)OPTKP = (1−ε/(1+ε))OPTKP = OPTKP/(1+ε).

Remark 3.2.8. Since the best FPTAS for 1|rm = 1, q = 2|Cmax is built on the best

FPTAS for KP, this theorem does not have any practical use. However, we can draw

an important conclusion from a generalized version of this result for 1|rm = r, q =

2|Cmax (see Corollary 3.3.6).

3.3 Results in case of multiple resources

It is easy to generalize the results of the previous section: there are very similar

connections between r-DKP (see section 2.2) and 1|rm = r, q = 2|Cmax. With these

results we can prove that there is no FPTAS for the problem 1|rm = r, q = 2|Cmax

if r ≥ 2 unless P = NP . To begin, we generalize Lemma 3.2.1 to r-DKP and

1|rm = r, q = 2|Cmax:

Lemma 3.3.1 (Györgyi and Kis, 2015a). Consider the following two problems:

r-Dimensional Knapsack Problem (r-DKP): There are n items with profits vj, item

weights wij (i = 1, . . . , r; j = 1, . . . , n), and there are capacities of b′i (i =

1, . . . , r).

1|rm = r, q = 2|Cmax: n jobs with processing times pj, resource requirements aij (i =

1, . . . , r; j = 1, . . . , n), and supply dates 0 = u1 < u2, and amount of resource

i supplied b̃1,i, b̃2,i at u1 and u2, respectively.

Suppose pj = vj, ai,j = wij (∀i ∈ R and ∀j ∈ J ), b̃1,i = b′i and b̃2i =
∑

j aij − b̃1,i

(∀i ∈ R). Let OPTr−DKP denote the optimum value of r-DKP, and C∗max that of

the 1|rm = r, q = 2|Cmax.

i) If P1(S∗) < u2 for some optimal schedule S∗ of the scheduling problem, then

P1(S ′) < u2, C∗max = u2 + P2(S ′) and OPTr−DKP = P1(S ′) for every optimal

schedule S ′.

ii) If P1(S∗) ≥ u2 for an optimal schedule, then C∗max = P1(S ′) +P2(S ′) = psum for

every optimal schedule S ′, and OPTr−DKP ≥ u2.

Theorem 3.3.2 (Györgyi and Kis, 2015a). 1|rm = r, q = 2|Cmax ≤Strict r−DKP

The proof is identical to that of Theorem 3.2.2.
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Corollary 3.3.3 (Györgyi and Kis, 2015a). For any fixed r, there is a PTAS for

1|rm = r, q = 2|Cmax.

The corollary follows from Theorem 2.2.4 (Caprara et al., 2000), (there is a PTAS

for r-DKP for any fixed r).

Theorem 3.3.4 (Györgyi and Kis, 2015a). r-DKP ≤FPTAS 1|rm = r, q = 2|Cmax.

The proof is very similar to that of Theorem 3.2.7, the crucial difference being

that we use Lemma 3.3.1 instead of Lemma 3.2.1. That is, we let u2 = Ur−DKP in

the transformation of an instance of r−DKP to that of 1|rm = r, q = 2|Cmax, and

we use the bound Ur−DKP ≤ n ·OPTr−DKP in the proof. Remark 3.3.5 shows what

we can prove exactly:

Remark 3.3.5. For any ε > 0, if 1|rm = r, q = 2|Cmax admits an

(
1 +

ε

(2n− 1)(1 + ε)

)
-

approximation algorithm, then there is an (1 + ε)-approximation algorithm for r-

DKP.

Corollary 3.3.6 (Györgyi and Kis, 2015a). If r ≥ 2 then there is no FPTAS for

1|rm = r, q = 2|Cmax unless P = NP .

Proof. If there were an FPTAS for 1|rm = r, q = 2|Cmax, then there would exist

an FPTAS for r −DKP by Lemma 3.1.4 and Theorem 3.3.4. However, there is no

FPTAS for 2 − DKP unless P = NP (see Gens and Levner (1979) or Korte and

Schrader (1981)), a contradiction.

Remark 3.3.7. There are Strict-reductions in both directions between 1|rm = r, q =

2|Cmax and an other single machine scheduling problem, the so-called Delivery tar-

diness problem. In that problem the jobs produce some materials and there are due

dates along with required shipments. The objective is to minimize the maximum tar-

diness of the shipments, see Drótos and Kis (2013) for a precise definition. Lemma

3.1.6 provides that the achieved results are also useful for the Delivery tardiness

problem. For details see Györgyi and Kis (2015a).
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Complexity and approximation

results for single machine

problems

Though the reductions of the previous section implied some approximation results

on the single machine problem variant of our problem, like Corollaries 3.2.3, 3.2.5,

3.3.3 and 3.3.6, there are several others in the topic. This chapter summarizes these

results.

First, in Section 4.1, we recapitulate the related literature. Until the recent years

there were only complexity results and simple polynomial time or approximation al-

gorithms. Usually, the NP-hardness of a variant of our problem was proved by a

reduction from the Partition Problem (weakly NP-hard variants) or the 3-Partition

(strongly NP-hard variants), while, until the recent years, the polynomial time al-

gorithms are based on simple ordering rules. These simple algorithms either solve

some easy variants of the problem or provide a not very good approximation ratio

(usually 2). According to our knowledge, before the paper Györgyi and Kis (2014)

the best approximation algorithms for the Cmax objective achieved a ratio of 2.

After that, we switch to our results. In Section 4.2, we prove a proposition that

is useful to achieve more general results. This proposition was published first for

parallel machines in Györgyi and Kis (2017), but it is useful to describe it here

because it can generalize and simplify some single machine results.

Then, in Section 4.3, we deal with makespan minimization. We present a mathe-

matical program and two PTAS-es. The first PTAS (for 1|rm = 1|Cmax) is based on

the results of Györgyi and Kis (2014) and on the proposition of Section 4.2. Though

there are PTAS-es for more general problems than 1|rm = 1|Cmax (see Corollary

4.2.2 or, for parallel machine variants, Chapter 6), we decided to describe this scheme

25
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in details. We have several arguments: this was the first PTAS of the topic, it uses

only combinatorial methods and the running time of this PTAS is better than the

the subsequent ones that use LP rounding techniques (see Chapter 6). The second

PTAS (based on Györgyi and Kis (2015b)) deals with the same problem in case of

each aj = λpj and it is even faster than the one for 1|rm = 1|Cmax, since it schedules

the jobs with small processing time in a greedy way.

Finally, in Section 4.4, we examine another objective function, the total weighted

completion time. Since this objective function makes the modeling more difficult,

we have fewer results here than in the previous section. After reviewing some simple

variants of this problem, we show the NP-hardness of a variant (where pj = aj = wj

for each job) and prove that ordering the jobs in LPT (Longest Processing Time)

order yields a 2-approximation algorithm for that variant. The presented results for

this objective function are described in Györgyi and Kis (2018b).

4.1 Literature overview

According to our knowledge the first single machine results of the topic are from the

1980s. The problem was a natural extension of the problem of Carlier and Rinnooy

Kan (1982), where there were no machines but there were precedence constraints

among the jobs. In case of machine scheduling, the most basic results can be found

in Carlier (1984). Note that, this paper was written in French, thus it remained

unknown for several authors, who rediscovered some of the results of Carlier. First

of all, we would like the mention the NP-hardness of the makespan minimization

problem, it was proved for very special cases by Carlier (1984):

Theorem 4.1.1 (Carlier, 1984). The problem 1|rm = 1|Cmax is NP-hard, even in

case of pj = aj and q = 2.

Theorem 4.1.2 (Carlier, 1984). The problem 1|rm = 1|Cmax is strongly NP-hard,

even in case of pj = aj.

Carlier (1984) also proved that if every job requires one unit from the single

resource, then the makespan minimization problem can be solved in O(n log n) time

by simply order the jobs in non-increasing processing time order (LPT order). Toker

et al. (1991) showed a reduction from a variant where the supplies arrive uniformly

(i.e., b1,i = b2,i = . . . = bq,i for each resource i and u` = (`−1)u2) to the two-machine

flow shop problem, which is solvable in O(n log n) time (Johnson, 1954). These two

results were extended in Xie (1997), it allows several resources, but it does not cause

important differences.
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Grigoriev et al. (2005) repeated some complexity result from Carlier (1984) and

Toker et al. (1991) and showed that 1|rm = 1, pj = p|Cmax can be solved by schedul-

ing the jobs in non-decreasing resource requirement order as soon as possible. This

paper also presented two very simple 2-approximation algorithms for 1|rm|Cmax.

There is an incorrect proof for the tightness, it was corrected by Györgyi (2013).

Though the problem 1|rm = 1, q = 2|Cmax is NP-hard by Theorem 4.1.1, there

is a positive result for a slightly more general problem:

Theorem 4.1.3 (Györgyi and Kis, 2014). The problem 1|rm = const , q = const |Cmax

can be solved in pseudo polynomial time.

After that, Györgyi and Kis (2015b) described a PTAS, which generalized all of

the PTAS-es mentioned above:

Theorem 4.1.4 (Györgyi and Kis, 2015b). There is a PTAS for the problem 1|rm =

const , q = const |Cmax.

This PTAS is based on the same LP rounding method as the PTAS for the

parallel machine variant of the problem that we describe in Section 6.2.2. In case of

arbitrary number of resources Györgyi and Kis (2015b) proved a negative result:

Theorem 4.1.5 (Györgyi and Kis, 2015b). Unless P = NP , there is some constant

ε > 0 such that it is NP-hard to approximate the problem 1|rm, q = 2|Cmax better

than 1 + ε if the number of resources is part of the input.

Since the problem 1|rm|Cmax admits a 2-approximation algorithm (Grigoriev

et al., 2005), and 1|rm, q = 2|Cmax is just a special case, we can deduce the following:

Corollary 4.1.6 (Györgyi and Kis, 2015b). 1|rm, q = 2|Cmax is APX-complete.

Lateness minimization was first considered by Grigoriev et al. (2005). They

proved that 1|rm = 1, pj = 1|Lmax can be solved by ordering the jobs the EDD

order. Using the 3-Partition problem, they showed the following:

Theorem 4.1.7 (Grigoriev et al., 2005). The problem 1|rm = 2, pj = 1|Lmax is

strongly NP-hard.

That paper also presented simple 2-approximation algorithms for 1|rm = 2, pj =

p|Lmax, however, in case of an algorithm there was a mistake in the proof. This

mistake was corrected by Györgyi (2013) and it showed that these algorithms are

2-approximations even for the more general problem 1|rm|Lmax.

According to our knowledge only a few papers dealt with machine scheduling

with non-renewable resources and a min-sum type objective function. First, Carlier

(1984) proved some complexity results:
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Theorem 4.1.8 (Carlier, 1984). The problem 1|rm = 1, pj = 1, rj|
∑
Cj is NP-

hard.

Theorem 4.1.9 (Carlier, 1984; Kis, 2015). The problem 1|rm = 1|
∑
Cj is strongly

NP-hard.

As we have mentioned, these results were unknown and were rediscovered, e.g. the

latter theorem by Kis (2015). But, before that paper, a weaker result was proven

by Gafarov et al. (2011), who also examined the total tardiness:

Theorem 4.1.10 (Gafarov et al., 2011). The problem 1|rm = 1|
∑
Cj is NP-hard.

Theorem 4.1.11 (Gafarov et al., 2011). The problem 1|rm = 1|
∑
Tj is NP-hard

even if at most one of the following holds:

i) aj = a and dj = d

ii) pj = p

This paper also showed a trivial special case: for the problem 1|rm = 1, pj =

p, a1 ≤ . . . ≤ an, d1 ≤ . . . ≤ dn|
∑
Tj the job order (1, 2, . . . , n) is optimal. The paper

Kis (2015) proved the NP-hardness of another variant where the total completion

time has to be minimized:

Theorem 4.1.12 (Kis, 2015). The problem 1|rm = 1, q = 2|
∑
Cj is NP-hard.

This paper also proved a positive approximability result, an FPTAS, which re-

mains valid for the problem where the total weighted completion time should be

minimized:

Theorem 4.1.13 (Kis, 2015). There is an FPTAS for the problem 1|rm = 1, q =

2|
∑
wjCj.

4.2 Arbitrary number of supply dates

The following result of Györgyi and Kis (2017) helps to obtain polynomial time

approximation schemes for the general problem 1|rm, rj|Fmax, provided that we have

a family of approximation algorithms for restricted versions of the problem. Recall

that Fmax denotes an arbitrary monotone objective function, like the makespan or

the maximum lateness increased by a suitable constant (for details, see Section 1.2).

As we have mentioned, the proposition was published for parallel machines, but the

essence of the statement is the same in case of a single machine.
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Figure 4.1: Supplies in case of an instance with an arbitrary number of supplies
(above) and the corresponding instance with constant number of supplies (below).

Proposition 4.2.1 (Györgyi and Kis, 2017). In order to have a PTAS for

1|rm, rj|Fmax, it suffices to provide a family of algorithms {Aε}ε>0 such that Aε is

a (1 + ε)-approximation algorithm for the restricted problem where the supply dates

and the job release dates before uq are from the set {`εuq : ` = 0, 1, 2, . . . , b1/εc}.

Proof. The main idea of the proof is that for any instance I of 1|rm, rj|Fmax, and

for any ε > 0, we construct an instance I ′ of the restricted problem, and show that

after applying the (1 + ε)-approximation algorithm Aε to I ′, the resulting schedule

S is feasible for I and satisfies the following condition:

F S
max ≤ (1 + ε)F ∗max(I ′) ≤ (1 + ε)(F ∗max(I) + εuq) ≤ (1 + 3ε)F ∗max(I).

Aε applied to I ′ implies the first inequality. The second one is the crux of the deriva-

tion and will be shown below, the third follows from uq ≤ F ∗max(I). By Observation

1.2.1, the above derivation implies that we get a PTAS for 1|rm, rj|Fmax.

Suppose that there are q supplies in instance I of 1|rm|Fmax: u1, u2, . . . , uq with

quantities b̃1, b̃2, . . . b̃q. We construct instance I ′ of the restricted problem: the q′ :=

d1/εe + 1 (a constant for any fixed ε) supply dates are u′1 = 0, u′` = (` − 1)εuq for

` = 2, . . . , q′− 1, and u′q′ = uq. The amount of resource(s) supplied at u′1 is b̃′1 := b̃1,

and for u′` with ` ≥ 2 it is b̃′` =
∑

ν:uν≤u′`
b̃ν −

∑
k<` b̃

′
k (see Figure 4.1). Notice that

for each u` there is an u′`′ with u` ≤ u′`′ < u` + εuq.

Further on, the release date of each job is increased to the nearest u′`. Analogously

to the supply dates, for each job release date rj before uq, there exists an u′` such

that rj ≤ u′` < rj + εuq. Besides, the two instances are the same.

Let S∗I be an optimal schedule for I. If we increase the starting time of each

job by εuq, then the resulting schedule is a feasible solution of instance I ′, since the

supplies, and the job release dates are delayed by less than εuq. Hence, by using the

properties of Fmax, F ∗max(I ′) ≤ F ∗max(I) + εuq follows.

From Theorem 4.1.4 and from Proposition 4.2.1, we have the following:
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Table 4.1: Approximability of 1|rm|Cmax with q supplies and rm = r resources if
P 6= NP . The question mark indicates that we do not know the existence of an
FPTAS for 1|rm = 1, q > 2|Cmax.

q = 2 q > 2

r = 1 FPTAS (Cor. 3.2.3) PTAS (Thm. 4.3.9), ?
r = const ≥ 2 PTAS, no FPTAS (Cor. 3.3.6) PTAS (Cor. 4.2.2), no FPTAS
r = arb. no PTAS (Thm. 4.1.5) no PTAS

Corollary 4.2.2. There is a PTAS for the problem 1|rm = const |Cmax.

4.3 Makespan minimization

After we present an integer program to formulate our scheduling problem, we de-

scribe two PTAS-es. First, we describe a PTAS for 1|rm = 1|Cmax, mainly based on

Györgyi and Kis (2014). Most of the approximation schemes for our problem use

the presented IP formulation (perhaps slightly modified), and it will be also useful

in the exact method of Chapter 5. The PTAS of Section 4.3.2 uses only combinato-

rial techniques, while most of the other PTAS-es require methods like LP rounding.

Recall that, in Chapter 3, we have presented reductions between the variants of our

problem and the variants of the Knapsack Problem. This PTAS is also an example

for the connection of the two problems, since some ideas from the PTAS for the Mul-

tiple Knapsack Problem (Chekuri and Khanna (2006), Section 2.3) are reused here.

After that, in Section 4.3.3, we present an simpler and faster PTAS for the a variant

of the previous problem, where the resource requirements are proportional to the

job processing times, i.e., there exists a positive constant λ such that aj = λpj for all

j ∈ J . The constant λ of course depends on the problem instance. This assumption

may be quite reasonable in some practical applications. The latter PTAS is based

on Györgyi and Kis (2015b). After both PTAS-es, we sketch how to extended them

by job specific release dates.

As we have seen in Section 4.1, there are several results for makespan minimiza-

tion. The achieved results provide an almost complete picture about the approx-

imability status of the different variants of 1|rm|Cmax. In Table 4.1 we summarize

these results.

4.3.1 A mathematical program

In this section we formulate a mathematical program for 1|rm, rj|Cmax. To this

end, firstly we construct a set of time points T consisting of all the distinct values
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from the set of time moments u`, ` = 1, . . . , q, (when some non-renewable resource

is supplied), and the set of release dates of the jobs rj, j ∈ J . Suppose T has

τ elements, denoted by v1 through vτ , with v1 = 0. We define the values b`,i :=∑
ν : uν≤v` b̃ν,i for i ∈ R, that is, b`,i equals the total amount supplied from resource

i up to time point v`. Note that if each release date is 0, then each v` = u` and

τ = q.

We introduce τ · |J | binary decision variables xj`, (j ∈ J , ` = 1, . . . , τ) such

that xj` = 1 if and only if job j is assigned to the time point v` (or in other words:

assigned to supply period `), which means that the requirements of job j must be

satisfied by the resource supplies up to time point v`. The mathematical program is

C∗max = min max
v`∈T

(
v` +

∑
j∈J

τ∑
ν=`

pjxjν

)
(4.1)

s.t.∑
j∈J

∑̀
ν=1

ai,jxjν ≤ b`,i, v` ∈ T , i ∈ R (4.2)

τ∑
`=1

xj` = 1, j ∈ J (4.3)

xj` = 0, j ∈ J , v` ∈ T such that rj > v` (4.4)

xj` ∈ {0, 1}, j ∈ J , v` ∈ T . (4.5)

The objective function expresses the completion time of the job finished last using

the observation that there is a time point, either a release date of some job, or when

some resource is supplied, from which the machine processes the jobs without idle

times. Constraints (4.2) ensure that the jobs assigned to time points v1 through v`

use only the resources supplied up to time v`. Equations (4.3) ensure that all jobs

are assigned to some time point. Finally, no job may be assigned to a time point

before its release date by (4.4). Any feasible job assignment x̄ gives rise to a set of

schedules which differ only in the ordering of jobs assigned to the same time point

v`.

Notice that in a feasible solution x̂ of (4.1)-(4.5) there can be more than one job

assigned to the same time point v`. We obtain a schedule of the jobs by putting

them on the machine in the order of their assignment to the time points in T . That

is, first we schedule in any order without idle times the jobs with x̂j1 = 1 from time

v1 on. Let C1 be the completion time of these jobs. In a general step ` ≥ 2, we

schedule the jobs with x̂j` = 1 in any order after max{C`−1, v`}, and we denote by

C` the completion time of the job finished last in this group. The schedule obtained
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in this way is feasible, and its makespan is the completion time of the job finished

last, which is necessarily equal to the objective function value of solution x̂. Let

Cmax(x̂) denote this value.

4.3.2 A PTAS for 1|rm = 1|Cmax

First, we present a PTAS for the problem 1|rm = 1, q = const |Cmax following the

description of Györgyi and Kis (2014). Using Proposition 4.2.1, we can extend this

PTAS for 1|rm = 1|Cmax. Note that we can modify this algorithm so that it can

deal with job-specific release dates using results from Györgyi (2013).

To obtain a PTAS, we will describe a procedure, which for any fixed parameter

ε > 0 always delivers a solution of value at most (1+c ·ε) times the optimum, where

the constant c > 0 does not depend on the input, or on ε (cf. Observation 1.2.1).

To simplify the presentation, we assume that 1/ε is integral.

A job is big if pj ≥ εpsum, otherwise it is small . Let B be the set of big jobs, and

S the set of small jobs. The main idea is that we first assign the big jobs to supply

periods in all possible ways, and then we complete each assignment by inserting the

small jobs into the schedule in a suboptimal way using an approximation algorithm

for a special knapsack problem. Finally, we choose the best schedule obtained.

Recall that, an assignment of jobs to supply periods is a binary vector x̄ ∈
{0, 1}n×q, where x̄j` = 1 if and only if job Jj is assigned to supply period `. An

assignment x̄ can be separated into an assignment x̄B of big jobs to supply periods,

and an assignment x̄S of the small jobs to supply periods, i.e., x̄ = (x̄B, x̄S). An

assignment x̄B of big jobs to supply periods is eligible if and only if the following

condition is satisfied: for each ` in 1, . . . , q − 1:
∑`

ν=1

∑
j∈B ajx̄

B
jν ≤ b`. Clearly,

eligibility means that the resource constraints are not violated by the assignment

x̄B of big jobs to supply periods.

Recall the mathematical programming formulation (4.1)-(4.5). In the following

we will frequently use the restricted version of this mathematical program when the

assignment of big jobs is fixed, i.e., xB is set to some eligible assignment x̄B of big

jobs to supply periods. Let IP (x̄B) denote the resulting mathematical program,

and OPT(x̄B) its optimum value. For the fixed x̄B, define a schedule of big jobs as

follows: C̄B
` = max{C̄B

`−1, u`} +
∑

j∈B pjx̄
B
j` for ` = 1, . . . , q, where C̄B

0 = 0. The

PTAS presented in this section relies on the following structural property of IP (x̄B).

Lemma 4.3.1 (Györgyi and Kis, 2014). The mathematical program IP (x̄B) admits

an optimal solution x̄S such that

(i) if C̄B
` ≥ u`+1 then no small job is assigned to supply period `,
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(ii) the total processing time of those small jobs assigned to supply period ` is at

most u`+1 + εpsum − C̄B
` .

Proof. Let x̄S be an optimal solution of IP (x̄B). Choose any schedule corresponding

to (x̄B, x̄S) in which, without loss of generality, for each supply period `, the big

jobs assigned to ` precede the small ones assigned to the same supply period. We

may even assume that the small jobs assigned to a supply period are in shortest

processing time order, which ensures that the last small job assigned to a supply

period starts at the earliest possible time. Now, if the last small job assigned to

a supply period ` actually starts at u`+1 or later in the schedule, then we reassign

it to the next supply period, and reinsert it into the schedule. That is, let ` be

the first supply period such that there is a small job j ∈ S with x̄Sj` = 1, but j

does not start before u`+1 in the schedule. Then the machine is not idle in the

entire supply period `. We reassign j to supply period ` + 1, and reinsert it into

the schedule of jobs, if any, already assigned to supply period ` + 1. Clearly, this

update of the schedule does not increase the makespan. We repeat the reinsertion

and reassignment of small jobs until no small job assigned to some supply period `,

but starting not before u`+1 exists. Since the big jobs assigned to supply period `

do not finish before C̄B
` , condition (i) is satisfied by the updated x̄S.

Finally, since the length of a small job is at most εpsum, and the big jobs assigned

to supply period ` do not finish before C̄B
` , all the small jobs assigned to supply

period ` finish by u`+1 + εpsum, which implies (ii).

The value v(x̄) of an assignment x̄ of jobs to supply periods is defined as the

objective function value (4.1) for x = x̄, provided x̄ satisfies (4.2)-(4.5), and v(x̄) =

+∞ otherwise.

Algorithm 1. (Györgyi and Kis, 2014)

1. Assign the big jobs in all possible ways to the q supply periods. For each

assignment x̄B perform the steps 2 - 3 as follows:

2. If x̄B is not eligible, drop this assignment, and consider the next assignment

of big jobs.

3. Determine a schedule of big jobs, i.e., let C̄B
0 = 0, and C̄B

` = max{C̄B
`−1, u`}+∑

j∈B pjx̄
B
j` for ` = 1, . . . , q. Let b̄` = b` −

∑
j∈B aj

(∑`
ν=1 x̄

B
jν

)
. Since x̄B is
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eligible, b̄` ≥ 0 for all ` = 1, . . . , q. Define the following mathematical program:

OPTS
x̄B := max

q−1∑
`=1

∑
j∈S

pjxj` (4.6)

s.t.∑
j∈S

aj

(∑̀
ν=1

xjν

)
≤ b̄`, ` = 1, . . . , q − 1 (4.7)

∑
j∈S

pjxj` ≤ max{0, u`+1 − C̄B
` }+ εpsum, ` = 1, . . . , q − 1 (4.8)

q−1∑
ν=1

xjν ≤ 1, j ∈ J (4.9)

xj` ∈ {0, 1}, j ∈ J , ` = 1, . . . , q − 1 (4.10)

Let pSsum =
∑

j∈S pj. Find an ε-approximate solution x̂S of this program

such that
∑q−1

ν=1

∑
j∈S pjx̂jν ≥ (1 − O(ε))OPTS

x̄B , which may even violate the

constraints (4.8) by an amount of εpSsum in total. Compute v((x̄B, x̂S)).

4. Output the best solution obtained.

Firstly, we prove that for any eligible assignment x̄B of the big jobs to supply

periods, if x̂S is an ε-approximate solution, then the value of the assignment x̂ =

(x̄B, x̂S) is a good approximation of the optimal solution of (4.1)-(4.5) with xB fixed

to x̄B.

Lemma 4.3.2 (Györgyi and Kis, 2014). Let x̂S be an ε-approximate solution of

(4.6)-(4.10), which may violate the constraints (4.8) by an amount of εpSsum in total.

Then v(x̂), the value of the assignment x̂ = (x̄B, x̂S), is at most (1+O(ε))OPT(x̄B).

Proof. Let x̃S be an optimal solution of IP (x̄B), which, without loss of general-

ity, satisfies the conditions of Lemma 4.3.1. Hence, x̃S is a feasible solution of

(4.6)-(4.10). Therefore,
∑

j∈S pj
(∑q−1

`=1 x̃
S
j`

)
≤ OPTS

x̄B (the optimum value of (4.6)-

(4.10)). Therefore, in order to approximate OPT(x̄B), we need a solution which

assigns small jobs to supply periods 1, . . . , q − 1 of total processing time close to

OPTS
x̄B .

Now let x̂S be an ε-approximate solution of (4.6)-(4.10) which may violate (4.8)

by an amount of εpSsum in total. Since
∑

j∈S pj
(∑q−1

`=1 x̂j`
)
≥ (1−O(ε))OPTS

x̄B , and

the constraints (4.8) may be violated by at most εpSsum in total, the value of the

assignment (x̄B, x̂S) is by at most (q − 1)εpsum + εpSsum + O(ε)OPTS
x̄B more than
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OPT(x̄B). Observe that pSsum ≤ psum and both psum and OPTS
x̄B are lower bounds

on OPT(x̄B). Hence,

v((x̄B, x̂S)) ≤ OPT(x̄B) + εpSsum + (q − 1)εpsum +O(ε)OPTS
x̄B

≤ (1 +O(ε))OPT(x̄B).

Now we turn to finding an ε-approximate solution of (4.6)-(4.10). Our approach

builds on the ideas of Chekuri and Khanna (2006) who devised a PTAS for solving

the Multiple Knapsack Problem (MKP), see Section 2.3.

The problem (4.6)-(4.10) has some similarities to MKP: we have to select a subset

of small jobs of maximum total processing time (profit). The bins are the first q− 1

supply periods with capacities max{0, ui+1 − C̄B
i } + εpsum. By Lemma 4.3.2, these

capacity constraints may be violated by εpSsum in total to obtain a solution which has

a value of at most (1 + c · ε) times the optimum, where c is a constant independent

of ε and the input. Moreover, we have additional size parameters, the aj values, and

capacity constraints (4.7) of the bins, which cannot be violated. Notice that the

additional capacity constraints are nested, which can be exploited when packing the

items. Firstly, we will guess the true optimum value of (4.6)-(4.10), where guessing

means that we define a set of possible values such that one of them is close enough to

the true optimum, and whose number is polynomial in the length of the input. Then

we will round the job processing times and partition the set of small jobs according

to the rounded job processing times. We will also guess the total processing time of

those small jobs assigned to each supply period from each subset of the partitioning.

Finally, we will assign the jobs to the supply periods in increasing aj order. We will

show that all the guessing steps can be done in polynomial time in n, and that we

get an ε-approximate solution in the end.

For a fixed x̄B, let S(x̄B) be the set of those small jobs which may be assigned

to a supply period ` ≤ q − 1, i.e., S(x̄B) = {j ∈ S | ∃` ∈ {1, . . . , q − 1} : aj ≤ b`}.
Clearly, all the small jobs in S \ S(x̄B) can only be assigned to supply period q in

any feasible schedule. Let n = |S(x̄B)| denote the number of small jobs in S(x̄B),

and p
S(x̄B)
max = maxj∈S(x̄B) pj. In addition, ε > 0 is a parameter determining the

error of the algorithm, and to simplify notation, we assume that 1/ε is an integer.

If n ≤ 1/ε, then we can find the optimum value of (4.6)-(4.10) in constant time

(because we can enumerate all the solutions of this system in O(qn) time, which is

bounded by O(q1/ε) if n ≤ 1/ε, a constant), so from now on we assume that n > 1/ε.

Following the method of Chekuri and Khanna, firstly we guess a value O between
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(1− ε)OPTS
x̄B and OPTS

x̄B . Since we do not know the value of OPTS
x̄B , we define a

set of numbers such that one of them will do. That is, the guesses will be numbers

of the form p
S(x̄B)
max (1 + ε)i for some non-negative integer i. The set of guesses is

G = {pS(x̄B)
max (1 + ε)i | 0 ≤ i ≤ g}, where g is a sufficiently large integer. To bound g,

observe that p
S(x̄B)
max ≤ OPTS

x̄B ≤ np
S(x̄B)
max holds, and therefore, it is no use to guess

numbers exceeding np
S(x̄B)
max . Now we can bound g as follows.

Proposition 4.3.3 (Györgyi and Kis, 2014). g ≤ b2ε−1 lnnc.

Proof. We limit g by using the inequality p
S(x̄B)
max (1 + ε)g ≤ np

S(x̄B)
max . After simplifica-

tion we get (1+ε)g ≤ n. Taking the logarithm of both sides yields g ln(1+ε) ≤ lnn.

Since ln(1 + ε) ≥ ε/2 for ε ≤ 1, we have gε/2 ≤ lnn, which implies our claim.

Clearly, we have a polynomial number of guesses in n, and one of them will

satisfy (1 − ε)OPTS
x̄B ≤ O ≤ OPTS

x̄B . For each guess O ∈ G, we will define a

new problem instance of (4.6)-(4.10) obtained by dropping those small jobs with

pj < εO/n, and rounding down the processing time pj of the remaining jobs to the

nearest value p∗j chosen from the set P ∗ = {(εO/n)(1 + ε)i−1 | 1 ≤ i ≤ h}, where h

is the largest integer such that the rounded job processing times do not exceed O,

i.e.,

(εO/n)(1 + ε)h−1 ≤ O. (4.11)

Proposition 4.3.4 (Györgyi and Kis, 2014). h ≤ b4ε−1 lnnc+ 1.

Proof. To limit h from above, we rearrange (4.11) to obtain (1+ε)h−1 ≤ n/ε. Taking

the logarithm of both sides yields (h−1) ln(1+ε) ≤ ln(n/ε) ≤ 2 lnn, where we used

the assumption n > 1/ε. Since ln(1 + ε) ≥ ε/2, we finally obtain h− 1 ≤ 4ε−1 lnn,

where the right-hand-side can be rounded down as h is integral.

Subsequently we will show how to find an assignment xS of small jobs to supply

periods such that
∑q−1

`=1

∑
j∈S(x̄B) p

∗
jx

S
j` ≥ (1−O(ε))O. To this end, we introduce job

classes S1, . . . , Sh, where Si contains all the small jobs with rounded processing time

yi = (εO/n)(1 + ε)i−1. An optimal solution x̃ of (4.6)-(4.10) determines the subset

of jobs from each Si assigned to each supply period. For each ` = 1, . . . , q − 1 and

i = 1, . . . , h, we will guess approximately the value of yi
∑

j∈Si x̃
S
j` with k`i (εO/h),

where k`i is a non-negative integer.

Proposition 4.3.5 (Györgyi and Kis, 2014). For a guessed objective value O ∈ G,

to approximate yi
∑

j∈Si x̃
S
j`, the largest possible k`i value is at most h/ε.
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Figure 4.2: Illustration of the Job picking procedure with h = 3.

Proof. Since we want to approximate the value of yi
∑

j∈Si x̃
S
j`, which is bounded by

the guess O ∈ G, k`i (εO/h) ≤ O implies k`i ≤ h/ε.

We also have to specify which jobs from Si to assign to supply period ` whose

total rounded processing time is at least k`i (εO/h). To this end, we apply the

following procedure.

Procedure Job Picking (Györgyi and Kis, 2014)

1) Order the jobs in each Si in non-decreasing aj order.

2) For each Si, i = 1, . . . , h, in turn do the following:

3) Choose the subset U1
i ⊆ Si of smallest

∑
j∈U1

i
aj value with yi|U1

i | =
∑

j∈U1
i
p∗j ≥

k1
i (εO/h). In general, U `

i is chosen from Si \
(⋃`−1

κ=1 U
κ
i

)
such that

∑
j∈U`i

aj

is minimal with yi|U `
i | ≥ k`i (εO/h), ` = 2, . . . , q − 1. If k`i = 0 for some ` ∈

{1, . . . , q − 1}, then U `
i = ∅.

4) If we cannot pick enough elements for some k`i from the (remaining) Si, then the

procedure fails, otherwise it outputs the sets U `
i .

The Job picking procedure is illustrated in Figure 4.2, where the schedule of the

big jobs is shown on the top, whereas the one obtained after inserting the small jobs

is depicted in the bottom of the figure.

For ` = 1, . . . , q − 1, let U `(k`1, . . . , k
`
h) =

⋃h
i=1 U

`
i be the set of jobs picked for

the h tuple (k`1, . . . , k
`
h). We define the assignment of small jobs in the q − 1 sets
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U `(k`1, . . . , k
`
h), ` = 1, . . . , q − 1, to supply periods by a (q − 1)× n binary vector xU

as follows:

xUj` =

{
1 if j ∈ U `(k`1, . . . , k

`
h),

0 otherwise.
` = 1, . . . , q − 1.

Lemma 4.3.6 (Györgyi and Kis, 2014). For any O ≤ OPTS
x̄B , there exists an

h(q − 1) tuple (k1
1, . . . , k

q−1
h ) such that the assignment xU of small jobs to supply

periods corresponding to the q − 1 sets U `(k`1, . . . , k
`
h), ` = 1, . . . , q − 1, satisfies

(4.7), and also the constraints

∑
j∈S

p∗jxj` ≤ max{0, u`+1 − C̄B
` }+ εpsum, ` < q (4.12)

and

q−1∑
`=1

h∑
i=1

yi

(∑
j∈Si

xj`

)
≥ (1− (q + 1)ε)O.

(Constraint (4.12) is obtained from (4.8) by replacing pj by p∗j .)

Proof. Take an optimal solution x̃S of (4.6)-(4.10) (for the original pj values). Since

pj ≥ p∗j , x̃
S satisfies (4.12) as well. Let the set Ũ `

i consist of those small jobs Jj

with x̃j` = 1 and j ∈ Si, where we neglect those jobs with pj < εO/n. Define

k`i = bp∗(Ũ `
i )h/(εO)c.

By applying the Job picking procedure (described before this lemma), to the

h(q − 1) tuple (k1
1, . . . , k

q−1
h ), the sets U `

i , may differ from the sets Ũ `
i . The reason

is that there may exist distinct jobs Jj and Jk of the same rounded processing time

such that j ∈ Ũ `
i , k ∈ Ũκ

i for some i, but 1 ≤ ` < κ ≤ q − 1, and aj > ak, or some

Ũ `
i is not of smallest total weight with respect to the aj. However,

∑t
`=1

∑
j∈U`i

aj ≤∑t
`=1

∑
j∈Ũ`i

aj, and |U t
i | ≤ |Ũ t

i | for t = 1, . . . , q − 1, and i = 1, . . . , h. Hence,

the assignment xU of small jobs to supply periods with respect to the q − 1 sets

U `(k`1, . . . , k
`
h) =

⋃h
i=1 U

`
i , ` = 1, . . . , q − 1, satisfies the constraints (4.7) and (4.12).
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Moreover, the value of the assignment is

q−1∑
`=1

h∑
i=1

yi

(∑
j∈Si

xUj`

)
≥

q−1∑
`=1

h∑
i=1

k`i (εO/h)

≥
q−1∑
`=1

h∑
i=1

p∗(Ũ `
i )− (q − 1)εO

≥
q−1∑
`=1

h∑
i=1

p(Ũ `
i )

(1 + ε)
− qεO

≥ (1− (q + 1)ε)O,

where the first inequality follows from the definition of the sets U `(k`1, . . . , k
`
h) and

that of xU , the second from the definition of the k`i values, the third from the

inequality p∗j ≥ pj/(1 + ε)− εO/n (since those jobs with pj < εO/n are discarded,

while for the remaining jobs we have p∗j(1 + ε) ≥ pj), and the last one is due to

OPTS
x̄B =

∑q−1
`=1

∑h
i=1 p(Ũ

`
i ) ≥ O, and O/(1 + ε) ≥ (1− ε)O for ε > 0.

Notice that the condition of O ≤ OPTS
x̄S of Lemma 4.3.6 only excludes unattain-

able guesses for the optimum value of (4.6)-(4.10). We can limit the number of

h(q − 1) tuples to be evaluated as follows.

Proposition 4.3.7 (Györgyi and Kis, 2014). The number of h(q − 1) tuples to be

evaluated is O(nO(ε−1(q−1)+ε−2)). Evaluating a single tuple takes O(qn) time. All the

tuples can be evaluated in O(h · n log n+ (qn) · nO(ε−1(q−1)+ε−2)) time.

Proof. Recall that for a tuple (k1
1, . . . , k

q−1
h ), the Job picking procedure will produce

sets U `
i such that p∗(U `

i ) ≥ k`i (εO/h), and since we want to approximateO, it suffices

to consider tuples with
∑q−1

`=1

∑h
i=1 k

`
i ≤ h/ε. A well-known result in combinatorics

says that the number of solutions of the inequality x1 + · · ·xg ≤ d among the non-

negative integers is f =
(
d+g
g

)
. Claim 2.4 of Chekuri and Khanna (2006) says that

if d + g ≤ αg for some α, then f = O(eαg). Therefore, the number of those tuples

(k1
1, . . . , k

q−1
h ) ∈ Zh(q−1)

0 with
∑q−1

`=1

∑h
i=1 k

`
i ≤ h/ε is

(
h/ε+h(q−1)
h(q−1)

)
, which is bounded

by O(nO(ε−1(q−1)+ε−2)) (using α = 1 + 1/(ε(q − 1))), a polynomial of n for fixed ε

and q.

To see the second part, notice that evaluating a single tuple (k1
1, . . . , k

q−1
h ) consists

of defining the vector xU corresponding to the sets U `(k`1, . . . , k
`
h), ` = 1, . . . , q − 1,

and then checking whether xU satisfies (4.7) and (4.12). Notice that S1, . . . , Sh

need to be determined only once for each guess O, and they can be sorted one-by-

one in O(
∑h

i=1 |Si| log2 |Si|) time in total, which can be very roughly bounded by

O(h · n log2 n). After this pre-processing, computing xU for a given (k1
1, . . . , k

q−1
h )
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boils down to determining the cardinality of the sets U `
i by simple divisions: |U `

i | =
dk`i (εO/h)/yie, since all jobs in Si have the same rounded processing time yi (see

the Job picking procedure). Then we set the coordinates of xU in O(n) time in total

by using the sorted sets Si. Verifying the constraints (4.7) and (4.12) takes O(qn)

time.

All in all, for each O, we have a polynomial number of tuples to be evaluated.

In order to find an ε-approximate solution of (4.6)-(4.10), we generate all the tuples

with
∑h

i=1

∑q−1
`=1 k

`
i ≤ h/ε in polynomial time, and check each tuple (k1

1, . . . , k
q−1
h )

whether the assignment xU of small jobs to supply periods corresponding to the set

system U `(k`1, . . . , k
`
h), ` = 1, . . . , q − 1, satisfies (4.7) and (4.12). We choose the xU

giving an assignment (x̄B, xU) of smallest value v((x̄B, xU)).

Theorem 4.3.8 (Györgyi and Kis, 2014). Algorithm 1 is a PTAS for 1|rm = 1, q =

const |Cmax.

Proof. Consider any O ∈ G with (1 − ε)OPT(x̄B) ≤ O ≤ OPT(x̄B) (such an O
exists by the definition of the set G). By Lemma 4.3.6, there is a h(q − 1) tuple

(k1
1, . . . , k

q−1
h ) such that

∑q−1
`=1

∑h
i=1 yi

(∑
j∈Si x

U
j`

)
=
∑q−1

`=1

∑h
i=1 p

∗(U `
i ) ≥ (1− (q +

1)ε)O, and xU satisfies (4.7) and (4.12), where each set U `
i satisfies k`i (εO/h) ≤

p∗(U `
i ) < (k`i + 1)(εO/h), and xU is the corresponding assignment of the small

jobs to supply periods. We may even assume that
∑q−1

`=1

∑h
i=1 k

`
i ≤ h/ε, otherwise∑q−1

`=1

∑h
i=1 p

∗(U `
i ) ≥

∑q−1
`=1

∑h
i=1 k

`
i (εO/h) > O and we could decrease some of the

k`i values to meet
∑q−1

`=1

∑h
i=1 k

`
i ≤ h/ε. We have

q−1∑
`=1

h∑
i=1

(∑
j∈Si

pjx
U
j`

)
≥

q−1∑
`=1

h∑
i=1

(∑
j∈Si

p∗jx
U
j`

)
≥ (1− (q + 1)ε)O ≥ (1− (q + 1)ε)(1− ε)OPT(x̄B)

≥ (1− (q + 2)ε)OPT(x̄B),

where the first inequality follows from pj ≥ p∗j for j ∈ S(x̄B), the second from

the choice of the tuple (k1
1, . . . , k

q−1
h ), the third from the choice of O, and the last

from elementary calculations. Now since pj ≤ (1 + ε)p∗j if pj ≥ εO/n, and p∗j = 0

otherwise, xU violates (4.8) by at most ε
∑

j∈S(x̄B) p
∗
j ≤ εpSsum in total. Hence, xU is

an ε-approximate solution, and Lemma 4.3.2 implies that (x̄B, xU) is a solution of

IP (x̄B) of value at most (1 +O(ε))OPT(x̄B).

Concerning the time complexity of the procedure, the number of big jobs is

at most 1/ε, since job j is big if and only if pj ≥ εpsum. Hence, the number of

assignments of big jobs to supply periods is at most q1/ε, a constant. Therefore,
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the total running time is determined by the number of trials for O (for any fixed

assignment of big jobs), and the complexity of generation and evaluation of all the

tuples for each O, which is O(q1/ε · g · (h · n log n + (qn) · nO(ε−1(q−1)+ε−2))). Using

Propositions 4.3.3 through 4.3.7, we get that the overall time complexity of the

algorithm is O(q1/ε · (2ε−1 lnn) · (n2ε−1 log2 n+ (qn) ·nO(ε−1(q−1)+ε−2))), a polynomial

of n for fixed ε and q.

From Proposition 4.2.1 and Theorem 4.3.8, we have the following:

Theorem 4.3.9 (Györgyi, 2013). There is a PTAS for 1|rm = 1|Cmax.

Remark 4.3.10. We require q = O(1/ε) supply dates to use Proposition 4.2.1,

hence the running time of the algorithm is O(ε−(ε−1) · (2ε−1 lnn) · (n2ε−1 log2 n +

(nε−1) · nO(ε−2))).

Remark 4.3.11 (Györgyi and Kis, 2014). We sketch how to extend our PTAS to

the more general 1|rm, ddc − agr |Cmax problem in which there are different resources

dedicated to each job, and the resource requirements of the jobs are agreeable, i.e.,

there is a total order of the jobs which agrees with a total ordering of the resource

requirements of the jobs for each resource. In fact, all we have to do is to order

each set Si in non-decreasing order for all the resource coordinates, and then we can

apply a similar procedure as for the 1|rm = 1|Cmax case. The only difference is that

we have to deal with vectors of resource requirements and resource supplies rather

than scalar quantities, but this increases the time complexity of the algorithm only

by a factor of |R|, which is polynomial in the input length.

Remark 4.3.12. There is another generalization of the results above. We can ex-

tend our approximation scheme by job specific release dates mainly based on Györgyi

(2013). That paper does not use Proposition 4.2.1, but now we can simplify the pre-

sentation using that proposition: it is enough to prove that there is a PTAS for the

restricted problem where the supply dates and the job specific release dates until uq

are from the set {`εuq : ` = 0, 1, . . . , b1/εc} (for details of the reduction see Section

4.2). Since the PTAS for the problem allowing release dates is quite similar to the

PTAS without release dates thus we just sketch this algorithm and highlight the main

differences.

To simplify our presentation we assume v` := `εuq allowing that there are some

v`, when there is neither a resource supply nor a release date for any of the jobs. Let

t denote the index of the last supply date, i.e., vt = uq. Note that t is a constant.

Since the problem after vt is just the same as 1|rj|Cmax thus it is optimal to schedule

the jobs that are not scheduled earlier in non-decreasing order of their release dates
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(every job as soon as possible, see Lawler (1973) for a proof). From now on we only

deal with the problem, where each release date is at most vt = uq.

As we have mentioned, we follow Algorithm 1. Now, we slightly modify the

definition of the eligible big job assignment, we require that it does not violate any of

the release date constraints, i.e., x̄Bj` = 0, if rj > v`. The beginning of the modified

algorithm is quite similar to Algorithm 1. First, we examine each eligible big job

assignment. Then, we add release date constraints to (4.6)-(4.10):

xj` = 0 ∀(`, j) : rj > v`, (4.13)

and we have to find a (1 + δ)-approximation solution for this extended integer pro-

gram. This requires further partitioning of the jobs. For each set Si (defined as

before) and µ = 1, . . . , t− 1, let Sµi := {j ∈ Si : rj = vµ}. This implies some further

modifications: we have to guess the value of yi
∑

j∈Sµi
x̃Sj` (with k`i,µ(εO/h), where

k`i,µ ∈ Z+) for each ` = 1, . . . , t − 1, i = 1, . . . , h and µ = 1, . . . , t − 1. We can

modify Procedure Job picking in a natural way so that it assigns jobs from sets Sµi

to the supply periods using values k`i,µ. We can modify Lemma 4.3.6 for the new

case using h(t − 1)2 tuples and since t is a constant, the time required to evaluate

all the tuples does not increase significantly (cf. Proposition 4.3.7). Beside these

differences, the two PTAS-es are essentially the same.

4.3.3 A PTAS for 1|rm = 1, aj = λpj|Cmax

This section is devoted to the problem 1|rm = 1, aj = λpj|Cmax, and it is based on

Györgyi and Kis (2015b). The notation ’aj = λpj’ means the existence of a positive,

instance specific constant λ, such that aj = λpj, for all j ∈ J . Since we can get an

equivalent problem by dividing all the supplies, and all the resource requirements of

a problem instance by the (instance specific) constant λ, from now on we consider

the case aj = pj only. Notice that in the above transformation, the b̃` may become

fractional after dividing by λ. However, this does not create any difficulty for the

approximation algorithm proposed below. Note that, this PTAS allows arbitrary

number of supply dates, thus it does not require the transformation described in

Section 4.2, but that transformation can decrease the running time of this PTAS.

A further advantage is its simplicity and lower time complexity than the PTAS for

the general case (see Remark 4.3.22).

Our algorithm is similar to that of Section 4.3.2, that is, we will divide the set

of jobs into big and small ones, B and S, and schedule the two subsets separately.

Let ε > 0 be fixed. The set of big and small jobs are defined in the same ways as
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in Section 4.3.2. Let T = {u1, . . . , uq}. We assign the big jobs to time points in T
in all possible ways. Notice that since the size of B is bounded by 1/ε, which is a

constant because ε > 0 is fixed, the number of big job assignments is polynomial

in the size of the input. We will consider only feasible assignments , i.e., a binary

vector xbig ∈ {0, 1}B×T is feasible if and only if it satisfies conditions (4.2), and (4.3)

for j ∈ B. (Notice that the condition (4.4) is void, since all job release dates are 0.)

For each feasible assignment of big jobs, we assign the small jobs to time points in a

suboptimal way. Finally, we choose the best complete assignment constructed. We

will prove that the best solution found has a makespan of no more than (1+ε)C∗max,

and that the algorithm has a polynomial time complexity.

For each feasible assignment xbig of the big jobs, we define an integer program

for the remaining problem: let C̄B` be the earliest completion time of the big jobs

assigned to the first ` time points u1 through u`, that is, C̄B1 :=
∑

j∈B pjx
big
j1 , and

for each ` ∈ {2, . . . , q}, C̄B` := max{C̄B`−1, u`}+
∑

j∈B pjx
big
j` . Moreover, let ū` denote

the total idle time until time point C̄B` in the schedule of the big jobs, that is, ū` =

C̄B` −
∑`

ν=1

∑
j∈B pjx

big
jν , ` = 1, . . . , q. Recall that b̄` = b`−

∑
j∈B aj

(∑`
ν=1 x

big
jν

)
≥ 0

is the residual resource supply. For a fixed feasible assignment of the big jobs, we

define the following integer program.

C̄∗max = min max
`=1,...,q

(
ū` +

q∑
ν=`

∑
j∈S

pjx
small
jν

)
(4.14)

s.t.∑
j∈S

pj

(∑̀
ν=1

xsmall
jν

)
≤ b̄`, ` = 1, . . . , q (4.15)

q∑
`=1

xsmall
j` = 1, j ∈ S (4.16)

xsmall
j` ∈ {0, 1}, j ∈ S, ` = 1, . . . , q. (4.17)

The value of a feasible solution xsmall will be denoted by C̄max(xsmall). After we

have found a suboptimal solution of (4.14)-(4.17), we assign the small jobs to the u`

according to this solution. See Figure 4.3 for an illustration of the whole algorithm.

The next statement follows from the definitions.

Proposition 4.3.13 (Györgyi and Kis, 2015b). If xbig is a feasible assignment of the

big jobs, then xsmall is a feasible solution of (4.14)-(4.17) if and only if the complete

solution (xbig , xsmall) is a feasible solution of (4.1)-(4.5).

For the sake of simpler presentation, we also define ū0 := 0 and C̄B0 := 0.
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Figure 4.3: Illustration of the algorithm

Proposition 4.3.14 (Györgyi and Kis, 2015b). If xbig is a feasible assignment of

the big jobs, then

1. if ` > 1 and ū`−1 < ū`, then ū` = ū`−1 + u` − C̄B`−1.

2.
∑`−1

ν=1

∑
j∈B pjx

big
jν ≥ u` − ū`, ` = 1, . . . , q.

Proof. Both claims follow from the definitions of ū` and C̄B` .

Proposition 4.3.15 (Györgyi and Kis, 2015b). Consider the assignment x =

(xbig , xsmall), where xbig is an arbitrary feasible assignment of the big jobs, and

xsmall is an arbitrary assignment of the small jobs. Let `0 be the smallest in-

dex such that C̄max(xsmall) = ū`0 +
∑q

ν=`0

∑
j∈S pjx

small
jν . In this case Cmax(x) =

u`0 +
∑q

ν=`0

∑
j∈J pjxjν.

Proof. Since `0 is the smallest index with C̄max(xsmall) = ū`0 +
∑q

ν=`0

∑
j∈S pjx

small
jν ,

either `0 > 1 and ū`0−1 < ū`0 , or `0 = 1. In both cases ū`0 = ū`0−1 + u`0 − C̄B`0−1. By

contradiction, suppose that there is an index ` 6= `0 such that

u`0 +

q∑
ν=`0

∑
j∈J

pjxjν < u` +

q∑
ν=`

∑
j∈J

pjxjν = Cmax(x). (4.18)

Choose the smallest index `1 among such indices. Suppose that `1 < `0 (the case

`1 > `0 is similar). Rearranging (4.18) yields

u`0 − u`1 <
`0−1∑
ν=`1

∑
j∈J

pjxjν . (4.19)

Observe that ū`0 +
∑q

ν=`0

∑
j∈S pjx

small
jν > ū`1 +

∑q
ν=`1

∑
j∈S pjx

small
jν follows from

the condition of the proposition, hence, ū`0 − ū`1 >
∑`0−1

ν=`1

∑
j∈S pjx

small
jν . Subtract
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it from (4.19) to get u`0 − u`1 − ū`0 + ū`1 <
∑`0−1

ν=`1

∑
j∈B pjx

big
jν . Since ū`0 = ū`0−1 +

u`0 − C̄B`0−1 = u`0 −
∑`0−1

ν=1

∑
j∈B pjx

big
jν (by the definition of ū`), thus u`1 − ū`1 >∑`1−1

ν=1

∑
j∈B pjx

big
jν which contradicts Proposition 4.3.14, and the claim follows.

Proposition 4.3.16 (Györgyi and Kis, 2015b). Consider a fixed assignment xbig

of the big jobs, and two feasible solutions, xsmall and x̃small , of (4.14)-(4.17) such

that C̄max(xsmall) = C̄max(x̃small) + K for some K ≥ 0. Then Cmax((xbig , xsmall)) =

Cmax((xbig , x̃small)) +K.

Proof. Let ` be the smallest index such that ū`+
∑q

ν=`

∑
j∈S pjx

small
jν = C̄max(xsmall).

Since ū` > ū`−1 or ` = 1, we have ū` = ū`−1 +u`−C̄B`−1. Using this and the definition

of ū`−1, we get C̄max(xsmall) = u` −
∑`−1

ν=1

∑
j∈B pjx

big
jν +

∑q
ν=`

∑
j∈S pjx

small
jν . Define

˜̀ analogously for x̃small , use the same transformation and plug in these formulas in

the condition of the proposition:

u` −
`−1∑
ν=1

∑
j∈B

pjx
big
jν +

q∑
ν=`

∑
j∈S

pjx
small
jν = u˜̀−

˜̀−1∑
ν=1

∑
j∈B

pjx
big
jν +

q∑
ν=˜̀

∑
j∈S

pjx̃
small
jν +K.

Add
∑

j∈B pj to both sides and the proposition follows from Proposition 4.3.15.

We present a method to obtain a suboptimal solution of (4.14)-(4.17). Let b̃′1 :=

b̄1 and b̃′` := b̄` − b̄`−1, ` = 2, . . . , q be the amount of the resource that becomes

available for small jobs scheduled after ū`. Note that the problem of assigning small

jobs to time points is equivalent to the problem instance of 1|rm = 1, pj = aj|Cmax

in which b̃′` amount of resource is supplied at ū`, ` = 1, . . . , q.

Since pj = aj, passing of time, and resource utilization is interchangeable, which

motivates the following construction. We divide the time horizon into intervals

[v`, w`] in which the material supply is contiguous:

Procedure CreateIntervals (Györgyi and Kis, 2015b)

1. The first interval starts at time v1 := ū1, and let ` := 1.

2. For k = 2, . . . , q repeat the following step:

3. If ūk > v` +
∑

z:v`≤ūz<ūk b̃
′
z, then the end of the `th interval is w` := v` +∑

z:v`≤ūz<ūk b̃
′
z, i.e., v` plus the amount supplied after v` and before uk. Let

v`+1 := ūk, ` := `+ 1. Otherwise, proceed with the next k.

4. Let s := `, and ws := vs +
∑

z:vs≤ūz b̃
′
z.
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t

v1 = ū1 v2 = ū4 v3 = ū5 = ū6

ū2 ū3 ū7 = ūq

b̃′1 b̃′2 b̃′3 b̃′4 b̃′5 b̃′6 b̃′7
w1 w2 w3 = ws

Figure 4.4: Dividing the time horizon into intervals

Notice that at the end of the algorithm, 1 ≤ s ≤ q, each v` is equal to one

of the ūk values, and the interval [v`, w`] contains all the ūk values such that

ūk ≤ v` +
∑

z:v`≤ūz<ūk b̃
′
z, for ` = 1, . . . , s, that is, in each interval [v`, w`], the

next supply arrives before the previous supplies could be fully consumed, if the rate

of consumption were constant 1. See Figure 4.4 for an illustration.

Proposition 4.3.17. The optimal makespan of problem (4.14)-(4.17) is at least ws.

Proof. The total resource supply before vs is

∑
z:ūz<vs

b̃′z =

q∑
`=1

b̃′` −
∑

z:vs≤ūz

b̃′z =
∑
j∈S

aj −
∑

z:vs≤ūz

b̃′z =
∑
j∈S

pj −
∑

z:vs≤ūz

b̃′z,

thus the total amount of work scheduled before vs is at most
∑

j∈S pj −
∑

z:vs≤ūz b̃
′
z.

Therefore every feasible schedule has to process at least
∑

z:vs≤ūz b̃
′
z amount of total

work after vs, and the proposition follows.

We will schedule the jobs to start in some interval, or after the end of [vs, ws],

when already all the materials are supplied. Let I :=
⋃s
`=1[v`, w`]. We define the

function F : Z+ → Z+ which provides for any µ ∈ Z+ the earliest time point t ∈ I
such that the measure of the set [v1, t] ∩ I is µ, i.e.,

∫
x∈[v1,t]∩I 1dx = µ. If µ is too

big, i.e., larger than the total size of the intervals, we let F (µ) :=∞. Notice that F

is monotone non-decreasing and piecewise linear. Let pSmax := maxj∈S pj.

Algorithm 2. (Györgyi and Kis, 2015b)

1. Take an arbitrary order of the small jobs (J1, . . . , J|S|).

2. For j = 1, . . . , |S| repeat the following two steps:

3. Let t := F (
∑j−1

j′=1 pj′ + pSmax).

4. If t <∞, then schedule job Jj at time t. Otherwise schedule Jj at max{Sj−1 +

pj−1, ws} if j ≥ 2, or at ws if j = 1.
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Proposition 4.3.18 (Györgyi and Kis, 2015b). The schedule constructed by Algo-

rithm 2 is feasible, and it finishes at most pSmax time units after ws.

Proof. To verify feasibility, we have to check that (i) no job Jj starts before the

previous job, if any, is finished, and that (ii) there is enough resource available to

cover its demand. Property (i) follows from the monotonicity and piecewise linearity

of F . As for (ii), if t is finite in step 3 of the algorithm, then by the definition of

function F , the total supply in the intervals up to time t minus the total demand

of the first j − 1 jobs is at least pSmax. But, pj ≤ pSmax, and aj = pj, hence, there

is enough resource available to start the job. If t is infinite, then already all the

supplies from the resource arrived, and the job can certainly be started.

Finally, to see that the last job finishes at most pSmax time units after ws, observe

that by the definition of F and by the construction of the schedule, the total resource

available at time ws is at most pSmax. Since pj = aj for all jobs, and the total request

of the small jobs equals F (ws), the total size of unscheduled jobs is at most pSmax.

The following algorithm creates a complete assignment of the jobs:

Algorithm 3. (Györgyi and Kis, 2015b)

1. Assign the big jobs to time points u1 through uq in all possible ways, and for

each feasible assignment xbig do steps 2-4.

2. Define the scheduling problem instance of 1|rm = 1, pj = aj|Cmax in which b̃′`

amount of the resource is supplied at ū`.

3. Construct a schedule according to Algorithm 2, and let xsmall
j` := 1 if and only

if the starting time Sj of job Jj ∈ S satisfies ū` ≤ Sj < ū`+1, ` = 1, . . . , q,

where ūq+1 :=∞.

4. If the value of the assignment x = (xbig , xsmall) is better than the best solution

found so far, then update the best solution to x.

5. Output the best solution found, denoted by xC .

The next lemma follow from Propositions 4.3.17 and 4.3.18.

Lemma 4.3.19 (Györgyi and Kis, 2015b). For every feasible assignment of the big

jobs, the algorithm provides a small job assignment xsmall such that C̄max(xsmall) ≤
C̄∗max + pSmax.
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Lemma 4.3.20 (Györgyi and Kis, 2015b). The algorithm examines at least one

feasible assignment (xbig , xsmall) whose value is at most pSmax ≤ εpsum more than the

optimum of (4.1)-(4.5).

Proof. Consider an optimal solution (x̂big , x̂small) of (4.1)-(4.5) and consider the case

when xbig = x̂big . According to Proposition 4.3.18 and Proposition 4.3.13, the

assignment (xbig , xsmall) is feasible. The statement about the value of (xbig , xsmall)

follows from Lemma 4.3.19 and Proposition 4.3.16.

Theorem 4.3.21 (Györgyi and Kis, 2015b). There is a PTAS for the problem

1|rm = 1, aj = pj|Cmax.

Proof. Lemma 4.3.20 shows that the value of the solution xC provided by Algorithm

3 is at most εpsum more than the optimum makespan C∗max. Since psum ≤ C∗max, it

follows that Cmax(xC) ≤ (1+ε)C∗max. The running time is determined by the number

of ways in which the big jobs can be assigned to the time points in T , and for each

such assignment the time needed to schedule the small jobs. The latter is clearly

polynomial in the size of the problem instance with the small jobs (O(q · |S|)). Since

the number of big jobs is bounded by 1/ε, which is a constant for any fixed ε > 0

and there are at most
(
q+1/ε

1/ε

)
= O((q+ 1/ε)1/ε) big job assignments, we have shown

that Algorithm 3 is a PTAS for 1|rm = 1, pj = aj|Cmax.

Remark 4.3.22. The PTAS of the previous section (for 1|rm = 1, q = const |Cmax)

requires O(ε−(ε−1) ·(2ε−1 lnn) ·(n2ε−1 log2 n+(nε−1) ·nO(ε−2))) time (Remark 4.3.10).

If q is a constant, then the running time of the Algorithm 3 is O(ε−(ε−1) · n), which

is significantly less than the previous.

Remark 4.3.23 (Györgyi and Kis, 2015b). Algorithm 3 can be easily extended to

the case when the jobs have arbitrary release dates. We have to make the following

modifications:

• Define T = {u`}q`=1 ∪ {rj}j∈J = {v1, . . . , vτ}, like in Section 4.3.1.

• The feasible big job assignments have to satisfy (4.2), and (4.4).

• Determine the values v̄1 through v̄τ similarly as the values ū1 through ūq in

Section 4.3.3.

• In step 1 of Algorithm 2, we have to process the small jobs in non-decreasing

release date order.

• For each small job j ∈ S, define r̄j = v̄`, where v` ∈ T equals the release date

rj.
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• In step 3 of Algorithm 2, let t := max{F (
∑j−1

j′=1 pj′ + pSmax),maxj0≤j{r̄j0 +∑j−1
j′=j0

pj′}}, where the first part of the maximum ensures that there is enough

resource available to start job j, while the second part ensures that the starting

time of the job is not before its adjusted release date r̄j, and that the jobs do

not overlap in time.

According to the new definition of the schedule it is easy to see the feasibility of

the assignment. Again, we can prove that the obtained schedule has a makespan at

most pSmax greater than the optimal makespan, thus a statement analogous to Lemma

4.3.20 follows.

Finally, the running time is still polynomial in the size of the input, because

the number of big job assignments is O(τ 1/ε), which is polynomial in the size of

the input, and the small jobs can also be scheduled by Algorithm 2 in polynomial

time. This proves that Algorithm 3 with the above modifications is a PTAS for

1|rm = 1, pj = aj, rj|Cmax.

4.4 Minimizing the total weighted completion time

This section describes some results from Györgyi and Kis (2018b). As we have

seen in Section 4.1, apart from the FPTAS of Kis (2015) (where there are only

two supply dates), we have not found any positive approximation result for this

objective function. Of course, there are easy polynomial time solvable variants with

more supply dates, we summarize them in Table 4.2. Apart from the last one, each

result is trivial, but proving the last one is also not very difficult:

Proposition 4.4.1 (Györgyi and Kis, 2018b). Scheduling the jobs in LPT order is

optimal for 1|rm = 1, aj = ā, pj = wj|
∑
wjCj.

Proof. Let S∗ be an optimal schedule, and S∗j + pj = C∗j for each job j in which the

number of job pairs violating the LPT order is the smallest. Suppose that there are

at least two jobs that are not in LPT order. Consider the first two such consecutive

jobs, say 1 and 2, where 1 is scheduled before 2, and p1 + K = p2 for some K > 0.

Let S ′ be the schedule where we swap the order of 1 and 2. We distinguish two

cases:

1. C∗1 = S∗2 . Then S ′1 = S∗1 + p2, S ′2 = S∗1 , and S ′j = S∗j for j 6= 1, 2. It is easy

to verify that w1(S∗1 + p1) +w2(S∗2 + p2) = w2(S ′2 + p2) +w1(S ′1 + p1), and the

objective function does not change. Since S ′ is feasible, as each job has the

same resource requirement, we reached a contradiction with the choice of S∗.
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Table 4.2: Easy variants of 1|rm = 1|
∑
wjCj.

Variant Optimal schedule
pj = aj = ā non-increasing wj order
pj = wj = 1 non-decreasing aj order
aj = wj = 1 SPT order

wj = w̄, pj = aj SPT order
aj = ā, pj = wj LPT order

2. C∗1 < S∗2 . Hence, there is an ` such that S∗2 = u`. Note that we have S ′2 = S∗1 ,

S ′1 = max{C ′2, u`}. Further on we have S ′j = S∗j for each job j with S∗j < S∗1 ,

and S ′j ≤ S∗j for each job j with S∗j ≥ S∗2 . Notice that only the start time

of job 1 increases after swapping job 1 and job 2. To reach a contradiction

with the choice of S∗, it is enough to prove that w1C
∗
1 +w2C

∗
2 ≥ w1C

′
1 +w2C

′
2.

Suppose that we have u` = S∗1 + p1 + L where L > 0. We have

w1C
∗
1 + w2C

∗
2 = p1 · (S∗1 + p1) + p2 · ((S∗1 + p1 + L) + p2) =

p1S
∗
1 + p2

1 + (p1 +K)S∗1 + (p1 +K) · (p1 + L) + (p1 +K)2,

and

w1C
′
1 + w2C

′
2 = p1 · (S ′1 + p1) + (p1 +K) · (S∗1 + p1 +K) =

p1 ·max{C ′2, u`}+ p2
1 + (p1 +K)S∗1 + (p1 +K)2

Thus, w1C
∗
1 +w2C

∗
2−(w1C

′
1+w2C

′
2) = p1S

∗
1 +(p1+K)·(p1+L)−p1·max{C ′2, u`}.

Since max{C ′2, u`} = max{S∗1 + p1 + K,S∗1 + p1 + L}, thus w1C
∗
1 + w2C

∗
2 ≥

w1C
′
1 + w2C

′
2 follows.

The rest of this section focuses on the variant where pj = aj = wj. We split

our results into two parts: in Section 4.4.1 we express the total weighted completion

time of a feasible schedule in a new way and prove the NP-hardness of this variant,

while in Section 4.4.2 we prove that scheduling the jobs in LPT order provides a

2-approximation algorithm.

4.4.1 The variant pj = aj = wj

We start this section by providing a non-trivial expression for the objective function

value of an optimal schedule under the condition pj = aj = wj for every job j.



4.4. Minimizing the total weighted completion time 51

S
t

u1 u2 u3 u4 u5

H1 = 0

H2 H3 H4

G1 = H1 G2 =
2∑

ν=1

Hν G3 =
3∑
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u` u`′ u`′+1Ck t

k

B
Total gap
until u` is
G`−1

(b)

Figure 4.5: (a) A feasible schedule and the new notations; (b) proof of Lemma 4.4.2.

Let S be any feasible schedule for the problem and let Cj = Sj + pj be the

completion time of job j in S. Let H` denote the length of the idle period, if any,

in schedule S in the interval [u`, u`+1] and let G` =
∑`

ν=1 Hν be the total idle time

until u`+1. Let P` denote the total working time (when the machine is not idle) in

[u`, u`+1], noting that u` =
∑`−1

ν=1 Pν + G`−1. See Figure 4.5 (a) for an illustration.

Using the new notation, we can express the objective function value of S as follows:

Lemma 4.4.2 (Györgyi and Kis, 2018b). The objective function value of any feasible

schedule S can be expressed as

∑
j

pjCj =
∑
j≤k

pjpk +

q∑
`=2

G`−1 · P`

=
∑
j≤k

pjpk +

q∑
`=2

H`−1 · (P` + P`+1 + . . .+ Pq).

(4.20)

Proof. Consider any working period B = [u`, t] in the schedule S, that is, the ma-

chine is idle right before u` and right after t, and is working contiguously throughout

B. Suppose t ∈ (u`′ , u`′+1], where `′ ≥ `. Let k be an arbitrary job that is processed

in B, see Figure 4.5 (b). We have Ck =
∑

Cj≤Ck pj + G`−1, thus the total weighted
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completion time of the jobs processed in B is

∑
k:Ck∈B

pk

 ∑
Cj≤Ck

pj +G`−1

 =
∑

k:Ck∈B

pk
∑
Cj≤Ck

pj +G`−1

`′∑
ν=`

Pν

=
∑

k:Ck∈B

pk
∑
Cj≤Ck

pj +
`′∑
ν=`

Gν−1Pν ,

where the first equation follows from
∑

k:Ck∈B pk =
∑`′

ν=` Pµ, and the second from

Gν = G`−1 for each ` ≤ µ < `′, since the machine is not idle in the interval B. Since

the schedule can be partitioned into working and idle periods, we derive

∑
j

wjCj =
∑
j≤k

pjpk +

q∑
`=2

G`−1 · P`.

Finally, the second equation of the statement of the lemma can be derived by using

the definition of G` and by rearranging terms.

Theorem 4.4.3 (Györgyi and Kis, 2018b). The problem 1|rm = 1, q = 2, pj = aj =

wj|
∑
wjCj is weakly NP-hard, and 1|rm = 1, pj = aj = wj|

∑
wjCj is strongly

NP-hard.

Proof. For proving the weak NP-hardness of 1|rm = 1, q = 2, pj = aj = wj|
∑
wjCj

we reduce the PARTITION problem to this scheduling problem. Recall that an

instance of PARTITION is given by a positive integer n, and n non-negative integer

numbers s1, . . . , sn, that represent the respective size of n distinct items. One has to

decide whether the items can be partitioned into two subsets, Q1 and Q2, such that∑
i∈Q1

si =
∑

i∈Q2
si. Since the item sizes are integer numbers, the answer is ‘NO’,

unless
∑n

i=1 si = 2A for some integer A. Therefore, we assume that
∑n

i=1 si = 2A in

any instance of PARTITION, and the question can be equivalently stated as if there

exists a subset Q of items with
∑

i∈Q si = A. Now, the corresponding instance of

1|rm = 1, q = 2, pj = aj = wj|
∑
wjCj consists of n jobs, one job foe each item, and

pi = ai = wi = si for each item i = 1, . . . , n. There are two supplies, one at u1 = 0

and the supplied quantity from the single resource is A, and another at u2 = A with

supplied quantity A. We claim that the the PARTITION problem instance has a

solution if and only if the corresponding scheduling problem instance has a feasible

solution of value at most
∑

j≤k pjpk. Using Lemma 4.4.2, the the latter holds if and

only if the schedule has no idle time. So, it suffices to prove that the PARTITION

problem instance has a solution if and only if the corresponding scheduling problem

instance admits a feasible schedule without any idle time. First suppose that the



4.4. Minimizing the total weighted completion time 53

PARTITION problem instance has a ‘yes’ answer, i.e., there is a subset Q of items

with
∑

i∈Q si = A. Schedule the corresponding jobs contiguously in any order in the

interval [0, A]. Since pj = aj, and the supply at u1 = 0 is A, this is feasible. Now,

schedule the remaining jobs without idle times from u2 = A. The result is a feasible

schedule without idle times. Conversely, suppose there is a feasible schedule without

idle times. Then the machine is working throughout the interval [0, A]. Since the

supply at u1 = 0 is A, the total processing time of the jobs starting before u2 = A

is A. Let the set Q consist of the items corresponding to these jobs. This yields a

feasible solution for the PARTITION problem instance.

For proving the strong NP-hardness of 1|rm = 1, pj = aj = wj|
∑
wjCj we

reduce the 3-PARTITION problem to this scheduling problem. Recall that an in-

stance of 3-PARTITION consists of an positive integer t, and 3t items, each having

a size si, i ∈ {1, . . . , 3t}, where the item sizes are bounded by polynomial in the

input length. It is assumed that
∑3t

i=1 si is divisible by t, and B/4 < si < B/2

for each i, where B =
∑3t

i=1 si/t. The question is whether the set of items can be

partitioned into t groups Q1, . . . , Qt such that
∑

i∈Q` si = B for ` = 1, . . . , t. The

corresponding instance of the scheduling problem 1|rm = 1, pj = aj = wj|
∑
wjCj

has 3t jobs corresponding to the 3t items with pi = ai = wi = si, and q = t supplies

at supply dates u` = (`− 1)B with supplied quantities b` = B for ` = 1, . . . , q. The

rest of the proof goes along the same lines as in the first part, i.e., we argue that

3-PARTITION has a feasible solution if and only the the corresponding scheduling

problem instance has a solution of objective function value
∑

j≤k pjpk if and only if

there is a feasible schedule without any idle times.

4.4.2 A 2-approximation for 1|rm = 1, pj = aj = wj|
∑
wjCj

Though the algorithm is quite easy, proving the approximation ratio requires so-

phisticated methods. We also provide a tight example at the end of this section.

Theorem 4.4.4 (Györgyi and Kis, 2018b). Scheduling the jobs in LPT order is a

2-approximation algorithm for 1|rm = 1, pj = aj = wj|
∑
wjCj.

Proof. The main idea of the following proof is that first we transform the problem

data such that the resource supplies are deferred until they are used in a selected

optimal schedule, and then we bound the approximation ratio of the LPT schedule.

Finally, we observe that the LPT order yields at least as good a schedule with the

original problem data as the same job order for the modified problem data.

Let I be any instance of the scheduling problem, and fix an optimal schedule S∗

for I. Let J ∗` be the set of jobs that start in [u`, u`+1) in S∗. Let I ′ be a new problem
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instance derived from I by modifying the supplied quantities (the other problem data

does not change): b′1 :=
∑

j∈J ∗1
aj and for each ` ≥ 2, b′` :=

∑`
ν=1

∑
j∈J ∗ν

aj−
∑`−1

ν=1 b
′
ν .

Claim 4.4.5. I ′ has the following properties:

(i) b′` ≥ 0 for each ` = 1, . . . , q,

(ii)
∑q

`=1 b
′
` =

∑n
j=1 aj,

(iii) S∗ is optimal for I ′,

(iv) any ordering of the jobs yields at least as good a schedule for I as for I ′.

Proof. The first two claims are straightforward consequences of the definitions, while

(iii) and (iv) both follow from the fact that in I ′ the resource supplies are deferred

with respect to I.

From now on we consider I ′.

Let SLPT denote the schedule obtained from the LPT order for problem instance

I ′, and let CLPT
j denote the completion time of job j in this schedule. Let GLPT

`

denote the total idle time in SLPT in [0, u`+1] and PLPT
` the total working time

(when the machine processes a job) in [u`, u`+1]. We have u` =
∑`−1

ν=1 Pν +GLPT
`−1 .

Let us define P̃LPT
` as follows. If the machine is working just before u`, or idle just

after u` in SLPT , then P̃LPT
` = 0; otherwise P̃LPT

` equals the length of the working

period starting at u` until the first idle period in SLPT , see Figure 4.6. Notice that

if the machine is working right before and also right after u`, then P̃LPT
` = 0 by

definition.

According to Lemma 4.4.2, we can express the total weighted processing time of

the LPT schedule as follows:

∑
j∈J

pjC
LPT
j =

∑
j≤k

pjpk +

q∑
`=2

GLPT
`−1 · PLPT

`

=
∑
j≤k

pjpk +

q∑
`=2

GLPT
`−1 · P̃LPT

` .

(4.21)

Note that the second equation follows from the fact that if P̃LPT
` = 0, then GLPT

`−1 =

GLPT
`′−1 for the largest `′ < ` with P̃LPT

`′ > 0.

In the next claim we relate (4.21) to (4.20). The notations P ∗` , G∗` and H∗` refer

to P`, G` and H` in case of S∗. Note that u` =
∑`−1

ν=1 P
∗
ν +G∗`−1.

Claim 4.4.6. If P̃LPT
` > 0, i.e., the machine is idle just before u`, and a job j(`) is

started at u` in SLPT , then
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SLPT
t

u1 u2 u3 u4 u5 u6

GLPT
1 = 0

GLPT
2

GLPT
3

P1 P2

P3 = P̃LPT
3 = 0

P4 P5 P6

P̃LPT
1

P̃LPT
2 = 0

P̃LPT
4

P̃LPT
5 = P̃LPT

6 = 0

Figure 4.6: Notations on the LPT schedule.

(i)
∑`−1

ν=1 P̃
LPT
ν + pj(`) >

∑`−1
ν=1 P

∗
ν and

∑q
ν=` P̃

LPT
ν <

∑q
ν=` P

∗
ν + pj(`),

(ii) GLPT
`−1 < G∗`−1 + pj(`).

Proof. If
∑`−1

ν=1 P̃
LPT
ν + pj(`) ≤

∑`−1
ν=1 bν were true, then j(`) could be scheduled ear-

lier in SLPT . Thus we have
∑`−1

ν=1 P̃
LPT
ν +pj(`) >

∑`−1
ν=1 bν . Since we have

∑`−1
ν=1 P

∗
ν ≤∑`−1

ν=1 bν , (i) follows. The second inequality of (i) follows from
∑q

ν=1 P̃
LPT
ν =

∑q
ν=1 P

∗
ν .

Finally, (ii) follows from
∑`−1

ν=1 P̃
LPT
ν +GLPT

`−1 = u` =
∑`−1

ν=1 P
∗
ν +G∗`−1.

Using (4.21) and Claim 4.4.6 (ii), we derive

∑
j∈J

pjC
LPT
j ≤

∑
j≤k

pjpk +

q∑
`=2

(G∗`−1 + pj(`)) · P̃LPT
`

≤ 2 ·
∑
j≤k

pjpk +

q∑
`=2

G∗`−1P̃
LPT
`

= 2 ·
∑
j≤k

pjpk +

q∑
`=2

(
`−1∑
ν=1

H∗ν

)
P̃LPT
`

= 2 ·
∑
j≤k

pjpk +

q∑
`=2

H∗`−1

(
q∑

µ=`

P̃LPT
µ

)
,

where the first inequality follows from Claim 4.4.6 (ii), the second from the obser-

vation that pj(`) is multiplied by the total processing time of job j(`) and all those

jobs following j(`) in the LPT order, and the rest is obtained by rearranging terms.

Since
∑

j pjC
∗
j =

∑
j≤k pjpk +

∑q
`=2H

∗
`−1 ·

(∑q
µ=` P

∗
µ

)
(from Lemma 4.4.2), it is

enough to prove

Claim 4.4.7.

q∑
µ=`

P̃LPT
µ ≤ 2 ·

q∑
µ=`

P ∗µ ∀` ≥ 2 : H∗`−1 6= 0.
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Note thatH∗`−1 6= 0 means the machine is not working before u` in S∗,
∑q

µ=` P̃
LPT
µ

equals the total amount of work after u` in SLPT , while
∑q

µ=` P
∗
µ is the same in the

optimal schedule S∗.

Proof of Claim 4.4.7. First we prove the claim for each ` such that P̃LPT
` 6= 0.

Consider such an `. If
∑q

µ=` P
∗
µ would be less than pj(`), then each job with a

processing time at least pj(`) would be scheduled before u` in S∗, thus
∑`−1

ν=1 b
′
ν

would be at least the total processing time of these jobs. However, this would mean

that j(`) could be scheduled earlier (recall that the machine is idle just before u` in

SLPT ), thus we have
∑q

µ=` P
∗
µ ≥ pj(`). Since P̃LPT

` 6= 0, we can use Claim 4.4.6 (i)

and we have

q∑
µ=`

P̃LPT
µ ≤

q∑
µ=`

P ∗µ + pj(`) ≤ 2 ·
q∑

µ=`

P ∗µ

Now suppose that P̃LPT
` = 0. If

∑q
µ=` P̃

LPT
µ = 0, then the claim is trivial.

Otherwise, let `′ > ` be the smallest index such that P̃LPT
`′ 6= 0. Since we know that

the claim is true for `′, we have

q∑
µ=`

P̃LPT
µ =

q∑
µ=`′

P̃LPT
µ ≤ 2 ·

q∑
µ=`′

P ∗µ ≤ 2 ·
q∑

µ=`

P ∗µ

and we are ready.

Finally, as we have already noted, the LPT ordering of the jobs yields at least as

good a schedule for I as the same job order for I ′, and the theorem is proved.

We end this section with an example to show that the approximation ratio of

the algorithm is tight.

Example 4.4.8 (Györgyi and Kis, 2018b). For any integer n ≥ 3 consider the

scheduling problem with n jobs, the first n− 1 jobs are of unit processing time, while

the last job has processing time n. That is, pj = aj = wj = 1 for j = 1, . . . , n − 1,

and pn = an = wn = n for job n. There are two supplies, one at u1 = 0 with

supplied quantity n − 1, and another at u2 = n2 with supplied quantity n. In the

optimal schedule, the first n − 1 jobs are scheduled from time 0, and the last job is

scheduled at time n2 (at u2). That is, C∗j = j for j = 1, . . . , n− 1, and C∗n = n2 +n.
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The optimal objective function value is

n∑
j=1

pjC
∗
j = n(n− 1)/2 + (n3 + n2).

In contrast, in the LPT schedule job n comes first, but it can be scheduled only at

time u2 = n2, since its demand is n. Hence, CLPT
n = n2 +n, and CLPT

j = n2 +n+ j

for j = 1, . . . , n− 1. Consequently,

n∑
j=1

pjC
LPT
j = (n3 + n2) +

n−1∑
j=1

(n2 + n+ j)

= (n3 + n2) + (n2 + n) · (n− 1) + n(n− 1)/2.

Therefore, the relative error of LPT on these instances is

(n3 + n2) + (n2 + n) · (n− 1) + n(n− 1)/2

n(n− 1)/2 + (n3 + n2)
=

2n3 +O(n2)

n3 +O(n2)
,

which tends to 2 as n goes to infinity.
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Chapter 5

An exact method for 1|rm|Lmax

Machine scheduling with raw material constraints has a great practical potential,

as it is solved by ad-hoc methods in practice in several manufacturing and logistic

environments. In the previous chapters the results are mainly theoretical, because

the running time of an approximation schemes is usually too big for a practical

algorithm. This chapter describes an exact method for the lateness minimization

problem.

After reviewing the previous results in Section 5.1, we will elaborate upon the

modeling of the problem by a mixed-integer linear program (MIP). Since we have

to compute the maximum lateness objective, choosing the right MIP model is a

non-trivial issue (Section 5.2). Then, we will devise new inequalities valid for the

feasible solutions of the MIP formulation, and also two of which may cut off feasible

solutions, but they keep at least one optimal solution (Section 5.3.2). The new

inequalities will be used in a branch-and-cut method to strengthen the LP-relaxation

of the MIP formulation (Section 5.3.1). We will also sketch a heuristic method for

getting an initial feasible solution as well as an upper bound on the optimum value

in Section 5.3.3. We emphasize that in most papers mentioned above, mathematical

programs are used only for modeling the problem, while the methods devised are

based on some other representations. In contrast, our branch-and-cut method uses

the MIP model as the representation of the problem, and we do not use the solver

as a black-box, instead, we generate cutting planes in the course of the solution

process in order to speed up the optimization algorithm. Finally, we summarize

our computational results on a large set of benchmark instances. The goal of the

experiments is to determine the limitation of the method, and also to assess the

benefit of using cutting planes to strengthen the MIP formulation (Section 5.4).

This section is based on Györgyi and Kis (2018a).

59
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5.1 Literature overview

In contrast to the complexity and approximation results, there are only sporadic

computational results on machine scheduling problems with non-renewable resource

constraints. Grigoriev et al. (2005) have provided some test results for one of their

approximation algorithms. Belkaid et al. (2012) propose lower bounds and heuristics

for minimizing the makespan in a parallel machine environment with non-renewable

resource constraints.

To our best knowledge, no exact method has been described for our problem

in the literature. However, for a related problem, where some of the jobs produce,

while other jobs consume some non-renewable resources (and there are no replen-

ishments from external sources) Briskorn et al. (2013) propose an exact method

for minimizing the total weighted completion time of the jobs. In the more gen-

eral project scheduling setting, Neumann and Schwindt (2003) study the makespan

minimization problem with inventory constraints, and describe a branch-and-bound

method for solving it.

Single machine scheduling with the maximum lateness objective is polynomially

solvable by ordering the jobs in earliest due-date order, see Jackson (1955). In spite

of the existence of a polynomial time algorithm, we are not aware of any linear pro-

gramming based method of polynomial time complexity, in which the convex hull of

feasible solutions is determined by a linear system such that the coefficients of the

variables are determined by polynomial functions of the problem data. That is, we

require that from any input with n jobs we should be able to get the LP formulation

by plugging the problem data into multivariate polynomials that yield the coeffi-

cients of the decision variables. However, it is not allowed to insert new constraints,

or do some sorting and then fill the coefficients of the variables and the right-hand-

sides in the LP. In fact, Blazewicz et al. (1991) propose a MIP formulation for

1||Lmax using positional variables. Moreover, a number of alternative formulations

are compared and evaluated for single machine scheduling problems with various

objective function by Keha et al. (2009). In contrast, for single machine scheduling

with the sum of (weighted) job completion times objective, 1||
∑
wjCj, an LP formu-

lation is developed by Queyranne (1993) in which the coefficients of the constraints

are linear functions of the problem data, while the right-hand-sides are determined

by quadratic polynomials of the data. Although the number of inequalities is ex-

ponential in the number of jobs, but they can be separated efficiently, so the LP

can be solved in polynomial time. We will adapt the inequalities of Queyranne in

Section 5.3.2 to our MIP model.
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5.2 A modified MIP formulation

Keha et al. (2009) describe 4 distinct MIP formulations for single machine scheduling

with the maximum lateness objective (1||Lmax). None of these formulations take

non-renewable resources into account, but any of them could be further developed

to model our problem. We have ruled out the time-indexed formulation, since in

that model the number of variables linearly depends on the magnitude of the job

processing times, and should we extended that model by non-renewable resource

constraints, also on the magnitude of the supply dates. After some preliminary tests

(we extended each model of Keha et al. by modeling the non-renewable resource

constraints), we have chosen the model with completion time variables , and we

describe it in detail subsequently.

We use three main types of variables in our formulation. Variable Cj denotes

the completion time of job j ∈ J and for each ordered pair of jobs j1, j2 ∈ J with

j1 < j2, the binary variable ordj1,j2 has value 1 if and only if j1 precedes j2 in the

schedule. Finally, there are q · |J | binary decision variables zj`, j ∈ J , ` = 1, . . . , q

to assign jobs to supplies, i.e., zj` = 1 if and only if job j can be started before

u`+1 (uq+1 =∞), i.e., the first ` supplies can cover its resource requirements. Then

zj` ≥ zj,`−1 must hold and if zj` − zj,`−1 = 1 then job j must not start before u`.

The MIP formulation is

minLmax (5.1)

s.t.

Cj ≥ pj, j ∈ J (5.2)

Cj1 + pj2 ≤ Cj2 +M · (1− ordj1,j2), j1, j2 ∈ J , j1 < j2 (5.3)

Cj2 + pj1 ≤ Cj1 +M · ordj1,j2 , j1, j2 ∈ J , j1 < j2 (5.4)

Lmax ≥ Cj − dj, j ∈ J (5.5)

Cj − pj ≥
q∑
`=2

u` · (zj,` − zj,`−1), j ∈ J (5.6)∑
j∈J

ai,jzj` ≤ b`,i, ` = 1, . . . , q − 1, i ∈ R (5.7)

zj,`−1 ≤ zj,`, j ∈ J , ` = 2, . . . , q (5.8)

zj,q = 1, j ∈ J (5.9)

ordj1,j2 ∈ {0, 1}, j1, j2 ∈ J , j1 < j2 (5.10)

zj` ∈ {0, 1}, j ∈ J , ` = 1, . . . , q. (5.11)
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The objective is to minimize Lmax. Constraints (5.2)-(5.4) ensure that the jobs do

not overlap in time. Inequalities (5.5) express that Lmax is at least maxj∈J Cj − dj.
By (5.6) for each job j, the starting time Cj − pj is at least the u` provided that

zj` − zj,`−1 = 1. The resource constraints are encoded by (5.7), since if zj` = 1 then

job j is started before u`+1, hence, its resource consumption must be satisfied from

the cumulative supply b`,i. The rest of the constraints order the zj`, set zjq = 1,

since every job is processed before uq+1 =∞, and ensure integrality of the variables.

Remark 5.2.1. Note that there is a strong link between the variables zj` and the

variables xj` in (4.1)-(4.5) (see Section 4.3.1). If a job starts in [u`, u`+1) (which

implies zj`−zj,`−1 = 1), then its requirements can be satisfied by the resource supplies

up to time point u` (xj` = 1). We have also tested models where the resource

constraints are described by variables xj`, but these test provided poorer results than

the model above.

5.3 Exact solution by branch-and-cut

In this section first we sketch how branch-and-cut, a general algorithmic approach

for integer programming, can be applied to our problem, and then we describe a

number of valid inequalities (cuts) that can be used to strengthen the LP relaxation

of our MIP formulation.

5.3.1 Overview

One of the most successful methods for solving integer programming problems is

branch-and-cut, which is linear-programming based branch-and-bound augmented

with the generation of cutting planes in search-tree nodes, see e.g., Crowder et al.

(1983); Balas et al. (1993). The main idea is as follows. Consider a mixed-integer

linear program over n variables and with m linear constraints:

min
n∑
j=1

cjxj

s.t.
n∑
j=1

ai,jxj = bi, i = 1, . . . ,m

xj ∈ Z, j ∈ I

0 ≤ xj ≤ uj, j = 1, . . . , n,
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where the cj, ai,j, bi and uj are rational numbers, and I ⊆ {1, . . . , n} is the subset of

integer variables, i.e., the constraints xj ∈ Z for j ∈ I prescribe that these variables

must take integral values in any feasible solution. Its LP relaxation is obtained by

dropping the integrality constraints. Let P denote the set of feasible solutions of the

LP relaxation, and PI the closed convex hull of P ∩ {x ∈ R | xj ∈ Z, for j ∈ I}. It

is known that both P and PI are convex polyhedra, and PI ⊆ P (Schrijver, 1998).

If PI 6= P , then the LP relaxation can be strengthened by inequalities valid for PI ,

but cutting off some fragment of P . That is, if x̄ is the current optimal solution

of the LP relaxation, but x̄ 6∈ PI , then PI must have a facet separating x̄ from

PI (Schrijver, 1998). In fact, if we manage to generate an inequality αx ≥ β such

that (i) it is valid for PI , i.e., αx′ ≥ β for all x′ ∈ PI , and (ii) it is violated by x̄,

i.e., αx̄ < β, then we can add this inequality to the LP relaxation to strengthen it.

This idea can be used in a linear-programming based branch-and-bound algorithm,

both in the root node, and in the search-tree nodes as well. Clearly, adding such

an inequality may speed up the search because it may help to increase the lower

bound on the optimum, and also to find integer feasible solutions. Further on, if

αx ≥ β is not valid for PI , but there is a nonempty subset V of optimal solutions

which satisfy this inequality, then we can still add αx ≥ β to the LP relaxation,

as long as we do it consistently, i.e., we never add an inequality cutting off some

solution in V . Then, we are guaranteed that the branch-and-cut procedure, when it

terminates, finds an optimal solution, provided the problem is feasible, and the set

V (defined above) exists. In our setting, the arising mixed-integer programs always

have a finite optimum.

5.3.2 Cutting planes

Note the form of the resource constraints (5.7). These are knapsack constraints,

there are (q− 1)|R| of them. MIP solvers can take advantage of such constraints by

generating cover cuts to strengthen the MIP formulation, see Balas (1975).

Since the linear ordering variables express a total ordering of the jobs through the

constraints (5.3)-(5.4), in any feasible solution they satisfy the 3-dicycle inequalities

of Grötschel et al. (1985) (adapted to our convention that ordjk is defined only if

j < k):

ordj1,j2 + ordj2,j3 − ordj1,j3 ≤ 1,

−ordj1,j2 − ordj2,j3 + ordj1,j3 ≤ 0

}
j1, j2, j3 ∈ J , j1 < j2 < j3 (C1)

Next we define four new classes of cuts to strengthen the LP relaxation. First,
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we have adapted the cutting planes of Queyranne (1993) to our problem:

∑
j∈S

pj(dmax(S) + Lmax − Cj + pj) ≥
1

2

∑
j∈S

p2
j +

(∑
j∈S

pj

)2
 , S ⊆ J , (C2)

where dmax(S) is the maximum dj among those jobs in S. To justify these inequali-

ties, first notice that Queyranne gave a complete linear description of the polytope

with vertex set consisting of all the possible completion times of a set of jobs J
scheduled consecutively without idle times. The description consists of the inequal-

ities

∑
j∈S

pjCj ≥
1

2

∑
j∈S

p2
j +

(∑
j∈S

pj

)2
 , S ⊆ J . (Q)

Now, consider any subset S of the jobs and suppose that we reverse time, and

schedule them backward from dmax(S) + Lmax. Since dmax(S) + Lmax is an upper

bound on the completion time Cj of any job j ∈ S in any feasible solution of the

MIP formulation, the completion time of j in the backward schedule is dmax(S) +

Lmax−(Cj−pj), that is, dmax(S)+Lmax minus the starting time of the job. Plugging

this into (Q) yields (C2).

The second class consists of cuts derived using a pair of jobs and their impact

on Lmax:

Lmax ≥ Cj1 − (pj2 − dj2 + dj1) · (1− ordj1,j2) + pj2 − dj2 , j1, j2 ∈ J , j1 < j2.

(C3)

To see validity, first suppose that ordj1,j2 = 0 in a feasible solution of MIP. Then the

right-hand-side of (C3) equals Cj1 − dj1 , and by (5.5), Lmax ≥ Cj1 − dj1 , so the MIP

solution satisfies (C3). On the other hand, if ordj1,j2 = 1, then the right-hand-side

equals Cj1 + pj2 − dj2 . Since Cj1 + pj2 ≤ Cj2 by (5.3), and Lmax ≥ Cj2 − dj2 by (5.5),

any feasible solution of MIP with ordj1,j2 = 1 must satisfy (C3).

The cuts in the third and fourth class may cut off feasible solutions, but they

leave at least one optimal solution. In particular, the cuts in the third class cut

off solutions in which two jobs both starting in some interval [u`, u`+1] are not in

earliest due-date (EDD) order:

ordj1,j2 ≥ zj1,`+1 − zj1,` + zj2,`+1 − zj2,` − 1, j1, j2 ∈ J , dj1 < dj2 , (C4)

where we assume that dj1 < dj2 implies j1 < j2.
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Cuts in the fourth class cut off solutions in which the total processing time of

those jobs starting in some interval [u`, u`+1] is more than u`+1 − u` + pmax, since

there always exists an optimal solution respecting this bound:

∑
j∈J

(zj,` − zj,`−1) · pj ≤ u`+1 − u` + pmax, ` = 1, . . . , q − 1. (C5)

5.3.3 Initial upper bound

We use an EDD based algorithm to obtain an initial upper bound. In this algorithm

we consider the jobs one-by-one in EDD order and schedule the next job j in the

partial schedule S ′ of the already scheduled jobs at the earliest moment t when both

of the following conditions hold: (i) the machine is idle in [t, t + pj] and (ii) the

resulting partial schedule does not violate any of the resource constraints, i.e., we

have enough resource for all the scheduled jobs. Notice that (ii) is satisfied if the

level of any resource i ∈ R is at least ai,j in the entire interval [t,+∞) in the partial

schedule S ′.

5.4 Computational results

Test instances

We have generated instances for the following (n, q) pairs (job numbers and supply

dates): (30, 3), (30, 10), (50, 5), (50, 10), (100, 10) and (100, 20). For each case, we

examined instances with 1, 3 and 10 resources. This gives a total of 18 classes of

problem instances, and we generated 10 instances in each class. In every instance

the jobs have randomly generated processing times between 1 and 50, resource

requirements between 0 and 50 and due-dates between 0 and
∑

j∈J pj − 1. Each

quantity was generated independently to the others. The upper bound on the due-

dates implies that the maximum lateness is positive for every feasible schedule, since

there must be at least one job that completes not earlier than
∑

j∈J pj. We have

equidistant supply dates between 0 and
∑

j∈J pj and for each resource i we divide∑
j∈J ai,j units from resource i among the supply dates randomly. Test instances

can be a found at https://igor.xen.emi.sztaki.hu/~gyorgyip/mcp/.

Implementation

We have implemented our method in the Mosel language of FICO Xpress (2016)

(version 7.9) and we ran all experiments on workstation with Intel Xeon X5650 @

https://igor.xen.emi.sztaki.hu/~gyorgyip/mcp/
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2.67GHz CPU, 4GB RAM, and Debian 6 Linux operating system. All experiments

used only a single cpu thread. We have run experiments with and without our

cutting planes, and also by enabling or disabling the built-in cuts of the solver.

However, we disabled presolve in order to have a more clear evaluation of the cutting

planes. Since it was clear after a few runs that an initial upper bound can greatly

improve the results, in all experiments (either using our cuts, or not) we bounded

the objective function value by the upper bound obtained by our heuristic method.

More precisely, we have set the bound to that computed by the heuristic minus 1,

since the optimum value is always integral, and in this way we ensure that during the

search a better upper bound is sought, and also, if the optimum value matches the

initial upper bound, optimality can be proved faster. For 30 and 50 job instances,

the run time limit was set to 600 seconds, and for 100 job instances to 1200 seconds.

In the next paragraphs we sketch our algorithm, whose schematic view is depicted

in Figure 5.1.

First, the algorithm determines an initial upper bound as it is described in Sec-

tion 5.3.3. Then it formulates a MIP (Section 5.2) augmented with an upper bound

on the objective function value using the output of the heuristic. In addition, all

the inequalities (C5) are included into it, since preliminary experiments showed that

we get better results if they are included in the initial formulation. Note that there

are only q such inequalities thus this modification increases the size of the problem

only marginally (the original MIP contains O(n2 + qρ) inequalities). However, we

cannot do the same with the other cutting planes, since their number is considerably

greater. After that, the algorithm proceeds with the branch-and-cut procedure.

Branch-and-cut, as explained in Section 5.3.1, is a tree-search procedure aug-

mented with the separation of cutting planes in some search-tree nodes. In our

implementation, in the root and in every fourth node (of depth at most 100) the

algorithm tries to separate violated inequalities from some of the classes proposed in

Section 5.3.2. Note that separation means that in each class, cuts are sought which

are violated by the optimal solution of the LP in the search-tree node. Violated cuts,

if any, are added to the LP of the node, and non-tight cuts inherited from ancestor

search-tree nodes are deleted. Finally, reoptimization takes place. The separation

procedures are called from a so-called callback function, which, as its name sug-

gests, is called from whithin the MIP solver after solving the LP in each search-tree

node. The separation of our cutting planes is quite easy, except the separation of

(C2), where we have adapted the method for (Q) as described in Queyranne (1993).

Sometimes, the separation of some classes of cutting planes is not beneficial, hence

we have examined several settings and we summarize our experience on different
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types of problem instances.

upper bound
heuristic

MIP (sec. 5.2) (C5)

new MIP

branch-
and-cut

STOP separation
of new

cutting planes

new ineq. new ineq.

if sol is optimal, or
time limit exceeded else

new ineq.

Figure 5.1: Schematic description of our method

Computational results are summarized in the following sections and the used

cutting plane classes will be mentioned there.

Results with 30 jobs

We have summarized the 30 job results in Table 5.1 (3 supply dates) and in Table

5.2 (10 supply dates), where the rows depict the results in case of four settings:

without generating any cutting planes (’no cuts’), enabling the built-in cuts, but

not using our cuts (’Xpress’), disabling the built-in cuts, but using cuts (C3) and

(C4) (’our’), and using both our and the built-in cuts (’our+Xpress’). These tables

depict the number of the optimally solved instances (out of 10) and the average

computation time (in seconds) of the different methods on those instances which

were solved optimally by all the methods.

The first rows in Table 5.1 and Table 5.2 show that most of the instance were

solved optimally within a few seconds even if we did not generate any cutting planes.

However, the cuts are useful even in this case. In case of 3 supply dates we have

solved each of the instances with our cutting planes and significantly decreased

the average running time. If there are 10 supply dates the results depend on the

number of the resources: in case of 1 resource generating our cutting planes requires

some time, but does not improve the results, in case of 3 resources generating the

built-in cuts requires a lot of time, while our cutting planes greatly decrease it and

solve the instance that remained unsolved in the previous settings. If there are
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Table 5.1: Results with 30 jobs and 3 supply dates.

30 jobs 1 resource 3 resources 10 resources

3 supply dates # opt avg. time # opt avg. time # opt avg. time

no cuts 8 1.90 9 2.11 7 4.54
Xpress 9 1.42 9 3.69 7 2.74

oura 10 1.64 10 0.63 10 1.18
oura + Xpress 10 1.64 10 1.20 10 1.18

a cuts (C3) + (C4)

Table 5.2: Results with 30 jobs and 10 supply dates.

30 jobs 1 resource 3 resources 10 resources

10 supply dates # opt avg. time # opt avg. time # opt avg. time

no cuts 9 5.25 9 12.25 9 2.06
Xpress 9 6.34 9 36.75 10 1.87

oura 9 13.07 10 6.06 10 1.78
oura + Xpress 9 13.28 10 5.06 10 2.09

a cuts (C3) + (C4)

10 resources then we can observe only smaller differences among the results of the

different methods.

Results with 50 jobs

If we have 50 jobs instead of 30, the number of the instances that each setting solves

optimally significantly decreases, thus we characterize the results by the average

integrality gap instead of the average required time by the optimally solved instances

(over the 10 instances in each class). The integrality gap of a method on a problem

instance is defined as the ratio of the best upper and lower bounds, ub and lb,

respectively, obtained, i.e.,

gap =
ub

lb
.

The results can be seen in Table 5.3 (in case of 5 supply dates) and in Table 5.4 (10

supply dates).

In case of 5 supply dates and 1 resource, the smallest integrality gap is achieved

by using only our cuts, which, never the less, is only a slight improvement over

pure branch-and-bound. In contrast, using Xpress cuts yields a larger integrality

gap on average. Regarding the number of instances solved optimally, with our cuts

the method could solve only 6 instances to optimality (out of 10), while all other
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Table 5.3: Results with 50 jobs and 5 supply dates.

50 jobs 1 resource 3 resources 10 resources

5 supply dates # opt avg. gap # opt avg. gap # opt avg. gap

no cuts 7 1.057 4 1.040 6 1.038
Xpress 7 1.073 5 1.035 9 1.026

oura 6 1.052 6 1.025 8 1.011
oura + Xpress 7 1.054 8 1.024 7 1.014

a cuts (C3) + (C4)

Table 5.4: Results with 50 jobs and 10 supply dates.

50 jobs 1 resource 3 resources 10 resources

10 supply dates # opt avg. gap # opt avg. gap # opt avg. gap

no cuts 6 1.43 8 1.035 5 1.049
Xpress 7 1.77 7 1.007 5 1.039

oura 5 1.20 7 1.021 7 1.029
oura + Xpress 7 1.22 6 1.028 7 1.018

a cuts (C2) + (C3) + (C4)

methods solved 7 instances optimally. If we have 3 or 10 resources, then our cuts

significantly decrease the gaps and increase the number of the optimally solved

instances (last four columns of Table 5.3). Enabling the Xpress cuts yields a slighter

improvement in the integrality gap. However, in case of 10 resources the largest

number of instances are solved to optimality (9 out of 10) if we use Xpress cuts only.

If the number of the supply dates is 10, then we can obtain somewhat different

observations, see Table 5.4. Again, our cuts significantly decrease the integrality gap

in every case, however, the Xpress cuts produce varied results: the usage of these cuts

worsens the integrality gap in case of 1 resource, provides the best integrality gap in

case of 3 resources and moderately improves it in case of 10 resources. Concerning

the number of instances solved to optimality, using our cuts solely gives the weakest

results in case of 1 resource, it is as good as using Xpress cuts only in case of 3

resources, and gives the best results for 10 resources.

Results with 100 jobs

These instances are much harder, thus we have increased the time limit to 1200

seconds to manifest the differences among the various settings. Furthermore, when

generating our cutting planes in the search-tree nodes, we separated only cuts in

class (C4), since preliminary tests showed that other combinations gave inferior
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Table 5.5: Results with 100 jobs and 10 supply dates.

100 jobs 1 resource 3 resources 10 resources

10 supply dates # opt avg. gap # opt avg. gap # opt avg. gap

no cuts 2 1.242 3 1.088 2 1.091
Xpress 2 1.212 4 1.043 2 1.094

oura 2 1.188 2 1.058 2 1.091
ourb + Xpress 3 1.175 4 1.053 2 1.091

a cuts (C2) + (C3) + (C4) b cuts (C4)

Table 5.6: Results with 100 jobs and 20 supply dates.

100 jobs 1 resource 3 resources 10 resources

20 supply dates # opt avg. gap # opt avg. gap # opt avg. gap

no cuts 2 1.72 1 1.26 1 1.12
Xpress 3 1.69 2 1.21 1 1.11

oura 2 1.70 2 1.22 1 1.11
oura + Xpress 2 1.80 2 1.24 1 1.12

a cuts (C4)

results. If there are 10 supply dates and 1 or 3 resources then our cutting planes

clearly improve the results, while in case of 20 supply dates or 10 resources there are

only minor differences among the settings, that is, the cutting planes do not help

too much. Note that the Xpress cuts are very useful in case of 3 resources like in

case of 50 jobs and 10 supply dates, see Tables 5.5 and 5.6.

Further observations

We have examined several other settings and we have some further observations

about our cutting planes. The set of cutting planes (C1) never helped, while (C4)

was almost always useful, see Figure 5.2. This figure depicts the average gaps on

the 50 job instances with and without generating cutting planes (C4). We can see

that generating these cutting planes almost always greatly decreases the gaps and

increases it (slightly) only in case of 10 supply dates and 10 resources.

It is surprising that the instances with only 1 resource proved to be much harder

than the instances with more resources. Usually, the difference between gaps reached

in case of 3 and 10 resources is less than the difference between that for 1 and 3

resources.
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Figure 5.2: Average gaps in case of 50 jobs. Each bar represents the average of 10
instances.
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Chapter 6

Results for parallel machine

problems

Parallel machine scheduling is also one of the most classical scheduling problems.

Many results from Chapter 4 can be generalized to parallel machine environment,

but not all of them. There are results where this generalization is quite obvious,

there are other results, where it requires new techniques and there are also results

which are not true in single machine environment. As we will see in this chapter,

there are important differences between problems, where the number of the machines

is a constant and problems where there are arbitrary number of parallel machines.

Since parallel machine environment can be considered as a renewable resource

constraint (each job requires 1 unit during its proceeding, and the number of the

available units from this resource equals the number of the machines at each moment

of time) our problem is a special case of the well-studied resource-constrained project

scheduling problem. This problem has several practical application, e.g., Process

Move Programming Problem, where, as in our problem, there are parallel machines

and non-renewable resource constraints (Sirdey et al. (2007)). In many papers the

resources can reduce the processing times, e.g., Shabtay and Kaspi (2006) deals with

parallel machine problems with a non-renewable resource, while Janiak et al. (2007)

provides a survey of that topic. Yeh et al. (2015) examined heuristic algorithms for

a uniform parallel machine problem with resource consumption. Further theoretical

and practical applications of resource-constrained project scheduling can be found

in Artigues et al. (2013).

At the beginning of this chapter, there is a short overview of the previous results

(Section 6.1). The first results, as for the single machine case, are from Carlier

(1984). However, the literature is scarcer for the parallel machine environment with

non-renewable resources. Similarly to Chapter 4, we organize this chapter according

73
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to the objective functions.

Section 6.2 deals with makespan minimization. First, it modifies the mathemat-

ical program of Section 4.3.1 to the case of parallel machines, then it presents three

PTAS-es for different variants. These results (with some previous results) essentially

answer all of the important approximability questions in parallel machine variant of

our problem where the makespan is the objective function. This section is based on

the results of Györgyi and Kis (2017) and Györgyi (2017). Then, in Section 6.3, we

examine the maximum lateness objective. Since the maximum lateness is not neces-

sarily positive, we must offset it to achieve approximation results. We increase the

objective function so that the new objective function will be monotone (see Section

1.2). Based on the result of Györgyi and Kis (2017) we describe a PTAS for this

new objective function.

In the following sections we sort the jobs several times according to their pro-

cessing time values. These sortings are independent of each other, e.g. a big job has

different meaning in each section.

6.1 Literature overview

Makespan minimization problem on parallel machines (P ||Cmax) is already NP-hard

in case of two machines (Lenstra et al., 1977). However, there are several approx-

imation algorithms for this problem, e.g., a 4/3-approximation algorithm by list

scheduling (see, e.g., Pinedo (1995)) or a PTAS by Hall and Shmoys (1989).

Non-renewable resource constraints on parallel machines was first studied by

Carlier (1984). In the case of makespan minimization it proved the following theo-

rems:

Theorem 6.1.1 (Carlier, 1984). The problem Pm|rm = 1, ai = 1|Cmax is NP-hard.

Theorem 6.1.2 (Carlier, 1984). The problem Pm|rm = 1|Cmax is strongly NP-hard.

Theorem 6.1.3 (Carlier, 1984). The problem Pm|rm = 1, pj = p, rj|Cmax is solv-

able in polynomial time.

In the same year Slowinski (1984) examined a preemptive version of the problem.

Later, Györgyi and Kis (2017) showed an inapproximability result for a very special

variant of the problem with an arbitrary number of parallel machines:

Theorem 6.1.4 (Györgyi and Kis, 2017). Deciding whether there is a schedule of

makespan 2 with two non-renewable resources, two supply dates and unit-time jobs

on an arbitrary number of machines (P |rm = 2, q = 2, pj = 1|Cmax ≤ 2) is NP-hard.
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Corollary 6.1.5 (Györgyi and Kis, 2017). It is NP-hard to approximate problem

P |rm = 2, q = 2, pj = 1|Cmax ≤ 2 better than 3/2− ε for any ε > 0.

By Assumption 1, the optimum makespan is at least uq, therefore, a straightfor-

ward 2-approximation algorithm would schedule all the jobs after uq. Therefore, we

have the following result.

Corollary 6.1.6 (Györgyi and Kis, 2017). P |rm = 2, q = 2, pj = 1|Cmax is APX-

complete.

There are several PTAS-es in the same paper and one more in Györgyi (2017),

these results will be described in the following sections. These PTAS-es use the

generalized version of Proposition 4.2.1 to parallel machines from Györgyi and Kis

(2017). The proof of this proposition is identical with the proof of Proposition 4.2.1.

Proposition 6.1.7 (Györgyi and Kis, 2017). In order to have a PTAS for the

problem P [m]|rm, rj|Fmax, it suffices to provide a family of algorithms {Aε}ε>0

such that Aε is a (1 + ε)-approximation algorithm for the restricted problem where

the supply dates and the job release dates before uq are from the set {`εuq : ` =

0, 1, 2, . . . , b1/εc}.

Though we do not present any practical algorithm for parallel machine problems,

we would like to mention that Belkaid et al. (2012) examined heuristic algorithms

for minimizing the makespan in parallel machine environment.

Until the recent years, there were only a few paper that dealt with the problem

in case of lateness minimization on parallel machines. Beside the results that follows

from makespan minimization results, Carlier (1984) proved the following:

Theorem 6.1.8 (Carlier, 1984). The problem Pm|rm = 1, pj = 1, rj|Lmax is NP-

hard. If each rj = 0, then the problem is solvable in polynomial time.

6.2 Makespan minimization

This section deals with makespan minimization on parallel machines. The mathe-

matical program presented in Section 4.3.1 for single machines is adapted to parallel

machines (Section 6.2.1). After that, we present PTAS-es for three different vari-

ants: Section 6.2.2 deals the problem Pm|rm = const , rj|Cmax, while Section 6.2.3

considers a problem, where the jobs are dedicated to machines. These algorithms

are published in Györgyi and Kis (2017). The last PTAS is from Györgyi (2017)

and it is for the problem, where the number of the machines is part of the input and

there is only one resource (Section 6.2.4).

The approximability status of the different variants are summarized in Table 6.1.
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Table 6.1: Approximability of P |rm|Cmax with m machines and
rm = r resources (in case of q ≥ 2 supplies) if P 6= NP .

m = const m = arb.

r = 1 PTAS PTAS (Thm. 6.2.39)
r = const ≥ 2 PTAS (Thm. 6.2.18) no PTAS (Cor. 6.1.5)
r = arb. no PTAS (Thm. 4.1.5) no PTAS

6.2.1 Mathematical program for parallel machine problems

We can generalize the mathematical program (4.1)-(4.5) for parallel machines. There

are no significant differences, but we describe this program for the sake of complete-

ness.

Let M denote the set of the machines and let m := |M| be the number of

the parallel machines. We introduce τ · |J ||M| binary decision variables xj`k, (j ∈
J , ` = 1, . . . , τ, k ∈M) such that xj`k = 1 if and only if job j is assigned to machine

k and to the time point v`, which means that the requirements of job j must be

satisfied by the resource supplies up to time point v`. The mathematical program is

C∗max = min max
k∈M

max
v`∈T

(
v` +

∑
j∈J

τ∑
ν=`

pjxjνk

)
(6.1)

s.t.∑
k∈M

∑
j∈J

∑̀
ν=1

ai,jxjνk ≤ b`,i, v` ∈ T , i ∈ R (6.2)

∑
k∈M

τ∑
`=1

xj`k = 1, j ∈ J (6.3)

xj`k = 0, j ∈ J , v` ∈ T such that rj > v`, k ∈M (6.4)

xj`k ∈ {0, 1}, j ∈ J , v` ∈ T , k ∈M. (6.5)

Similar to the single machine program, the objective function expresses the com-

pletion time of the job finished last. Constraints (6.2) ensure that the jobs assigned

to time points v1 through v` use only the resources supplied up to time v`. Equations

(6.3) ensure that all jobs are assigned to some machine and time point. Finally, no

job may be assigned to a time point before its release date by (6.4). Any feasible

job assignment x̄ gives rise to a set of schedules which differ only in the ordering of

jobs assigned to the same machine k, and time point v`.
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6.2.2 A PTAS for Pm|rm = const , rj|Cmax

In this section, we prove that there is PTAS for the problem, where both the number

of machines and the number of the resources is a constant. Recall that psum denotes

the total job processing time.

Note that psum ≤ mC∗max and let ε > 0 be fixed. We can simplify the problem

by applying Proposition 6.1.7, thus it is enough to deal with the case where q =

d1/εe + 1, and u` = (` − 1)εuq for 1 ≤ ` < q. Let B := {j ∈ J | pj ≥ ε2psum}
be the set of big jobs, and S := J \ B be the set of small jobs. We divide further

the set of small jobs according to their release dates, that is, we define the sets

Sb := {j ∈ S | rj < uq}, and Sa := S \ Sb. Let T b := {v` ∈ T | v` < uq} be the set

of time points v` before uq, and T a := T \ T b. Note that |T b| = d1/εe.
The following observation reduces the number of solutions of (6.1)-(6.5) to be

examined.

Proposition 6.2.1 (Györgyi and Kis, 2017). From any feasible solution x̂ of (6.1)-

(6.5), we can obtain a solution x̃ with Cmax(x̃) ≤ Cmax(x̂) such that each job Jj

is assigned to some time point v` (
∑

k∈M x̃j`k = 1), satisfying either v` < uq, or

v` = max{uq, rj}.

Proof. Let J a(x̂) be the subset of jobs with x̂j`k = 1 for some v` > uq and k ∈ M.

We define a new solution x̃ in which those jobs in J a(x̂) are reassigned to new

time points (but to the same machine) and show that Cmax(x̃) ≤ Cmax(x̂). Let

x̃ ∈ {0, 1}J×T ×M be a binary vector which agrees with x̂ for those jobs in J \J a(x̂).

For each j ∈ J a(x̂), let x̃j`k = 1 for v` = max{uq, rj} and for a k such that

∃`′ : x̂j`′k = 1, and 0 otherwise. We claim that x̃ is a feasible solution of (6.1)-(6.5),

and that Cmax(x̃) ≤ Cmax(x̂). Feasibility of x̃ follows from the fact that uq is the

last time point when some resource is supplied, and that no job is assigned to some

time point before its release date. As for the second claim, consider the objective

function (6.1). We will verify that for each k ∈M and ` = 1, . . . , τ ,

v` +
∑
j∈J

τ∑
ν=`

pjx̃jνk ≤ v` +
∑
j∈J

τ∑
ν=`

pjx̂jνk, (6.6)

from which the claim follows. If v` ≤ uq, the left and the right-hand sides in (6.6)

are equal. Now consider any ` with v` > uq. Since no job in J a(x̂) is assigned to a

later time point in x̃ than in x̂, the inequality (6.6) is verified again.

Similar to the single machine case we will separate an assignment of the jobs

into an assignment of big jobs and an assignment of small jobs. An assignment
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of big jobs is given by a partial solution x̂big ∈ {0, 1}B×T ×M which assigns each

big job to some machine k and time point v`. An assignment x̂big of big jobs is

feasible if the vector x̃ = (x̂big , 0) ∈ {0, 1}J×T ×M satisfies (6.2), (6.4) and also (6.3)

for the big jobs. For a fixed feasible assignment x̂big of big jobs, the supply from

any resource i is decreased by the requirements of those big jobs assigned to time

points v1 through v`. Hence, we define the residual resource supply up to time

point v` as b̄`,i := b`,i −
∑

k∈M
∑

j∈B ai,j

(∑`
ν=1 x

big
jνk

)
. Further on, let C̄B` (k) :=

maxω=1,...,`(vω +
∑`

ν=ω

∑
j∈B pjx

big
jνk) denote the earliest time point when the big jobs

assigned to v1 through v` may finish on machine k. Notice that C̄B` (k) ≥ v` even if

no big job is assigned to v`, or to any time period before v`.

In order to assign approximately the small jobs, we will solve a linear program

and round its solution. Our linear programming formulation relies on the following

result.

Proposition 6.2.2 (Györgyi and Kis, 2017). There exists an optimal solution

(x̂big , x̂small) of (6.1)-(6.5) such that for each v` ∈ T b, k ∈M:

∑
j∈Sb

pjx̂
small
jνk ≤ max{0, v`+1 − C̄B` (k)}+ ε2psum. (6.7)

Proof (based on Györgyi and Kis (2015b), proof of Proposition 3). Suppose (x̂big , x̂small)

is an optimal solution which does not meet the property claimed. Without loss of

generality, we may assume that in the optimal schedule corresponding to (x̂big , x̂small),

for each vν ∈ T and Mµ ∈M, small jobs assigned to vν and Mµ follow the big ones

assigned to vν and Mµ. Consider an arbitrary machine Mk and let v` ∈ T b be

the smallest time point for which (6.7) is violated on Mk. Then some small jobs

assigned to v` on Mk necessarily start after v`+1 in any schedule corresponding to

(x̂big , x̂small). Since all small jobs are of processing time less than εpsum, we can

reassign some of the small jobs from time point v` to v`+1 until (6.7) is satisfied for

v` and Mk. Clearly, such a reassignment of small jobs does not increase the length

of the schedule. Then we proceed with the next time point in T and do the same

procedure for each machine until we get a schedule meeting (6.7).

For every feasible big job assignment we will determine a complete solution of

(6.1)-(6.5). We search these solution in two steps: first we assign the small jobs

to time moments and then to machines. Let xj` :=
∑

k∈M xj`k. Now, the linear

program is defined with respect to any feasible assignment x̂big of the big jobs:
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max
∑
v`∈T b

∑
j∈Sb

pjx
small
j` (6.8)

s.t.∑
j∈Sb

∑̀
ν=1

ai,jx
small
jν ≤ b̄`,i, v` ∈ T b, i ∈ R (6.9)

∑
j∈Sb

pjx
small
j` ≤

m∑
k=1

max{0, v`+1 − C̄B` (k)}+mε2psum, v` ∈ T b (6.10)

∑
v`∈T b∪{uq}

xsmallj` = 1, j ∈ Sb (6.11)

xsmallj` = 0, j ∈ Sb, v` ∈ T such that v` < rj, or v` > uq (6.12)

xsmallj` ≥ 0, j ∈ Sb, v` ∈ T . (6.13)

The objective function (6.8) maximizes the total processing time of those small

jobs assigned to some time point v` before uq. Constraints (6.9) make sure that no

resource is overused taking into account the fixed assignment of big jobs as well.

Inequalities (6.10) ensure that the total processing time of those small jobs assigned

to v` ∈ T b does not exceed the total size of all the gaps on the m machines between v`

and v`+1 by more than mε2psum. Due to (6.11), small jobs are assigned to some time

point in T b ∪ {uq}. The release dates of those jobs in Sb, and Proposition 6.2.1 are

taken care of by (6.12). Finally, we require that the values xsmallj` be non-negative.

Notice that this linear program always has a finite optimum provided that xbig

is a feasible assignment of the big jobs. Let x̄small be any feasible solution of the

linear program. Job j ∈ Sb is integral in x̄small if there exists v` ∈ T with x̄small
j` = 1,

otherwise it is fractional. Throughout the algorithm we maintain the best schedule

found so far, Sbest, and its makespan Cmax(Sbest).

The following notion is repeatedly used in the algorithms of this chapter. Suppose

we have a partial schedule Spart and consider an idle period I on some machine

Mk. Suppose j1 is not scheduled in Spart, and we schedule j1 on Mk with starting

time t1 ∈ I. This transforms Spart as follows. For each job j scheduled on Mk in

Spart with Spartj > t1, let Pk[t1, S
part
j ] denote the total processing time of those jobs

scheduled on Mk in Spart between t1 and Spartj . We update the start-time of j to

max{Spartj , t1 + pj1 +Pk[t1, S
part
j ]}. The start time of any other job does not change.

Note that the value of Pk[t1, S
part
j ] can be computed before the transformation, thus

the new starting times do not depend on the order of updating. See Figure 6.1 for

an illustration.
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Mk t

Mk t
I

t1

(a)

j1

(b)

Figure 6.1: Inserting job j1 into a partial schedule with Sj1 = t1. (a): the original
partial schedule on Mk. (b): the new schedule on Mk after inserting j1.

Claim 6.2.3 (Györgyi, 2017). The jobs do not overlap in time in the resulting

schedule.

Proof. Follows from the definition of Pk[t1, S
part
j ].

After all these preliminaries, the PTAS is as follows.

Algorithm 4. (Györgyi and Kis, 2017)

Initialization: Sbest is a schedule where each job is scheduled on M1 after

max{rmax, uq}.

1. Assign the big jobs to time points v1 through vτ and to machines 1 through

|M| in all possible ways which satisfy Proposition 6.2.1, and for each feasible

assignment xbig do steps 2 - 7 :

2. Define and solve linear program (6.8)-(6.13), and let x̄small be an optimal basic

solution.

3. Round each fractional value in x̄small down to 0, and let xsmall := bx̄smallc be

the resulting partial assignment of small jobs, and U ⊂ Sb the set of fractional

jobs in x̄small .

4. Invoke Subroutine Sch with J̄ := B to create a partial schedule Spart from the

big jobs.

5. The next procedure schedules all the small jobs assigned to a time point before

uq. For each v` ∈ T b do:

(i) Put the small jobs with x̄smallj` = 1 into a list in an arbitrary order.

(ii) For k = 1, . . . ,m do the following steps:
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a) Let t be such that the total processing time of the first t jobs from

the ordered list is in [max{0, v`+1 − C̄B` (k)} + ε2psum,max{0, v`+1 −
C̄B` (k)}+2ε2psum]. If no such t exists (since there are not enough jobs

left), then let t be the current number of the small jobs in the ordered

list.

b) Assign the first t jobs from the list to machine k, and schedule all of

them (as a single job) starting from the earliest idle time on Mk after

C̄B` (k). Finally, delete them from the ordered list.

Let Cpart
max denote the makespan of Spart after this step.

6. Schedule the remaining small jobs one by one in non-decreasing release date

order (J1, J2, . . .). Let Jj be the next job to be scheduled, and Mk a machine

with the earliest idle time after max{uq, rj} in the current schedule. Schedule

Jj on this machine at that time, and let xsmallj`k = 1, where max{uq, rj} = v` ∈
T . Let Sact be the resulting schedule.

7. If Cmax(Sact) < Cmax(Sbest), then let Sbest := Sact.

8. After examining each feasible assignment of the big jobs, output Sbest.

Subroutine Sch (Györgyi and Kis, 2017)

Input: J̄ ⊆ J and x̄ such that for each j ∈ J̄ there exists a unique (`, k) with

x̄j`k = 1, and x̄j`k = 0 otherwise.

Output: partial schedule Spart of the jobs in J̄ .

1. Spart is initially empty, then we schedule the jobs on each machine in increasing

v` order (first we schedule those jobs assigned to v1, and then those assigned

to v2, etc.):

2. When scheduling the next job with x̄j`k = 1, then it is scheduled at time

max{v`, Clast(k)}, where Clast(k) is the completion time of the last job sched-

uled on machine Mk, or 0 if no job has been scheduled yet on Mk.

Remark 6.2.4 (Györgyi, 2017). Note that if x̄ is feasible partial assignment, then

Spart is a feasible partial schedule, since:

• the jobs on the same machine cannot overlap in time,

• Sj ≥ v` holds for each job assigned to v`, thus (6.2) ensures that we have

enough resource to schedule the jobs.
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M3 t

M2

M1

v2 v4v1 v3 = uq Cpart
max

M3 t

M2

M1

v2 v4v1 v3 = uq Cpart
max

Figure 6.2: Above: a partial schedule after step 5 (big jobs are blue, small jobs are
hatched). Below: a complete schedule, the jobs scheduled at step 6 are white. Each
job scheduled after v4 has a release date v4, since M3 is idle before v4.

See Figure 6.2 for illustration. We will prove that the solution found by Algo-

rithm 4 is feasible for (6.1)-(6.5), its value is not far from the optimum, and the

algorithm runs in polynomial time.

Lemma 6.2.5 (Györgyi and Kis, 2017). Every complete solution (xbig , xsmall) con-

structed by the algorithm is feasible for (6.1)-(6.5).

Proof. At the end of the algorithm each job is scheduled exactly once sometime

after its release date, thus the solution satisfies (6.3), (6.4) and (6.5). The algorithm

examines only feasible assignments of the big jobs, hence these jobs cannot violate

the resource constraints. Since x̄small is a feasible solution of (6.8) - (6.13) and∑
k∈M xj`k = xj`, (∀j ∈ J ), thus the assignment corresponds to Spart satisfies (6.2).

Finally, since uq is the last time point when some resource is supplied, thus when

the algorithm schedules the remaining jobs at step 6, the constraints (6.2) remain

feasible.

To prove that the makespan of the schedule found by the algorithm is near to the

optimum, we need Propositions 6.2.6 and 6.2.7. From these we conclude that the

fractionally assigned jobs and the ’errors’ in (6.10) do not cause big delays. We utilize



6.2. Makespan minimization 83

that the number of the release dates before uq is a constant. From Proposition 6.2.7

we can deduce that, in case of appropriate big job assignment, Cpart
max is not much

bigger than C∗max. If the makespan of the constructed schedule is larger than Cpart
max ,

then the machines finish the jobs nearly at the same time, thus we can prove that

there are no big delays relative to an optimal schedule.

Proposition 6.2.6 (Györgyi and Kis, 2017). In any basic solution of the linear

program (6.8)-(6.13), there are at most (|R|+ 1) · |T b| fractional jobs.

Proof. Let x̄small be a basic solution of the linear program in which f jobs of Sb are

assign fractionally, and e = |Sb| − f jobs integrally. Clearly, each integral job gives

rise to precisely one positive value, and each fractionally assigned job to at least

two. This program has |Sb| · |T b| decision variables, and γ = |Sb| + (|R| + 1) · |T b|
constraints. Therefore, in x̄small there are at most γ positive values, as no variable

may be nonbasic with a positive value. Hence,

e+ 2f ≤ |Sb|+ (|R|+ 1) · |T b| = e+ f + (|R|+ 1) · |T b|.

This implies

f ≤ (|R|+ 1) · |T b|

as claimed.

Proposition 6.2.7 (Györgyi and Kis, 2017). Consider a big job assignment after

step 1. Let Sbig denote the partial schedule of this assignment and CBmax its makespan.

1. If a big job Jj is assigned to v` at step 1, then Spartj ≤ Sbigj + 2ε2(`− 1)psum.

2. Cpart
max ≤ max{uq, CBmax}+ 2ε2|T b|psum.

Proof. Recall that the jobs assigned to the same time point and machine are in

non-increasing processing time order.

1. The algorithm can push to the right the start time of big job assigned to some

v` at step 5(ii)a), or in other words, when it schedules some small jobs before

v`. However, this can happen only `− 1 times, thus the claim follows.

2. Imagine a fictive big job starts at max{uq, CBmax}, and apply the first part of

the proposition.
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Lemma 6.2.8 (Györgyi and Kis, 2017). The algorithm constructs at least one fea-

sible schedule of makespan at most (1 + O(|T b|ε2)) times the optimum makespan

C∗max.

Proof. By Lemma 6.2.5, the algorithm outputs a feasible schedule. Consider an

optimal schedule S∗ and the corresponding solution (x̂big, x̂small) of (6.1)-(6.5) that

satisfies Proposition 6.2.2. The algorithm will examine x̂big, since it is a feasible

big job assignment. Let Cmax denote the makespan of the schedule S found by the

algorithm in this case. The observation below follows from Proposition 6.2.7:

Observation 6.2.9. Cpart
max ≤ C∗max + 2|T b|ε2psum.

If no small job scheduled at step 6 starts after Cpart
max −ε2psum, then the statement

of the lemma follows from Observation 6.2.9 since psum ≤ mC∗max and Cmax ≤ Cpart
max +

ε2psum, thus Cmax ≤ (1 + (2|T b|+ 1)mε2)C∗max.

From now on, suppose that at least one small job scheduled at step 6 starts after

Cpart
max−ε2psum. For similar reasons, also suppose that Cmax > max{Cpart

max , vτ}+ε2psum

(this means that for every machine there is at least one small job that starts after

max{Cpart
max , vτ} and scheduled at step 6).

Observation 6.2.10. The difference between the finishing time of two arbitrary

machines is at most ε2psum.

We prove the statement of the lemma with Claims 6.2.11, 6.2.12 and 6.2.16.

Claim 6.2.11. If there is no gap on any machine, then Cmax ≤ (1 +mε2)C∗max.

Proof. According to Observation 6.2.10 each machine is working between 0 and

(Cmax − ε2psum). Therefore C∗max ≥ Cmax − ε2psum which implies Cmax ≤ (1 +

mε2)C∗max.

Claim 6.2.12. If the last gap finishes after uq, then Cmax ≤ (1+(2|T b|+1)mε2)C∗max.

Proof. Note that this gap must finish at a release date rj0 . Notice that each small

job scheduled after rj0 has a release date at least rj0 or else we would have scheduled

that job into the last gap, thus

Observation 6.2.13. The small jobs starting after rj0 in S are scheduled after rj0

in S∗.

Consider an arbitrary machine Mk and the last big job Jj that is starting before

rj0 on this machine in S∗. If Spartj < uq or there is no gap between uq and Spartj

in Spart, then we have not scheduled any job on Mk before Jj at step 6, thus the

starting (and the completion) time of Jj is at most 2|T b|ε2psum later in S than in
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S∗ (Proposition 6.2.7). Otherwise the starting time of Jj is the same in Spart and in

S∗ (Spartj = S∗j ), since we can suppose that the jobs assigned to the same time point

and machine are scheduled in the same non-increasing processing time order. If we

push Sj at step 6 once, then we cannot schedule any more jobs before Sj in a later

step, thus we can push Sj by at most ε2psum in total, thus

Observation 6.2.14. If Jj ∈ B, then Sj ≤ S∗j + 2|T b|ε2psum.

Suppose that a job Jj is scheduled from S ′j to C ′j = S ′j + pj in a schedule S ′

and S ′j ≤ t ≤ C ′j. In this case we can divide Jj into two parts: to the part of Jj

that is scheduled before t (it has a processing time of t − S ′j) and to the part that

is scheduled after t (it has a processing time of C ′j − t). Suppose that t is fixed and

we divided all the jobs such that S ′j ≤ t ≤ C ′j into two parts. Let P
(t)
b (S ′) denote

the total processing time of the jobs and job parts that are scheduled before t in S ′

and P
(t)
a (S ′) denote the same after t (P

(t)
b (S ′) + P

(t)
a (S ′) = psum).

Observation 6.2.15. P
(rj0+2|T b|ε2psum)
a (S) ≤ P

(rj0 )
a (S∗) (follows from Observations

6.2.13 and 6.2.14).

Let P := P
(rj0+2|T b|ε2psum)
a (S). Since there is no gap after rj0 in S, Cmax ≤

rj0 + 2|T b|ε2psum + (P/m + ε2psum) follows from Observation 6.2.10. Since C∗max ≥
rj0 + P/m (from Observation 6.2.15), thus Cmax ≤ C∗max + (2|T b| + 1)ε2psum ≤
(1 + (2|T b|+ 1)mε2)C∗max, therefore we have proved Claim 6.2.12.

For a schedule S ′, let S ′B denote the schedule of the big jobs (where the big jobs

have the same starting times as in S ′ and the small jobs are deleted from S ′) and

S ′S denote the schedule of the small jobs (similarly).

Claim 6.2.16. If each gap finishes before uq, then Cmax ≤ (1 + ((2|T b| + 1)m +

(|R|+ 1) · |T b|)ε2)C∗max.

Proof. Note that, each machine is working between uq and Cmax − ε2psum. Since

x̄small is an optimal solution of (6.8)-(6.13) and according to Proposition 6.2.2 x̂small

is a feasible solution, thus p({j ∈ S : S∗j ≤ uq}) ≤ p(K) + p(U), where K is the

set of small jobs scheduled at Step 5(ii)b) of Algorithm 4, therefore P
(uq)
b (S∗S) ≤

P
(uq+2|T b|ε2psum)
b (SS) + p(U) (Proposition 6.2.7). P

(uq)
b (S∗B) ≤ P

(uq+2|T b|ε2psum)
b (SB)

follows also from Proposition 6.2.7, thus P
(uq)
b (S∗) ≤ P

(uq+2|T b|ε2psum)
b (S) + p(U),

which implies P
(uq)
a (S∗) ≥ P

(uq+2|T b|ε2psum)
a (S) − p(U). Let PS∗ := P

(uq)
a (S∗) and

PS := P
(uq+2|T b|ε2psum)
a (S).

Note that Cmax ≤ uq+2|T b|ε2psum +PS/m+ε2psum (Observation 6.2.10), C∗max ≥
uq + PS∗/m and PS ≤ PS∗ + p(U). From these, Cmax ≤ C∗max + 2|T b|ε2psum +

p(U)/m + ε2psum follows. Since p(U) ≤ (|R| + 1) · |T b|ε2psum (Proposition 6.2.6),
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thus Cmax ≤ (1 + ((2|T b|+ 1)m+ (|R|+ 1) · |T b|)ε2)C∗max, therefore we have proved

Claim 6.2.16.

The lemma follows from Claims 6.2.11, 6.2.12 and 6.2.16.

Lemma 6.2.17 (Györgyi and Kis, 2017). For any fixed ε > 0, the running time of

the algorithm is polynomial in the size of the input if |T b| is a constant.

Proof. Since the processing time of each big job is at least ε2psum, the number of the

big jobs is at most b1/ε2c, a constant, since ε is a constant by assumption. Thus,

the total number of assignments of big jobs to time point in T b and to machine in

M is also constant O((m/ε)1/ε2). For each feasible assignment, a linear program of

polynomial size in the input and in 1/ε must be solved. This can be accomplished

by the Ellipsoid method in polynomial time, see Gács and Lovász (1981). The

remaining steps (rounding the solution, machine assignment and scheduling the

small jobs) are obviously polynomial (O(n log n)).

Using Proposition 6.1.7, we can prove the following result:

Theorem 6.2.18 (Györgyi and Kis, 2017). Pm|rm = const , rj|Cmax admits a

PTAS.

Proof. It follows from Proposition 6.1.7, that it suffices to create a PTAS for the

problem, where the number of the supplies is at most q = d1/εe + 1. From this,

we get that |T b| = q − 1 in the transformed instances. Therefore, by Lemma 6.2.8,

the performance ratio of the algorithm is (1 + O(|T b|ε2)) = (1 + O(ε)), where

the constant factor c in O(·) does not depend on the input or on 1/ε. However,

by Observation 1.2.1 this is sufficient to have a PTAS. Finally, the polynomial time

complexity of the algorithm in the size of the input was shown in Lemma 6.2.17.

Remark 6.2.19. Note that if a job is assigned to a v`, then Sj ≥ v` at the end of

the algorithm and each schedule such that this is true cannot violate the resource

constraint. Suppose that we fixed a big job assignment and solved the LP. Then

• if j ∈ Sa, then let r̄j := rj.

• if j ∈ Sb ∪ B and ∃` : xj` = 1, then let r̄j := v`.

• otherwise, let r̄j := uq.

After that, use the PTAS of Hall and Shmoys (1989) for the problem P |r̄j|Cmax.

It is easy to prove that the schedule obtained is feasible and its makespan is at most

(1 + ε) times the makespan of the schedule created by Algorithm 4, thus it is also a
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PTAS for our problem. The algorithm of Hall and Shmoys works for an arbitrary

number of machines, however, this number must be a constant when applied to our

problem, otherwise the error bound breaks down.

6.2.3 A PTAS for Pm|rm = const , rj, ddc|Cmax

Suppose that there is a dedicated machine for each job, or in other words, the

assignment of jobs to machines is given in the input. Let Mkj denote the machine

on which we have to schedule Jj and Jk denote the set of jobs dedicated to Mk. We

can model this problem with the IP (6.1)-(6.5) if we drop all the variables xj`k where

k 6= kj. Let us denote this new IP by (6.1’)-(6.5’). We prove that there is a PTAS for

this problem. The main idea of the algorithm is the same as in the previous section,

however, there are important differences, since we cannot balance the finishing time

of the machines with the small jobs after uq (cf. Observation 6.2.10).

Let ε > 0 be fixed. According to Proposition 6.1.7, we can assume that q and

the number of distinct job release dates until uq are at most d1/εe + 1. Divide

the set of jobs into big and small ones (B and S), and schedule them separately.

These sets are the same as in Section 6.2.2. We assign the big jobs to time points

in all possible ways (cf. Proposition 6.2.1). Notice that since |B| ≤ 1/ε2, which is a

constant because ε > 0 is fixed, the number of big job assignments is polynomial in

the size of the input. We perform the remaining part of the algorithm for each big

job assignment. The first difference from the previous PTAS is the following: now

we assign each small job in Sa to its release date and then we create the schedule

S1 from this partial assignment. Let C1
max denote the makespan of S1 and Ik the

total idle time on machine k between uq and C1
max (if C1

max ≤ uq, then Ik = 0 for all

k ∈M).

We have to schedule the small jobs in Sb. We will schedule them in a suboptimal

way and finally we choose the schedule with the lowest makespan. We will prove

that the best solution found by the algorithm has a makespan of no more than

(1 + ε)C∗max and the algorithm has a polynomial complexity.
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For a fixed partial schedule we define the following linear program:

min P̄ (6.14)

s.t. ∑
j∈Sb,v`≥uq ,kj=k

pjx
small
j`kj

≤ Ik + P̄ , k ∈M (6.15)

∑
j∈Sb

∑̀
ν=1

ai,jx
small
jνkj

≤ b̄`,i, v` ∈ T b, i ∈ R (6.16)

∑
j∈Sb,kj=k

pjx
small
j`kj

≤ max{0, v`+1 − C̄B` (k)}+ ε2psum, v` ∈ T b, k ∈M (6.17)

∑
v`∈T

xsmallj`kj
= 1, j ∈ Sb (6.18)

xsmallj`kj
= 0, j ∈ Sb, v` ∈ T such that v` < rj, or v` > uq (6.19)

P̄ ≥ 0 (6.20)

xsmallj`kj
≥ 0, j ∈ Sb, v` ∈ T . (6.21)

The notations are the same as before. Our objective (P̄ ) is to minimize the

increase of the makespan compared to C1
max. The PTAS is as follows:

Algorithm 5. (Györgyi and Kis, 2017)

Initialization: Sbest is a schedule where each job is scheduled after max{rmax, uq}
(in an arbitrary order without any idle time) on its dedicated machine.

1. Assign the big jobs to time points v1 through vτ which satisfies Proposi-

tion 6.2.1, and for each feasible assignment xbig do steps 2 - 7 :

2. Assign each small jobs in Sa to its release date, i.e., xaj`kj = 1 if and only

if j ∈ Sa and rj = v` ∈ T a. Invoke Subroutine Sch with J̄ = B ∪ Sa and

x̄ = (xbig, xa, 0). Let C1
max := Cmax(Spart).

3. Define and solve linear program (6.14)-(6.21), and let x̄small be an optimal

basic solution.

4. Round each fractional value in x̄small down to 0, and let xsmall := bx̄smallc be

the resulting partial assignment of small jobs, and U ⊂ Sb the set of fractional

jobs in x̄small .

5. Using Subroutine Sch, create a new partial schedule Spart for the subset of

jobs J̄ = B ∪ Sa ∪ (Sb \ U), and assignment x̄ = (xbig, xa, xsmall). Let Cpart
max



6.2. Makespan minimization 89

denote the makespan of this schedule (S1 is not used). The next step inserts

the remaining jobs into Spart.

6. Schedule the remaining small jobs one by one in non-decreasing release date

order (J1, J2, . . .). Let Jj be the next job to be scheduled. Schedule Jj on

Mkj at the earliest idle time after max{uq, rj} in the current schedule and let

xsmallj`kj
= 1, where max{uq, rj} = v` ∈ T . Let Sact be the resulting schedule.

7. If the makespan of the resulting schedule (Sact) is smaller than Cmax(Sbest),

then let Sbest := Sact.

8. After examining each feasible assignment of the big jobs, output Sbest.

Lemma 6.2.20 (Györgyi and Kis, 2017). Every complete solution (xbig , xsmall) con-

structed by the algorithm is feasible for (6.1’)-(6.5’).

Proof. (6.2’) follows from (6.16) (the jobs scheduled after uq cannot violate this

constraint), while the other constraints are obviously met.

Proposition 6.2.21 (Györgyi and Kis, 2017). In any basic solution of the linear

program (6.8)-(6.13), there are at most (|R|+ 1) · |T b| fractional jobs.

Proof. Similar to Proposition 6.2.6.

Proposition 6.2.22 (Györgyi and Kis, 2017).

1. If a job Jj is assigned to v` at step 1 or 2, then Spartj ≤ S1
j + min{` −

1, |T b|}ε2psum.

2. Cpart
max ≤ max{uq, C1

max}+ P̄ + |T b|ε2psum.

Proof. Similar to Proposition 6.2.7.

Lemma 6.2.23 (Györgyi and Kis, 2017). The algorithm constructs at least one

feasible schedule of makespan at most (1 +O(|T b|ε2)) times the optimum makespan

C∗max.

Proof. By Lemma 6.2.20, the algorithm outputs a feasible schedule. Consider an

optimal schedule S∗ and the corresponding solution (x̂big, x̂small) of (6.1’)-(6.5’) that

satisfies Proposition 6.2.1. The algorithm will examine x̂big, since it is a feasible big

job assignment. The partial assignment of the small jobs in Sb in S∗ determines a

feasible solution of (6.14)-(6.21), thus max{uq, C1
max}+ P̄ ≤ C∗max.

According to Proposition 6.2.22 Cpart
max ≤ max{uq, C1

max} + P̄ + |T b|ε2psum, and

Cmax ≤ Cpart
max + (|R| + 1) · |T b|ε2psum follows from Proposition 6.2.21. Therefore

Cmax ≤ (1 + ((|R|+ 2) · |T b|)mε2)C∗max.
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Lemma 6.2.24 (Györgyi and Kis, 2017). For any fixed ε > 0, the running time of

the algorithm is polynomial in the size of the input.

Proof. Similar to Lemma 6.2.17.

Theorem 6.2.25 (Györgyi and Kis, 2017). Pm|rm = const , rj, ddc|Cmax admits a

PTAS.

Proof. Since |T b| = q − 1 (Proposition 6.1.7), the theorem follows from Lemmas

6.2.23 and 6.2.24.

Remark 6.2.26. Suppose that, there is a dedicated machine for each job in a given

set J ′ ⊂ J and we can schedule each job in J \ J ′ on any machine. We still have

a PTAS for this case: the main difference is that at step 6 we first have to schedule

the jobs in J ′ and then the remaining jobs similarly to step 6 in Algorithm 4.

6.2.4 A PTAS for P |rm = 1|Cmax

In this section, we assume that the number of machines is a part of the input.

Corollary 6.1.5 shows that there is no PTAS for this variant if the number of the

resources is at least 2. However, as we will show in this section, if the number of

the resources is just one, then we have a PTAS. This section is based on the result

of Györgyi (2017).

Before the algorithm, we would like to mention an easy corollary of Assumption

1 that we have also used earlier:

Corollary 6.2.27 (Györgyi, 2017). C∗max > uq and we have enough resource for

each job that starts after uq (trivial).

Observation 1.2.1 shows the meaning of the next lemma and we will also use

Proposition 6.1.7 in this section.

Lemma 6.2.28 (Györgyi, 2017). With 1+ε loss, we can assume that all processing

times are integer powers of 1 + ε (trivial).

Let ε > 0 be fixed. It is enough to deal with the case where q = d1/εe+1 and the

supply dates before uq are from the set {`εuq : ` = 0, 1, 2, . . . , b1/εc} (Proposition

6.1.7) and according to Lemma 6.2.28, it is enough to provide a PTAS for the

problem instances, where each processing time is an integer power of 1 + ε.

For the PTAS it is useful to divide J into three subsets. A job j is small (j ∈ S),

if pj ≤ ε2uq, it is big (j ∈ B), if ε2uq < pj < (1/ε)uq and it is huge (j ∈ H), if

pj ≥ (1/ε)uq. Note that the definition of the big and small jobs is not the same as
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in the previous sections. We can assume that each huge job starts after uq since in

this case a delay of uq is at most an ε fraction of the makespan (see Observation

1.2.1).

This partition has several advantages: we do not have to deal with the resource

requirements of the huge jobs (cf. Corollary 6.2.27), there are a constant number of

possible values for the processing time of the big jobs (see the next paragraph) and

even O(1/ε) badly scheduled small jobs cause only O(εuq) delay which is O(εC∗max)

since C∗max > uq.

Now we determine the number of the possible distinct processing times of the

big jobs: we have to count the number of the different δ values such that δ ∈ Z
and ε2uq < (1 + ε)δ < (1/ε)uq. Since ε2uq · (1 + ε)3 log1+ε(1/ε) = (1/ε)uq, there are

k1 := b3 log1+ε(1/ε)c possible values. Note that k1 is a constant. Let δ1 denote the

smallest number such that (1+ε)δ1 > ε2uq and B1 the set of big jobs with processing

time (1 + ε)δ1 . For p = 2, . . . , k1, let Bp denote the set of big jobs with processing

time (1 + ε)δ1+p−1.

Before going into details we would like to present the main ideas of the PTAS.

After uq we do not have to deal with the resource constraints (Corollary 6.2.27)

and this is a great relief: we will use a modified version of an algorithm devised

for P ||Lmax to schedule the jobs that we have not scheduled earlier. However, to

determine the first part of the schedule we need a more sophisticated method: the

main idea is a tricky enumeration method with a number of technical details. For

each pair (Mk, u`), where k ∈ {1, . . . ,m} and ` ∈ {1, . . . , q − 1}, we guess the

number of the big jobs from each type Bp (p ∈ 1, . . . , k1) and approximately the

total processing time of the small jobs that start in [u`, u`+1) on Mk. For this

purpose we examine a lot of cases and finally we choose the best one. In the next

paragraphs we present the details of the method and show that the number of the

possible guesses is polynomial.

A guess will describe an assignment A for each machine and each assignment con-

sists of (q−1)(k1+1) numbers: for each ` < q it contains Γ` = (γ`,1, γ`,2, . . . , γ`,k1 , g`),

where each coordinate is from the set {0, 1, . . . , d1/εe+1}. γ`,p describes the number

of the big jobs from Bp that start in [u`, u`+1) and we guess the total processing time

of the small jobs that start in [u`, u`+1) in the form of g` · (ε2uq).

From the definition of the assignment we get the number of the different as-

signments is at most k2 := (1/ε + 2)(q−1)·(k1+1). Note that k2 is a constant and for

any machine scheduled using this assignment, the number of big jobs that start in

[u`, u`+1) (` ∈ {1, . . . , q−1}) is at most d1/εe (cf. the condition on u` in Proposition

6.1.7 and the definition of the big jobs) and the total processing time of the small
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jobs that start in [u`, u`+1) is at most (ε+ ε2)uq (since u`+1 − u` ≤ εuq and the last

job must finish before u`+1 + ε2uq). Hence, the guesses describe each possible big

job layout and give an approximation to the total processing time of the small jobs

in [u`, u`+1).

A tuple T := (t1, t2, . . . , tk2) describes the number of the machines that uses

the different assignments A1, . . . , Ak2 . Note that the number of these tuples is at

most
(
m+k2
k2

)
, thus it is polynomial (details in Proposition 6.2.31). We examine all

tuples and either create a schedule according to the tuple or declare that the tuple

is unfeasible.

Example 6.2.29 (Györgyi, 2017). Suppose that we have 3 machines, q = 4 and k1 =

2. If T = (1, 2, 0, 0, . . .), Ai = (Γi1,Γ
i
2,Γ

i
3) (i = 1, . . . , k2), and Γi` = (γi`,1, γ

i
`,2, g

i
`),

then it means the following: we have one machine that uses the assignment A1

and two that use A2. Γi` describes that we want to assign (i) γi`,p big jobs from Bp
(p = 1, 2), (ii) small jobs with a total processing time of roughly gi` · (ε2uq) to u` on

each machine with the assignment Ai.

We will use a greedy algorithm to define the assignment of the small jobs accord-

ing to the guess. We create a (partial) schedule from the (partial) assignment and

after that, we invoke another algorithm to schedule the remaining jobs. The main

algorithm is as follows:

Algorithm 6. (Györgyi, 2017)

Initialization: Sbest is a schedule where each job is scheduled on M1 after uq.

1. For each tuple T = (t1, . . . , tk2), do steps 2–5:

2. Invoke Procedure Assign to create an assignment x̂ of the jobs from T . If this

assignment violates at least one of the constraints in (6.2), then proceed with

the next tuple.

3. Create a partial schedule Spart from x̂ with Subroutine Sch. Let Cpart
max (k) be

the time when Mk finishes Spart.

4. Invoke the algorithm for 1|preassign, rj|Lmax from the Appendix with max{Cpart
max (k), uq}

amount of preassigned work on Mk (k = 1, 2, . . . ,m) and dj = 0 (j ∈ J ) to

schedule the remaining jobs. Let Sact be the resulting schedule.

5. If Cmax(Sact) < Cmax(Sbest), then let Sbest := Sact.
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6. After examining each feasible assignment before uq, output Sbest.

The next algorithm assigns big and small jobs to pairs (Mk, u`), where ` < q

with respect to a tuple T = (t1, . . . , tk2). Machines M1, . . . ,Mt1 will get jobs with

respect to assignment A1, Mt1+1, . . . , Mt1+t2 with respect to A2, etc.

Procedure Assign (Györgyi, 2017)

Input: a tuple T . Output: a (partial) assignment x̂.

1. For each p = 1, . . . , k1, order the big jobs from Bp in non-decreasing aj order

(lists Lp) and let L be the list of small jobs in non-increasing pj/aj order.

2. Assign big and small jobs to machine-supply date pairs (Mk, u`) in the order

(M1, u1), (M2, u1), . . . , (Mm, u1), (M1, u2), . . . , (Mm, u2), (M1, u3), . . . ,

(Mm, uq−1). Suppose the next pair is (Mk, u`), and the assignment of Mk is

Ai = (Γ`)
q−1
`=1 , where Γ` = (γ`,1, . . . , γ`,k1 , g`),

Assignment of big jobs : for each p = 1, . . . , k1, assign γ`,p number of big jobs

from the beginning of list Lp to (Mk, u`), and remove these jobs from the list.

Assignment of small jobs : let h` be the smallest number of small jobs from

the beginning of L with a total processing time of at least g`(ε
2uq), and let

k` be the maximum number of small jobs from the beginning of L that can

be assigned to u` without violating the resource constraint (big jobs are taken

into consideration). Assign min{h`, k`} jobs from the beginning of L to supply

date u` on Mk, and remove them from L.

Proposition 6.2.30 (Györgyi (2017)). Each schedule Sact found by Algorithm 6 is

feasible.

Proof. Recall that a schedule is feasible if (i) on every machine the jobs do not

overlap in time, and if (ii)
∑

(` : u`≤t) b̃` ≥
∑

(j : Sj≤t) aj for any t ≥ 0.

In step 2 each examined tuple (partial assignment) must satisfy (6.2), thus Sub-

routine Sch guarantees (i) and (ii) for Spart (see Remark 6.2.4). Since we invoke the

algorithm of the Appendix with at least Cpart
max (k) amount of preassigned work on Mk

(k = 1, 2, . . . ,m), Sact must satisfy (i).

The jobs scheduled at step 4 start after uq, thus (ii) follows from Corollary

6.2.27.
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Proposition 6.2.31 (Györgyi, 2017). The running time of Algorithm 6 is polyno-

mial in the size of the input.

Proof. As described before, the number of tuples T can be bounded by
(
m+k2
k2

)
=

O((m+ k2)k2) = O((m+ (1/ε)1/ε·log1+ε(1/ε))(1/ε)(1/ε·log1+ε(1/ε))), which is polynomial in

m. Step 2 (Procedure Assign) and step 3 require O(n log n) time, while step 4 also

requires polynomial time (Hall and Shmoys (1989) and Györgyi and Kis (2017) or

the Appendix).

Let S∗ be an optimal schedule, such that if pj = pk and aj < ak, then S∗j ≤
S∗k , ∀j, k ∈ J . Such a schedule obviously exists. We construct an intermediate

schedule S̃ from an optimal schedule S∗ to prove that our algorithm is a PTAS.

This intermediate schedule has a similar structure to S∗ and it is not far from a

schedule computed by Algorithm 6: (i) we use the big job arrangement of S∗ to

determine a tuple that we will use for S̃, (ii) the starting times of the big/huge jobs

in S̃ will be determined by their starting times in S∗ and (iii) the total processing

time of the small jobs that start on Mk in [u`, u`+1) in S̃ is close to that in S∗. The

next paragraphs give a precise definition for S̃, along with an example.

To create S̃, first we perform steps 2 and 3 of Algorithm 6 with a tuple T ∗ =

(t∗1, . . . , t
∗
k2

) that we obtain from S∗ in the following way: for each machine Mk we

determine an assignment, which for each supply date (` = 1, . . . , q) and big job type

(p = 1, . . . , k1) describes the number of big jobs from Bp that start in [u`, u`+1) and

g∗`k, which is the smallest integer such that (g∗`k − 1) · (ε2uq) is at least the total

processing time of small jobs starting in [u`, u`+1) on Mk in S∗. After that, we

simply count the the number of the different assignments and determine T ∗: there

are t∗i number of machines with assignment Ai (i = 1, 2, . . . , k2). We can assume

that machines M1, . . . ,Mt∗1
are with assignment A1, machines Mt∗1+1, . . . ,Mt∗1+t∗2

are

with A2, etc.

Note that we have to choose g∗`k in a special way for technical reasons (cf. Observa-

tion 6.2.35). Let S̃part denote the resulting partial schedule and C̃part
max its makespan.

Example 6.2.32 (Györgyi, 2017). Let m = 2, q = 3 and k1 = 2 and suppose that

the schedule S∗ shown in Figure 6.3 (above) is optimal. First we determine T ∗: the

assignment of M1 is (Γi1 = (2, 0, g∗11),Γi2 = (1, 2, g∗21)), while the assignment of M2

is (Γi
′

1 = (0, 1, g∗12),Γi
′

2 = (0, 0, g∗22)), where for example the first two coordinates of

Γi1 show that there are two jobs from B1 on M1 that start in [u1, u2) (noted by a

’+’) and there is no job from B2 that starts there. g∗11 describes roughly the total

amount of processing time of the small jobs that start in [u1, u2) on M1: if this value
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u2u1 u3 = uq C∗max
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S̃part

u2u1 u3 = uq C̃part
max
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S̃ ′

u2u1 u3 = uq C̃part
max
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M1 t

S̃

u2u1 u3 = uq C̃max

Figure 6.3: Creating S̃ from S∗. The small jobs are red, the big jobs are blue and
we have a green huge job.

is, say, 80 and ε2uq = 10, then g∗11 = 9, since this is the smallest integer such that

(g∗11 − 1) · (ε2uq) ≥ 80.

After we have created S̃part, let J̃a denote the set of the unscheduled jobs. Sched-

ule the remaining big and huge jobs at S̃j := S∗j + 4εuq on the same machine as in

S∗. See the third schedule (S̃ ′) in Figure 6.3 for an illustration.

Remark 6.2.33. Note that we have S∗j ≥ uq for these jobs. For the huge jobs we

have assumed this, while for the big jobs this follows from the assumption about S∗

(after Proposition 6.2.31): for each p ∈ {1, 2, . . . , k1} the jobs in J̃a ∩ Bp are the

jobs in Bp with S∗j ≥ uq, since these are the jobs from Bp with the biggest aj value

(cf. step 1 of Procedure Assign).

Finally schedule the remaining small jobs in an arbitrary order after max{uq, Cpart
max}

at the earliest idle time on any machine (see the paragraph before Claim 6.2.3).
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Let C̃max(k) denote the completion time of the last job scheduled on Mk in S̃ and

C̃max := Cmax(S̃) = maxk∈M C̃max(k).

Now we start the main part of the proof: we will prove that the makespan of

S̃ is near to the makespan of Sbest (Proposition 6.2.37) and to the makespan of

S∗ (Proposition 6.2.38). To prove these propositions we need to introduce some

notations and prove a technical statement (Observation 6.2.35): let J̃`,k denote the

set of small jobs that are assigned to u` and Mk in S̃ and J ∗`,k denote the set of small

jobs with u` ≤ S∗j < u`+1 on machine k. J̃` := ∪kJ̃`,k and J ∗` := ∪kJ ∗`,k.

Example 6.2.34 (Györgyi, 2017). Consider the schedules presented in Figure 6.3.

From schedule S∗, we have, say, p(J ∗1,1) = 80, p(J ∗1,2) = 45 (hence p(J ∗1 ) = 125)

and p(J ∗2,1) = 65, p(J ∗2,2) = 195 (p(J ∗2 ) = 260). The small jobs of J ∗1,1 and J ∗2,1 are

in two-two contiguous parts. Suppose that ε2uq = 10. From the definition of g∗, we

can obtain g∗11 = 9, g∗12 = 6, g∗21 = 8 and g∗22 = 21.

From S̃part, we can determine J̃`,k and J̃`: for example J̃1,1 is the set of the

small jobs that start between the second and the third big job on M1, while J̃2,2 is

the set of the small jobs that start after u2 on M2 in S̃part.

By the rules of Algorithm 6, we have the following:

Observation 6.2.35 (Györgyi, 2017). For each ` < q and Mk ∈ M,
∑

j∈J̃`,k pj <∑
j∈J ∗`,k

pj + 3ε2uq and
∑

j∈∪ν≤`J̃ν pj ≥
∑

j∈∪ν≤`J ∗ν
pj − ε2uq.

Proof. The first part follows from

∑
j∈J̃`,k

pj < (g∗`k + 1) · (ε2uq) <
∑
j∈J ∗`,k

pj + 3ε2uq,

where the first inequality follows from construction of S̃ (step 2 of Procedure Assign),

since we define h` so that
∑

j∈J̃`,k pj cannot be greater than g∗`k · (ε2uq)+ε2uq, where

the last ε2uq comes from the maximal processing time of a small job. The second

part follows from the choice of g∗.

For the second part, note that for each ν ≤ q the big jobs assigned to a time

point before uν in S̃ require at most the same amount of resource as the big jobs

which start before uν in S∗ (cf. steps 1 and 2 of Procedure Assign). Thus, we have

at least the same amount of resource for the small jobs until each uν in S̃ as in S∗.

In the course of assigning the small jobs in S̃ there can be two reasons for switching

to the next supply date (cf. step 2): (i) there is not enough resource to schedule the

next small job from the list, or (ii) we reach the total required processing time. In

the first case, we have
∑

j∈∪ν≤`J ∗ν
pj ≤

∑
j∈∪ν≤`J̃ν pj + ε2uq, since the small jobs are
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in non-increasing pj/aj order in L (step 1). Otherwise in case (ii), for each machine

k, the algorithm assigns at least g∗νk · (ε2uq) amount of work from the small jobs to

uν , thus
∑

j∈J̃ν pj ≥
∑

j∈J ∗ν
pj +mε2uq, and the observation follows.

Let C∗q (k) denote the maximum of uq and the completion time of the last job

scheduled before uq on Mk in S∗.

Corollary 6.2.36 (Györgyi, 2017). C̃part
max (k) ≤ C∗q (k) + 4εuq, ∀k ∈M.

Proof. Since the big job layouts are the same in S̃ and in S∗, we have C̃part
max (k) −

C∗q (k) ≤
∑q−1

`=1(
∑

j∈J̃`,k pj −
∑

j∈J ∗`,k
pj) < (q − 1) · (3ε2uq) ≤ 4εuq for each k ∈ M,

where the second inequality follows from the first part of Observation 6.2.35.

Proposition 6.2.37 (Györgyi, 2017). S̃ is feasible, and Cmax(Sbest) ≤ (1 + ε)C̃max.

Proof. The feasibility of S̃part follows from Proposition 6.2.30, while Remark 6.2.33

and Corollary 6.2.36 show that the jobs in J̃a start after uq, thus S̃ satisfies the

resource constraints. Corollary 6.2.36 also guarantees that, the jobs in ∪`<qJ̃`,k must

end before a big or a huge job scheduled on Mk in the last stage of the construction

of S̃ would start, since for all those big and huge jobs, S̃j = S∗j + 4εuq by definition.

Since the jobs cannot overlap in time after we insert a job into a partial schedule

(Claim 6.2.3), S̃ is feasible.

In some iteration, Algorithm 6 will consider the tuple T ∗ that we used to define

S̃. Hence, after step 3, S̃part and Spart coincide. Therefore, the Proposition follows

from a result of Györgyi and Kis (2017), which is repeated in the Appendix for the

sake of completeness.

Proposition 6.2.38 (Györgyi, 2017). C̃max ≤ C∗max + 5εuq.

Proof. Let j be such that C̃j = C̃max and let j be scheduled on Mk in S̃. If j /∈ J̃a,
then the proposition follows from the first part of Observation 6.2.35 and from the

fact that layouts of the big jobs (not in J̃a) on Mk are the same in S∗ and in S̃.

If j ∈ J̃a and j is big or huge, then originally we have S̃j = S∗j +4εuq and we may

push j to the right by at most ε2uq, thus C̃j ≤ C∗max + 5εuq. If j is small, then the

finishing time of each machine is in [S̃j − ε2uq, S̃j], otherwise j would be scheduled

on another machine. For similar reasons, there is no idle time on any machine in

[max{C̃part
max (k), uq}, S̃j − ε2uq] in S̃. Therefore,

C̃max ≤
∑m

k=1 C̃max(k)

m
+ ε2uq

=

∑m
k=1 max{C̃part

max (k), uq}+ p(J̃a)

m
+ ε2uq,

(6.22)
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where p(J̃a) :=
∑

j∈J̃a pj. To sum up, we have

C∗max ≥

∑m
k=1 C

∗
q (k) +

∑
j:S∗j≥uq

pj

m

≥
∑m

k=1 max{C̃part
max (k), uq} − 4mεuq + (p(J̃a)− ε2uq)

m

≥ C̃max − 5εuq,

where the first inequality is trivial, the second follows from Corollary 6.2.36 and

from the second part of Observation 6.2.35 (if ` = q − 1) and the third from (6.22).

The proposition follows.

Theorem 6.2.39 (Györgyi, 2017). There is a PTAS for P |rm = 1|Cmax.

Proof. We have seen that Algorithm 6 is polynomial (Proposition 6.2.31) and creates

a feasible schedule (Proposition 6.2.30) with a makespan Cmax(Sbest) ≤ (1+ε)C̃max ≤
(1 + ε)(C∗max + 5εuq) ≤ (1 + 7ε)C∗max (Propositions 6.2.37 and 6.2.38), thus it is a

PTAS.

Remark 6.2.40. The only remaining approximability question is about the best ratio

in case of arbitrary number of machines and at least two resources. We know that

there is a 2 + ε approximation algorithm: invoke a PTAS for P ||Cmax (e.g., see the

Appendix) and increase the starting time of each job by uq. The resulting schedule

is feasible (since each job starts after uq) and the approximation ratio 2 + ε follows

from uq ≤ C∗max and from the fact that problem without resource constraints has

a optimum value at most C∗max. Recall that it is NP-hard to approximate P ||Cmax

better than 3/2− ε according to Corollary 6.1.5.

6.3 Lateness minimization

Now we turn to the Lmax objective. Since the optimum lateness may be 0 or negative,

a standard trick is to increase the lateness of the jobs by a constant that depends on

the input. In our case, let L′max := maxj{Cj−dj+D}, where D := maxj∈J {dj}+uq.
Note that this function is a monotone objective function since it satisfies conditions

(i)-(iii) (see Section 1.2). In order to provide a PTAS for the lateness objective, we

have to assume that the processing times are proportional to the resource consump-

tions. Such a model with makespan objective has already been studied in Györgyi

and Kis (2015b). The problem is strongly NP-hard according to Theorem 4.1.2.
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6.3.1 A PTAS for Pm|rm = 1, pj = aj|L′max

Throughout this section we assume that ε > 0 is a small constant with 1/ε ∈ Z.

Let S ′ := {j ∈ J |pj ≤ ε2uq} be the set of tiny jobs, and B′ := J \ S ′ be the set

of huge jobs. Note that this partition is quite different from the partitions of the

previous sections. According to Proposition 6.1.7, we can assume that q = 1/ε+ 1,

and u` = (`− 1)εuq (` = 1, 2, . . . , q− 1). Note that between two consecutive supply

dates at most 1/ε huge jobs can start, thus we can assume
∑

j∈B′ xj`k ≤ 1/ε, if ` < q

and k ∈M, therefore there are at most (n+ 1)(1/ε)qm different assignments of huge

jobs to the supply dates u1 through uq−1. We can examine all of them, since m and

ε are constants. The remaining huge jobs are assigned to uq, but we assign them to

machines later. For each huge job assignment we will guess approximately the total

processing time of those tiny jobs that start in the interval [u`, u`+1) on machine

Mk, ` = 1, . . . , q− 1, and k = 1, . . . ,m. A guess is a number of the form gk,` · (ε2uq),

where 0 ≤ gk,` ≤ 1/ε + 1 is an integer. A guess for all the q − 1 supply dates and

all the m machines can be represented by a m× (q − 1)-tuple g = (gk,`), and let G

denote the set of all possible guesses. The algorithm is as follows:

Algorithm 7. Györgyi and Kis (2017)

Initialization: Sbest is a schedule where each job is scheduled on M1 after uq.

1. For each feasible partial assignment x̂huge,b of huge jobs to machines and supply

dates u1 through uq−1, perform the following steps.

2. For each tuple g ∈ G, do steps 3 - 6:

3. We create a feasible partial assignment x̂b by assigning also the tiny jobs to

machines and supply dates u1 through uq−1. Initially x̂b is the same as x̂huge,b .

Let L be the list of tiny jobs sorted in non-decreasing d′j order. Jobs from L are

assigned to machines and to supply dates u1 through uq−1 until all jobs from

L get assigned or all the supply dates from u1 through uq−1 are processed.

When processing supply date u`, ` ∈ {1, . . . , q − 1}, we first assign jobs to

M1, then to M2, etc. Let Mk be the next machine to receive some jobs. Let

hk,` be the smallest number of tiny jobs from the beginning of L with a total

processing time of at least gk,`(ε
2uq), and let zk,` be the maximum number of

tiny jobs from the beginning of L that can be assigned to u` without violating

the resource constraint. Assign min{hk,`, zk,`} jobs from the beginning of L to

supply date u` on Mk, and remove them from L. Then proceed with the next

machine until all machines are processed or L becomes empty.
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4. Create a partial schedule Spart from x̂b with the following modification of

Subroutine Sch: always schedule first the tiny jobs and then the huge jobs if

they are assigned to the same machine Mk and to the same supply date u`.

5. Let Cpart
max (k) be the time when Mk finishes Spart. Invoke the algorithm for

1|preassign, rj|Lmax from the Appendix with max{Cpart
max (k), uq} amount of

preassigned work on Mk (k = 1, 2, . . . ,m) to schedule the remaining jobs.

Let Sact be the resulting schedule.

6. If L′max(Sact) < L′max(Sbest), then let Sbest := Sact.

7. After examining each feasible assignment of huge jobs before uq, output Sbest.

The final schedule Sbest is obviously feasible and the running time of the algo-

rithm is polynomial in the size of the input, since the number of possible huge job

assignments before uq can be bounded by O((n+1)(1/ε)qm), the number of the tuples

is (1/ε + 2)m(q−1), steps 3 and 4 require O(n log n) time, while step 5 also requires

polynomial time (Hall and Shmoys (1989), Appendix).

For the sake of proving that Algorithm 7 is a PTAS, we construct an intermediate

schedule S̃ which, on the one hand, has a similar structure to that of an optimal

schedule, and on the other hand, not far from the schedule computed by Algorithm

7. S̃ is derived from an optimal schedule S∗ as follows. Let g∗k,` (k ∈ {1, . . . ,m}
and ` ∈ {1, . . . , q − 1}) be the smallest integer such that (g∗k,` − 1) · (ε2uq) is at

least the total processing time of the tiny jobs starting in [u`, u`+1) on Mk in S∗

unless there is no such tiny job, in which case g∗k,` = 0. First perform steps 3 and 4

of Algorithm 7 with the partial huge job assignment (xhuge,b)∗ that corresponds to

S∗, and the tuple g∗ just defined. After that, schedule the remaining huge jobs at

S̃j := S∗j + 5εuq on the same machine as in S∗ and finally schedule the remaining

tiny jobs in earliest-due-date (EDD) order after max{Cpart
max , uq} at the earliest idle

time on any machine.

In order to compare S̃ with Sbest (Proposition 6.3.3), and with S∗ (Proposi-

tion 6.3.4), first we make two observations. Let J̃`,k denote the set of tiny jobs

that are assigned to u` and Mk in S̃ and J ∗`,k denote the set of tiny jobs with

u` ≤ S∗j < u`+1 on machine k. J̃` := ∪kJ̃`,k and J ∗` := ∪kJ ∗`,k. Let M∗
` denote the

set of those machines with at least one tiny job that starts in [u`, u`+1) in S∗.

Observation 6.3.1 (Györgyi and Kis, 2017). For each ` < q and Mk ∈ M,

p(J̃`,k) < p(J ∗`,k) + 3ε2uq and p(∪ν≤`J̃ν) ≥ p(∪ν≤`J ∗ν )− ε2uq.



6.3. Lateness minimization 101

Proof. The first part follows from p(J ∗`,k) + 3ε2uq > (g∗k,` − 2)(ε2uq) + 3ε2uq =

(g∗k,`+ 1)(ε2uq) > p(J̃`,k) (the first inequality follows from the choice of g∗, while the

second from the construction of S̃). For the second part, let `′ ≤ ` denote the last

period where the algorithm had to proceed with the next period, because there was

not enough resource to schedule the next tiny job, butM∗
`′ 6= ∅. The huge jobs that

are assigned to a time period until u`′ in S̃ are scheduled before u`′+1 in S∗, thus,

since pj = aj and S∗ is feasible, p(∪ν≤`′J̃ν) ≥ p(∪ν≤`′J ∗ν ) − ε2uq follows, because

otherwise there would be enough resource to assign at least one more tiny job to

u`′ in S̃. According to the definition of `′ and the rules of Algorithm 7, we have

p(J̃ν) ≥ p(J ∗ν ) for each ν = `′ + 1, . . . , `, thus the observation follows.

Observation 6.3.2 (Györgyi and Kis, 2017). After processing supply date u` in

step 3 of Algorithm 7, then at least one of the following conditions holds: (i) there

is not enough resource to assign the next tiny job, (ii) p(∪ν≤`J̃ν) ≥ p(∪ν≤`J ∗ν ) or

(iii) M∗
` = ∅.

Proof. If (i) and (iii) are not true, then we have p(J ∗` ) ≤
∑

k∈M∗`
(g∗k,`− 1) · (ε2uq) ≤

p(J̃`)− ε2uq, where the first inequality follows from the definition of g∗, the second

from the rule of Algorithm 7 (step 3). Consequently, the observation follows from

the second part of Observation 6.3.1 (using it for `− 1).

Proposition 6.3.3 (Györgyi and Kis, 2017). S̃ is feasible, and L′max(S
best) ≤ (1 +

ε)L′max(S̃).

Proof. S̃ cannot violate the resource constraints by the rules of Algorithm 7, and

due to Observation 6.3.1, the jobs scheduled on an arbitrary machine Mk must

end before a huge job scheduled in the last stage of the construction of S̃ would

start, since for all those huge jobs, S̃j = S∗j + 5εuq by definition. In some iteration,

Algorithm 7 will consider the huge job assignment and the tuple that we used to

define S̃. Hence, after step 4, S̃ and Spart coincide. Therefore, the Proposition

follows from Hall and Shmoys (1989) and from the result of the Appendix.

Proposition 6.3.4 (Györgyi and Kis, 2017). L′max(S̃) ≤ L′max(S∗) + 6εuq.

Proof. Let j be such that L′j(S̃) = L′max(S̃). First suppose that j is huge. If j is

scheduled at step 4 (since it is assigned to a supply date u` and a machine Mk), then

the jobs assigned to Mk and to a u`′ with `′ < `, are completed at most 3(`− 1)ε2uq

later in S̃ than the jobs with S∗j′ < u` on Mk in S∗ (Observation 6.3.1). The total

processing time of the jobs that are assigned to u` and Mk and scheduled before j

in S̃ is at most εuq + 3ε2uq, thus C̃j ≤ C∗j + 5εuq follows. If it is scheduled at step 5,



102 Chapter 6. Results for parallel machine problems

then originally we have S̃j = S∗j + 5εuq and we may push j to the right by at most

ε2uq, thus C̃j ≤ C∗j + 6εuq.

Now suppose that j is tiny.

Claim 6.3.5. min{dj′ : j′ ∈ ∪ν≥`J̃ν} ≥ min{dj′ : j′ ∈ ∪ν≥`J ∗ν }, for each ` ≤ q.

Proof. Assume for a contradiction that there exists an ` ≤ q and j1 ∈ J̃` such that

dj1 = min{dj′ : j′ ∈ J̃`} = min{dj′ : j′ ∈ ∪ν≥`J̃ν}

< min{dj′ : j′ ∈ ∪ν≥`J ∗ν },
(6.23)

where the second equation follows from the EDD scheduling of tiny jobs in S̃. Let

H := {j′ ∈ S ′ : dj′ ≤ dj1}. Let `′ < ` be the largest index such that M∗
`′ 6= ∅. If

there is no such `′, then the claim follows, since we have
⋃
ν<` J̃ν =

⋃
ν<` J ∗ν = ∅

from the definition of S̃. Otherwise, for each ν = `′ + 1, . . . , ` − 1, since M∗
ν = ∅,

we have J ∗ν = J̃ν = ∅. Furthermore, from (6.23), it follows that all the jobs in H

start before u`′+1 in S∗ by our indirect assumption. Therefore,

p(∪ν≤`′J̃ν) < p(H) ≤ p(∪ν≤`′J ∗ν ),

where the first inequality follows from the fact that H comprises all the tiny jobs

assigned to any time period uν < u` in S̃, and j1 as well, which is assigned to u`

by definition. Hence, case (i) of the Observation 6.3.2 must hold for `′. Thus, there

was not enough resource to schedule all the tiny jobs in H before u`′+1 in S̃. On

the other hand, all the jobs in H are scheduled before u`′+1 in S∗, thus the resource

consumption of the tiny jobs starting before u`′+1 in S∗ is not smaller than that in

S̃. Moreover, the huge job assignment of the two schedules before uq is the same.

Since S∗ is feasible, this is a contradiction.

If j is assigned to an u` with ` < q, then according to Claim 6.3.5, there exists

a job j∗ with dj∗ ≤ dj and S∗j∗ ≥ u`. Let Mk be the machine which processes j in

S̃. We have S̃j ≤ u` + (εuq + 3ε2uq) + 3(q − 2)ε2uq = u` + 4εuq, since, on the one

hand, the total processing time of the tiny jobs assigned to u` on Mk in S̃ is at most

εuq + 3ε2uq, and, on the other hand, for each ν < ` the total processing time of

the tiny jobs assigned to uν and Mk in S̃ is greater by at most 3ε2uq than the same

amount in S∗ (Observation 6.3.1) and the huge job assignment is the same in S̃ and

S∗. Therefore L′j(S̃) = C̃j − dj +D ≤ u` + 5εuq − dj +D ≤ u` + 5εuq − dj∗ +D ≤
L′j∗(S

∗) + 5εuq ≤ L′max(S∗) + 5εuq follows.

Now suppose that j is scheduled at step 5. We will show that there exists a tiny

job j∗ such that S∗j∗ ≥ S̃j − 5εuq with dj∗ ≤ dj. From this the proposition follows,
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since 0 < pj, pj∗ ≤ ε2uq by definition. Let Ã(t) denote the set of tiny jobs j′ that

are scheduled at step 5 such that S̃j′ ≥ t, and B̃(t) := S ′ \ Ã(t). Likewise, let A∗(t)

denote the set of tiny jobs j′ with S∗j′ ≥ t, and B∗(t) := S ′ \ A∗(t).

Claim 6.3.6. If t ≥ uq, then p(Ã(t+ 5εuq)) ≤ p(A∗(t)).

Proof. Note that, if t ≥ uq then the total processing time of the huge jobs in

[max{Cpart
max (k), uq}, t] on any Mk in S∗ is at least the total processing time of the

huge jobs in [max{Cpart
max (k), uq}, t+ 5εuq] on Mk in S̃, because S̃j′ ≥ S∗j′ + 5εuq if j′

is huge and S∗j′ ≥ uq. Since p(Ã(uq)) ≤ p(A∗(uq)) + ε2uq (apply Observation 6.3.1

to ` = q− 1), and there is no gap before any tiny job on any machine Mk in S̃ after

max{Cpart
max (k), uq}, the claim follows, because there is more time to schedule tiny

jobs until t+ 5εuq in S̃ on any machine for any t ≥ uq than until t in S∗.

From the claim we deduce p(B̃(S̃j)) ≥ p(B∗(S̃j − 5εuq)). It follows that there

exists j∗ ∈ {j} ∪ B̃(S̃j) such that j∗ ∈ A∗(S̃j − 5εuq). Since the tiny jobs are

scheduled in EDD order in S̃, we have dj∗ ≤ dj, and we are done.

Theorem 6.3.7 (Györgyi and Kis, 2017). If L′max is defined as above, then Pm|rm =

1, pj = aj|L′max admits a PTAS.

Proof. If we put together the above results we get that Algorithm 7 constructs a

feasible schedule in polynomial time and the (modified) lateness of this schedule is

at most L′max(Sbest) ≤ (1+ε)L′max(S̃) ≤ (1+ε)(L′max(S∗)+6εuq) ≤ (1+8ε)L′max(S∗)

by Propositions 6.3.3 and 6.3.4.



104 Chapter 6. Results for parallel machine problems



Bibliography
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Eötvös University, Budapest.

Györgyi, P. (2017). A PTAS for a resource scheduling problem with arbitrary num-

ber of parallel machines. Operations Research Letters, 45(6):604 – 609.

Györgyi, P. and Kis, T. (2014). Approximation schemes for single machine schedul-

ing with non-renewable resource constraints. Journal of Scheduling, 17:135–144.

Györgyi, P. and Kis, T. (2015a). Reductions between scheduling problems with

non-renewable resources and knapsack problems. Theoretical Computer Science,

565:63–76.

Györgyi, P. and Kis, T. (2015b). Approximability of scheduling problems with

resource consuming jobs. Annals of Operations Research, 235(1):319–336.

Györgyi, P. and Kis, T. (2017). Approximation schemes for parallel machine schedul-

ing with non-renewable resources. European Journal of Operational Research,

258(1):113–123.

Györgyi, P. and Kis, T. (2018a). Minimizing the maximum lateness on a single

machine with raw material constraints by branch-and-cut. Computers & Industrial

Engineering, 115:220 – 225.

Györgyi, P. and Kis, T. (2018b). Minimizing total weighted completion time on a

single machine subject to non-renewable resource constraints. Submitted.

Hall, L. A. and Shmoys, D. B. (1989). Approximation schemes for constrained

scheduling problems. In Proceedings of the 30th Annual Symposium on Founda-

tions of Computer Science, pages 134–139. IEEE.

Herr, O. and Goel, A. (2016). Minimising total tardiness for a single machine

scheduling problem with family setups and resource constraints. European Journal

of Operational Research, 248:123–135.



108 Bibliography

Ibarra, O. H. and Kim, C. E. (1975). Fast approximation algorithms for the knapsack

and sum of subset problems. Journal of the ACM (JACM), 22(4):463–468.

Jackson, J. R. (1955). Scheduling a production line to minimize maximum tardiness.

Research Report 43, Management Science Res. Project, UCLA.

Janiak, A., Janiak, W., and Lichtenstein, M. (2007). Resource management in

machine scheduling problems: a survey. Decision Making in Manufacturing and

Services, 1(1-2):59–89.

Johnson, S. M. (1954). Optimal two-and three-stage production schedules with

setup times included. Naval Research Logistics (NRL), 1(1):61–68.

Keha, A. B., Khowala, K., and Fowler, J. W. (2009). Mixed integer programming

formulations for single machine scheduling problems. Computers & Industrial

Engineering, 56(1):357–367.

Kellerer, H. and Pferschy, U. (1999). A new fully polynomial time approxima-

tion scheme for the knapsack problem. Journal of Combinatorial Optimization,

3(1):59–71.

Kellerer, H. and Pferschy, U. (2004). Improved dynamic programming in connection

with an FPTAS for the knapsack problem. Journal of Combinatorial Optimiza-

tion, 8(1):5–11.

Kellerer, H., Pferschy, U., and Pisinger, D. (2003). Knapsack problems. Springer,

Berlin.

Kis, T. (2015). Approximability of total weighted completion time with resource

consuming jobs. Operations Research Letters, 43(6):595–598.

Kolliopoulos, S. G. and Steiner, G. (2007). Partially ordered knapsack and applica-

tions to scheduling. Discrete Applied Mathematics, 155(8):889–897.

Korte, B. and Schrader, R. (1981). On the existence of fast approximation schemes.

In Mangasarian, O. L., Meyer, R. R., and Robinson, S. M., editors, Nonlinear

Programming, chapter 4, pages 415–437. Academic Press, New York.

Laborie, P. (2003). Algorithms for propagating resource constraints in ai plan-

ning and scheduling: Existing approaches and new results. Artificial Intelligence,

143:151–188.

Lawler, E. L. (1973). Optimal sequencing of a single machine subject to precedence

constraints. Management Science, 19(5):544–546.



Bibliography 109

Lawler, E. L. (1994). Knapsack-like scheduling problems, the Moore-Hodgson al-

gorithm and the tower of sets property. Mathematical and Computer Modelling,

20(2):91–106.

Lenstra, J. K., Rinnooy Kan, A. H. G., and Brucker, P. (1977). Complexity of

machine scheduling problems. Annals of Discrete Mathematics, 1:343–362.

Morsy, E. and Pesch, E. (2015). Approximation algorithms for inventory constrained

scheduling on a single machine. Journal of Scheduling, 18(6):645–653.

Neumann, K. and Schwindt, C. (2003). Project scheduling with inventory con-

straints. Mathematical Methods of Operations Research, 56(3):513–533.

Orponen, P. and Mannila, H. (1990). On approximation preserving reductions: Com-

plete problems and robust measures (revised version). Department of Computer

Science, University of Helsinki.

Pinedo, M. (1995). Scheduling – Theory, Algorithms, and Systems. Prentice Hall,

Englewood Cliffs, New Jersey.

Queyranne, M. (1993). Structure of a simple scheduling polyhedron. Mathematical

Programming, 58(1):263–285.

Schrijver, A. (1998). Theory of linear and integer programming. John Wiley & Sons.

Shabtay, D. and Kaspi, M. (2006). Parallel machine scheduling with a con-

vex resource consumption function. European Journal of Operational Research,

173(1):92–107.

Sirdey, R., Carlier, J., Kerivin, H., and Nace, D. (2007). On a resource-constrained

scheduling problem with application to distributed systems reconfiguration. Eu-

ropean Journal of Operational Research, 183(2):546–563.

Slowinski, R. (1984). Preemptive scheduling of independent jobs on parallel ma-

chines subject to financial constraints. European Journal of Operational Research,

15:366–373.

Stadtler, H. and Kilger, C. (2008). Supply Chain Management and Advanced Plan-

ning. Concepts, Models, Software, and Case Studies. Springer, 4th edition.

Su, C.-S., Pan, J. C.-H., and Hsu, T.-S. (2009). A new heuristic algorithm for the

machine scheduling problem with job delivery coordination. Theoretical Computer

Science, 410(27-29):2581–2591.



110 Bibliography

Toker, A., Kondakci, S., and Erkip, N. (1991). Scheduling under a non-renewable

resource constraint. Journal of the Operational Research Society, 42:811–814.

Xie, J. (1997). Polynomial algorithms for single machine scheduling problems with

financial constraints. Operations Research Letters, 21(1):39–42.

Yeh, W.-C., Chuang, M.-C., and Lee, W.-C. (2015). Uniform parallel machine

scheduling with resource consumption constraint. Applied Mathematical Mod-

elling, 39(8):2131–2138.

Zhang, L., Lu, L., and Yuan, J. (2010). Single-machine scheduling under the job

rejection constraint. Theoretical Computer Science, 411(16-18):1877–1882.



Appendix

A PTAS for P |preassign, rj|Lmax

In this section we sketch how to extend the PTAS of Hall and Shmoys (1989) for

parallel machine scheduling with release dates, due-dates and the maximum lateness

objective (P |rj|Lmax) with pre-assigned works on the machines. This result was

published by Györgyi and Kis (2017). The jobs scheduled on a machine must succeed

any pre-assigned work.

Hall and Shmoys propose an (1 + ε)-optimal outline scheme in which job sizes,

release dates, and due-dates are rounded such that the schedules can be labeled with

concise outlines, and there is an algorithm which given any outline ω for an instance

I of the scheduling problem, delivers a feasible solution to I of value at most (1 + ε)

times the value of any feasible solutions to I labeled with ω.

All we have to do to take pre-assigned work into account is that we extend the

outline scheme of Hall and Shmoys with machine ready times, which are time points

when the machines finish the pre-assigned work. Suppose the largest of these time

points is wmax. We divide wmax by ε/2 and round each of the pre-assigned work

sizes of the machines down to the nearest multiple of 2wmax/ε. Thus the number of

distinct pre-assigned work sizes is 2/ε, a constant independent of the number of jobs

and machines. Then, we amend the machine configurations (from which outlines

are built) with the possible rounded pre-assigned work sizes. Finally, the algorithm

which determines a feasible solution from an outline must be modified such that it

disregards all the outlines in which any job is scheduled on a machine before the

corresponding rounded pre-assigned work size in the outline, and if the rounded

pre-assigned work sizes of the outline do not match the real pre-assigned works of

the machines.
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Basics of scheduling

In scheduling theory there is a widely used, so-called α|β|γ notation, for the prob-

lems, introduced by Graham et al. (1979). In this notation the α indicates the

machine environment, β is used for the further constraints or restrictions, and γ

contains the objective function. For the α field, we use the following notations in

this thesis: 1 for single machine environment, Pm for a constant (m) number of

parallel machines and P for an arbitrary number of parallel machines. The notation

P [m] indicates that we can substitute it both for P and for Pm.

The most important restrictions in the β field that we use in this thesis are rj

(release dates), pj = 1 or pj = p (each processing time is 1 or the processing times

are equal), ddc (the jobs are dedicated to machines), rm (additional non-renewable

resource constraints), rm = 1 or rm = const (the number of the non-renewable

resources is 1 or a constant), q = 2 or q = const (the number of the supplies is 2

or a constant) and pj = aj (the processing time of each job is equal to its resource

requirement from the only resource).

In the γ field, Cmax indicates the makespan, Lmax denotes the maximum lateness

and
∑
wjCj is for the total weighted completion time.

In scheduling theory there are several well-known orderings of the jobs:

• EDD (earliest due date) order: the jobs are in non-decreasing order of their

due dates

• SPT (shortest processing time) order: the jobs are non-decreasing order of

their processing times

• LPT (longest processing time) order: the jobs are non-increasing order of their

processing times

Scheduling the jobs in a given order means that we schedule them one-by-one at

the earliest time moment after the previous job, where the resulting partial schedule

does not violate any of the constraints. The starting time of the already scheduled

jobs does not change.



Summary

The thesis considers machine scheduling problems with non-renewable resource con-

straints. First, it examines several aspects of the single machine problem:

• We present approximation preserving reductions between variants of the schedul-

ing problem and variants of the Knapsack Problem.

• We apply these reductions to achieve approximability results in the case of

makespan minimization. We present a fast 3/2-approximation algorithm and

an FPTAS for the variant with one resource and two supply dates, a PTAS for

the problem with a constant number of resources and two supplies and prove

that there is no FPTAS for the problem with at least two resources even in

the case of two supplies unless P = NP .

• We formulate the makespan minimization problem with a mathematical pro-

gram and present a PTAS for the problem with one resource and arbitrary

number of supply dates. We also present a faster PTAS for the case where the

processing times are proportional to the resource requirements.

• We prove that minimizing the total weighted completion time is NP-hard

even in a very special case, and present a 2-approximation algorithm for that

variant.

• We describe an exact method for the lateness minimization problem with com-

putational results.

In the next part of the thesis, many single machine results are extended for

parallel machine environment:

• We show a PTAS for the makespan minimization problem on constant number

of parallel machines if the number of the resources is a constant. We modify

this PTAS so that it can deal with the case when (some of) the jobs are

dedicated to machines.

• If we have an arbitrary number of parallel machines, we present a PTAS for

the makespan minimization variant with one resource.

• We also present a PTAS for a lateness minimization variant, where the resource

requirements of the jobs are equal with their processing times.

The achieved results (together with some other results) provide an almost complete

picture about the approximability status of the different variants of P |rm|Cmax. The

results are based on Györgyi and Kis (2014), Györgyi and Kis (2015a), Györgyi and

Kis (2015b), Györgyi and Kis (2017), Györgyi (2017), Györgyi and Kis (2018a) and

Györgyi and Kis (2018b).
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Összefoglaló

Az értekezés nem megújuló erőforrás korlátokkal rendelkező gépütemezési problémákkal

foglalkozik. Először több szempontból vizsgálja az egygépes feladatot:

• Bemutatunk approximáció megörző redukciókat az ütemezési probléma variánsai

és a hátizsák feladat variánsai között.

• Ezen redukciók alkalmazásával approximálhatósági eredményeket érünk el a

teljes átfutási idő (makespan) minimalizálásával foglalkozó feladatnál. Bemu-

tatunk egy gyors 3/2-közeĺıtő algoritmust és egy FPTAS-t az 1 erőforrásos,

2 beszálĺıtásos feladatra, egy PTAS-t a konstans erőforrásos, 2 beszálĺıtásos

feladatra és bebizonýıtjuk, hogy nincs FPTAS, ha legalább két erőforrás és

két beszálĺıtás van, feltéve, hogy P 6= NP .

• Megfogalmazzuk a makespan minimimalizáslási feladatot egy matematikai prog-

rammal és ismertetünk egy PTAS-t az egy erőforrásos feladatra tetszőleges

számú beszálĺıtás esetén. Ismertetünk egy gyorsabb PTAS-t is arra az esetre,

amikor a megmunkálási idők arányosak az erőforrás igényekkel.

• Belátjuk, hogy a súlyozott befejezési idők összegét minimalizáló feladat NP-

nehéz már egy nagyon speciális esetben is, majd bemutatunk egy 2-közeĺıtő

algoritmust erre az esetre.

• Számı́tási eredményekkel együtt léırunk egy egzakt módszert a legnagyobb

késés minimimalizálásával foglalkozó feladatra.

Az értekezés következő részében számos egy gépes eredményt kiterjesztünk párhuzamos

gépek esetére:

• Ismertetünk egy PTAS-t a makespan minimalizálási feladatra konstans sok

párhuzamos gépen, amennyiben az erőforrások száma konstans. Módośıtjuk

ezt a PTAS-t úgy, hogy működjön arra a feladatra is, amikor a munkák (vagy

egy részük) csak egy előre meghatározott gépen végezhetőek el.

• Arra az esetre, amikor tetszőlegesen sok párhuzamos gép van, és egy erőforrás,

bemutatunk egy PTAS-t a makespan mimimalizásálási feladatra.

• Adunk egy PTAS-t egy legnagyobb késés mimimalizálásával foglalkozó feladat-

ra, amennyiben az erőforrás igények megegyeznek a megmunkálási időkkel.

Az elért eredmények (néhány más eredménnyel kiegésźıtve) majdnem teljesen

meghatározzák a közeĺıthetőségét a P |rm|Cmax feladat különböző variánsainak. Az

elért eredmények a Györgyi and Kis (2014), Györgyi and Kis (2015a), Györgyi and

Kis (2015b), Györgyi and Kis (2017), Györgyi (2017), Györgyi and Kis (2018a) és

Györgyi and Kis (2018b) cikkekben lettek publikálva.
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