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I INTRODUCTION

1. Historical retrospect

The beginnings of quantum electrodynamics (QED) as it is known today, were developed

by outstanding physicists roughly fifty years ago, when they pieced together the different

viewpoints of quantum mechanics, special relativity and electrodynamics to formulate a

relativistic quantum field theory of electrodynamics. They built heavily on the pioneering

work of Dirac, who was the first to construct a quantum theory of light and matter [1]

twenty years beforehand. He portrayed the quantized electromagnetic field as an ensemble

of harmonic oscillators, and introduced the so called creation and annihilation operators,

underlying the concept of photons, which is the basis of the presently used description.

Nowadays QED is used to describe, within a mathematical framework [2], the interactions

by photon exchange between charged particles and the quantized electromagnetic fields. It

is the quantum counterpart of classical electromagnetism, meaning that it provides for a

complete account of matter and light interaction. QED in its present form is a thoroughly

understood, well tested and incredibly useful theory for the interpretation of experimentally

measured data. However, even such simple and basic objects as atoms are far too complex

to be treated directly on QED grounds.

Neutral atoms are isolated from harsh environmental influences, which makes them an

interesting candidate for quantum mechanical manipulations on long time scales. At the

same time, just because of the neutrality, it is difficult to address the atoms by external

means. This problem has been solved with the advent of the laser, which can efficiently

excite resonant dipole transitions within the atoms. With this high intensity coherent light

source, atomic and molecular spectroscopy reached unprecedented precision. This evolution

together with the increasing knowledge about nonlinear optics and atomic physics, made it

evidently clear that a new approach was needed to study phenomena involving the interaction

between light and matter on a quantum level. Research lead to the development of a new,

nonrelativistic theory which was needed to design the multitude of methods and experimental

techniques to manipulate neutral atoms by means of laser fields. Thus, quantum optics was

born.

Within quantum optics, the main actors are neutral atoms having an internal structure,

and a controlled light source, a laser, is used to manipulate the internal degrees of freedom as

well as the external ones, the center-of-mass motion, via the mechanical effects of radiation.
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I INTRODUCTION 1 Historical retrospect

The atoms scatter photons which can have well-defined polarization, can be channeled into

selected spatial modes and, ultimately, can be recorded one by one with high detection

efficiency. It is a particularly important territory, because it makes possible for the controlled

interaction between matter and light at the ultimate quantum level. The field of quantum

optics, which still relies heavily on nonrelativistic QED, is very successful, as can be seen

by the results of modern quantum optics [3–12], a statement that should become apparent

in the following pages on the example of cavity quantum electrodynamics.

In classical optics, macroscopic matter, such as lenses, prisms, birefringent crystals, etc.,

is used to manipulate light. In atom optics, classical coherent light is used to control

matter, in this particular case matter being atoms in experiments demonstrating matter

wave diffraction and interferometry [13], or atom trapping and cooling [14]. Modern cavity

quantum electrodynamics unites these complementary aspects, since it studies the mutual

action of atoms and light on each other. This interaction combines the material and radiation

degrees of freedom into a single dynamical system, which will be in the focus of the present

thesis.

The research fields addressed in this thesis can be split into two very similar, yet sig-

nificantly different, parts: atomic cavity quantum electrodynamics (also called in general

cavity QED) and circuit quantum electrodynamics (circuit QED). These two closely related

theoretical and phenomenological frameworks are realized in vastly different experimental

realms.

• A cavity QED system consists of a Fabry–Pérot-type resonator and particles trapped

within or passing through the cavity.

• A circuit QED system is made up of microwave stripline resonators, superconducting

circuit elements and Josephson junctions on a chip.

Both fields show promising potential for the development of quantum information pro-

cessing, quantum computing and quantum communication, and both can already be used to

study exciting physical phenomena. These include, among others, nonlinear optical devices

at low photon numbers and many–body effects with controllable interacting objects like

atoms and photons. The main subject in this thesis, the bistability effects, are inherently

related to both of these directions.
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I INTRODUCTION 2 Cavity quantum electrodynamics

2. Cavity quantum electrodynamics

The development of cavity quantum electrodynamics (cavity QED) began, when it was

realized that the radiation properties of an atom could be modified when the boundary

conditions of the electromagnetic field are controlled. Namely, in 1946 Purcell identified

that the spontaneous emission rate of atoms can be augmented, when they are placed in

a resonant cavity [15]. The degree of this enhancement is called Purcell factor, while the

phenomena itself was named the Purcell effect. Using cavity QED for the resonant case,

this factor can be simply calculated, as the ratio of the density of states in the free space

and in the cavity. This is in accordance with Fermi’s golden rule [16] which states that the

transition rate for the atom-cavity system is proportional to the density of final states.

Initial cavity QED experiments were built as low quality, Fabry–Pérot-type resonators

with plane mirrors [17, 18], and they were operated either in the optical or microwave

domains. Atoms were being sent through these resonators in a beam, and the experiments

aimed at measuring the modifications of the lifetime of the excited atomic state. Over time,

as a result of technological advances, cavities with very high quality factors were developed

owing to the higher reflection and the reduced diffraction loss of curved mirrors. This in

turn resulted in larger photon storage times, while larger and larger atom-cavity couplings

were also reached by means of miniaturizing the cavity volume. Current experiments are

conducted mostly in the so-called ”strong coupling” regime [19, 20], where the incoherent

dissipative processes are overwhelmed by the coherent interaction between a photon and an

atom. Rather than a tiny, though noticeable enhancement or reduction of the spontaneous

emission, in the strong coupling regime the effect of the radiation confinement into a cavity

consists in imposing a fast energy exchange between the atom and the cavity mode: the

emitted photon is reabsorbed and reemitted iteratively many times. The very notion of

spontaneous decay has to be abandoned in this regime [21, 22].

The most rudimentary model in quantum optics consists of a single two-level atom that

interacts with a single mode of a radiation field, a case which can be described with the help

of the Jaynes–Cummings model [23]. The Hamiltonian expressing this model consists of the

terms for the free field, the atomic electron shell excitation and the interaction Hamiltonians:

H = Hfield +Hatom +Hint (1)
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I INTRODUCTION 2 Cavity quantum electrodynamics

These can be expressed using the notations a†,a for the bosonic creation and annihilation

operators associated with the cavity mode with frequency ωM, σ† = |e〉 〈g|,σ = |g〉 〈e| for

the raising and lowering operators of the two–level atom with transition frequency ωA,

σz = 1
2

(|e〉 〈e| − |g〉 〈g|) for the atomic population inversion operator, where we introduced

the Pauli spin -1
2

operators. The interaction, which arises from the electric dipole coupling

between the atom and the radiation field, can be described by the coupling constant g.

Hfield = ~ωMa
†a

Hatom = ~ωA
σz
2

Hint = ~g
(
a+ a†

) (
σ + σ†

)
(2)

The interaction–picture of this Hamiltonian will contain both slowly (ωM−ωA) and quickly

(ωM + ωA) oscillating terms, these latter being much faster oscillating than the relevant

dynamical frequencies of the system, e.g. the coupling constant g. Using the rotating

wave approximation, which allows for the cancellation of the quickly oscillating terms, will

conclude in a more easily solvable model, namely the Jaynes–Cummings Hamiltonian.

HJC = ~ωMa
†a+ ~ωA

σz
2

+ ~g
(
aσ† + a†σ

)
(3)

The theoretical description based on this simple model is straightforward, however a

precise characterization and a great deal of consideration is needed every time one reduces the

description of a particular experimental system to the Jaynes–Cummings model. Building

an experimental setup realizing Eq. (3) is very cumbersome. It required a great effort over

several decades to isolate a radiation mode and the suitable atomic transition by suppressing

all kinds of unwanted and uncontrolled environmental effects and to increase the coherence

and interaction times. The targeted system implements a spin–boson interaction model as

simple as possible which is then suitable to test the basic postulates of quantum theory, thus

allowing to test elementary quantum properties like superposition [24, 25], entanglement [26–

28]. Also a very important achievement was the realization of quantum memories with such

systems [29].

The aforementioned simple, yet optimal setting can be implemented in a cavity quantum

electrodynamics experiment, using microwave or optical resonators as photon boxes [30]
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I INTRODUCTION 2 Cavity quantum electrodynamics

(Fig. 5). Naturally, this does not mean that cavity QED experiments are confined to study

the interactions between one, or a few, atoms and photons. By working with fields consisting

of tens or even hundreds of photons, basically reaching mesoscopic ranges, it is quite possible

and exciting, to also examine the ambiguous frontier between the classical and quantum

worlds.

e
g

FIG. 1: Schematic representation of the cavity QED system which realizes the Jaynes–Cummings

model

It is useful to describe cavity QED by three characteristic time scales:

1.) the transit time of the atom through the cavity (not relevant anymore for most of the

experiments, since atoms can be trapped within the cavity volume, so the interaction

time is infinite for all practical purposes);

2.) the time of the exchange of one quantum of energy between the cavity and the atom;

3.) the lifetime of the atom-cavity system, determined by the spontaneous emission of the

atom into modes of the radiation field other than the cavity mode and the photon loss

from the cavity mode;
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I INTRODUCTION 2 Cavity quantum electrodynamics

An important classification can be made on the basis of the relation of the last two

time scales 2.) and 3.). Weak coupling regime means that large losses, γ, κ � g, induce

strong decay and no coherent evolution is expected, although the modification of the decay

rates can eventually be observable. The strong coupling regime is reached, when γ, κ � g,

so coherent evolution dominates for a long time, until dephasing destroys it. This is the

main virtue of cavity QED that it is the front-end physical realm of interacting quantum

systems in which there is plenty of room to control and manipulate the components and

their coupling at a quantum level.

There are two frequency domains where atom–cavity QED systems have been operated

so far: microwave cavity QED and optical cavity QED. While in many respects these are

quite similar, each has its own specialties, which we briefly summarize in the following.

a. Microwave cavity QED

In microwave cavity QED a beam of atoms prepared in highly-excited Rydberg states

interact with cavities made of superconducting metals, eg. Niobium. Within this frequency

domain, the field does not exert noticeable mechanical force on the atom thus the atomic

trajectory is well known starting from the preparation of the Rydberg states. Since the

momentum of microwave photons are small, and the photon absorption and emission does

not alter the trajectory of an atom, the control can truly remain precise. Owing to the low

level of dissipation, it becomes possible to design a sequence of interactions with accurately

adjusted parameters between the atoms and the radiation field, which can lead to, for

example, the generation of multi qubit entangled states.

Effective atom-cavity interaction times can be varied between the time resolution of the

timing unit (the detector time resolution is 100ns) and about 100µs (atoms with a velocity

of 100m/s passing through a cavity with a length of 6mm would interact resonantly with

the mode during for about 60µs). In early experiments, for example, it was crucial that

the cavity damping time (≈ 1ms) and the circular level lifetime (≈ 50ms) were both much

longer, while the time resolution was much shorter than the Rabi period (≈ 20µs) [31]. In

current experiments with superconducting cavities a typical photon lifetime can be as long

as 65ms [32–34].

This system is deeply in the strong coupling regime and presents an ideal scenario to
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I INTRODUCTION 2 Cavity quantum electrodynamics

perform experiments aiming at the exploration of pure quantum effects. This has already

been achieved by a series of successful experiments on the generation of Fock states, like the

demonstration of the quantization of the radiation field [35] or the observation of progressive

decoherence of a mesoscopic state. The 2012 Nobel prize in Physics, has been awarded to

Serge Haroche, jointly with David J. Wineland, ”for ground-breaking experimental methods

that enable measuring and manipulation of individual quantum systems” [36], who worked

with microwave cavity QED experiments.

One of the special features of microwave cavity QED experiments is that the photons

cannot be counted in this regime. The state of the system can be detected only via mea-

surements on the atoms, which is performed by means of state-selective ionization [37]. This

technique gives a high detection efficiency.

b. Optical cavity QED

As opposed to the case of microwave photons, optical photons can be detected one at a

time with avalanche photo diodes. They can be transported in optical cable to long distances

with low losses. Using their polarization degrees of freedom, the optical photons are good

quantum bits and are suitable candidates for flying q-bits in quantum information networks.

This feature extends significantly the scope of possible applications of optical cavity QED

systems with respect to the microwave domain. Both the dissipation and the interaction

time scales are shorter. Low-lying atomic levels interact with room temperature optical

cavities, so this setup can grant an interface between stationary atomic qubits, representing

the nonlinear element needed for quantum logical operations, and quantum information

storage [38]. So far it would seem that all aspects improved within the optical domain, but

naturally there is also a price to pay. The momentum of the photons is not negligible, so

the recoil kick upon absorption and emission becomes significant making the atomic center-

of-mass degree of freedom a relevant dynamical component, and the eventual noisy motion

of the atoms decreases the precision of control. It becomes more difficult to work in an

interaction domain of smaller wavelengths, so as a corollary, it is necessary to trap and cool

the atoms [39] in order to realize the Jaynes–Cummings type simple Hamiltonian.

Actual optical cavity experimental systems can achieve specifications which allow for

penetrating a quantum dynamical regime. For example a high-finesse resonator, consisting
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I INTRODUCTION 2 Cavity quantum electrodynamics

of two highly polished mirrors, can reflect more than 99.99999 % of the incident light. When

a photon enters the cavity, it will be reflected tens of thousands of times between the two

mirrors before exiting, meaning the cavity finesse can reach values of 105. Because of this

extreme finesse, the resonance frequency, that is, the length of the cavity must be actively

stabilized by piezo-electric feedback.

FIG. 2: Closeup of a vacuum cavity from the ” Quantum Optics Group” group in ”Eidgenössische

Technische Hochschule Zürich”.

In some cases, the length of the cavities can be varied from the µm scale up to lengths

measured in mm’s with a precision of nm’s. This change of the cavity length is useful, in

order to tune the cavity resonance frequency, the field decay rate and the coupling strength,

between an atom and the cavity.

Strong coupling can be reached in the optical domain. For example, in the leading

experimental setup run by the group of Prof. Rempe at Max-Planck Institute (Garching)

κ = 1.5 ∗ 2π MHz is defined by the finesse, γ is the natural linewidth for the case of optical

transitions, eg. γ = 3 ∗ 2π MHz in the case of Rb, while the atom-cavity coupling constant

g can have values of 16 ∗ 2π MHz [19]. Real time observation of a single atom is possible.
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I INTRODUCTION 3 Circuit quantum electrodynamics

Since the transit times are long, eventually reaching infinity in the case of trapping, many

outcoupled photons are detected, which in turn reveals a great deal of information about

the single atom [40, 41]. Because the radiation environment of the atom is almost one

dimensional along the cavity axis, and the interaction time scales are short,due to the short

Rabi period, the information rate received from an intra cavity atom is significantly better

than that for an atom in free space. From this point of view, the photon loss is a rather

useful outcoupling channel, and not a disturbance in optical cavity QED setups.

To summarize, the cavity QED framework incorporates highly reflective mirrors that

enclose photons coupled to atoms, typically alkali atoms, such as Rb and Cs. This high

finesse resonator maintains only a small number of standing wave modes, such that the

resulting cavity field does not contain frequencies off–resonant with the atom. Since photons

are reflected many times before departing the cavity, the interaction strengths are greatly

enhanced at resonance frequencies. The coupling to the environment can be changed by

adjusting the mirrors reflectiveness [30].

3. Circuit quantum electrodynamics

Quantum electrodynamics of superconducting circuits was given the name circuit QED by

analogy to cavity QED in quantum optics. This is quite fitting, since the phenomenological

modeling, which results in very accurate description of measurement results, is in parallel

with the atomic cavity QED models and builds upon the Jaynes–Cummings model described

in Eq. (3). While in atomic and optical physics the Jaynes–Cummings model can be derived

systematically from first principles, i.e., from quantum electrodynamics, in circuit QED there

is no simple connection to an underlying microscopic theory. Electronic circuits including

ordinary LC oscillators exhibit very pure quantum dynamical features when cooled down to

superconducting temperature [42]. This ultralow temperature range, mK, is necessary for

the quantum operation, which in turn requires dilution refrigeration. The description of the

dynamics of these circuits relies on the Kirchhoff laws, the dynamical variables are current

and fluxes, and these variables can be canonically quantized in a phenomenological way. One

of the main advantages of a circuit QED system is the ability to study quantum information

processing since it can be integrated without difficulty into other circuits or chips. Microwave

transmission lines are used as resonators instead of cavities made of mirrors. There are
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I INTRODUCTION 3 Circuit quantum electrodynamics

various types of nonlinear elements (artificial atoms replacing atoms, or simple qubits, when

only two levels are available) based on superconducting Josephson junctions. The artificial

atoms used in circuit QED experiments are mesoscopic in size, meaning that they are much

larger than the atomic lengthscale given by the Bohr radius, while the electron confinement

results in a discrete set of energy levels. The structure of these artificial atoms is well known

and thoroughly understood. Superpositions are demonstrated and thus they can be used as

a quantum bit [43–45].

The framework provided by circuit QED is a relatively new area of physics. Since the

creation and control of quantum coherence in superconducting electrical circuits, which

was a prerequisite of circuit QED, this segment of physics saw some remarkable advances

throughout its life, but it started to flourish during the past decade.

The physics involved in circuit QED with artificial atoms is akin to that of cavity QED

using natural atoms. However, beside the similarities at the modeling and application level,

there are also substantial differences. Maybe the most evident is the significantly larger

magnitude of the coupling strength attainable between the microwave field and an artificial

atom. The coupling regimes produced within circuit QED allow for experimental analysis

far beyond the scope of atomic cavity QED. It is also noteworthy that these transmission

line resonators can be easily cascaded in order to form a multicavity scheme which raises

significant difficulties in the case of Fabry–Pérot-type resonators. An other important differ-

ence is the immobility of the artificial atom with a fixed coupling even at an increased drive

strength. Unlike in cavity QED, where a given atom is described by its own unchangeable

parameter set, it is also feasible to alter the effective dipole moment of the qubit at fabri-

cation or even during use. The backside of these advantages is that the artificial atoms are

never identical as is the case for the natural atomic elements.

The necessary elements for building a circuit QED system are mostly those every electrical

setup uses, like inductors, capacitors or resistors. Although linear circuit components can

also form superconducting oscillators, because of their harmonic energy level spacing, they

are worthless as qubits. This degeneracy is overcome with the help of a different piece needed

for the construction of an artificial qubit. This inomissible item is the Josephson junction.

What makes the Josephson junction so particular is it’s nonlinear nature that is a require-

ment for functional and effective qubit states [46]. It can be characterized by the charging

energy and the Josephson energy. The charging energy is simply the energy needed in or-
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I INTRODUCTION 3 Circuit quantum electrodynamics

der to charge the island with an additional electron. The Josephson energy is the energy

stored in the junction as a current passes through it. This is similar to when the energy of

the magnetic field is created by an inductor, although here the energy is stored inside the

junction, and there is no such field [47]. The coupling is so immense that an added photon

in energy can change the inductance by an order of magnitude.

These Josephson junctions are manufactured by compressing three different layers on

top of each other, two superconducting sheets with an insulating one between them. The

superconducting material can be a metal at low temperatures or some ceramic material.

When a certain critical temperature is reached, these materials enter a state, where the

resistance to electrical currents all but vanishes.

Above this critical temperature, two electrons will repulse each other, but below it, this

interaction becomes slightly attractive. Because of this, superconducting materials have

an important quality: when the electrons, having opposite spin, become paired they reach

a ground state, in which a considerable energy is needed to break them, pass the created

excitation gap and go into an excited state. As a result of this gap, current can exist without

dissipation and the relevant degrees of freedom within the circuit are greatly reduced. This

effect is what makes possible the creation of the so called artificial atoms, which work as

single electron atoms.

The coherence times of such states has increased from nanoseconds, the first supercon-

ducting qubit was built in 1999 [48], to tens of microseconds within ten years [49]. In Fig. 3,

a Moores law type of exponential scaling in performance of superconducting qubits is pre-

sented for the past fifteen years [50]. Hopefully with continuous developments in engineering

this acceleration can persist in the near future as well.

A field taking such tremendous steps in so little time, was bound to produce noteworthy

results. Within the achievable parameter regime provided by circuit QED, quantum devices,

albeit simple ones, have been built and experimented upon in the last few years. These

are capable of entangling two or three qubits [51, 52], running quantum algorithms [53]

or performing quantum error corrections [54]. Besides that circuit QED seems the most

promising avenue to a quantum computer, it allows for the study of quantum phenomena

in an very-strong coupling (between atoms and photons) regime.

A common design for a circuit QED setup uses 1D on-chip cavities, with very large

vacuum electric fields E0 > 0.1 V
m

and quality factors of 105−106, and mesoscopic solid-state
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FIG. 3: (A) Improvement of coherence times for the typical best results associated with the first

versions of major design changes. The blue, red, and green symbols refer to qubit relaxation,

qubit decoherence, and cavity lifetimes, respectively. (B) Evolution of superconducting qubit

QND readout. This quantity can be understood as the number of measurements, each with one

bit of precision that would be possible before an error occurs. Data points correspond to the

following innovations in design: a Cooper-pair box read by off-resonance coupling to a cavity whose

frequency is monitored by a microwave pulse analyzed using a semiconductor highelectron mobility

transistor amplifier (CPB+HEMT), an improved amplification chain reading a transmon using a

superconductor preamplifier derived from the Josephson bifurcation amplifier (transmon+JBA),

and further improvement with another superconductor preamplifier derived from the Josephson

parametric converter combined with filter in 3D transmon cavity eliminating Purcell effect (3D-

transmon+JPC+P-filter). The figure and caption was taken from [50]

two-level systems, with large effective electric dipole moments d ≈ 104ea0, leading to large

controllable electric dipole interactions [55, 56].

One particular type of cavity can be manufactured with coplanar waveguide (CPW)

resonators. These are made with a single layer photo-lithographic process. The coplanar

geometry resembles a coaxial line with the ground in the same plane as the center conductor.

The advantage of CPWs is that they allow for the creation of localized fields in one particular

part of the chip while in the meantime creating less intense fields in different parts. In

contrast to circuits based on microstrip lines, this is possible at a fixed impedance simply

by maintaining the ratio of the center conductor width to the ground to center conductor

13
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e
g

f

FIG. 4: Scheme of a circuit system coherently driven with a single unmoving three-level artificial

atom in it that is coupled to a single mode of the cavity field.

gap width. Stray conductances and inductances can be avoided because of their distributed

element character, so it is possible to design high quality circuits [47].

To sum up, the circuit QED framework replaces the trapped particles with supercon-

ducting circuits that have similar characteristics to atoms, and the cavity with an on-chip

microwave resonator. The typical coupling strength in such a setup can reach orders of

magnitude higher than those typical in cavity QED experiments. Therefore it is a natural

conclusion to study strong, very strong or ultra strong couplings in circuit QED arrange-

ments. The characteristics of the spatially fixed artificial atoms can be influenced at fabri-

cation, while some parameters can also be adjusted during use. This results, among other

properties, in constant coupling strengths.

4. Nonlinear dynamics and optical bistability

With the advent of the strong coupling regime of cavity QED, a refined picture of the

non-linearity in the matter-light coupling must be conceived. In the atomic response to

14



I INTRODUCTION 4 Nonlinear dynamics and optical bistability

FIG. 5: Closeup of a chip on the printed circuit board (PCB). The groundplanes on the chip

are bonded to the PCB with small wires, and the various groundplanes on the chip are similarly

bonded to each other. The meandering line is the transmission line. Also visible are 3 fluxlines,

going to the 3 qubits. (Image: Arjan van Loo, Quantum Device Lab, ETH Zürich)

light excitation the source of nonlinearity for a two-level atom is the saturation. Therefore,

the figure of merit is the saturation photon number nsat defining the intracavity intensity

where the atomic response to excitation becomes nonlinear according to the classical theory.

Today, cavity QED extends to the range of nsat < 1, which indicates a manifestly quantum

regime of light-matter interaction. Beyond the nonlinear relation between the mean input

and output intensities, dramatic effects can occur in the quantum statistics of the output

radiation. The output field characteristics of the driven system can give insight directly to

the anharmonic energy spectrum [57]. Provided the low-lying excitation levels are spectrally

resolved, various quantum applications can be envisaged. A prominent example is the photon

blockade [58], i.e., when a single-photon pulse can be transmitted through the cavity but

not a two-photon or higher one [59–61]. Another useful application is the squeezed light

generation by a single atom [62]. Ultimately, stationary photon number states can also be

prepared in the cavity [63, 64].
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Optical bistability is an experimentally accessible, controllable, and theoretically

tractable example for a non-equilibrium phase transition in a damped-driven open system.

It is a benchmark of nonlinear light matter interaction. The effect consists in the multi-

valued solution and hysteresis in the transmitted output mean-field intensity for a certain

range of the input power and frequency. This has been observed in various systems [65–

70] in which there is a significant nonlinearity in the interaction between a radiation field

and a polarizable medium. Interestingly, the required nonlinear coupling can be reached in

different regimes of light–matter interaction ranging from the microscopic quantum to the

semi–classical mean-field dominated one.

The first experimental observation of the optical bistability came, when the transmit-

ted power going through a large volume resonator, filled with a resonant atomic vapour

as a macroscopic saturable absorber [66], was studied almost forty years ago. When the

input-output relation of the amplitude is plotted, as can be seen in Fig.6 and Fig.7, a mul-

tivalued region develops at a given range of parameters. Owing to the high-finesse optical

microresonators, the bistability effect could be observed at much lower light excitation level

with the medium size also reduced to few atoms [71–73]. A cavity QED system with only

a few degrees of freedom and operated in the regime of nsat . 1 can manifest the effect of

bistability [74], which is a phase transition in the corresponding macroscopic system. Even

a single atom in a single cavity mode exhibited the remnants of optical bistability [75].

Because of the stochastic distribution of the atoms within the cavity mode volume [76],

most of the quantum features were suppressed and the semi–classical theory [77, 78] applies

satisfactorily well to describe the observations even for such a small medium size. Although

the coupling threshold for observing bistability can be in principle reached by a single atom,

the fluctuations in the atomic trajectories due to optical forces hindered the systematic study

of the quantum regime of bistability [79] for long. Recently, the realization of controlled

nonlinear coupling at the single atom few photons level has been achieved [57, 80, 81].

A system consisting of a single atom coupled to a single mode of a Fabry–Pérot-type

resonator pumped from an external source is well described by a Jaynes–Cummings Hamil-

tonian within a rotating framework

H = −∆M a†a−∆Aσ
† σ + ig

(
a† σ − σ† a

)
+ iη

(
a† − a

)
. (4)

The last term represents the external laser driving of the cavity, which appears formally as a
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I INTRODUCTION 4 Nonlinear dynamics and optical bistability

FIG. 6: Intracavity intensity X vs input intensity Y for four atomic densities corresponding to

intracavity atomic numbers of (a) N = 3.5 and 10; (b) N = 15 and 65. Note that this is a

loglog plot, with X = 1 corresponding to photon number n0 = 0.8. The solid curves are from the

semi–classical state equation as discussed in the text. The figure and caption was taken from [71]

coherent displacement of the quasi-resonant cavity field mode. The parameter η represents

the laser amplitude; for simplicity, the phase is set real. The Hamiltonian can be solved

within the semi–classical or mean-field approximation, which leads to the Maxwell-Bloch

equations

α̇ = (i∆M − κ)α + g s+ η,

ṡ = (i∆A − γ) s+ 2g sz α,

ṡz = −γ
2

(
sz +

1

2

)
− g (s∗ α + α∗ s) , (5)

where the caviy loss is denoted by κ, the decay of the atomic excited state into free space

with γ, and α = 〈a〉, s = 〈σ〉, and sz = 〈σz〉.
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I INTRODUCTION 4 Nonlinear dynamics and optical bistability

κ(×2π MHz) γ‖(×2π MHz) γ⊥(×2π MHz) g(×2π MHz) nsat C

optical CQED 0.83 1.6 3.2 5 10−2 10

circuit QED 0.47 0.1 0.2− 0.8 55− 360 10−8 1000

TABLE I: A comparison of the different representative parameter ranges for the cavity and circuit

QED regimes. The values were taken from typical settings of experiments [74, 75, 82, 83]

The steady-state can be calculated by setting the time derivatives on the left-hand side

zero and solving for s, sz, α the remaining algebraic equations. The result for α yields

the outcoupled intensity κ|α|2; this is exactly the quantity shown in Fig.7. The implicit

expression for |α|2, for the resonant case, is given by

|α|2 =
|η|2
κ2

(
1 +

2C

1 + |α|2/nsat

)−2

, (6)

as a function of the saturation photon number nsat = γ2

2g2
and the cavity cooperativity

parameter for the case with one atom C = g2/(2κγ), which can also be defined through

the presented parameters. Both nsat and C play an important role in the phenomena to be

presented. A comparison between optical cavity QED and circuit QED parameters is shown

in Table I.

5. Outline of the thesis

The development of microscopic cavity QED systems as well as the advances made within

circuit QED allows not only to trap a low and fixed number of atoms, with a strong or very

strong coupling between atomic dipole and radiation field, but also to study these systems

in great detail. The Jaynes–Cummings model is fundamental to cavity QED and describes

the interaction between a single atomic dipole transition and a single mode of the radiation

field sustained by a high-finesse resonator. This basic model is extended to describe the

current system in all cases. In order to reproduce, understand and explain the experimental

results of such schemes, both a semi–classical mean-field approximation and exact numerical

solution is used.

The semi–classical mean-field approximation consists of deriving a Heisenberg-Langevin

set of equations equivalent of the master equation, and further splitting the cavity mode am-

plitude and the collective spin variables to mean-field and quantum-fluctuation components.
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FIG. 7: Outcoupled amplitude as a function of the drive strength η which incorporates the am-

plitude of the laser illuminating the cavity. Here the absorptive, saturable, non–linear medium is

represented by a single two-level atom in a resonantly driven cavity. As it can be seen, the first

(lower) part of the curve is linear (part of the input field is absorbed by the atom and there is very

low transmitted part), while the third (upper) part of it is also linear (for large driving strength

the abosorber saturates and the light goes through the resonant cavity). Between these lies the

bistable region, with two steady solutions.

First-order correlation functions of the quantum fluctuations can be analytically calculated.

The master equation is unraveled into quantum trajectories using the Monte-Carlo wave-

function method, presented in Appendix A, for the numerical solutions. This is done within

the C++QED framework, which is an open-source C++/Python application-programming

framework for efficient simulations of open quantum dynamics of interacting quantum sys-

tems [84–87].

With the above described approach it is possible to study systems consisting of a number

of individually decaying atoms, both two and three level, coupled to the cavity via a single

mode, while also being able to investigate the function of different parameters like pump
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I INTRODUCTION 5 Outline of the thesis

strength, coupling strength, various decay rates or the mode and atom detunings from

resonance to far detuned regimes.

This thesis consists of the study of three different cases where atoms are trapped within

some sort of cavity, which is continuously driven at a given pump frequency. A short

description of the studied cases is given below.

a. Absorptive bistability

In the strong coupling regime of cavity QED, the interplay of quantum fluctuations with

nonlinear coupling at low intracavity photon number is expected to inherently modify the

optical bistability effect [74]. Remarkably, the remnants of the semi–classical bistability

have been recorded by means of a single atom coupled to the single mode of a high-finesse

microresonator [75]. Today, cavity QED allows for the controlled variation of the size of the

atomic medium by single atom resolution [39, 88]. It is thus a suitable platform to explore

the quantum corrections in a finite-size system to the semi–classical mean-field results in

the vicinity of a critical point.

The semi–classical Maxwell–Bloch equations, usually adopted to describe optical bista-

bility, will be derived in the limit of a large ensemble of independent atoms and weak

atom-mode coupling. The parameters responsible for the control of the quantum phenom-

ena, the cooperativity (C ≈ 10) and the saturation photon number (nsat ≈ 10−2), will be

identified. Of these two, C will be kept constant, while changing the number of atoms and

the strength of the coupling, effectively making a comparison between the semi–classical

regime, which can be described as many atoms weakly coupled to a single mode, and the

quantum regime, with a few atoms and strong coupling. When the number of atoms is

increased, the coupling is decreased such that the cooperativity is invariant. Besides the

solution given by Maxwell–Bloch equations a numerical study is carried out directly (for the

cases of 2, 4, 6 and 8 atoms), for the crossover regime in which the semi–classical solution

gradually emerges from the exact solution of a quantum model.
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I INTRODUCTION 5 Outline of the thesis

b. Nonlinearities in the circuit QED system

When nsat is dramatically decreased, microwave circuit QED systems are needed for an

experimental realization. These systems reached an unprecedented strong coupling regime of

cavity QED having a saturation photon number nsat � 1. A comparison for the important

parameters between the two regimes can be found in Table I. The ratio of the coupling

parameter g between a single mode of the stripline resonator and the artificial atom to the

loss rates is far larger than in atomic cavity QED realizations: typically γ, κ . g/100, where

κ is the cavity mode linewidth, and γ is the characteristic decay rate of the electronic dipole

system [83]. The formal semi–classical solution for these parameters is obviously invalid.

Unlike the case of absorptive bistability where the transition from the quantum to the semi–

classical solution can be recovered, in this regime it is assumed that there is no continuous

path to the semi–classical solution. This is indeed the case, as it will be proven, following

an exhausting numerical analysis, that a correspondence to the semi–classical results cannot

be established.

The nonlinear quantum effects show up, however, in the spectrum, i.e., when the driving

field frequency is detuned from the bare atom and cavity mode frequencies. Therefore

the nonlinear input-output relation of a resonator-driven circuit QED system in a broad

frequency range from large-detuning towards resonance is explored.

In this setup two distinct driving frequency domains can be identified:

• For large detuning, multi-photon transitions in the lower part of the Jaynes–Cummings

ladder are resolved.

• By tuning the external drive closer to resonance with the atoms and the mode, the

system evolves into a bistability-like steady-state.

The bistable steady-state is a mixture of two well-separated attractors, both of them are

closely ‘semi–classical’ states since they are well localized in phase space. This is clearly re-

flected by a two-peaked Wigner-function describing the steady-state. However, this solution

is not connected by any limiting procedure to the result that could be obtained from an ab

initio semi–classical description. This is a new kind of bistability mechanism which relies

on the spectrum of the quantum mechanical system.
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c. Multi-level atoms

It was shown, within the previous topic, that small quantum systems can produce semi–

classical bistability. The key to generating a semi–classical state of a quantum system is

that the spectrum of a nonlinear quantum system can include a set of equidistant levels.

Such a harmonic part of an otherwise substantially anharmonic spectrum can host coherent

states. Coherent states, similarly to that of harmonic oscillator behave as classical mean-field

solutions.

The prototype of nonlinear quantum dynamics is the one described by the Jaynes–

Cummings model of a two-level system coupled to a harmonic oscillator. For strong coupling,

the Jaynes–Cummings spectrum is significantly anharmonic. At the same time, the high-

lying levels of the spectrum tend to form an equidistant ladder. Transition from the ground

state up to these highly-excited states involves high-order processes which take place with

very low probability. Most of the population is stuck in the ground state because of the lack

of resonant transitions. However, the small amount of population transferred to this domain

of the spectrum is resonantly driven into a large amplitude coherent state.

Within the Jaynes–Cummings spectrum, this bistability process requires very strong

pump intensity and only a strongly unbiased mixture of the two semi–classical states [89].

With a slightly modified quantum system the same mechanism, albeit in a much more

tangible and robust way, can be implemented in an easily accessible parameter range. The

main requisite for this is to replace the two-level system by a three-level one. This claim is

based on numerical studies and experimental data.
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In this chapter exact numerical solutions of the damped-driven Jaynes–Cummings model

will be presented, adapted to describe absorptive optical bistability in the limit of a few atoms

strongly coupled to a high-finesse resonator. It will be shown that the simplifying semi–

classical result for many physical quantities of interest is well reproduced by the quantum

model including even with only a few atoms in the strongly coupled system. Non-trivial

atom–field quantum cross-correlations that show up in the strong-driving limit will also be

addressed.

1. System and model

A fixed number (N) of identical two-level atoms are used, with resonance frequency ωA

and linewidth (HWHM) γ coupled to a single mode of a high-finesse cavity. The atoms

are fixed at the antinodes of the field mode resulting in a uniform coupling to the atomic

internal degrees of freedom with coupling strength g. The cavity is coherently driven with

pump strength η at a probe frequency ω detuned from the cavity mode by ∆M = ω − ωM

and from the atom by ∆A = ω−ωA. The cavity mode linewidth (HWHM) is denoted by κ.

γ

η κω
ωA,

ωM

Iin outI

FIG. 8: Scheme of the cavity system coherently driven with intensity Iin. The N unmoving

two-level atoms are identically coupled to a single mode of the cavity field. The atoms interact

with independent reservoirs so that the spontaneous decay is an individual process, however, the

corresponding damping rate is identical. The outcoupled field with intensity Iout is detected. Due

to the nonlinearity of the saturable two-level atoms, the input–output function Iin → Iout may

present multivalued regions, i.e., optical bistability and hysteresis.
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II ABSORPTIVE BISTABILITY IN THE QUANTUM DOMAIN 2 Full quantum solution

In the electric-dipole and rotating-wave approximations the interaction between the sin-

gle cavity mode and the atomic internal degrees of freedom is described by the Jaynes–

Cummings Hamiltonian, which, in a frame rotating with the driving laser frequency ω,

reads (~ = 1)

H = −∆M a†a−∆A

N∑

i=1

σ†i σi + ig

N∑

i=1

(
a† σi − σ†i a

)
+ iη

(
a† − a

)
, (7)

The bosonic annihilation and creation operators a and a† describe the radiation field

mode, σi and σ†i denote the lowering and raising operators for the two-level systems (indexed

by i = 1 . . . N). These latter complemented by the population inversion σz,i = σ†iσi − 1
2

and

the unit operator form a complete set. The algebra is equivalent to that of Pauli operators

of a spin-1
2

particle

There are two dissipation channels of the system considered: the cavity-photon loss and

the decay of the atomic excited states into the free-space modes of the electromagnetic

field, which latter is considered for each atom separately. The reservoir is taken at zero

temperature. The corresponding master equation can be cast into Lindblad form with the

quantum-jump operators a and σi for each i, respectively, to read

ρ̇ = −i [H, ρ] + κ
(
2aρa† − a†aρ− ρa†a

)
+ γ

N∑

i=1

(
2σiρσ

†
i − σ†iσiρ− ρσ†iσi

)
. (8)

It is important to note that the two-level atoms decay independently. Therefore, although

their coupling to the cavity mode is assumed to be symmetric, the ensemble of these spins

cannot be replaced by a single collective spin. This is because the state of the system, via

individual decays, leaves that subspace of the Hilbert space which corresponds to states of

indistinguishable atoms, be they either fermions or bosons. Put otherwise, the individual

decay allows for distinguishing the atoms.

2. Full quantum solution

The primary method for solving the master equation (8) consists in unravelling it into

a set of Monte Carlo wave-function trajectories, whose ensemble average reproduces the

density operator. Aiming at only the steady state, however, the ergodic hypothesis can

be invoked and the ensemble averaging can be replaced by time averaging over a single
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II ABSORPTIVE BISTABILITY IN THE QUANTUM DOMAIN 3 Semi–classical limit

trajectory run for a very long time (much longer than the inverse of the smallest frequency

of the system) [90]. That is, instead of the numerically too demanding ensemble averaged

ρensemble
ss = lim

t→∞
lim

Ntraj→∞

1

Ntraj

Ntraj∑

n=1

|Ψn(t)〉 〈Ψn(t)| ,

the time averaged is used

ρtime
ss = lim

M→∞

1

M

M∑

m=1

|Ψ(m∆t)〉 〈Ψ(m∆t)| ,

with an appropriately chosen ∆t larger than the relaxation time of the system.

This method provides the full information about the quantum steady state of the system,

which is a substantial amount of data even for a moderate number of atoms which amount

grows exponentially with N : The total dimension of the system is given by

Dtotal = 2NDM

yielding 5 · 104 for N = 8 atoms and a generic value of DM = 200 Fock states for the mode

that are used.

The actual simulations were performed using the C++QED framework [86, 91]. In this

way, N = 2 . . . 8 atoms can be treated and quantum statistical properties can be monitored

along the upper branch of the bistability curve, which goes well beyond the scope of previous

attempts [92, 93]. In particular, it will be seen that this range is sufficient to explore the

emergence of the semi–classical bistability behaviour.

In the following, the steady-state reduced density operator of the cavity mode will also

be used:

ρss:mode = Tratoms {ρss}

3. Semi–classical limit

The results stemming from the full quantum simulations will be compared to results from

a mean-field approximation [74]. In the following, the semi–classical model consistent with

the original quantum mechanical problem, given by Eqs. 7 and 8, is derived systematically.
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II ABSORPTIVE BISTABILITY IN THE QUANTUM DOMAIN 3 Semi–classical limit

To this effect, a set of Heisenberg–Langevin equations equivalent to 8 is derived:

ȧ = (i∆M − κ) a+ g
N∑

i=1

σi + η + ξ,

σ̇i = (i∆A − γ)σi + 2g σz,i a+ ζi,

σ̇z,i = −γ
(
σz,i +

1

2

)
− g

(
σ†i a+ a† σi

)
+ ζz,i. (9)

The last term in each equations above represents the quantum noise which is defined by

diffusion coefficients

〈
ξ(t1) ξ†(t2)

〉
= 2κ δ(t1 − t2),

〈
ζi(t1) ζ†j (t2)

〉
= 2γ δi,j δ(t1 − t2),

〈ζz,i(t1) ζz,j(t2)〉 = 2γ

(
〈σz,i〉+

1

2

)
δi,j δ(t1 − t2),

〈
ζz,i(t1) ζ†j (t2)

〉
= 2γ

〈
σ†i

〉
δi,j δ(t1 − t2). (10)

These correlation functions follow from the dissipation-fluctuation theorem or can be derived

from a microscopic modeling of the reservoir effect, such as, for example, the spontaneous

emission into the free space electromagnetic vacuum. The noise is assumed to be Gaus-

sian thereby the first-order correlation determines all the higher-order moments. All other

correlation functions vanish.

The symmetric coupling of the atoms to the cavity mode suggests the introduction of

the total spin operators Σ =
∑N

i=1 σi, Σz =
∑N

i=1 σz,i. These operators do not constitute a

complete operator set in the atomic Hilbert space. However, one can obtain a closed set of

equations by summing over i in Eqs. (9):

ȧ = (i∆M − κ) a+ gΣ + η + ξ,

Σ̇ = (i∆A − γ) Σ + 2gΣz a+N Ξ,

Σ̇z = −γ
(

Σz +
N

2

)
− g

(
Σ† a+ a†Σ

)
+N Ξz, (11)

If the atoms were inhomogeneously coupled to the mode, i.e., by a constant coupling strength

gi different for each atom i = 1 . . . N , the resulting system of equations would not be closed.

This was the main motivation behind the choice of uniform coupling: in this way the size

of the atomic ensemble can be easily accounted for via the single parameter N without

increasing the number of parameters. The semi–classical limit can be derived by splitting
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the cavity mode amplitude and the collective spin variables to mean-field and quantum-

fluctuation components. On introducing the scaled mean field and fluctuation variables,

i.e., a =
√
N(α+ δa), Σ = N(S+ δΣ), and Σz = N(Sz + δΣz), the c-numbers α = 〈a〉 /

√
N ,

S = 〈Σ〉 /N , and Sz = 〈Σz〉 /N representing the mean field, obey the well-known Maxwell–

Bloch equations:

α̇ = (i∆M − κ)α +
√
Ng S +

η√
N
,

Ṡ = (i∆A − γ)S + 2
√
Ng Sz α,

Ṡz = −γ
(
Sz +

1

2

)
−
√
Ng (S∗ α + α∗ S) . (12)

The dynamical equations for the fluctuations are linearized,

δ̇a = (i∆M − κ) δa+
√
Ng δΣ +

ξ√
N
,

˙δΣ = (i∆A − γ) δΣ + 2
√
Ng (Sz δa+ α δΣz) + Ξ,

˙δΣz = −γ δΣz − 2
√
NgRe

{
S∗ δa+ α δΣ†

}
+ Ξz, (13)

and their driving terms arise from the quantum fluctuations associated with the dissipative

processes, i.e., Ξ = 1
N

∑N
i=1 ζi and Ξz = 1

N

∑N
i=1 ζz,i. The non-vanishing diffusion coefficients

read

〈Ξ(t1)Ξz(t2)〉 =
2γ

N
S δ(t1 − t2),

〈Ξz(t1)Ξz(t2)〉 =
2γ

N

(
Sz +

1

2

)
δ(t1 − t2),

〈
Ξ(t1)Ξ†(t2)

〉
=

2γ

N
δ(t1 − t2) . (14)

Note that in the bistability regime, for the linearization procedure of this semi–classical

calculation, one must select one of the mean field solutions to insert in S and Sz above.

It is important to notice that the mean-field equations are invariant under the variation

of the atom number N provided the coupling g and the driving amplitude η are simultane-

ously scaled such that Ng2 and η/
√
N are kept constant. At the same time, the quantum

fluctuations are reduced with increasing atom number as can be directly seen from the fact

that the diffusion coefficients are proportional to γ/N . Therefore, one can expect that the

general solution must tend to that of the mean-field equations in the large-N limit. How-

ever, the mean-field approximation neglects the consequences of the nonlinear term Σz a and
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alike, appearing in the operator equations (11). As it will be proven in what follows, the

full quantum calculation leads to significant quantum correlations that can be attributed to

this very term.

4. Scaling with the atom number

Now the dependence of various steady-state characteristics of the bistable atom–cavity

system on the atom number N is analyzed. In order to ensure the invariance of the mean-

field equations (17) under changes of N , the coupling coefficient g and the driving amplitude

η is scaled in such a way that the cavity cooperativity parameter C = N g2/(2κγ) and η/
√
N

remain constant. Any significant variation of measurable quantities as a function of N thus

reveals the contribution of non-trivial quantum correlations neglected in the semi–classical

approach.
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FIG. 9: (a) Outcoupled amplitude in steady state as a function of the drive amplitude calculated

for N = 2, 4, 6, 8 @ ∆A = ∆M = 0, κ = γ/2, and cooperativity C = 10. For comparison, the

semi–classical (mean-field) result is plotted in solid red line with the bistability signalled by the

S-shape of the curve. (b) Histogram (in arbitrary units) of the outcoupled amplitude for N = 8 at

the driving marked by the vertical dashed line in (a).
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The semi–classical benchmark of optical bistability is the S-shaped curve of the output

amplitude as a function of the input amplitude (η), as displayed as the solid red curve in

Fig. 9, calculated from the mean-field equations (17). The output and input field amplitudes

are the square roots of the respective intensities. In the quantum simulation yielding the

steady-state density operator, the closest quantity comparable thereto is the square root

of the steady-state quantum average of the mode photon number:
√
〈a†a〉, the output

amplitude reading

Aout =
√
κ 〈a†a〉

(
=
√
Iout

)
.

Obviously, a bistability behaviour cannot manifest in this quantity alone, as it must

remain single-valued for arbitrary driving strength. Accordingly, in Fig. 9(a) the curves

from the quantum calculation converge to the semi–classical curve only outside the bistability

region. For N = 8, the convergence is already quite close. In the semi–classically predicted

bistability regime, the quantum curves that can be seen are characterized by substantial

noise. This noise is intrinsic to the quantum system and is related to the semi–classical

bistability, because in this regime the quantum average of the photon number fluctuates

between the possible values represented by the branches of the bistability curve. (Upon much

longer time averaging, these curves would certainly smoothen, and the quantum average

would assume a value corresponding to the average of the possible values.) From this Figure,

it is also apparent that the above-mentioned scaling as a function of N that is expected from

the mean-field equations is indeed correct because it provides for an overlap of the curves

taken for different numbers, see the results for N = 6 and N = 8.

The correspondence between the semi–classical and the quantum results in the bistability

region can be best seized by a histogram of the outcoupled field amplitude as displayed in

Fig. 9(b). The histogram is registered along the same single quantum trajectory that is

used for time averaging. This plot clearly manifests that the photon-number distribution,

and, accordingly, the outcoupled amplitude is a bimodal distribution in the semi–classical

bistability range. A further elaboration on this concept is given in Fig. 10, where the Aout

histograms are displayed as a function of the input amplitude. For N = 8, the convergence

to the semi–classical curve is quite close also in the bistability region.

It must be noted that qualitatively identical, though much more coarse-grained results can

be obtained using the steady-state photon-number distribution calculated from the steady-

state density matrix reduced to the mode. In this case, the diagonal of this density matrix
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FIG. 10: Outcoupled-amplitude histograms as functions of the input amplitude registered in the

same way as in Fig. 9(b). The histograms are now plotted in colour-code (arbitrary units). The

colour-coding is a visual aid, used as a qualitative and not quantitative feature. For N = 8, the

semi–classical (mean-field) bistability curve is displayed in white. Same parameters as in Fig. 9.

replaces the histogram taken along a single trajectory.

5. Quantum statistics of the light field

Many quantum statistical properties of the cavity field mode, including first-order quadra-

ture correlations can be visualised and most conveniently discussed in terms of the Wigner

function. For a given mode density operator expressed in Fock basis, this reads [94]

W [ρ](x, y) = w(r, 0) + 2
M∑

k=1

Re
{
w(r, k) e−i kϕ

}
,

31



II ABSORPTIVE BISTABILITY IN THE QUANTUM DOMAIN 5 Quantum statistics of the light field

where the quadratures have been written in polar coordinates (x = r cos (ϕ), y = r sin (ϕ)),

and

w(r, k) ≡
M−k∑

n=0

[
1

π
(−1)n

√
n!

(n− k)!
e−2 r2 (2 r)k Lkn

(
4 r2
)
]
ρn+k,n, (15)

where M is the cutoff of the Fock basis, and the Lkns are associated Laguerre polynomials.
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FIG. 11: Wigner function calculated from the cavity steady-state reduced density matrix ρss:mode

for input amplitude (a) below the bistability regime (η = 8.8), (b) within it (η = 10.6), and

(c) above it (η = 12.4). The atom number is N = 6, the η values in question are indicated by

vertical dashed lines in Fig. 10. The panel (d) displays the variance of the quadratures X and

Y corresponding to the phase space coordinates of the panels (a)-(c). The colour-coding in the

Wigner plots is a visual aid, used as a qualitative and not quantitative feature.

One can associate a Wigner function with the results of the linearized semi–classical model

in such a way that it is a Gaussian centred on the mean field values and has a half width

corresponding to the variances of the quadratures X̂ = a+a†
2

and Ŷ = a−a†
2i

. The Wigner
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II ABSORPTIVE BISTABILITY IN THE QUANTUM DOMAIN 5 Quantum statistics of the light field

function resulting from the quantum simulations W [ρss:mode] for atom number N = 6 is

plotted in Fig. 11 for various driving strengths. The bimodal distribution corresponding

to the double-peaked histogram above can be clearly resolved in the bistability regime as

displayed in part (b) of the Figure. The Wigner function is positive everywhere indicating

that the two peaks correspond to a mixture of the two possible semi–classical solutions and

no coherence between the two markedly different mean fields is present. The quantum state

on the lower and upper branches, plots (a) and (c), respectively are significantly different:

on the lower branch of the bistability curve the state remains close to a minimal uncertainty

coherent state, whereas on the upper branch it develops a banana shape with increased

phase uncertainty.

Fig. 11(d) shows the variance of the X̂ and Ŷ quadratures. The large peak in the variance

〈∆X̂2〉 originates, obviously, from the two-peaked shape of the distribution function that is,

the variance is increased proportionally to the separation of the two, mixed components. For

large driving strength both the X̂ and Ŷ quadratures have larger variances than that of a

coherent state (〈∆X̂2〉coh = 〈∆Ŷ 2〉coh = 1/4), especially, the variance 〈∆Ŷ 2〉 is significantly

increased in accordance with the stretched banana shape of the Wigner function.
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FIG. 12: Variances 〈∆X̂2〉 (left panel) and 〈∆Ŷ 2〉 (right panel) of the X̂ and Ŷ quadratures,

respectively, as a function of the drive amplitude. Solid lines represent the first-order autocorre-

lations of the δx = Re {δa} and δy = Im {δa} linearized fluctuations, calculated for N = 4. They

exhibit divergences at the upper and lower boundaries of the lower and upper semi–classical mean

field solutions, respectively. These divergences enclose the bistability range where the quadrature

variances increase due to the separation of the two peaks mixed within the Wigner function.
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II ABSORPTIVE BISTABILITY IN THE QUANTUM DOMAIN 6 Atom-light field correlations

Fig. 12 is used to compare the quadrature variances obtained in the exact quantum model

and in the semi–classical approach. In this latter, the linearized fluctuation analysis of the

mean field theory allows for calculating first-order correlation functions. As shown in Fig. 12

by solid lines, the semi–classical model leads to singularities of the variance at the critical

points, i.e., at the boundaries of the bistability region. The divergence appears because

the soft mode, one of the eigenmodes of the linear system in Eq. (13), has a vanishing

eigenfrequency at the critical point. This occurs both along the lower and the upper mean-

field solution curves. The numerical simulations of the exact quantum model are, of course,

exempt from such a singularity. The increase of the variance in the bistability regime

is not the signature of some finite size regularization of a non-analitic function but, as

discussed previously in relation to Fig. 11(d), it is the manifestation of the bimodal photon

number distribution. This latter effect is by definition beyond the scope of the semi–classical

approach in which one linearizes around a selected mean field value.

The quantum calculation exhibits a rapid convergence to the semi–classical results outside

the bistability regime, confirming that with a number of atoms N = 8 the common features

of optical bistability can be reproduced. On the lower branch of the bistability curve that is,

for small driving strength, the variance renders 1
4

corresponding to that of a coherent state.

On the upper branch, the variance tends to a value larger than 1
4

which is obtained for all

the quantum calculations performed for different atom numbers.

6. Atom-light field correlations

The principal source of nonlinearity in the Jaynes–Cummings model, expressed in the

form of Heisenberg–Langevin equations (9), is represented by the operator products a†σ, σ†a,

and σza. Within the mean field theory, the mean of these terms are approximated by the

product of mean values, e.g.,
∑

i〈a† σi〉 ≈
∑

i〈a†〉 〈σi〉. One can expect such a factorization to

hold in a large ensemble, which would validate the semi–classical model. This approximation

was used, not only in the course of calculating the steady-state mean values but also when

neglecting the quadratic noise terms in the linearized fluctuation analysis. As can be seen

for example in Fig. 9, a mean field amplitude was obtained, fitting nicely to the exact

quantum results for atom number as low as N = 8. Equipped with the quantum Monte

Carlo calculation, this approximation can be directly checked in the range of atom numbers
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II ABSORPTIVE BISTABILITY IN THE QUANTUM DOMAIN 6 Atom-light field correlations

N = 2 . . . 8, where satisfying convergence to the mean field results were recorded.
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FIG. 13: The real part of the correlation function 〈a†Σ〉 − 〈a†〉 〈Σ〉 as a function of the driving

amplitude η for atom numbers N= 2, 4, 6, 8. Solid lines show the semi–classical result for linearized

quantum fluctuations around the mean field solutions, both the lower and upper mean fields are

considered in the bistability range.

Fig. 13 shows the real part of the first order correlation function 〈a†Σ〉 − 〈a†〉 〈Σ〉. For

the mean-field model (solid lines), the correlation function is independent of N . There is a

good agreement between the curves along the lower branch below the bistability range: here

the correlation vanishes in all the cases considered. For strong driving, above the bistability

domain, the correlation does not decay but tends to a finite value comparable to that in the

bistability range. However, the quantum model reveals a deviation from the semi–classical

model: the correlation increases with the atom number and the deviation becomes significant

for N = 8. Other correlation functions exhibit qualitatively similar behaviour. It is worth

mentioning that significant quantum correlations in a strongly driven cavity QED system

are not unexpected: similar effect in a micro cavity laser system under strong incoherent

pumping have been found between the population inversion and the photon number [95].
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7. Results of chapter II

Optical bistability has received considerable interest in recent years owing to its poten-

tial for the development of ultra-low power photonic signal processing devices, e.g., optical

switches [96]. In this chapter it was shown that the system of a few atoms spatially local-

ized within and strongly coupled to the radiation field of a high-finesse resonator can be

operated as a bistable device, albeit in the very low-excitation quantum limit. The semi–

classical solutions of absorptive bistability can be well resolved with an atomic medium

containing a number of atoms as low as 6 to 8. Such systems can be created both by using

atoms in microwave or optical cavities and by using artificial atoms in circuit QED [97].

As shown, the photon statistics and atom-field correlations are qualitatively well described

by the linearized fluctuation analysis around the mean field solutions. Deviations can be

found in the strong-driving limit where significant atom-field quantum correlations build up.

The results presented in chapter II were published in a paper titled ”Optical bistability in

strong-coupling cavity QED with a few atoms” by A. Dombi, A. Vukics and P. Domokos in

the Journal of Physics B: Atomic, Molecular and Optical Physics [98].
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In the present chapter the nonlinear response of a driven cavity QED system in the ex-

treme strong coupling regime is studied, where the saturation photon number is by many

orders of magnitude below one. In this regime multi-photon resonances within the Jaynes-

Cummings spectrum up to high order can be resolved. An intensity and frequency range of

the external coherent drive is identified, for which the system exhibits bistability rather than

resonant multi photon transitions. The cavity field evolves into a mixture of the vacuum

and another quasi-classical state which is well separated in phase space. The corresponding

time evolution of the outgoing intensity is a telegraph signal switching between two attrac-

tors. Note that for large detuning between the mode and the atomic resonance [21], which

is used for high-fidelity qubit readout [99, 100], dispersive bistability can be expected and

interpreted semi–classically [101–103], since the large detuning reduces the effective coupling.

First the model is introduced and the semi–classical mean-field solution is presented for

later reference. Then the nonlinear features are discussed in the pump frequency-dependent

cavity transmission. Later it is shown how the linear response is modified in that pump

intensity regime where the semi–classical model yields nonlinearity, and that there may be

a weak but conceivable correspondence between the semi–classical and quantum solutions

even in the strong coupling regime with saturation photon number nsat < 1. The parameter

regime of circuit QED experiments is also addressed, where the saturation photon number is

many orders of magnitude smaller (nsat � 1). The semi–classical bistability is shown to be

completely absent from the quantum solution, and instead, multi-photon resonances can be

observed in the mean-field transmission spectrum up to high order. Above a certain cutoff,

higher order resonances are not available any more at the given pump power.

The main result of this chapter is that a new type of bistability solution appears at this

frequency range which relies on the quantum character of the system. In order to describe

this solution, as a first step, the photon number distribution of the steady-state density

matrix is calculated and the emergence of large photon number components with small

probability is identified. Then a time resolved picture is given which exhibits a telegraph

signal of the average intensity of the field. In addition, the phase space distribution of the

steady-state is presented, clearly manifesting the mixture of states with confined fluctuations

both in intensity and phase.
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III NONLINEARITIES IN THE CIRCUIT QED SYSTEM

1. Model

Similarly to the model used in chapter II, a fixed number N of identical two-level systems

(atoms or artificial atoms) are considered, with resonance frequency ωA coupled to a single

mode of a high-finesse resonator with frequency ωM as schematically shown in Fig. 14.

γ

η κω
ωA,

ωM

FIG. 14: Schematic representation of the driven cavity QED system. The upper panel shows

an atomic cavity QED system, i.e., atoms in a driven Fabry–Pérot-type cavity. The input field is

the pump with effective amplitude η and frequency ω, the output field is generated by the field

leaking out from the cavity at a rate 2κ. The bottom panel represents the microwave circuit QED

realization of the same Jaynes–Cummings model system. The single-mode field of the stripline

resonator is coupled in and out by capacitive coupling to the transmission lines separated by the

gaps in the middle line. The mode is resonant with artificial atoms that can be considered two-level

electric dipole systems.

The coupling to the mode is assumed to be uniform with strength g. The cavity is

coherently driven with amplitude η at a pump frequency ω, the detunings from the cavity

mode and from the atoms are denoted by ∆M = ω − ωM and ∆A = ω − ωA, respectively.

The system can be described by the Jaynes–Cummings Hamiltonian (7) used previously.
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III NONLINEARITIES IN THE CIRCUIT QED SYSTEM 1 Model

All the notations used in chapter II (a, a†, σi, σ
†
i , σz,i, η, g) are unchanged. The introduc-

tion of two dissipation channels that replace the atoms linewidth (HWHM) γ is the main

difference.

The system is dissipative and couples to the environment through several channels.

Cavity-photon loss is present due mainly to the photon outcoupling to propagating modes,

and characterized by a rate 2κ. As opposed to the previous chapter, where the characteristic

decay rate of the electronic dipole system was described by a single parameter γ, in this

chapter, and in general, the qubit can have population and polarization damping with rates

γ‖ and γ⊥, respectively. Zero-temperature reservoirs are assumed.

The corresponding master equation in Lindblad form reads

ρ̇ = −i [H, ρ] + κ
(
2aρa† − a†aρ− ρa†a

)

+ γ‖

N∑

i=1

(
2σiρσ

†
i − σ†iσiρ− ρσ†iσi

)

+ γ⊥

N∑

i=1

(σziρσzi − ρ) . (16)

Solid state realizations of coupled matter and radiation modes give an experimental con-

text for this model. One such system is in circuit-QED [83], where it is possible to couple

several qubits to a single microwave cavity mode. The number of qubits can be varied by se-

lectively detuning the resonance frequencies of certain qubits from the mode frequency [97].

The parameters of the quantum simulations were modeled after one realization of a circuit-

QED experiment [82], where the single qubit-photon couplings of three superconducting

transmon qubits were g = 2π × 52.7, 55.4, 55.8 MHz, the cavity decay rate is κ = 2π × 0.47

MHz, the population damping is γ‖ = 2π × 0.1 MHz, and the qubit linewidths involve a

dominant dephasing component 1
T2

= 2γ‖ + γ⊥
2

yielding 1
T2
≈ κ.

It is important to note that, just like in chapter II, the decay of the two-level systems

is considered individually for each qubit, eluding the collective decay effect observed in

Ref. [82]. Although the coupling of the qubits to the cavity mode is symmetric, the qubit

ensemble cannot be replaced by a large collective spin because the spin decay will drive the

system out of the subspace of states symmetric under permutation of the atoms.

Concerning the calculation method, the full quantum master equation defined by Eqs. (7)

and (16) will be unraveled into quantum trajectories by means of the Monte Carlo wave-
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III NONLINEARITIES IN THE CIRCUIT QED SYSTEM 1 Model

function method [104]. The trajectories can be perceived as single experimental realizations

of the dynamics and steady-state averages can be generated by time averaging over a tra-

jectory run for a long time.

The actual simulations were performed using the C++QED v2 framework [84, 86, 91],

which is the second edition of the previously used C++QED. The generic open-source

C++/Python application-programming framework was updated with a python framework,

and additional features were added. Among these the ability to directly calculate the Wigner

and Q functions facilitated a smoother work process. Before, these distribution functions

were calculated within a separate programming language using the output data, containing

the state of the system, produced by C++QED. This framework is composed of already

defined building blocks of elementary subsystems. In this case, the necessary elementary

building blocks were the N two-level systems, one harmonic oscillator, and the Jaynes–

Cummings interactions between the latter and each of the former.

The key quantity invoked is the transmitted intensity as a function of the pump amplitude

η and detuning ∆M. The study of the dependence on the detuning ∆M constitutes the

continuation of the previous chapter.

Since the pump frequency is considered a variable, this quantity will be referred to as

transmission spectrum. To simplify the notation, the intracavity intensity a†a will be directly

calculated in units of photon number, and a further coefficient is not introduced in order to

account for the mirror transmission. In reality, the cavity loss rate 2κ involves various other

loss mechanisms such as diffraction, absorption in the mirror, etc. In any way, the outcoupled

field intensity is proportional to the intracavity photon number. Primarily, the steady-state

mean photon number 〈a†a〉 will be considered. Remarkable frequency dependence of the

mean intensity can be revealed in the very strong coupling regime, as it was presented,

for example, in Ref. [105]. The mean intensity can be readily confronted with the results

originating from an ab initio semi–classical mean-field model which is briefly recalled below.

On the other hand, one can also consider the time evolution of the quantum average of the

photon number operator in the instantaneous quantum state generated by the Monte-Carlo

method, which yields a quantum trajectory for the intensity. Then the time average of this

fluctuating intensity, after the transients die out, leads to the steady-state mean intensity.

Upon introducing the total spin operators Σ =
∑N

i=1 σi, Σz =
∑N

i=1 σz,i, a closed system

of equations is obtained for the scaled mean field variables α = 〈a〉 /
√
N , S = 〈Σ〉 /N , and
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III NONLINEARITIES IN THE CIRCUIT QED SYSTEM 2 From Rabi splitting to nonlinear spectrum

Sz = 〈Σz〉 /N , which reads

α̇ = (i∆M − κ)α +
√
Ng S +

η√
N
,

Ṡ = (i∆A − γ⊥)S + 2
√
Ng Sz α,

Ṡz = −γ‖
(
Sz +

1

2

)
−
√
Ng (S∗ α + α∗ S) . (17)

The steady-state solution of these equations for the intracavity intensity can be written as

|η|2
N

= |α|2
([

∆M −∆A
Ng2

∆2
A + γ2

⊥ (1 + |α|2/nsat)

]2

+

[
κ+ γ⊥

Ng2

∆2
A + γ2

⊥ (1 + |α|2/nsat)

]2
)
. (18)

This is an implicit equation for the mean intracavity intensity |α|2 as a function of the pump

intensity, proportional to |η|2, and frequency, included in ∆M and ∆A. This solution will

be referred to as the semi–classical one, where the resonant case, ∆A = ∆M = 0, reproduces

the S-shaped curve shown in Fig. 7 in the previous chapter. It clearly manifests that the

nonlinearity scales with the saturation photon number, previously expressed as nsat = γ2

2g2
,

that becomes nsat =
γ‖γ⊥
4Ng2

for the case when γ⊥ =
γ‖
2

and N represents the number of

atoms. For intensities well below the saturation photon number, |α|2 � nsat, the spectrum

of two coupled oscillators is recovered with a linear input-output relation (|α|2 ∝ |η|2). If

|α|2 � nsat, then the transmitted power tends to that of an empty resonator with the same

Lorentzian spectrum.

An interesting regime occurs in the very strong coupling regime where nsat � 1, which

allows for preserving the nonlinearity of the above equation with a mean intensity below or

around |α|2 . 1. The semi–classical approach itself might be wrong at such a low intracavity

intensity.

2. From Rabi splitting to nonlinear spectrum

At sufficiently low excitation level, the cavity QED system can always be seen as a system

of coupled linear oscillators and there must be a good agreement between the semi–classical

and quantum descriptions. This is the case also for the strong coupling regime of cavity

QED. The resolved vacuum Rabi splitting in the spectrum which is the defining trait of
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III NONLINEARITIES IN THE CIRCUIT QED SYSTEM 2 From Rabi splitting to nonlinear spectrum

strong coupling in the single atom – single cavity mode system, is well reproduced by the

semi–classical expression in Eq. (18). Setting |α|2/nsat = 0 in the denominators, one obtains

a Lorentzian resonance at ∆M = ±
√
Ng, when resonance between the atoms and the mode

(∆M = ∆A) is assumed. The question is how the spectrum modifies if the pump strength is

increased so as to depart from the linear response regime. In the following, in section III 3,

the semi–classical approach will be used first, which leads to dispersive bistability via the

distortion of the Lorentzian peaks on increasing the pump strength. It is briefly shown that

quantum systems with few atoms and strong atom-cavity pumping can manifest certain

traces of such a semi–classical behavior. Starting from this ground, it will be clear that the

transmission spectrum in the very strong coupling regime of circuit QED, which is going to

be presented in section III 4, has a markedly different dependence on the pumping strength.

3. Distortion of semi–classical Lorentzian peaks

In the semi–classical description that is valid for a large number of atoms with small

single-atom coupling, the Lorentzian form of the peaks transform into a curve with multi-

valued solutions for a certain range of the pump frequency [106, 107]. Such a solution

is presented by the dashed blue line in Fig. 15 for a parameter set which is well in the

strong-coupling regime but is more conservative than the circuit QED parameters.

In particular, the collective coupling g
√
N ≈ 5κ is considered, resulting in a saturation

photon number about nsat ≈ 1/250 and a cooperativity parameter C = N g2/(2κγ⊥) = 31.

Only the negative part of the spectrum is shown (∆M < 0), where the resonance peak

around ∆M = −g
√
N ≈ 16µs−1 can be seen for a given pump strength η ≈ κ. Since, in

the multivalued solution domain, the pump is far detuned from the atomic resonance, this

curve corresponds to a semi–classical dispersive bistability.

In the next section it will be shown that the somewhat lower saturation photon number

encountered in the circuit QED regime does not allow for such a solution. However, with the

present choice of parameters, the fully quantum solution reveals a bistability-like behavior

which can be considered the quantum limit of this semi–classical bistability. The effect of

bistability can be seized by monitoring the time evolution of the photon number distribution

along the quantum trajectories provided by the Monte Carlo wave-function method. At each

time instant, the wave-function of the system is associated with a photon number distribution
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FIG. 15: (a) Mean photon number in steady state as a function of mode-pump detuning. Dashed

blue line gives the semi–classical solution of Eq. (18) which has multiple values in a certain frequency

range indicating dispersive bistability. The solid red line is the numerically exact solution of the

same quantity obtained from the quantum master equation in Eq. (16) for a single atom in the

cavity keeping the cooperativity and the loss rates the same. Underlying the simple curve, there

is a non-trivial behavior which is revealed by looking at the quantum trajectories. (b) The time

evolution of the quantum average of the photon number in the instantaneous Monte-Carlo wave-

function generated at the detuning values marked by vertical dashed lines in panel (a). The

trajectory II manifests remnants of the bistable behaviour by stochastic upsurges to high values of

photon number. (c) Histogram representing the occurrence rate of given values of the instantaneous

quantum average photon number over a long time along a single trajectory at the detuning value

II of semi–classically expected bistability, hinting at a double-peak structure. Loss rates are γ⊥ =

1.475µs−1, γ‖ = 2.95µs−1, κ = 2.95µs−1, the cooperativity is C = 31, the driving amplitude

η = 3µs−1, and the atom number N = 1. Atom and mode are resonant: ωA = ωM , which implies

∆A = ∆M .

which is averaged out, and this average is recorded at many different time instants. The

time evolution of this average, which is shown in panel (b) of the same Fig. 15, which

gives a hint of the bistable behaviour [108]. Outside the semi–classical bistability domain,
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III NONLINEARITIES IN THE CIRCUIT QED SYSTEM 3 Distortion of semi–classical Lorentzian peaks

sampling at the driving strength I and III, fluctuations close to the vacuum are found,

whereas within the bistability domain, the fluctuations are greatly increased. In fact, there

appear distinct time periods of distinguishably lower and higher quantum average of the

photon number operator. These two distinguishable values can be made manifest by the

histogram in Fig. 15(c), which represents the rate of occurrences of the various values of the

instantaneous quantum average of the photon number operator (with a suitable resolution).

The histogram yields a bimodal distribution. With the parameters used for this figure, only

very small mean photon numbers are involved and thus the bistability domain corresponds to

a bimodal distribution with small difference between the two maxima. Moreover, the higher

value of the probable average photon number deviates significantly from the semi–classical

solution along the upper curve. That is, although some correspondence can be found to the

semi–classical bistability, there is no quantitative agreement. This is even more so if the

coupling constant g is increased, as will be discussed in the following.

4. Multi-photon resonance peaks

In the very strong coupling regime reached in circuit QED, the coherent coupling exceeds

the damping rates by two orders of magnitude, i.e., κ, γ⊥, γ‖ . g/100. Specifically, for the

parameter set characteristic of the experiment [82], the saturation photon number amounts

to nsat = 6 × 10−7 for a single atom. Such a tiny value is expected to invalidate the semi–

classical description and the solution in Eq. (18).

The mean photon number as a function of pump frequency for various driving amplitudes

η have been numerically calculated. The result is presented in Fig. 16 for a single atom in

the cavity. The nonlinear response of the system is manifested by the striking variation of

the transmission spectrum for the different values of η. Note that the intracavity photon

number remains below 3 in the entire range. Qualitatively the same spectrum is obtained

for three atoms, as shown in Fig. 17.

For extremely weak driving, the response is linear and one obtains the Rabi-split spec-

trum, i.e., peaks at ∆M ≈ ±g
√
N (only the negative part is shown), in good agreement

with the semi–classical result (see panel (b) corresponding to η = 0.1 in units of µs−1 used

throughout the rest of the chapter). Increasing the drive amplitude by a factor of 5, the

transmitted intensity retains the Lorentzian shape with 25-fold higher peak, correspond-

45



III NONLINEARITIES IN THE CIRCUIT QED SYSTEM 4 Multi-photon resonance peaks

(a)

.

.

∆M in units of g
√
N

η [µs
−1 ]

〈a
† a
〉

3

2

1

0

80

40

00
-0.2

-0.4
-0.6

-0.8
-1

. ∆M in units of g
√

N

〈σ
z
〉

0-0.25-0.5-0.75-1

0

-0.25

-0.5

〈a
† a

〉

0-0.25-0.5-0.75-1

9

6

3

0

〈a
† a

〉(×
10

3
)

0-0.25-0.5-0.75-1

8

6

4

2

0

QBMPQBMP

II. I.
(e)(d)

(c)(b)

η = 80η = 80

η = 0.5η = 0.1

〈a
† a

〉(×
10

4
)

0-0.25-0.5-0.75-1

3

2

1

0

FIG. 16: (a) Steady-state mean photon number as a function of the pump laser frequency for

various driving strengths in the driven Jaynes–Cummings model (single atom N = 1). A dramatic

change of this spectrum can be seen upon increasing the pump power from the linear response (for

η = 0.1µs−1, magnified in panel (b)), to the photon blockade regime (for η = 0.5µs−1, panel (c)),

to multiple resolved resonance peaks corresponding to multi-photon transitions (for η = 80µs−1,

panel (d), MP indicates schematically the domain of multi-photon resonances). The additional peak

outside the multi-photon resonance structure close to ∆M ≈ −0.15g
√
N is due to the quantum

bistability effect (this domain is indicated by QB in the panels (d) and (e)). Dashed blue line

represents the semi–classical solution. Panel (e) shows the atomic saturation exhibiting a very low

value in the significant regime −0.2 g
√
N < ∆M , at variance with the semi–classical expectation.

Loss rates are γ⊥ = 2.95µs−1, γ‖ = 0.1µs−1, κ = 2.95µs−1, the coupling strength is g = 348µs−1.

Atoms and the mode are resonant: ωA = ωM , which implies ∆A = ∆M .

ing to a linear response, whereas semi–classically this is already in the bistability regime:

Fig. 16(c) shows a similar distorted peak as the one in Fig. 15 with multiple solutions in a

given frequency range. However, by contrast to the case of Fig. 15, the present set of pa-

rameters lead to a quantum result which deviates from the semi–classical one qualitatively.

This is the regime of photon blockade where the anharmonic spectrum confines the system

effectively to a two-state system. The pump field dresses the Jaynes–Cummings dressed

states [105], and no connection to the semi–classical result can be established.

Significant nonlinearity appears on a larger scale of the driving amplitude, therefore
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FIG. 17: Same as in Fig. 16, but for the driven Jaynes–Cummings model for three atoms (N = 3).

Fig. 16(a) accounts for the range 0.1µs−1 < η < 80µs−1. Multi-photon transitions come

into play, as signaled by the well-resolved resonances corresponding to two-photon, three-

photon, etc. transitions. These have been observed experimentally [109–111]. The resonance

frequencies reflect the anharmonic Jaynes–Cummings spectrum [56], schematically shown

in Fig. 18 together with the low-lying multi-photon transitions. The observed resonance

frequencies are characteristic of the driven rather than the bare Jaynes–Cummings eigen-

frequencies, the difference being the driving term proportional to η in the Hamiltonian in

Eq. (7). The driving leads to a shift of the eigenfrequencies which was calculated analytically

in the special case of ∆M = 0 and single atom [112, 113]. Moreover, the resonance lines

undergo power broadening, as can be clearly seen from the surface plots in Figs. 16(a) and
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17(a). For large pump strength, the peaks tend to merge and form a broad structure. The

multi-photon resonances can be counted up to 10-photon transitions in this structure for the

largest driving strength η = 80µs−1 shown in the figure. In order to induce even higher-order

processes, the pump power should be further increased. As shown in Fig. 16(d), when the

detuning is decreased below |∆M | . 0.35g
√
N the mean transmitted intensity is reduced.

Below this detuning, resonance could occur only with very high-order transitions, for which

the driving intensity η = 80µs−1 is not strong enough. This cutoff limits the multi-photon

resonance regime which is indicated schematically by MP in Fig. 16(d).

The peak emerging in the detuning range −0.2g
√
N < ∆M < −0.1g

√
N , indicated by QB

in Fig. 16(d), can be attributed to a quantum bistability effect, which will be discussed in

detail in the next section. It can be immediately observed that on the rising slope of the peak

(−0.2g
√
N . ∆M), the numerical points fit nicely to the dashed blue curve representing the

semi–classical solution (cf. Figs. 16(d) and 17(d)). This fit does not signify any justification

of the semi–classical picture. The bistability regime according to the solution Eq. (18) is

limited to the range η ≤ 20µs−1. For such strong a driving as shown here (η = 80µs−1), the

system is completely saturated in the semi–classical picture and the semi–classical response

would be that of an empty cavity. At variance, the saturation in the quantum model is

found to be very low in the QB domain, as shown in panel (e) of Figs. 16 and 17.

Finally the remark is made that all these interpretations apply equally to the results of

the driven Jaynes–Cummings model for three atoms, as shown in Fig. 17.

5. Quantum bistability

The full description of the steady state of the cavity mode can be provided in terms of

the Wigner quasi-distribution function in phase space. This is displayed in Fig. 19(a) for

the detuning indicated by ‘I’ in Fig. 16(d).

The Wigner function exhibits two peaks localized both in radial (photon-number distri-

bution) and angular (phase distribution) directions in phase space. Each of these peaks can

be considered quasi-classical states. Since there is no negative part of the Wigner function,

the reduced density operator of the mode is a mixture of the two quasi-classical states which

correspond to the two attractors of the bistability. One of them is the vacuum, the other

one is a slightly distorted coherent state. For the given set of parameters, the second peak
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FIG. 18: Schematic representation of the multiphoton transitions in the single-atom Jaynes–

Cummings model (left) and in the Jaynes–Cummings model for a number N = 3 of atoms (right).

The two-level systems and the boson mode are in resonance (ωA = ωM ), which is the case through-

out this chapter. Only such states are shown as are symmetric under permutation of the atoms,

because the initial state |0, ggg〉 used in the simulations has this symmetry that is preserved by

the Jaynes–Cummings coupling. Green, blue and orange arrows mark the expected one-, two-,

and three-photon transitions, respectively, which are resonant at the detunings ∆
(N)
1 = −g

√
N ,

∆
(N)
2 = −g 1

2

√
4N − 2, ∆

(N)
3 = −g 1

3

√
5(N − 1) + 4

√
(N − 1)2 + 9

16 respectively.

is centered on the real axis at about -4that is, this attractor is well separated from the

vacuum. The character of this solution is robust and quite independent of the fine tuning of

the driving frequency and strength in a broad range. This we intend to illustrate with the

Wigner function in Fig. 19(b) obtained for a slightly different detuning. We will show below

that the dependence of the state on detuning is smooth in the quantum bistability range,

which is at variance with the resonance-like behavior in the MP range.

Interestingly, two-peaked Wigner functions can be found also in the large-detuning regime
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FIG. 19: Wigner functions for the mode in steady-state, with the same parameters as in Fig. 16(d).

For the plots in (a) the detuning is ∆M = −0.17g, indicated by I in Fig. 16(d), which is in the

bistability domain. The plots in (b) correspond to neighboring detuning values ∆M + 0.006g. The

insets zoom into the region indicated by the red box in the main panels, and a different color code

scale is used in order to make the peak here visible. In (c) we use the same ∆M as for (a), but

the phase of the drive amplitude is shifted by π/4. The quasi-classical component is consequently

rotated by the same angle in phase space.

for a multi-photon resonance, although the photon number distribution does not resolve this

structure. This is shown in Fig. 21 for a resonant excitation to the |8, e〉 state via eight-

photon transition, where the sequence of plots shows how the Wigner function transforms

when the drive strength is increased from a value insufficient to excite the system at the given

detuning (η = 140µs−1) to low level of excitation and multi-photon resonance (η = 180µs−1)

to a value where the broad peak is formed (η = 220µs−1).
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FIG. 20: Wigner functions for the mode in steady-state for N = 3, with the same parameters

as in Fig. 17(d). For the plot in the middle the detuning is ∆M = −0.12g
√
N , indicated by I in

Fig. 17(d), which is in the bistability domain. The plots on the sides correspond to neighboring

detuning values ∆M ± 0.006g
√
N . The insets zoom into the region indicated by the red box in the

main panels, and a different color code scale is used in order to make the peak here visible.

As opposed to the quantum bistability domain, in this case the overall character of the

Wigner function depends more sensitively on the detuning value. As it is shown in the

Figure, away from the multi-photon resonance peak, the Wigner function becomes a single

peaked, broadened distribution.

In the quantum bistability domain the two–peaked quasiprobability distribution func-

tion is a robust feature. The excited quasi-classical component in the mixed steady-state

originates from a high-order process. However, unlike the multi-photon resonances, here the

excitation at a given drive detuning is not confined into a two-state subspace. For large num-

ber of n, the neighboring n-photon and (n+1)-photon transitions to the |n,−〉 and |n+1,−〉
states, respectively, are not far in frequency. The difference is 1/

√
n− 1/

√
n+ 1 ≈ 1/2n3/2,
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FIG. 21: Wigner functions for the mode in steady-state for N = 3, with the same parameters as in

Fig. 17(d). For the plots in the middle column the detuning is indicated by II in Fig. 17(d), which

is in the multi-photon resonance domain, and three different pump strengths are taken. The plots

in the middle row correspond to different detunings, the central one being the resonant 8-photon

transition.

which vanishes for increasing n. Therefore, the highly excited part of the Jaynes–Cummings

spectrum is close to an equidistant ladder. The relevant part of the spectrum for this driving

frequency can be seen as that of a normal harmonic oscillator with the low-lying steps re-

moved. More precisely, the low lying number states in the anharmonic part of the spectrum
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are shifted into non-resonant positions and cannot be populated. Although the interme-

diate steps are ‘missing’, the high-lying harmonic part of the spectrum can be excited via

high-order processes. A schematic representation of this description can be found in Fig.

22.
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FIG. 22: Neighbouring photon transitions within the Jaynes–Cummings spectrum for states where

n is small (a), n = 8..10 (b) and n is large(c)

This numerically found result is somewhat surprising since the given strength of the

pump is not enough to induce multi-photon processes when tuned at resonance to lower

states |n,−〉. The essential difference is that here, in the range ‘QB’, the transitions to the

full ladder of the high-lying harmonic part of the spectrum have to be summed up whereas in

the range ‘MP’ the coherent driving is confined into a two-level space. For MP resonances,

a spontaneous decay process leads out from the two-state subspace to lower lying levels

and the drive cannot re-excite the system, because of the large frequency mismatch, until
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it reaches the ground state by decay. By contrast, in the QB domain, once the system is

prepared in the almost equidistant spectrum part, the decay is continuously balanced by the

drive, just like in the case of a driven and lossy harmonic oscillator. It must be emphasized

that this solution with amplitude bimodality, obtained at finite detuning between the drive

and the cavity mode frequencies, is markedly different from the spontaneous dressed-state

polarization that has been predicted for the resonant case and γ � κ [114, 115].

The calculated Wigner function reveals that these high number-state components form al-

most a coherent state; the noticeable elongation along the angular direction can be attributed

to the residual anharmonicity. This analogy to coherent driving of a harmonic oscillator is

further supported by Fig. 19(c), in which we show that the excited quasi-classical component

inherits the phase of the driving η.

6. Photon number distribution

The steady-state can be characterized by the photon number distribution, since the two

peaks in the Wigner function appear along the radial direction. Fig. 23 shows how the distri-

bution depends on the detuning ∆M in the QB domain. The detuning ∆M = −0.3g leads to

a photon number distribution which is simply peaked at n = 0. This detuning corresponds to

the dip between the multi-photon resonance and quantum bistability domains. When |∆M |
is decreased, there appears a secondary peak which corresponds to the excited quasi-classical

component revealed by the Wigner function. The excited quasi-classical component appears

only with a small probability, of course, most of the population remains in the ground state.

Even higher-order peaks can be recognized in the photon number distribution as ∆M goes

towards −0.1gthat, however, cannot be resolved in the Wigner function representation.

The photon number corresponding to the center of the secondary peak moves away from

n = 0 towards higher values when the detuning is decreased, as shown in Fig. 23(b). Apart

from the numerical noise, this curve is smooth and demonstrates that the bistability solution

is not resonance-like and is independent of the fine tuning of the driving field.

The total population in the photon number states belonging to the secondary peak de-

creases. This can be ascertained indirectly, from the plot Fig. 23(c) showing the population

in the zero photon state |0〉. This population is monotonously growing in the detuning range

out of the multi-photon transitions (|∆|M . −0.35g, disregarding the small wiggles of nu-
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FIG. 23: (a) Steady-state photon number distribution for various detunings in the quantum bista-

bility domain. These distributions are at the origin of the mean photon numbers on the curve

associated with η = 80µs−1 in Fig. 16. In the main panel the vertical range is adjusted in order

to see the large photon number part and thus the distribution for small photon numbers is cut

off. The inset presents the full range of the distribution for ∆M = −0.3g, which is single-peaked

at vacuum. In (b), the distance of the upper peak of the bimodal distribution from the vacuum is

shown to increase nonlinearly as a function of ∆M . Panel (c) shows the photon number probability

for n = 0, 1, 2, 3 in the full range of the detuning. Depletion dips of the ground state population

accompanied by peaks in the n = 1, 2, 3 populations reflect the resonance-like multi-photon tran-

sitions for large detuning |∆|M & −0.35g. In the quantum bistability range near ∆M = 0, the

system is mostly in the ground state .

55



III NONLINEARITIES IN THE CIRCUIT QED SYSTEM 6 Photon number distribution

merical origin). The decreasing weight and the increasing photon number of the secondary

peak are the two competing tendencies which govern the variation of the mean photon

number.

7. Temporal behavior

It is interesting that the combination of small photon numbers with large weight and

larger photon numbers with small weight in the mixed steady-state density matrix amounts

to the same mean photon number as the one derived from the ab initio semi–classical theory

on the rising slope of the peak, cf. the agreement with the semi–classical dashed blue curve

in the range −0.2g . ∆M . −0.15g in Fig. 16 (d). Note that the semi–classical solution

in this range is simply that of an driven cavity without atoms. Although the mean field

description accidentally yields a correct mean intensity in this limited range of detuning, it

does not account for the highly non-trivial photon number distribution.

The bistability associated with such a two-peaked Wigner function can be easily seized

in the temporal behaviour. It is straightforward to resort to a time resolved representation,

namely, to plot the time evolution of the instantaneous quantum average of the photon

number operator along the simulated quantum state trajectory. In Fig. 24, examples both

for N = 1 and N = 3 qubits are presented (upper and lower row, respectively).

An arbitrary period of 30µs long after the initial transient is displayed for two values of

the detuning marked by I (right column) and II (felt column) in Fig. 16(d) for N = 1, and

17(d) for N = 3. One of them corresponds to a multi-photon resonance (left column), the

other is chosen from the regime of well resolved bimodal photon number distribution (right

column).

In all these cases the trajectories show the alternation of periods with finite photon

number and periods where the state is close to the ground state. In the quantum bistability

domain, this evolution develops into a telegraph signal exhibiting a long time scale associated

with the switching time between the two attractors. The means and variances that can be

deduced from the noisy time evolution of the instantaneous average intensity are in good

agreement with the two peaks in the steady-state photon number distribution in Fig. 23. In

the telegraph signal for the QB domain, for both N = 1 (Fig. 24 (b)) and N = 3 (Fig. 24

(d)), one can distinguish the fluctuations induced by quantum jumps,i.e., the small wiggling
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FIG. 24: Fluctuations of the instantaneous quantum average of the photon number operator along

simulated quantum trajectories during a period of 30µs. (a), (c) represents the multi-photon

resonance domain, whereas the telegraph signal in (b), (d) is the temporal behavior in the bistability

domain. The atom number is N = 1 for (a), (b), and N = 3 for (c), (d). Parameters are the same

as in Figs. 16(d) and 17(d), respectively, the given values of detuning are marked by the vertical

dashed lines on those figures as I and II, respectively, ∆M = −0.31 ,−0.17 for single atom, and

∆M = −0.56 ,−0.12 for three atoms, all in units of g
√
N .

of the mean intensity plateau at about 〈a†a〉 ≈ 20, associated with dissipative processes from

the switching between the two bistable photon-number components. The sharp transitions

at switching originate from the highly nonlinear dynamics.

The emergence of the characteristic switching time explains the vanishing of the mean

photon number in Figs. 16 when the detuning reaches the close vicinity of ∆M = 0. The

systematic variation of the steady-state photon number distribution with the two peaks

as described above in connection with Fig. 23, is not expected to change at this detuning

range. However, as the secondary peak moves away and the separation of the attractors

increases, the switching time diverges and the steady state cannot be reached within the
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finite duration of the numerical simulation. This statistical effect explains also why the

quantum bistability peak in Fig. 16 is quite noisy: it takes very long time to accumulate a

sufficiently good statistics. The suppression of the mean photon number at ∆M = 0 is thus

simply a finite-time effect. It has a remarkable consequence: the bistability feature at exact

resonance ∆M = ∆A = 0, i.e., absorptive bistability cannot be observed in reasonable time.

8. Results of chapter III

Circuit QED setups represent systems reaching hitherto unexplored regimes of the

Jaynes–Cummings model. The qubit-photon coupling is so strong that the saturation pho-

ton number is tiny. The so-called optical bistability effect, which relies on the nonlinearity

of the atom-light interaction, vanishes and there is no quantum limit of this effect for such

a fractional saturation photon number. On one hand, the nonlinear response of the coupled

qubit-photon system can directly reflect the anharmonic spectrum of the driven Jaynes–

Cummings model. This response is dramatically nonlinear, since it involves multi-photon

resonances. On the other hand, a detuning range was identified without multi-photon reso-

nances in which the quantum system evolves into a bistability-like steady-state. The system

stochastically flips between the ground state and a highly excited quasi-classical state with

well-defined phase and amplitude. It is not obvious at all that the multi-photon regime

disappears before resonance and the photon-blockade is eventually broken by a bimodal

distribution. For a system with γ⊥ = γ‖ = 0, the breakdown of the photon-blockade was

shown to be a first order phase transition [116]. The bistability like behaviour, also observed

in carbon nanotube based realisation of the Jaynes–Cummings model with γ = 0 [117], was

also shown to be related to a quantum critical point in the spectrum [114]. However, the

case of γ = 0 is inherently different from our analysis, since the spin degree of freedom is

confined to stay on the surface of the Bloch sphere. Therefore the underlying semiclassical

theory has very different solution, i.e., it shows bimodality also in the semiclassical limit.

By contrast, the γ 6= 0 case leads to a semiclassical solution in which the atom is completely

saturated, the Bloch vector contracts into the centre of the Bloch sphere. As a consequence,

the resonator behaves as an empty resonator which reflects the Lorentzian spectral line near

resonance. Interestingly, in the quantum bistability domain the uprising edge of the peak

follows nicely the Lorentzian peak, however, this mean intensity comes about as an average
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of two unbiased states: the vacuum with high probability and a highly excited state with

low probability. This solution corresponds to the limiting semiclassical solution of the γ = 0

case even if the quantum simulations have been performed with γ 6= 0.

The results presented in chapter III were published in a paper titled ”Bistability effect

in the extreme strong coupling regime of the Jaynes-Cummings model” by A. Dombi, A.

Vukics and P. Domokos in The European Physical Journal D [89].
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As it was discussed in the previous chapter, a small quantum system can exhibit bimodal

steady-state which corresponds to having simultaneously two distinct quasi-classical attrac-

tors. The simple JC model proved to be suitable to give rise such a quantum bistability

effect. On the one hand, the anharmonicity of the low-lying levels in the JC spectrum im-

pedes the excitation of the system by an external driving tuned away from the resonances

associated with resolved multi-photon transitions. The JC system is then fully reflective

and stays in a dim state close to the ground state. On the other hand, for large excitation

numbers, the spectrum approaches to a pair of equidistant ladders with step size equal to

the bare resonator frequency. This harmonic part of the otherwise substantially anharmonic

spectrum can host coherent states which are stationary states of the damped-driven system.

In the previous chapter, we presented the frequency and intensity range of the driving which

leads to a steady-state including both the dim state and a highly excited quasi-classical

component. Let us emphasize again that this bimodal solution is not a remainder of the

well-known semi–classical optical bistability. It was later shown that the bistability-like

behavior originates from the presence of a quantum critical point in the driving frequency-

driving strength phase diagram, in which point the quasi-energy levels of the harmonically

driven JC model coalesce into a singularity [114, 116].

Interestingly, in an experiment carried out by Johannes Fink at the ETH Zürich, in the

group of Andreas Wallraff, a very robust quantum bistability has been found for pumping

the cavity at resonance, whereas the calculation presented for the JC model suggests that the

waiting time to reach the excited attractor diverges close to resonance. The bistability in the

JC model was found for a finite detuning from resonance. We also note that the parameter

set used for the numerical simulation in the previous chapter corresponds closely to that of

the actual experiment. The polarization and population damping rates were different from

the experiment, however, we carefully checked the lack of the bimodal steady-state for a

broad range of parameters around that of the experimental set. The system remains close

to the ground state for any pump strength for very long simulation times.

This discrepancy motivated us for a collaborative work with the experimental group. Our

role was to reveal the origin of the quantum bistability which was observed for the first time

by the ETH group. We realized the importance of taking into account a more realistic level

scheme for the artificial atom. In the following we present our calculation together with the

experimentally recorded data. We will show how well the observations can be interpreted
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by means of a three-level scheme in a single-mode field model. By exploiting the additional

tunability of parameters in the simulation, – inaccessible in a real experiment –, we can

unambiguously demonstrate that the observed behavior results from the same mechanism

as the one distilled in the case of the simpler Jaynes–Cummings model.

1. Experimental setup

The suitable experimental setting to realize the necessary strong coupling strength can

be achieved within circuit QED which offers large dipole coupling strength and long coher-

ence time of superconducting artificial atoms embedded in a high-quality on-chip microwave

cavity [97]. The experimental device used by Dr. Johannes Fink and his group at the Quan-

tum Device Lab, ETH Zürich, consists of three frequency tunable superconducting artificial

atoms positioned at the anti-nodes of the first harmonic voltage standing wave resonance of

a coplanar superconducting resonator at frequency ωc/(2π) = 7.024 GHz, see Fig. 25(a).

jg

je

jf

g1; !eg !

g2; !fe !

¢(a) (b)

FIG. 25: (a) Scheme of the driven coplanar waveguide resonator (green) coupled to up to 3 transmon

superconducting artificial atoms (blue). An external drive (red) is applied via the input capacitor

and the coherent transmission is detected via the output capacitor. (b) Level scheme of one atom

indicating the parameters of the Hamiltonian in Eq. (19).

A capacitively shunted superconducting charge qubits, or transmon qubits [43], was used,

which has a much reduced charge dispersion but also a limited absolute anharmonicity

of ωfe − ωeg ' −EC/~. Here, |g〉, |e〉 and |f〉 are the first three levels of the artificial

atom, see Fig. 25(b) which all take part in the dynamics of the presented experiments.

EC/h = (459, 359, 358) MHz is the charging energy and g1/(2π) = (−52.7, 55.4, 55.8) MHz
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IV MULTI-LEVEL ATOMS 1 Experimental setup

the single photon |g〉 to |e〉 transition to resonator coupling strength measured when

this transmon transition is in resonance with the microwave cavity. Similar to a har-

monic oscillator, the coupling strength of the second excited level can be approximated

as g2 '
√

2g1. Using externally applied and locally concentrated magnetic fields the flux Φ

can be controlled through the individual transmon SQUID loops and change their Joseph-

son energy EJ(Φ). This allows to independently control the transmons’ transition energies

~ωeg '
√

8ECEJ(Φ)− EC and in particular to tune them in and out of resonance with the

microwave resonator. For most part of this chapter such a situation is studied, where two

of the three artificial atoms are far detuned (ωeg ∼ 0) and the do not interact with the

microwave resonator.

The Hamiltonian of the three–level system in a frame rotating at the angular frequency

ω of an external drive reads

H/~ = ∆1 |g〉 〈g| −∆2 |f〉 〈f | −∆ca
†a+ η(a+ a†)

+ g1(a† |g〉 〈e|+ |e〉 〈g| a) + g2(a† |e〉 〈f |+ |f〉 〈e| a) , (19)

where the detunings are defined as ∆1 = ω − ωeg, ∆2 = ω − ωfe, and ∆c = ω − ωc, and η is

the effective amplitude of the drive field. For the drive frequency, the special case ∆1 = 0

was considered, as shown schematically in Fig. 25(b). Resonance is also assumed between

the resonator mode and the |g〉 ↔ |e〉 transition, i.e., ∆c = 0. The remaining detuning will

be denoted by ∆2 ≡ ∆, which is then simply the charging energy EC/~. The dissipative

processes are accounted for by the following Lindblad terms in the Master equation of the

density matrix

ρ̇ = − i
~ [H, ρ] + κ

(
2aρa† − a†aρ− ρa†a

)

+ γ‖ (2 |g〉 〈e| ρ |e〉 〈g| − |e〉 〈e| ρ− ρ |e〉 〈e|)

+ γ‖ (2 |e〉 〈f | ρ |f〉 〈e| − |f〉 〈f | ρ− ρ |f〉 〈f |)

+ 8γ⊥

([ ∑

i=g,e,f

|i〉 〈i| ρ |i〉 〈i|
]
− ρ
)
. (20)

The rate 2κ characterizes the cavity-photon loss due mainly to the photon outcoupling to

propagating modes. There can be population and polarization damping in the three-level

system, which have the rates γ‖ and γ⊥, respectively. In the theoretical description zero-

temperature reservoirs are assumed.
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FIG. 26: (a) The spectrum of the coupled atom-cavity system if the third atomic state is only

weakly coupled to the middle one, that is, g2 � g1. (b) The spectrum of the coupled atom-cavity

system in the experiment ∆1 = 0, g2 =
√

2g1.

2. Theoretical approach

In order to set the scene, the transmission of the same system without the third excited

state |f〉 (formally, we can set g2 = 0) should be considered. The vacuum Rabi splitting of

the remaining two-level atom coupled to the resonator mode is 2g1 which exceeds by many

orders of magnitude the linewidth of the dressed state resonances. Since g1 � κ, γ⊥, γ‖,

even the multi-photon transitions to higher-lying dressed states are far out of resonance

when the system is driven at the bare resonator frequency, ∆1 = ∆c = 0. Therefore, up to

realistically large driving strength, the system is thus not transparent and the driving field
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IV MULTI-LEVEL ATOMS 2 Theoretical approach

is totally reflected.

Consider now, that there is a tiny weak coupling of the state |e〉 to |f〉, that is 0 6= g2 � g1.

Because of this latter relation, the Jaynes–Cummings spectrum associated with the two-level

system |g〉 and |e〉 is only slightly perturbed and the corresponding dressed states |±, n〉 can

be easily identified in the full spectrum, as shown in Fig. 26(a). The ground state is the

|g, 0〉, the first excited state manifold is |±, 1〉 exhibiting the vacuum Rabi splitting 2g1.

Starting from the second excited manifold, there is a third level which is weakly coupled by

g2, and the corresponding state contains dominantly the atomic excitation |f〉. Because the

admixture of |f, n〉 with the other states in the same manifold is very small, the level spacing

between the state |f, n〉 and the adjacent ones |f, n± 1〉 is uniform and is resonant with the

photon frequency ω. This equidistant ladder in the spectrum has dramatic consequences.

When the cavity is resonantly driven, there appears a tiny leakage into this harmonic

part of the spectrum. The off-resonant states |±, 2〉 are weakly populated by two-photon

transitions which is a process depending quadratically on the driving intensity. A small

fraction of this anyway small population is transferred to the state |f, 0〉 due to the non-

vanishing coupling g2. This component is then resonantly driven within the manifold |f, n〉,
which gives rise to a coherent displacement in the photon mode on the time scale of κ−1.

The displacement is not interrupted by atomic decay since the polarization damping keeps

the atomic state |f〉 intact, and the population decay from |f〉 to |e〉 is negligible on the

excitation time scale, γ−1
‖ � κ−1. The displacement is counteracted by cavity loss and

the displacement process leads to a steady state, which is a coherent state with amplitude

η/κ and phase locked to that of the driving field. None of the loss processes leads out of

it: (i) the cavity loss, together with the driving strength, sets the amplitude and does not

break coherence; (ii) the change of the atomic state does not matter because at large enough

photon number (η/κ)2 the Jaynes–Cummings spectrum approaches to a harmonic one. The

same mechanism of resonant driving and photon loss acts as a displacement separately in

the manifold of states |+, n〉 and |−, n〉, and the phase is locked again to that of the η

driving. So the steady-state is a coherent state of the resonator mode combined with a full

mixture of the atomic states. Just like in optical pumping, the other components of the total

state are gradually pumped into this trapping state. The bottleneck formed by the initial

two-photon transition and the weak |±, 2〉 → |f, 0〉 coupling increases only the time to reach

the steady-state, but does not change it. In simple words, one can conceive the spectrum in
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Fig. 26(b) such that the states |f, n〉 form an auxiliary ladder on which the system can climb

up to a highly excited coherent state avoiding the anharmonic steps. The final steady-state

is just the same as if there was no atom at all in the cavity. That is, very surprisingly the

three-level atom with the third level weakly coupled leads to a transmission spectrum, in

steady-state, identical to that of an empty cavity.

When the coupling g2 is increased to g1 . g2 this excitation route is blocked. The atomic

state |f〉 couples strongly to the other states |g〉, |e〉 to form an anharmonic spectrum

shown in Fig. 26(b). The main effect hindering the driving to highly excited states is the

polarization damping. Since it has the same time scale as the cavity loss γ⊥ ∼ κ, the various

dressed states within a manifold mix fast and there is no time for a coherent displacement.

The expectation is that the three-level atom in this case placed within a resonator suppresses

the transmission of the resonant driving field.

3. Transmission spectrum

The histograms are prepared from the ensemble of intensity values recorded at many

randomly chosen instants while the system is in steady state (Fig. 27 (a)). The colour code

represents the occurrences by colour depth. The calculation confirms both effects described

above. On the one hand, the very small g2 gives rise to a transmission of a resonantly driven

empty cavity, the photon number fluctuates around the mean 〈a†a〉 ≈ (η/κ)2 = 700. Larger

fluctuations and the residual population in the low photon number states, close to the origin

g2 ≈ 0 of the plot, indicate merely that the steady-state was not reached in the simulation

time. There is a divergence of relaxation time scales since the vanishingly small dynamical

frequency in the system. On the other hand, for g2 ∼ g1 the three-level atom switches off the

transmission due to the very anharmonic spectrum of the full system. The important new

point in the plot is that there can be a bimodal distribution of intensities in the transition

domain.

Fig. 27 (a) presents a histogram of the calculated transmitted field intensity as a function

of g2 in the range between the two limiting cases, g2 = 0 and g1 . g2, while Fig. 27 (b)

shows the measured histogram of the detected power as a function of the cavity input power

for a single qubit. The fitting between the experimental and simulated data were made

on the basis the most likely photon number. These were identified from their respective
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FIG. 27: (a) Simulated histogram of the output intensity as a function of the coupling constant

g2 between the two excited atomic states |e〉 and |f〉 for η/2π = 12.7 MHz. (b) Measured vacuum

Rabi spectra for different input powers Pin = 1.8×10−4µW (blue) to 1.8µW (red) with all 3 qubits

in resonance with the cavity. The spectra are offset by 1.6nW for better visibility. (c) Measured

histogram of the detected power as a function of the cavity input power for a single qubit (density

plot). The most likely photon numbers (line plots) are extracted from this measurement (red) and

two similar measurements taken with 2 (orange) and 3 qubits (green) in resonance with the cavity

mode. Simulation results for the single qubit case are shown with connected black symbols for

comparison. The dashed line is for reference and represents the response of the empty cavity.

histograms. For the X axis the breadth of the bistable section (from the starting point until

the end point) was chosen and compared, knowing that η2 changes linearly with Pin. For

the Y axis the width between the upper and lower parts of the spectrum within the bistable

region was taken as a section for comparison. In this case, 〈a†a〉 varies linearly with Pout.

A full characterization of the steady-state of the resonator mode can be given by the
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Q quasi-distribution function. This is shown in Fig. 28 for the coupling constants value

of g2 '
√

2g1, for experimental and in Fig. 29 for simulated data, which case falls within

the bimodal range presented in Fig. 27(a). As it is immediately obvious when comparing

Fig. 28 and Fig. 29, the simulated data is more grainy and less refined as the experimentally

measured one. The reason for this is that the experimental data is obtained by detecting

single shot events of coherent transmission with a time resolution of 40 ns of a measurement

time of 1.6 ms centered at the bare cavity frequency ωc with qubit A resonantly coupled to

the cavity, while the simulations measurement time is only 200 µs with a sampling rate of

0.5 µs. This lower numerical resolution indicates the computational limitations a three level

system causes. In principle it is always possible to continue a simulation for a longer time,

even orders of magnitude longer, or to use a higher resolution, thus obtaining a smoother

representation of the Q function, however in a real life scenario one must decide on the

optimal use of the computational power at hand. In this particular instance, a proof of

principle representation was deemed to be sufficient, since on one hand the experiments

correspond with the findings, and on the other hand, even these simulated results needed a

total running time of roughly two months. The Q function, from a theoretical point of view,

is equivalent to the Wigner function. In fact, there is a simple transformation between the

two, that is described by

Q(α) =
2

π

∫
W (β)e−2|α−β|2d2β.

The main advantage of using the Q function is, that it can be directly measured within a

homodyne scheme in an experimental setup.

The distribution function demonstrates that the field is a mixture of two components

both of which have a well-defined amplitude and phase. One of the components is the

vacuum, or more precisely a thermal state, corresponding to the case when the system is

stuck in the ground state |g, 0〉. The other semi–classical component represents that the

system is displaced by the driving. The shape is a bit stretched along the arc, which means

that there is a phase diffusion due to the residual anharmonicity of the ladder in which the

displacement acts. For the given parameters, the weights of the two components are roughly

balanced.

In order to reach the bimodal distribution, the driving strength must be in a given finite

range. This is shown in Fig. 27(b) where the intensity histogram is plotted against the

driving amplitude η. This solution is remarkably reminiscent of the input-output relation

69



IV MULTI-LEVEL ATOMS 3 Transmission spectrum

0

20

40

A

0 0.1 0.2 0.3 0.4 0.5
-¼

0

¼

t (ms)

Á
¡
¼
/2

0

20

40

0 0.1 0.2 0.3 0.4 0.5
-¼

0

¼

t (ms)

A
Á
¡
¼
/2

0

20

40

0.0 0.5 1.0 1.5
-¼

0

¼

t (ms)

A
Á
¡
¼
/2

-20 0 20 40 60

0

1

2

3

P(X=0)

Q
(P
)

-20 0 20 40 60

0

1

2

3

P(X=0)

Q
(P
)

-20 0 20 40 60

0

1

2

3

P(X=0)

Q
(P
)

n
add

 = 28.1

-40

-20

0

20

40

X

0

20

40

P

(a)

-40

-20

0

20

40

X

0

20

40

P

(b)

(c) (d)

-40

-20

0

20

40

X

0

20

40

P

-40

-20

0

20

40

X

0

20

40

P

(e) (f) (g)

0

20

40

A

0.4 0.5 0.6 0.7 0.8 0.9
-

0

t (ms)

-
/2

0

20

40

A

0.4 0.5 0.6 0.7 0.8 0.9
-

0

t (ms)

-
/2

0.0

0.4

0.8

Q
(X
) P=0

-15 -10 -5 0 5 10 15
0.0

0.4

0.8

X, P

Q
(P
) X=0

FIG. 28: (a) Measured Q-function of the vacuum field for very low drive power η/(2π) = 1.4 MHz

in the photon blockade regime (left) and Gaussian fit along the two field quadratures X and P. The

fit reveals a thermal state due to the added amplifier noise with nadd = 28.1. (b) The waterfall

plot shows line cuts of the measured Q-functions where X = 0 as the drive strength is increased

from η/(2π) = 1.4 to 11 MHz for a single transmon in resonance with the cavity (left). A vertical

offset of 0.05 between the line plots has been used for better visibility. The complete Q function

for the critical drive strength η/(2π) = 7.1 MHz, which is indicated by the dashed black line on the

left. (c) The same measurement for transmons 1 and 2 in resonance and the critical drive strength

η/(2π) = 6.8 MHz. (d) The same for transmons 1, 2 and 3 in resonance and the critical drive

strength η/(2π) = 7.7 MHz. (e)-(g) The real-time single-shot record of the transmitted output

field amplitude and phase for one (e), two (f) and three (g) atoms in resonance with the cavity.

in the optical bistability of a saturable absorber[71]. There is a branch of off-resonance (low

saturation), a branch of resonant transmission (saturated absorber), and the coexistence of

these two creating a hysteresis phenomenon.
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FIG. 29: (a) Simulated histogram of the detected power as a function of the cavity input power

for a single qubit; (b) Simulated Q function in the bimodal domain for 1 qubit.

4. Comparison to classical bistability

The observed (bi)stability can be maintained only for a finite time and there is a substan-

tial difference though with respect to the classical bistability. Within the quantum domain,

such is the microscopic medium composed of a single atom, the branches are not stable on

macroscopic time scales. This is shown in Fig. 28(e), (f) and (g) which presents the time

evolution of the system in steady-state. The system flips between two quasi-stationary solu-

tions corresponding to the two components of the bimodal Q function: the vacuum and an

excited coherent state. The well resolved plateaus reveal that the dwelling time in each of

these components is longer then the microscopic time scales characteristic of equilibration.

The (bi)stability can be meant only for a finite time which depends on the system size and

which would be increased to infinity if the system were enlarged to become a macroscopic

system. Experimentally a much longer characteristic switching time of ∼ 1 µs was found,

when all 3 qubits were tuned in resonance with the microwave resonator, see Fig. 28(e), (f)

and (g). In all cases the typical time scales exceed by far the cavity and qubit coherence

times of 0.1 to 0.4 µs [118].

5. Results of chapter IV

In summary, the non-equilibrium first-order phase transition was studied, that takes place

when a strongly driven quantum systems breaks through the non-resonant, reflective phase
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into a transmissive excited one. It was shown both theoretically and experimentally that

the presence of an additional near resonant atomic level dramatically changes the system

dynamics and allows for an access to the excited phase. In a given range of driving strengths,

the transition gives rise to a mixture of the two phases, and the quantum system is switching

between the two corresponding states. The increase of the dwell time as the size of the system

is enlarged, from one to three atoms in the experiment, has been observed, and points to

the stabilization of the corresponding phases in the classical limit.

The results represent an important first step towards exploring many body physics in the

many photon - high drive power regime. A detailed understanding of quantum phase tran-

sitions in circuit QED [119, 120] could play an important role for the controlled simulation

and stabilization of many body quantum states. In the future, one could study entanglement

[121] and the details of the time dynamics using auto-correlation measurements [61]. With

better qubit coherence times and quantum limited amplifiers, phase multi-stability [122]

and squeezing [103] may be realizable. Another potential direction is the application as an

ultra-low energy classical set reset flip-flop memory for ultra low power signal processing in

photonics [123] or classical front end processing for quantum computers [124]. The results

presented in chapter IV will be published in a paper titled ”Observation of the photon-

blockade breakdown phase transition” by J. M. Fink, A. Dombi, A. Vukics, A. Wallraff and

P. Domokos, and are available at arXiv in preprint form [125].
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V CONCLUSION 1 Absorptive bistability

Three distinct physical systems were investigated within the pages of the present the-

sis, yet, naturally, there are quite a few similarities in the setups, the used methods and

the presented results. It might seem, at least at first glance that the obvious common de-

nominator should be considered the phenomena itself, the bistability, or maybe even the

Jaynes–Cummings model used to mathematically represent the systems, but a connection

can be made on a more basic level. In all cases, the starting point can be summed up within

the same two question:

• What happens when a nonlinear medium is in a cavity, while it is being pumped from

an outside source?

• How do the different parameters and circumstances change the observations, and how

do the theoretical models stand up to the experimental data?

In order to describe and understand this interaction between matter and light in a con-

fined space mathematically solvable models and computationally tractable procedures were

needed. Every step taken, every described method, like the use of the Jaynes–Cummings

Hamiltonians, the semi–classical approximations or the C++QED framework, was only a

tool in order to help understand the observable effects that take place in these experiments.

The obtained knowledge led to the explanations of different phenomena, e.g. optical bista-

bility, multiphoton transitions, quantum bistability, which in turn clarified the similarities

and distinctions present.

While within the pages of this thesis, a thorough description of the work done since 2011,

the start of my PhD studies, can be found, below the main results of the thesis itself are

summarized in the following statements:

1. Absorptive bistability

• In this chapter it was proven that a bistable device can be constructed with only a

few atoms that decay individually but otherwise are identical and spatially localized,

and a strong coupling to a single radiation mode of a high-finesse resonator. This is

achieved in the very low-excitation limit, it has real potential for the development of

photonic signal processing device, e.g., optical switches [96].
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• The observed phenomena were theoretically studied by both a semi–classical approach,

describing the solutions of absorptive bistability, and a full quantum solution that

proved an atomic medium containing only a low number of atoms, of about 6 to 8, is

enough for the comparison and fitting of said theories.

• Such systems, with few atoms coupled to a single-mode field, can be experimentally

constructed either by using atoms in a cavity QED setup, or by working with artificial

atoms in a circuit QED framework [97].

• An other interesting aspect addressed was the comparison of the atom-field correlations

and the photon statistics, which are qualitatively well described by the linearized

fluctuation analysis around the mean field solutions. While this result is important by

itself, an other finding was the deviations discovered in the strong-driving limit where

significant atom-field quantum correlations build up.

• It remains a subject of further researches if the semi–classical solutions can be sta-

bilized by feedback in the bistability range and if transition between the different

branches can be generated deterministically by weak external modulation of the driv-

ing amplitude.

2. Transmission spectrum in the strong coupling regime

• Previously unexplored regimes of the the Jaynes–Cummings model, where the coupling

between a resonator mode and a qubit is so strong that the saturation photon number

becomes extremely small, can be investigated in circuit QED setups.

• The phenomenon of optical bistability relying on the nonlinearities existing within the

atom-light interaction, discussed in chapter II, vanish. In such a case, with a saturation

photon number that is nsat � 1, the semi–classical limit cannot be revealed.

• A significantly nonlinear response, involving multi-photon resonances that reflects the

anharmonic spectrum of the driven Jaynes–Cummings model was explored and ex-

plained.
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• A detuning range, where multi-photon resonances were absent, was discovered, in

which the quantum system evolved into a bistability-like steady-state. Within this

domain of the detunings, two well separated attractors coexist: the ground state and

a highly excited quasi-classical state with well-defined phase and amplitude. The

system stochastically flips between the two quasi-stationary semi–classical attractors.

• This solution with amplitude bimodality, obtained at finite detuning between the drive

and the cavity mode frequencies, is markedly different from the spontaneous dressed-

state polarization that has been predicted for the resonant case and γ � κ [114, 115].

• Further work is needed to clarify the relation of these two solutions, e.g., to investigate

the effect of gradually increasing γ from zero. In the present work numerical simu-

lations were performed at the borders of current possibilities. In other words, these

phenomena are at the limit where the deeper insight into Jaynes–Cummings physics

calls for experimental approach and veritable quantum simulation.

3. An observable and observed quantum bistability

• An additional third level was introduced to the previously used two–level atom model,

changing the Hamiltonian and the master equation as well, which was conjectured to

be a substantial element in the actual experimental realization.

• The experimental system used in the circuit QED group at the ETH Zürich was spec-

ified. Their measurement results were presented along with the numerical simulations

and a nice matching can be found. The fitting parameters are determined from inde-

pendent measurements, then both the experiment and the theory based on three-level

atoms lead to the same bimodal distribution.

• An interesting observation within the theory that the transmission spectrum of a

three–level atom with a third level very weakly coupled is identical to that of an

empty cavity. As if the third, weakly coupled level hid the two-level atoms. However,

this applies only for the steady-state solution, the dynamical time scale to reach the

steady-state slows down.
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• We could theoretically determine the parameter range in which the bimodal distribu-

tion, the mixture of a dim and a highly excited quasi-classical state, can be obtained.

The actual experimental realization with the dipole coupling constants of the two

atomic transition g2 ∼ g1 falls within this range.

• We proved thus that the experimental observations correspond to the quantum bista-

bility. We believe that this was the first demonstration of this effect, which exists

in principle in the Jaynes–Cummings model as well, however, in an experimentally

hardly accessible manner.
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Appendix A:

The Monte-Carlo wave-function method

The C++QED framework

C++QED is a framework for simulating open quantum dynamics in general. The frame-

work is capable of simulating fully quantum dynamics (Schrödinger equation) of any system,

provided that its Hamiltonian is expressed in a finite discrete basis, and open (Liouvillean)

dynamics, if the Lindblad- or quantum-jump operators are expressed in the same basis.

Three kinds of time evolution are implemented:

• Full Master equation [126] solution for the density operator of the system. This is

a simple adaptive-stepsize ordinary differential equation (ODE) evolution, whose di-

mension is the square of the dimension of the system Hilbert space.

• Single Monte Carlo wave-function (MCWF) trajectory for a stochastic state vector of

the system [104, 127–129].

• Ensemble of quantum (at present, MCWF) trajectories. Here, the trajectories are all

evolved to certain time instants, at which points the approximate density operator of

the system is assembled from the ensemble of stochastic state vectors. This density

operator is then used to gain information about the state of the system, in exactly the

same way as if it was obtained from a full Master-equation solution.

In the thesis the Monte-Carlo wave-function method (MCWF) was used.

Theoretical description of the MCWF method

To perform a MCWF simulation [130], the first step is to assign operators (Ŝm) to mea-

surable quantities of the system. The expectation value of the chosen operators, Ŝ†mŜm,

fulfill the above expression:

dpm
dt

= 〈Ψ|Ŝ†mŜm|Ψ〉

In order to evolve the wave-function to time t
′

= t + dt, consider that at time t it is

denoted by |Ψ(t)〉, two steps need to be taken.

1.) The wave-function Ψ(t + dt) is obtained by evolving Ψ(t) with the non-Hermitian
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Hamiltonian:

HMC = Hsystem −
i~
2

∑

m

Ŝ†mŜm

For a sufficiently small dt,

|Ψ(t+ dt)〉 =

(
1− iHdt

~

)
|Ψ(t)〉

Since H is not Hermitian, this new wave function is not normalized. The square of its norm

is

〈Ψ(t+ dt)|Ψ(t+ dt)〉 = 1− dp

where dp =
∑

m dpm and dpm ≥ 0. The magnitude of the step dt is adjusted so that this

calculation,at first order, is valid (dp� 1).

2.) The second step of the evolution of |Ψ〉 between t and t + dt consists in a possible

quantum jump. In order to decide whether this jump happens, a quasi-random number e

is chosen, uniformly distributed between O and 1, and is compared to dp. If dp < e, no

quantum jump occurs, and

|Ψ(t+ dt)〉 =
|Ψ(t+ dt)〉√

1− dp
If e < dp, a quantum jump occurs, and

|Ψ(t+ dt)〉 =
Ŝm |Ψt〉√

dpm
dt

with a probability Πm = dpm/dp.

Implementation of the MCWF method

In the framework, a single Monte Carlo wave-function step at time t is implemented as a

sequence of the following stages:

1. Coherent time development is applied:

(a) If the system time evolution has Hamiltonian part, it is evolved with an adaptive-

size step. This takes the system into t+ ∆t.

(b) The exact part (if any) of the time evolution is applied, making that the

Schrödinger and interaction pictures coincide again at t+ ∆t.

(c) The state vector is renormalized.
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2. If the system is not Liouvillean, the timestep ends here, reducing to a simple ODE

evolution. Otherwise (assuming that Sm is the set of Lindblads, and for m = at the

jump rate is found negative. In this case, |Ψat〉 = Sat |Ψ〉 is calculated and cached by

the trajectory driver and the given jump rate is taken as ‖|Ψat〉‖2.):

(a) The rates (probabilities per unit time) corresponding to all jump operators are

calculated. If some rates are found negative, then Sat |Ψ〉 is calculated (and

tabulated) instead, and the rate is calculated as drat = ‖Sat |Ψ〉‖2.

(b) First, it is verified whether the total jump probability is not too big. This is

performed on two levels:

• The total jump rate dr is calculated.

• If drdt > dp′limit, the step is retraced: both the state vector and the state

of the ODE stepper are restored to cached values at the beginning of the

timestep, and phase I. is performed anew with a smaller stepsize dplimit/dr.

With this, we ensure that dplimit is likely not to be overshot in the next try.

• If just drdtnext > dplimit (where ∆tnext is a guess for the next timestep given

by the ODE stepper), the coherent step is accepted, but the timestep to try

next is modified, to reduce the likeliness of overshoot: dtnext −→ dplimit/dr.

(c) After a successful coherent step resulting in an acceptable dr, the possible oc-

currence of a quantum jump is considered: It is randomly decided which (if any)

of the jumps to perform. If it is found to be a special jump, then the tabulated

Sat |Ψ〉 is taken.
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