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Chapter 1

Introduction

Superconductivity was �rst observed in Hg at 4.2K by Heike Kamerlingh Onnes [1]

in 1911. Then, it has been found in many metallic elements of the periodic systems,

also in alloys and intermetallic compounds. However, it took more than 40 years until

the phenomenon was understood on a microscopic basis. Bardeen, Cooper and Schrie�er

(BCS) gave a description of the superconducting state in terms of Cooper pairs [2].

This theory was based on Cooper's discovery that the normal state of an electron gas

in the presence of an attractive interaction (no matter how strong) is unstable against

the formation of electron pairs. In conventional superconductors, the attraction between

electrons is caused by an exchange of phonons. The Coulomb repulsion is strongly reduced

by screening e�ects at distances of the order of the size of the pair ξ thus it does not

destroy pairing.

The BCS theory of superconductivity describes the electrons in paired states (k ↑
,−k ↓), the ground state reads as follows [2]

ΨBCS =
∏
k

(uk + vkc
†
k↑c
†
−k↓) |Φ0〉 , (1.1)

where c†k,α denotes fermionic creation operators with the usual anticommutator algebra,

the uk and vk are chosen to minimize the energy, and |Φ0〉 is the vacuum state. The

Cooper pairs have time reversal symmetry, since

T̂ |k ↑〉 → |−k ↓〉 . (1.2)

This theory is very successful in the description of the universal properties of supercon-

ductors, i.e., those properties which all conventional superconductors have in common.
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CHAPTER 1. INTRODUCTION

For material-speci�c properties such as the critical temperature, the BCS model gives

only very rough estimates. Also, the BCS model is limited to the weak-coupling regime,

which further reduces the range of applicability. The other weakness is that it can not be

applied easily to inhomogeneous systems where the wavenumber, k, is not a good quan-

tum number. For the solution of this drawback, the well-known Hartee-Fock method was

generalized with the introduction of the concept of mixed electron-hole (time reversed

electron) excited states [3,4] which yields the Bogoliubov-de Gennes (BdG) equations [5].

In this description the standard momentum operators are replaced by �eld operators,

which have the advantage that they are able to describe inhomogeneous systems.

Some of the problems of the BCS theory were treated by the Eliashberg theory [6,7].

This is a generalization of Migdal's treatment [8, 9] of the electron-phonon interaction

in solids (vertex corrections with respect to the phonon propagator can be neglected).

It allowed accurate calculations of material dependent quantities, and an appropriate

description of the strong-coupling superconductors (like Nb or Pb) and also for more

complex materials such as MgB2 [10]. A serious problem of this approach was the de-

scription of the Coulomb interaction between the electrons - it was usually replaced by

a number, µ∗, which was �tted to the experimental transition temperature, making the

theory semi-phenomenological.

The next major step in the theoretical description was the generalization of the den-

sity functional theory (DFT) for the superconducting state [11] which was done by

Oliveira, Gross and Kohn (OGK) in 1988. In this theory the ground state energy is

proved to be a unique functional of the charge density ρ(r) and the anomalous den-

sity χ(r, r′) = 〈Ψ↑(r)Ψ↓(r
′)〉, where the �eld operator Ψα(r) annihilates a particle at

position r (with spin α =↑, ↓). The theory is then built in close analogy with the spin

DFT [12], where the energy is a functional of the charge density and the magnetization

density. Later, the concept is further developed into a multicomponent density func-

tional theory for the combined system of electrons and nuclei (phonons) [13], where the

electron-phonon interaction is included through an exchange-correlation functional and

an approximate exchange correlation potential was also derived from many-body per-

turbation theory [14�16]. At present, this is the most accurate theory which allows the

�rst principles calculation of the superconducting transition temperature. Successful ap-

plications were carried out to the the basic elements [16], the newly discovered high-Tc

superconductor (sulfur hydride system) [17, 18], di�erent compounds under high pres-

sure [19�22] and multiband superconductors [23, 24]. Recently, a spin density functional

theory for superconductors and the approximated exchange-correlation functionals have
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CHAPTER 1. INTRODUCTION

been developed by Linscheid et al. [25, 26].

The past few years have also shown a growing interest in the study of superconductor

based heterostructures [27�29]. It is known that inhomogeneities in the pairing potential

can lead to bound quasiparticle states. These states have been found theoretically in

superconductor � normal metal � superconductor heterostructures [30] and also in other

systems [31, 32] . The Andreev re�ection [33] has been identi�ed as the key e�ect which

results in such bound states, called Andreev bound states: an electron, with energy lying

in the superconducting gap, arriving from the normal metal to the superconductor �

normal metal (S/N) interface is retro-re�ected as a hole and a Cooper pair is formed in the

superconductor. An overview of experiments can be found in Ref. [34] on ballistic electrical

transport in inhomogeneous superconducting systems which are controlled by the process

of Andreev re�ection. While a great many theoretical works were dedicated to study the

Andreev re�ection and the Andreev bound states [35�40], it was done on model systems

only, their material speci�c dispersion, their �band structure� has never been calculated

(nor observed experimentally) to date. Within the framework of a tight-binding model,

Annett and coworkers also investigated such heterostructures [41�43]. They have shown

the existence of Andreev states within the gap, and pointed out e�ects associated with

the interplay of the gap and the normal van Hove peaks [41]. The next logical step in this

series of investigations is the �rst principles calculations for real materials.

The majority of the present work is devoted to the development of a theoretical and

computational approach which allows us to calculate the properties (including the quasi-

particle spectrum, zero temperature gap and the critical temperature) of a conventional

(s-wave) superconductor � normal metal (S/N) heterostructure in a fully ab-initio way.

This shall be achieved by generalizing one of the most accurate and �exible method of

band structure calculations: the Korringa-Kohn-Rostoker (KKR) method. This method

was one of the earliest schemes for the solution of the Kohn-Sham equations within DFT,

�rstly developed by Korringa [44]. It received only marginal initial attention until it was

extended to a Green function method by Kohn and Rostoker [45] and incorporated into

DFT, when it reached its full strength. Now, the Green function is the heart of the mod-

ern version of KKR, containing all the information about the system and giving direct

access to the electron density of states. The linearized version of the KKR � the so-called

LMTO (linear mu�n-tin orbital) method � was introduced by Andersen [46]. Further

improvements to the theory were made by many others [47�55]. The KKR method was

proven to be a very powerful tool over the last decades with a very broad range of possible

applications (including impurities, disordered systems, magnetic response functions, mag-
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CHAPTER 1. INTRODUCTION

netic anisotropy, pair interaction parameters, transport quantities, spectroscopy, etc.). A

very good review about such applications can be found in Ref. [55]. The development of

the screened or tight-binding KKR method [50,51] made it possible to apply the method

in an e�cient way for layered systems such as surfaces or interfaces. Formally, our main

goal is to extend the method to the superconducting state.

The dissertation is organized as follows. In Chapter 2 the Bogoliubov type equations

of superconductivity are derived, which can describe inhomogeneous heterostructures. As

an application, to gain deeper understanding about the Andreev re�ection, S/N inter-

faces are discussed in a simple one-dimensional model. The fundamentals of the density

functional theory for the superconducting state � which represent the basis of the self-

consistent band structure calculations � are also presented. Since in some cases relativistic

e�ects can be important, we also discuss the relativistic generalization of the BdG the-

ory. In Chapter 3 we go into details how the KKR method can be generalized to be

able to obtain the quasiparticle spectrum of superconducting heterostructures. For later

purposes the spin-polarized relativistic KKR is presented here. We also develop a new

way to make the theory fully ab-initio, where the calculation of the phonon spectrum

is also indispensable. In Chapter 4 the method is illustrated in one-dimension and the

�rst material speci�c calculations are presented for superconductor � normal metal het-

erostructures. There are two kinds of heterostructures we study: overlayers on thick and

thin superconductors. In both cases we develop a method to obtain the critical temper-

ature of the whole heterostructure. Finally, Chapter 5 is devoted to a summary of the

achieved results in this work and an outlook for future challenges.
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Chapter 2

Bogoliubov equations of

superconductivity

As we mentioned before, the BCS theory has been very successful in describing the

universal properties of homogeneous superconductors. However, it can not be applied in

the presence of inhomogeneity (e.g. impurity, surfaces or interfaces with normal metals),

where the order parameter varies in space, since the theory is formulated in momentum

space. The Ginzburg-Landau phenomenological theory [56] makes it possible to calculate

spatial variation of the macroscopic wave function of Cooper pairs. Anyhow, it can not

describe superconductivity on scales smaller than the coherence length, and it is only valid

for temperatures near the superconducting transition temperature (Tc). To understand

the fundamental properties of superconductors on the microscopic scale, a generalization

of the BCS theory is necessary. There are two di�erent theoretical approaches which

have been developed to investigate inhomogeneous systems. One is due to Gorkov [57,

58] and uses the equations of motion method for the Green functions, and the second

approach is due to Bogoliubov and de Gennes [5] which is based on the electron-hole

quasiparticle states. In this chapter we review the derivation and the basic properties of

the Bogoliubov - de Gennes theory, which leads to coupled e�ective one particle equations.

Here the interaction between the electrons is described in the framework of a mean-

�eld theory with a contact potential. As an application we review the solution of these

equations for an S/N model system, and explain how the Andreev re�ection arises in these

systems. Since the Coulomb interaction is completely ignored in the original Bogoliubov

- de Gennes theory, we also reconsider the density functional theory within the local

density approximation for the exchange energy. This leads to the so-called Kohn-Sham-
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CHAPTER 2. BOGOLIUBOV EQUATIONS OF SUPERCONDUCTIVITY

Bogoliubov-de Gennes equations [11] which allows one to calculate real material speci�c

properties of superconductors and superconductor based heterostructures. To provide

the opportunity to improve such calculations by treating the e�ects of relativity and

superconductivity on the same footing, we also present the relativistic generalization of

the theory [59�61].

2.1 Derivation of the BdG equations

We will describe a self-consistent mean-�eld method, which is essentially a generaliza-

tion of the Hartree-Fock equations to the case of superconductivity. We follow the book

of de Gennes [5] and develop the theory in the language of the �eld operators Ψα (α

is the spin label). In the non-superconducting case the �eld operators can be expanded

in terms of complete set of wave functions, such as the eigenfunctions φk(r) of the free

electron Hamiltonian

Ψα(r) =
∑
k

φk(r)ckα, (2.1)

Ψ†α(r) =
∑
k

φ∗k(r)c†kα. (2.2)

The �eld operators satisfy the following anticommutation rules:

{Ψα(r),Ψβ(r′)} = 0, (2.3){
Ψ†α(r),Ψ†β(r′)

}
= 0, (2.4){

Ψ†α(r),Ψβ(r′)
}

= δ(r− r′)δαβ. (2.5)

The second-quantized Hamiltonian in terms of the �eld operators can be expressed as

H =
∑
α

∫
Ψ†α(r)

[
1

2m
(p− eA)2 + V (r)

]
Ψα(r) dr

+
1

2

∑
α,β

∑
γ,δ

∫∫
Ψ†δ(r1)Ψ†γ(r2)H int

δ,γ;α,β(r1, r2)Ψα(r2)Ψβ(r1) dr1 dr2,
(2.6)

where

H int
δ,γ;α,β(r1, r2) = −Λδ(r1 − r2)δαγ,βδ. (2.7)

We have assumed that V (r) (arbitrary external potential) is independent of spin and the

electron-electron coupling is point-like and thus characterized by a single parameter Λ

(BCS approximation).

10 2.1. DERIVATION OF THE BDG EQUATIONS



CHAPTER 2. BOGOLIUBOV EQUATIONS OF SUPERCONDUCTIVITY

In order to �x the number of particles we use the grand-canonical ensemble. In the

self-consistent �eld approach we seek an approximate solution of the many-body problem

described by an e�ective one-electron Hamiltonian. The best such Hamiltonian should

minimize the free energy. Assuming that the average of anomalous pairs of �eld operators

are non-vanishing, we write this e�ective Hamiltonian as [5]

Heff =
∑
α

∫
Ψ†α(r) [He(r) + U(r)] Ψα(r) dr

+

∫
∆(r)Ψ†↑(r)Ψ†↓(r) dr +

∫
∆∗(r)Ψ↓(r)Ψ↑(r) dr,

(2.8)

where

He(r) =
1

2m
(p− eA)2 + V (r)− µ, (2.9)

and U(r) is the Hatree-Fock potential (conserves the number of particles), ∆(r) is the

pairing potential (increase or decrease the number of particles by two), µ is the chemical

potential.

We can diagonalize the Hamiltonian (2.8) with the following unitary transformation

(Bogoliubov-Valatin transformation)

Ψ↑(r) =
∑
n

[
un(r)γn↑ − v∗n(r)γ†n↓

]
, (2.10)

Ψ↓(r) =
∑
n

[
un(r)γn↓ + v∗n(r)γ†n↑

]
, (2.11)

where the operators γ satisfy the fermionic anticommutation rules. The particle created

by the operator γ†nα is the so-called Bogoliubov quasiparticle (or Bogoliubon). Thus the

transformation diagonalizes the Hamiltonian (2.8), we get

Heff = E0 +
∑
n,α

εnγ
†
nαγnα, (2.12)

where E0 is the ground-state energy and εn's are the energies of the excitations about

the ground state.

To derive the Bogoliubov equations for un(r) and vn(r), we evaluate the commutator

of Heff with the �eld operator Ψ↑(r) in two ways. Foremost, we take the Hamiltonian

(2.8) and use the anticommutation relations of the �eld operators

[Ψ↑(r), Heff ] = [He + U(r)] Ψ↑(r) + ∆(r)Ψ†↓(r). (2.13)

Then, we use Eq. (2.12) for Heff , and replace the �eld operator with γ's (Eq. (2.10)), we

get

[Ψ↑(r), Heff ] =
∑
n

εn

[
un(r)γn↑ + v∗n(r)γ†n↓

]
, (2.14)

2.1. DERIVATION OF THE BDG EQUATIONS 11



CHAPTER 2. BOGOLIUBOV EQUATIONS OF SUPERCONDUCTIVITY

where we have applied

[γnα, Heff ] = εnγnα, (2.15)[
γ†nα, Heff

]
= −εnγ†nα. (2.16)

The comparison of the γ operators' coe�cients in Eq. (2.13) and Eq. (2.14) will lead us

to the Bogoliubov-de Gennes e�ective one-particle equations[
He(r) + U(r) ∆(r)

∆∗(r) − [He(r) + U(r)]∗

][
un(r)

vn(r)

]
= εn

[
un(r)

vn(r)

]
. (2.17)

To calculate the potentials (U(r) and ∆(r)) we require that the free energy F �

determined from the states which diagonalize Heff � be minimum at the equilibrium

state (δF = 0)

F = 〈H〉 − TS, (2.18)

where H refers to the Hamiltonian (2.6) and the average is

〈H〉 =

∑
φ 〈φ |H|φ〉 exp(−βEφ)∑

φ exp(−βEφ)
, (2.19)

Heff |φ〉 = Eφ |φ〉 . (2.20)

After using Wick-theorem [62] for the calculation of
〈
Ψ†Ψ†ΨΨ

〉
product we calculate the

variation δF as varying the
(
u v

)T
state

δF =

∫
dr
∑
α

δ
[〈

Ψ†α(r)HeΨα(r)
〉]

− Λ

∫
dr
∑
α

{∑
β

〈
Ψ†α(r)Ψα(r)

〉
δ
[〈

Ψ†β(r)Ψβ(r)
〉]

+
〈
Ψ†α(r)Ψα(r)

〉
δ
[〈

Ψ†α(r)Ψα(r)
〉]}

− Λ

∫
dr
{〈

Ψ†↑(r)Ψ†↓(r)
〉
δ [〈Ψ↓(r)Ψ↑(r)〉] + c.c.

}
− TδS.

(2.21)

Since our excitations diagonalize Heff

0 =δ 〈Heff〉 − TδS =

∫
dr
∑
α

δ
[〈

Ψ†α(r)(He + U(r))Ψα(r)
〉]

+

∫
dr
{

∆(r)δ
[〈

Ψ†↑(r)Ψ†↓(r)
〉]

+ c.c
}
− TδS.

(2.22)

After comparing the last two equations we can determine the Hartree-Fock and pairing

potentials (since δF = 0 because of the stationarity)

U(r) = −Λ
〈

Ψ†↑(r)Ψ↓(r)
〉

= −Λ
〈

Ψ†↓(r)Ψ↑(r)
〉
, (2.23)

∆(r) = Λ 〈Ψ↑(r)Ψ↓(r)〉 = −Λ 〈Ψ↓(r)Ψ↑(r)〉 . (2.24)

12 2.1. DERIVATION OF THE BDG EQUATIONS
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If we replace the �eld operators by the γ operators and use the following identities〈
γ†nαγmβ

〉
= δnmδαβfn, (2.25)

〈γnαγmβ〉 = 0, (2.26)

where fn is the Fermi-Dirac distribution

f(εn) =
1

eβεn +1
, (2.27)

it will take the potentials to the form

U(r) = −Λ
∑
n

[
|un(r)|2fn + |vn(r)|2(1− fn)

]
, (2.28)

∆(r) = Λ
∑
n

[un(r)v∗n(r)(1− 2fn)] . (2.29)

Hence, we have reduced the interacting many body problem to an e�ective one particle

problem which we have to solve in a self-consistent way:

guess U(r), ∆(r)
update U(r), ∆(r) with un(r), vn(r)

alternative way: Green-function method

solve the BdG equations

Remarks: The one-electron Hamiltonian

He(A) =
1

2m
(p− eA)2 + V (r)− µ (2.30)

and its complex conjugate

H∗e (A) =
1

2m
(p + eA)2 + V (r)− µ (2.31)

will only di�er in the presence of the magnetic �eld. However, the choice of the vector

potential A is not unique. If we substitute A with the following A′

A′ = A + ~∇χ =⇒ ~∇×A′ = ~∇×A = B (2.32)

we still describe the same B �eld. If the

(
un

vn

)
eigenvectors and the pairing potential ∆(r)

associated with vector potential A are known, we can get

(
u′n

v′n

)
and ∆′(r) associated

with vector potential A′ from the following expressions

u′n(r) = un(r) exp
(

i
e

~
χ(r)

)
, (2.33)

v′n(r) = vn(r) exp
(
− i

e

~
χ(r)

)
, (2.34)

∆′(r) = ∆(r) exp
(

2 i
e

~
χ(r)

)
. (2.35)

2.1. DERIVATION OF THE BDG EQUATIONS 13
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If the pairing potential is complex ∆(r) = |∆(r)| eiϕ, it is always possible to choose a

gauge χ = − ~
2e
ϕ, where the pairing potential is real in the case of a bulk superconductor.

The particle-hole symmetry implies that if the solution at εn is given by

(
un

vn

)
then

the solution at −εn is

(
−v∗n
u∗n

)
.

In case of ∆(r) = ∆0 homogeneous pairing potential , the spectrum has a gap with

size of 2|∆0| around the Fermi-level and the solutions of the BdG equations reduce to the

BCS solutions.

2.2 Andreev re�ection

Let us consider a normal metal (N) - superconductor (S) junction. We denote by x the

longitudinal coordinate (which is perpendicular to the N/S interface) and by (y; z) the

transversal coordinates. The interface is located at the coordinate x = 0. In the normal

state metal we have two electron solutions

Ψe
N(x) =

(
1

0

)
e± i pex (2.36)

and two hole solutions

Ψh
N(x) =

(
0

1

)
e± i phx, (2.37)

where

pe,h =
√
µ± ε. (2.38)

In the superconductor we assume ∆(x) = ∆ ∈ R. The two types of solutions can be

written as

ΨI
S(x) =

(
γe

1

)
e± i qex, (2.39)

ΨII
S (x) =

(
γh

1

)
e± i qhx, (2.40)

where the wavenumbers in the case of ε ≤ ∆ read as

qe,h =

√
µ± i

√
|∆|2 − ε2 (2.41)

14 2.2. ANDREEV REFLECTION
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and if ε > ∆

qe,h =

√
µ±

√
ε2 − |∆|2. (2.42)

Here the electrons and the holes are coupled via the pairing potential ∆, which appears

in the solution through the γe and γh coe�cients

γe = γ∗h = exp

(
i arccos

ε

|∆|

)
. (2.43)

Figure 2.1: Dispersion relations in the normal state (left panel) and in the superconductor

(right panel), and the possible scattering events.

To determine the re�ection and transmission properties of the S/N system, we consider

an incident electron, incoming from the N side towards the interface:

ΨN(x) =

(
1

0

)
ei pex +re

(
1

0

)
e− i pex +rh

(
0

1

)
ei phx . (2.44)

Then the transmitted wave in the superconductor can be the following right moving

solutions (see Fig. 2.1)

ΨS(x) = te

(
γe

1

)
ei qex +th

(
γh

1

)
e− i qhx . (2.45)

Assuming perfect interface, the matching of wave functions and their derivatives in the

Andreev approximation � retaining only the lowest order of ∆� µ =⇒ ke ≈ kh ≈ qe ≈ qh

(if they are not in the exponent) � yields re = th = 0, rh = te = 1/γe. Consequently, in

an S/N heterostructure with ideal interface (and perpendicular incidence) the electron to

electron re�ection is prohibited, and the incoming electrons are Andreev re�ected with a

probability of one. This phenomenon is known as Andreev re�ection [30,33]. In contrast

to an ordinary re�ection, where momentum is not conserved and charge is conserved,

in an Andreev re�ection process the momentum is almost conserved (in the sense that

both the incoming electron and the re�ected hole have momentum very close to the same

kF ), but the charge is not conserved (however, this is not a violation of a fundamental

2.2. ANDREEV REFLECTION 15
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Figure 2.2: Illustration of Andreev scattering: an electron, with energy lying in the super-

conducting gap, arriving from the normal metal to the superconductor � normal metal

(S/N) interface is retro-re�ected as a hole and a Cooper pair is formed in the supercon-

ductor.

conservation law, the missing charge is absorbed into the superconducting ground state

as a Cooper pair).

In the 3D case (imagine in�nite planes in the y − z direction) using the plane wave

solutions, the chemical potential µ is replaced by µ = µ− k2
y − k2

z . In some cases (when k

is nearly parallel to the S/N interface) µ can be very small, and the above used Andreev

approximation may break down. With introducing the re�ection angle of holes θh and

the incidence angle of electrons θe, it is easy to see that ke sin θe = kh sin θh following

from the translational invariance along y, z. Therefore, the di�erence between the angles

θh − θe ∼ ε/µ which shows the limits of the perfect retrore�ection that the hole travels

back along the trajectory of the incident electron.

In 1982 Blonder, Tinkham and Klapwijk (BTK theory [36]) generalized these results

by modeling the interface scattering with a Dirac-delta potential: V (x) = Zδ(x). As Z

increases, Andreev re�ection becomes less likely. However, if Z is small enough, this e�ect

can easily be observed in a laboratory using a point-contact spectroscopy [63]. In fact,

the quality and type of the interface determines the fractions of the incident electrons

and holes that are re�ected, transmitted.

Importantly, the re�ections introduce superconducting correlations in the normal
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metal, which are the so-called proximity e�ects [5]. The Andreev re�ected holes are trav-

eling on the time-reversed path of the incoming electrons, hence the electrons and the

holes form phase-conjugated pairs. However, the small di�erence in the wavenumbers

δk = ke − kh, destroys the phase coherence of the electron-hole pairs after the distance

δx ≈ 1/δk.

Figure 2.3: The normal N system is in contact with the superconducting S region with

box geometry arrangement.

Now let us assume that the system is ballistic, no impurities are present (see Fig. 2.3).

The extension of the heterostructure in the y direction is w. The superconductor is semi-

in�nite with ∆ =const. in the x direction (x < 0), and the length of the normal metal

(∆ = 0) is d. The solution inside the normal metal (taking into account the boundary

conditions) for the mth mode (m = 1, 2, ...) can be written as

ΨN(x, y) =

[
aem

(
1

0

)
sin kem(d− x) + ahm

(
0

1

)
sin khm(d− x)

]√
2

w
sin

mπ

w
, (2.46)

where

ke,hm =

√
µ± ε−

(mπ
w

)2

, (2.47)

and in the superconducting region

ΨS(x, y) =

[
bem

(
γe

1

)
ei qemx +bhm

(
γh

1

)
ei qhmx

]√
2

w
sin

mπ

w
, (2.48)

where

qe,hm =

√
µ± i

√
|∆|2 − ε2 −

(mπ
w

)2

. (2.49)

Matching the wave functions and their derivatives at x = 0 yields (n ∈ Z) [38](
kem − khm

)
d− arccos

ε

∆
= nπ. (2.50)

It can be observed that the Andreev scattering (the term arccos(ε/∆) is clearly due to

the Andreev scattering) leads to Andreev bound states, which are discrete energy levels
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formed in the bulk gap. The same result can also be obtained from Bohr-Sommerfeld

quantization [38]. One of the main aim of this dissertation is to generalize this simple

quasiclassical picture and include the e�ect of the Andreev states' dispersion.

2.3 Density functional theory for superconductors

The modern �rst-principles calculations of electronic structure are all carried out in the

framework of the density functional theory (DFT) [64], which is based on the Hohenberg-

Kohn (HK) theorem. The HK theorem guarantees that all physical observables of a sys-

tem, in particular the total energy, are functionals of the ground-state density [65]. On the

basis of the HK theorem Kohn and Sham replaced the interacting many-particle system

by an auxiliary non-interacting single-particle system with an e�ective potential which

reproduces the ground-state density of the interacting system. The total energy func-

tional was divided into a part corresponding to the non-interacting system and into the

�rest�, the exchange-correlation energy functional. Good approximations to the exchange-

correlation energy functional, like the local density approximation (LDA), made the DFT

uniquely successful in the prediction of material speci�c properties.

Before discussing the problem of superconductivity, it is useful to recall how magnetic

systems are usually treated within DFT. In principle, pursuant to the HK theorem,

all observables (including the magnetization) are functionals of the electronic density

alone. Nevertheless, this assumes the knowledge of the magnetization as the functional

of the density, which can not be calculated easily. Therefore, the magnetization density

m(r) � which is the order parameter of the magnetic state � is treated as an additional

density [66]. An auxiliary �eld, the external magnetic �eld Bext(r) is introduced, which

couples to m(r) and breaks the corresponding (rotational) symmetry of the Hamiltonian.

The resulting magnetization will be a �nite value of the e�ective magnetic �eld. Then, if

the auxiliary perturbation is switched o�, the order parameter will be �nite only if the

system is magnetic. In this way, the ground-state magnetization density can be obtained

by minimizing the total energy functional with respect to both the normal density and

the magnetization density.

In our case, the superconducting order parameter is the anomalous density

χ(r, r′) = 〈Ψ↑(r)Ψ↓(r
′)〉 , (2.51)
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which characterizes the superconducting state. The charge density is given by

ρ(r) =
∑
α

〈
Ψ†α(r)Ψα(r)

〉
, (2.52)

where α is the spin index.

DFT is made possible by the existence of two ingeniously simple theorems [67]:

• The [ρ(r), χ(r, r′)] densities determine the external potentials uniquely and hence

the ground state of the system.

• The E [ρ, χ] energy functional which describes the ground state, can be obtained

variationally. It can be determined by direct minimization with respect to the ρ(r)

and χ(r, r′) densities.

Now, the density functional theory for superconductors can be built up in a very close

analogy to the spin DFT. Here the order parameter is the so-called anomalous density

χ(r, r′) and the corresponding potential is the non-local pairing potential ∆ext(r, r
′). Sim-

ilarly to the magnetic case, this external �eld only acts to break the symmetry (here the

gauge symmetry) of the system. This is a purely formal device and is set equal to zero in

any further calculation.

The ground state energy of the interacting system is

E [ρ, χ] =TS [ρ, χ] +
1

2

∫
ρ(r)ρ(r′)

|r− r′|
dr dr′ +

∫
Vext(r)ρ(r) dr

−
∫

[∆∗ext(r, r
′)χ(r, r′) + c.c] dr dr′ + Exc[ρ, χ],

(2.53)

where TS is the kinetic energy, Vext(r) is the external potential (e.g. the Coulomb at-

traction from the protons), and Exc[ρ, χ] is the exchange correlation energy, which is the

remainder of the interactions. The minimization with respect to the ρ(r) and χ(r, r′)

densities and taking into account the N =
∫
ρ(r) dr constraint, gives the following Euler-

Lagrange's equations

δTS[ρ, χ]

δρ(r)
+ Veff (r) = µ, (2.54)

δTS[ρ, χ]

δχ(r, r′)
−∆∗eff (r, r

′) = 0, (2.55)
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where

Veff (r) = Vext(r) +

∫
ρ(r′)

|r− r′|
dr′ +

δExc[ρ, χ]

δρ(r)
(2.56)

∆∗eff (r, r
′) = ∆∗ext(r, r

′)− δExc[ρ, χ]

δχ(r, r′)
. (2.57)

One can realize that these Euler-Lagrange equations of the interacting system are the

Euler-Lagrange equations of the non-interacting system in the presence of the e�ec-

tive potentials, Veff (r) and ∆eff (r, r
′). The Hamiltonian can be diagonalized with the

Bogoliubov-Valatin transformation and the coe�cients of the transformation un(r) and

vn(r) satisfy the BdG equations (in atomic units)(
−∇2 + Veff (r)− µ

)
un(r) +

∫
∆eff (r, r

′)vn(r′) dr′ = εnun(r), (2.58)(
−∇2 + Veff (r)− µ

)
vn(r)−

∫
∆∗eff (r, r

′)un(r′) dr′ = −εnvn(r). (2.59)

The charge density and anomalous density are given by

ρ(r) = 2
∑
n

[
|un(r)|2f(εn) + |vn(r)|2(1− f(εn))

]
, (2.60)

χ(r, r′) =
∑
n

[un(r)v∗n(r′)(1− f(εn))− un(r′)v∗n(r)f(εn)] . (2.61)

In essence, DFT requires the solution of two separate problems: (i) solving the KSBdG

equations and (ii) constructing exchange functionals. The next chapter is devoted to the

�rst problem and now, we introduce a simple approximation for the exchange functional.

The general form of the exchange correlation can be written as

Exc[ρ, χ] = E0
xc[ρ]−

∫
χ∗(r1, r

′
1)Λ (r1, r

′
1, r2, r

′
2; [ρ, χ])χ(r2, r

′
2) dr1 dr′1 dr2 dr′2, (2.62)

where E0
xc[ρ] is the exchange correlation energy for the normal state electrons and

Λ (r1, r
′
1, r2, r

′
2; [ρ, χ]) is the pairing kernel. Here we take the following assumptions which

was described by Suvasini et al. [68]

• For E0
xc[ρ] we assume that it can be described within the framework of local density

approximation (LDA). Here the electronic system is separated into su�ciently small

regions of nearly constant density. For each of these regions the functional E0
xc for

the homogeneous electron gas is evaluated. While the exchange part E0
x of E0

xc for

homogeneous electron gas is known from the Hartree-Fock theory, the correlation

part E0
c has to be �tted to numerical values obtained from model calculations [12].
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For those cases where the LDA seems to be inappropriate, the exchange correlation

energy should be constructed in a more sophisticated way, such as the LSDA (local

spin density approximation) [69], GGA (generalized gradient approximation [70],

which includes the density gradient for the higher order correction), GW (Green

function + screened interaction potential) [71], LDA+U (unrestricted Hartree-Fock

treatments for the localized orbital states) [72], X + DMFT (X= Material speci�c

electronic structure (LDA, GGA, ...) and local electronic correlations from Dynam-

ical Mean-Field Theory) [73].

• We assume the following local approximation for the kernel

Λ (r1, r
′
1, r2, r

′
2; [ρ, χ]) = Λδ(r1 − r′1)δ(r1 − r2)δ(r1 − r′2), (2.63)

where we neglected the [ρ, χ] exact dependence and Λ became a phenomenologi-

cal parameter, which is material speci�c and site-dependent. Here Λ represents an

attractive interaction which can be due to any pairing mechanism. Therefore, in a

phenomenological way, the theory can also be applied for unconventional supercon-

ductors [74, 75].

The second approximation trivially reduces the predictive power of the theory. On the

other hand, if Λ is identi�ed as the time averaged electron-phonon interaction, the

Gaspari-Gy®r�y theory [76] (described later) makes possible to calculate the parameter

Λ and thus the KSBdG equations can be solved in a parameter-free way. Furthermore,

we assume the pairing potential and the anomalous density are local, i.e.

∆eff (r, r
′) = ∆eff (r)δ(r− r′), (2.64)

χ(r, r′) = χ(r)δ(r− r′). (2.65)

Finally, the KSBdG equations to be considered later, can be written as

(He(r)− µ)un(r) + ∆eff (r)vn(r) = εnun(r), (2.66a)

(He(r)− µ) vn(r)−∆∗eff (r)un(r) = −εnvn(r), (2.66b)

whereHe(r) = −∇2+Veff (r) is the single-particle Hamiltonian. The e�ective electrostatic

and pairing potentials are

Veff (r) = Vext(r) +

∫
ρ(r′)

|r− r′|
d3r′ +

δE0
xc[n]

δρ(r)
, (2.67a)

∆eff (r) = ∆ext(r) + Λ χ(r), (2.67b)
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where the ρ(r) charge and χ(r) anomalous densities can be calculated from the wave

function components:

ρ(r) = 2
∑
n

[
|un(r)|2f(εn) + |vn(r)|2(1− f(εn))

]
, (2.68a)

χ(r) =
∑
n

un(r)v∗n(r)(1− 2f(εn)). (2.68b)

It is also worth mentioning that if we restrict ourselves to determine the superconduct-

ing transition temperature only, it is enough to consider a linear approximation to the

self-consistent condition (see in Ref. [77] Sec. 38, 55.6), namely, to treat the pairing poten-

tial as a �rst order perturbation. Therefore, the KSBdG equations can be decoupled using

the normal state KS orbitals [78], which is widely used in the literature [15,16,25,26]. This

gives a very good approximation for the anomalous density, since the superconducting

gap is smaller with orders of magnitude than the electronic energies involved in a normal

state band structure calculation. However, to calculate the quasiparticle spectrum around

the Fermi-level one has to solve the full KSBdG equations.

2.4 Dirac-Bogoliubov-de Gennes equations

In some cases relativistic e�ects can have important in�uence on superconductiv-

ity [79�82]. As an example if there are elements with atomic number Z > 40 in the lattice,

the band structure has to be calculated using relativistic methods [12]. Furthermore, many

interesting superconductors (such as heavy-fermion compounds and the high-temperature

superconductors) contains heavy elements (mercury, platinum, uranium, etc.).

First, let us introduce the Pauli-matrices

σx =

(
0 1

1 0

)
, σy =

(
0 − i

i 0

)
, σz =

(
1 0

0 −1

)
, (2.69)

and

α =

(
0 σ

σ 0

)
, β =

(
I2 0

0 −I2

)
, Σ =

(
σ 0

0 σ

)
. (2.70)

Now, we look for the relativistic generalization of the Hamiltonian (2.8). Capelle

et al. [59] showed that in the relativistic case 16 di�erent order parameters exist with
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di�erent symmetry properties (these order parameters are 4 × 4 matrices). However, a

symmetry analysis with respect to the Lorentz group results in only �ve di�erent types

of order parameters that are consistent with the requirement of covariance (in the non-

relativistic case there are di�erent types of order parameters, which describe singlet and

triplet superconductivity). In the non-relativistic BCS theory pairing occurs between

electrons of opposite spin and opposite momentum, thus, for spin singlet pairing the key

symmetry is time reversal invariance. We want to keep this property in the relativistic

case, hence, one can identify the time-reversal matrix η (which is one of the 16 order

parameters) as the relativistic version of the BCS order parameter. The one-electron terms

will be just the same as the �rst term of the normal state full relativistic Hamiltonian.

This means that we only have to insert the time-reversal matrix η between each pair of

�eld operators in the pairing potential terms, which leads to

Heff =

∫
Ψ†(r)

{
cα(p− eA(r)) + (β − I4)mc2 + V (r) + U(r)− µ

}
Ψ(r) dr

−
∫

ΨT (r)ηΨ(r)D∗(r) dr−
∫

Ψ†(r)ηΨ∗(r)D(r) dr,

(2.71)

where U(r) is the relativistic Hartree-Fock potential, the time-reversal matrix

η =


0 1 0 0

−1 0 0 0

0 0 0 1

0 0 −1 0

 , (2.72)

and the relativistic pairing potential � with assuming contact potential for the interaction

� is given by

D(r) = −Λ
〈
ΨT (r)ηΨ(r)

〉
. (2.73)

Based on the non-relativistic case, one can de�ne the relativistic version of the Bogoliubov-

Valatin transformation

Ψi(r) =
∑
k,j

(
uijk(r)γkj + v∗ijk(r)γ†kj

)
, (2.74)

where the index k represents the quantum numbers, i, j label the four components of the

spinors, and the γ†kj, γkj operators obey the usual fermion anticommutation rules. The

diagonalization leads to the Dirac-Bogoliubov-de Gennes equations [59]:(
HD D(r)η

D∗(r)ηT −H∗D

)(
ukj(r)

vkj(r)

)
= εkj

(
ukj(r)

vkj(r)

)
, (2.75)
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where ukj(r), vkj(r) are four component quantities and HD is the usual single particle

Dirac Hamiltonian

HD = cα(p− eA(r)) + (β − I4)mc2 + (V (r) + U(r)− µ) I4, (2.76)

and the pairing potential is de�ned by

D(r) = Λ
∑
k,j

uTkj(r)ηv∗kj(r)(1− 2f(εkj)). (2.77)

Clearly, ηD(r) couples only spin up electrons to spin down holes, and spin down electrons

to spin up holes.

In the weakly relativistic limit [60] one can obtain, besides the usual spin-orbit, Darwin

and kinetic energy corrections, an anomalous spin-orbit and an anomalous Darwin term

involving the pairing potential in place of the electrostatic potential. The anomalous spin-

orbit operator [82] contains the gradients of the pairing potential of the superconductor,

and the anomalous Darwin term [83] is due to relativistic �uctuations in the pairing

potential .

Now, we point out that the so-called Kohn-Sham-Dirac-Bogoliubov-de Gennes equa-

tions must have the same algebraic form as Eq. (2.75). As a �rst approximation, here, one

can use the earlier developed non-relativistic exchange functionals (this approximation is

often done in the non-superconducting case).
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Chapter 3

Generalized Korringa-Kohn-Rostoker

method

In the previous chapter it was shown how the many-body problem of superconduc-

tivity can be reduced using DFT to Bogoliubons moving independently in an e�ective

�eld. In order to perform a quantitative ab-initio description of the quasiparticle spec-

trum of a heterostructure on the basis of the KSBdG equations, one has to choose an

appropriate band structure method. Nowadays, for bulk systems computationally the

most e�cient ones are the linear band structure methods [84]. Here, we mention that, to

describe only bulk systems Suvasini et al. [68] generalized the LMTO method. However,

these methods su�er from serious drawbacks. They are restricted to systems with three

dimensional periodicity, which means that any interface or surface can be described only

within the supercell approach. Within this method the structure is repeated periodically

in space to preserve the translational invariance. However, for thicker slabs this takes the

calculations extremely time-consuming. Fortunately, the tight-binding formulation of the

Korringa-Kohn-Rostoker (KKR) method can treat exactly semi-in�nite geometries. In

this description the multiple scattering theory yields the single-particle Green function,

which contains all information about the ground state, therefore, it is not necessary to

calculate the Kohn-Sham orbitals. The local DOS, the anomalous and charge densities

can be obtained from the single-particle Green function.

In this chapter we generalize the screened (or tight-binding) Korringa-Kohn-Rostoker

(SKKR) method for solving the corresponding Kohn-Sham-Bogoliubov-de Gennes (KS-

BdG) equations for surfaces and interfaces. We also provide the basics of the relativistic
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spin-polarized description.

3.1 Operator formalism for the BdG-KKR method

The BdG Hamiltonian can be decomposed in the following way:

HBdG(r) = H0(r) + V(r), (3.1)

with

H0(r) =

(
H0(r)− µ 0

0 −H0(r) + µ

)
, (3.2)

H0(r) = p2, (3.3)

V(r) =

(
Veff (r) ∆eff (r)

∆∗eff (r) −Veff (r)

)
, (3.4)

where the e�ective potentials Veff (r) and ∆eff (r) were de�ned by Eqs. (2.67a-2.67b).

Furthermore, the wave functions are normalized as∫
d3r
[
|un(r)|2 + |vn(r)|2

]
= 1. (3.5)

The resolvent of the BdG Hamiltonian can be de�ned as

G(z) = (zI−HBdG)−1 , (3.6)

which has the usual property

G (z∗) = G (z)† . (3.7)

At the real axis the up- and down-side limits of G(z) are de�ned by

G(z = ε± i 0) = G±(ε). (3.8)

Similarly to the normal state, we can de�ne the T -operator as

T (z) = V + VG0(z)V + VG0(z)VG0(z)V + ... (3.9)

T (z) = V + VG(z)V , (3.10)

G(z) = G0(z) + G0(z)T (z)G0(z), (3.11)
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where G0(z) is the resolvent corresponding to H0. This shows that the T -operator can
describe all possible scattering events (including Andreev scattering) as it relates the free

particle Green function to the full scattering Green function. Since V is Hermitian, the

T -operator obeys the property
T (z∗) = T (z)†, (3.12)

T +(ε)† = T −(ε). (3.13)

Two di�erent solution can be obtained from the Lippmann-Schwinger equation:

ψ±(ε) = ϕ(ε) + G±0 (ε)T ±(ε)ϕ(ε), (3.14)

where ϕ(ε) is a generalized, multicomponent eigenfunction of H0. Here we emphasize the

main di�erence from the normal state: the wave functions also have a hole part.

In the KKR method, the potential is usually treated in the so-called mu�n-tin ap-

proximation, ie. the potential is written as a sum of single-domain potentials centered

around each lattice site, n, namely Veff (r) =
∑

n Vn(r). It is usually assumed, that Vn(r)

is spherically symmetric. This is not a necessary assumption for the theory, however,

multiple scattering theory for a general shape of potentials are still not common even

for the normal state. Henceforth, we still restrict ourselves to spherical atomic poten-

tials. In our approach, we assume the same form for the e�ective pair interaction as well,

namely ∆eff (r) =
∑

n ∆n(r). The potentials Vn(r) are of mu�n-tin type which means

that Vn(r) = 0 and ∆n(r) = 0 if r = |rn| ≥ Sn, where Sn is the mu�n-tin radius. As

mentioned in Chapter 2, the phase of the pairing potential can be made to vanish with a

gauge transformation for S/N systems, hence, in what follows we assume that the pairing

potential is real.

In the knowledge of the single-site potential Vn, the single-site T -operator tn corre-

sponding to the nth mu�n-tin sphere can be expressed as

tn = Vn + VnG0t
n = (I − VnG0)−1Vn. (3.15)

From Eq. (3.9) we get

T (z) =
∑
n

Vn +
∑
n,m

VnG0(z)Vm +
∑
n,m,k

VnG0(z)VmG0(z)Vk + ... (3.16)

Let us introduce the scattering path operator τnm � which comprises all possible scattering

events between the sites n and m, including now the Andreev re�ection as well � as

follows [85]

T =
∑
nm

τnm (3.17)
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where

τnm = tnδnm +
∑
k

tnG0 (1− δnk) τ km , (3.18)

or

τnm = tnδnm +
∑
k

τnkG0 (1− δkm) tm . (3.19)

This could be expanded in a Born series:

τnm = tnδnm +
∑
k 6=n

tnG0t
kδkm +

∑
k 6=n

∑
l 6=k

tnG0t
kG0t

lδlm + ... (3.20)

which shows explicitly the meaning of the scattering path operator. In this series the ith

term describes all i-site scattering events which start at site m and end at site n.

Inserting Eq. (3.17) into Eq. (3.11) yields

G = G0 +
∑
nm

G0τ
nmG0 , (3.21)

which will be our starting point to evaluate the con�gurational space Green function. It

is also useful to introduce the structural resolvent operator as [86]

Gnm = G0 (1− δnm) +
∑
k,j

G0 (1− δnk) τ kjG0 (1− δjm) . (3.22)

The scattering path operator τnm is obviously related to Gnm by

τnm = tnδnm + tnGnmtm . (3.23)

Comparing expressions (3.18) and (3.19) to (3.23), the following useful identities can be

derived, ∑
k

G0 (1− δnk) τ km = Gnmtm , (3.24)

and ∑
k

τnkG0 (1− δkm) = tnGnm , (3.25)

G = G0 +
∑
n,m

G0τ
nmG0. (3.26)

Multiple scattering theory is constructed on the basis of the eigenfunctions of the

angular momentum operators, L2 and Lz, i.e., the spherical harmonics, YL (r̂), where r̂
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denotes points of the unit sphere parametrized by the azimuthal and polar angles, ϑ and

φ, and L ∈ N stands for the composite index (`,m) with the following mapping,

L ` m

1 0 0

2 1 -1

3 1 0

4 1 1
...

...
...

.

The orthogonality and completeness of the spherical harmonics is expressed by∫
d2r̂ YL (r̂)∗ YL (r̂) = δLL′ (3.27)

and ∑
L

YL (r̂)YL (r̂′)
∗

= δ (r̂ − r̂′) ≡ 1

sinϑ
δ (ϑ− ϑ′) δ (φ− φ′) . (3.28)

Most frequently, the Condon-Shortly phase convention [87] is used

Y`,−m (r̂) = (−1)m Y`,m (r̂)∗ , (3.29)

assuring the identity

∑̀
m=−`

YL (r̂)∗ YL (r̂′) =
∑̀
m=−`

YL (r̂)YL (r̂′)
∗
. (3.30)

Following the footsteps of normal state KKR theory, we de�ne the following orthogonal

and complete basis set:

ϕeL(ε, r) =

(
(ε+µ)1/4√

2π
jeL(ε, r)

0

)
, (3.31a)

ϕhL(ε, r) =

(
0

(−ε+µ)1/4√
2π

jhL(ε, r)

)
, (3.31b)

where

jeL(ε, r) ≡ jl(p
er)YL(r̂), jhL(ε, r) ≡ jl(p

hr)YL(r̂), (3.32)

jl(x) is the spherical Bessel function of the �rst type,

pe =
√
µ+ ε, ph =

√
µ− ε. (3.33)

Therefore, ϕeL(ε, r) and ϕhL(ε, r) satisfy the orthonormality and completeness relations:∫
d3rϕaL(ε, r)†ϕbL′(ε′, r) = δabδLL′δ(ε− ε′), (3.34)
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and ∫
dε
∑
L,a

ϕaL(ε, r)ϕaL(ε, r′)† = δ(r− r′)I2×2. (3.35)

The Bessel functions will be considered as eigenfunctions (analogously to the normal

state):

H0ϕ (ε) = εϕ (ε) , ϕ (ε, r) =

(
jl(p

er)

jl(p
hr)

)
Ylm(r̂). (3.36)

The on-the-energy shell matrix elements of the T -operator

T±,abαα′ (ε) =
〈
ϕaα(ε)

∣∣T ±(ε)
∣∣ϕbα′(ε)

〉
(3.37)

satis�es the generalized optical theorem [85]:

T+,ab
αα′ (ε)− T−,abαα′ (ε) = −2π i

∑
c,β

T+,ac
αβ (ε)T−,cbβα′ (ε). (3.38)

Using the matrix notation

T±(ε) =
{
T+,ab
αα′ (ε)

}
, (3.39)

we obtain [
T+(ε), T−(ε)

]
= 0. (3.40)

Equation (3.38) guarantees the unitarity of the S-matrix [85]
(
S = T−(ε)

−1
T+(ε)

)
. These

equations also provide useful numerical tests later.

3.2 The free-particle Green function

A rather convenient property of the KKR method that it allows a transparent de-

coupling of the atomic potentials (described by the scattering matrix) and the structural

properties of the system of scattering centers (lattice). In this section we derive the struc-

ture constant for the whole system composed from electrons and holes. To this end, we

introduce the following notations for an arbitrary function

faL(z, rn) ≡ fl(p
arn)YL(r̂n), (3.41)

faL(z, rn)× ≡ fl(p
arn)YL(r̂n)∗. (3.42)

For later purposes it is also advantageous to use a vector notation for the functions

fL (z, r) ,

fa (z, r) ≡
[
fa1 (z, r) , fa2 (z, r) , fa3 (z, r) , · · ·

]
, (3.43)
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and the respective adjungate vector,

fa (z, r)× ≡


fa1 (z, r)×

fa2 (z, r)×

fa3 (z, r)×

...

 . (3.44)

Using the spectral resolution of the resolvent, the Green function of free particles can be

expressed as

Gee
0 (z, r, r′) =

2

π

∑
L

∫ ∞
0

k2dk
jL (k2, r) jL (k2, r′)

∗

z − (k2 − µ)
, (3.45)

Ghh
0 (z, r, r′) =

2

π

∑
L

∫ ∞
0

k2dk
jL (k2, r) jL (k2, r′)

∗

z − (−k2 + µ)
. (3.46)

In terms of contour integrations, it can be shown that these equations reduce to the

following forms by using the notation r< = min (r, r′) and r> = max (r, r′)

Gee
0 (z, r, r′) = − i pe

∑
L

jl (p
er<) h+

l (per>)YL(r̂)YL(r̂′)∗ if Im {pe} > 0, (3.47)

Gee
0 (z, r, r′) = i pe

∑
L

jl (p
er<) h−l (per>)YL(r̂)YL(r̂′)∗ if Im {pe} < 0, (3.48)

Ghh
0 (z, r, r′) = i ph

∑
L

jl
(
phr<

)
h+
l

(
phr>

)
YL(r̂)YL(r̂′)∗ if Im

{
ph
}
> 0, (3.49)

Ghh
0 (z, r, r′) = − i ph

∑
L

jl
(
phr<

)
h−l
(
phr>

)
YL(r̂)YL(r̂′)∗ if Im

{
ph
}
< 0,(3.50)

where

pe =
√
µ+ z ph =

√
µ− z. (3.51)

With Im{pe} > 0 and Im
{
ph
}
> 0 this can be written in a compact form:

Gab
0 (z, r, r′) =

∑
L

δab j
a
L(z, r<) [− i pahaL(z, r>)]× ≡ δab j

a(z, r<) [Ha(z, r>)]×

≡ δab H
a(z, r>) [ja(z, r<)]× ,

(3.52)

where

Ha
L(z, rn) ≡ − i pahaL(z, rn) ≡ − i pahal (p

arn)YL(r̂n), (3.53)

where hel (x) = h+
l (x) is the �rst type Hankel function and hhl (x) = −h+

l (x). The indices

a and b label the electron (e) and hole (h) components. Therefore, it is clear, that Gab
0 is

diagonal in indices a and b, and the hole part of the free-particle Green function can be

obtained from its electronic part

Ghh
0 (z, r, r′) = −Gee

0 (−z, r, r′) , (3.54)
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hence, the retarded free hole Green function can be written as

Ghh,+
0 (ε, r, r′) = −

[
Gee,−

0 (−ε, r, r′)
]†
, (3.55)

This result is the direct consequence of the particle-hole symmetry. Hereafter, the super-

script ± will be dropped, since the di�erent side-limits can be obtained from each other.

Note that we choose the positive side-limit in our further investigations.

The one- and two-center expansion of the free-particle Green function can easily be

constructed similarly to the normal case:

Gab
0 (ε, rn + Rn, r

′
m + Rm) = δnmδab j

a(ε, r<) [Ha(ε, r>)]×+

(1− δnm)δab j
a(ε, rn)Gnm,aa

0 (ε)ja(ε, r′m)×,
(3.56)

where the free, real space structure constants Gnm,aa
0 (ε) =

{
Gnm,ab

0,LL′ (ε)
}
read as follows

Gnm,ab
0,LL′ (ε) = δab4π

∑
L′′

iL−L
′−L′′

Ha
L′′(ε,Rnm)CL′

LL′′ , (3.57)

where Rnm is the vector pointing from site n to site m and the Gaunt-coe�cients [86]

are given by

CL′

LL′′ =

∫
d2k YL(k̂)YL′(k̂)YL′′(k̂)

∗
. (3.58)

3.3 Scalar relativistic Bogoliubov-de Gennes equations

Nowadays almost all electronic structure codes are built around what is called the

�scalar relativistic� approximation, where the mass-velocity and Darwin terms are prop-

erly taken into consideration, but the spin-orbit coupling is neglected (in contrary to

the �fully relativistic� calculation). Consequently, to be able to thoroughly compare our

results with normal state electronic structure calculations, a scalar relativistic general-

ization of the BdG theory is needed. To arrive to such a theory, one needs to start from

the relativistic Dirac-Bogoliubov-de Gennes (DBdG) equations already described in the

previous chapter. An analogous scalar relativistic form of the BdG equations can be ob-

tained quite straightforwardly by neglecting not only the spin-orbit coupling term but

all relativistic corrections to the pairing potential as well. By suppressing the explicit

dependence on the complex energy, on a log-scale (x = log r) these coupled equations
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for the radial part � since both the potential and the pairing potential are spherically

symmetric � can be written as follows:

d

dx
Qe
l (x) = −Qe

l (x) + U e
l (x)P e

l (x) + ex ∆(x)P h
l (x), (3.59a)

d

dx
P e
l (x) = P e

l (x) + exBe(x)Qe
l (x), (3.59b)

d

dx
Qh
l (x) = −Qh

l (x) + Uh
l (x)P h(x)− ex ∆∗(x)P e

l (x), (3.59c)

d

dx
P h
l (x) = P h

l (x) + exBh(x)Qh
l (x), (3.59d)

where the wave functions are de�ned as(
P e
l (x)

P h
l (x)

)
= ex

(
ul(x)

vl(x)

)
, (3.60)

the quantities Qe
l (x) and Qh

l (x) were introduced to reduce the second order di�erential

equation to coupled �rst order di�erential equations, and

U e
l (x) =

l(l + 1)

exBe(x)
+ ex(V (x)− ε), (3.61a)

Uh
l (x) =

l(l + 1)

exBh(x)
+ ex(V (x) + ε), (3.61b)

Be(x) = 1 +
ε− V (x)

c2
, (3.61c)

Bh(x) = 1− ε+ V (x)

c2
. (3.61d)

In multiple scattering theory, the scattering matrices and the scattering solutions are ob-

tained by matching the solutions of the above equations inside the mu�n-tin sphere to the

solutions outside. In practice, the radial scalar-relativistic BdG equations are integrated

outwards up to the mu�n-tin sphere's boundary, r = rmax, to obtain the regular solutions.

Two linearly independent regular solutions can be obtained with choosing the starting

values properly. Then from matching the solutions, the t-matrix can be determined.

To get the proper starting values, the scalar-relativistic equations (3.59) should be

considered for small r (x→ −∞)

d

dx
Qa
l (x) = −Qa

l (x) +

[
l(l + 1)

2Z/c2
− 2Z

]
P a
l (x), (3.62a)

d

dx
P a
l (x) = P a

l (x) +
2Z

c2
Qa
l (x) (3.62b)

where the index a = e, h refers to the electron and hole components and we took advantage

of the fact that the potential approaches −2Z/r in the vicinity of origin. After some
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straightforward algebraic manipulations we get

Qa
l (x) =

c2

2Z

(
d

dx
P a
l (x)− P a

l (x)

)
, (3.63a)

d 2

dx2
P a
l (x) =

[
1 + l(l + 1)− (2Z/c)2

]
P a
l (x). (3.63b)

Now, one can use the following ansatz for the solution of these equations

P a
l (x) = eAlx, (3.64)

which yields for Al
Al =

√
l(l + 1) + 1− (2Z/c)2. (3.65)

Consequently, the starting values (corresponding to the two linearly independent regular

solutions) can be chosen as

P e
l (x1) = 10−20, (3.66a)

Qe
l (x1) =

c2

2Z
(Al − 1)P e

l (x1), (3.66b)

P h
l (x1) = 0, (3.66c)

Qh
l (x1) = 0, (3.66d)

and

P e
l (x1) = 0, (3.67a)

Qe
l (x1) = 0, (3.67b)

P h
l (x1) = 10−20, (3.67c)

Qh
l (x1) =

c2

2Z
(Al − 1)P h

l (x1). (3.67d)

To construct the Green-function we also need two linearly independent irregular solu-

tions, which can be obtained by an integration inwards starting at r = rmax. The scalar-

relativistic BdG equations are integrated out with the Adams-Basforth predictor-corrector

algorithm combined with an 4th order Runge-Kutta method [86]. Nevertheless, one can

realize a technical analogy with the spin-polarized fully relativistic case, where a coupling

occurs between the κ = l and κ′ = −l − 1 states. Here, the electron and hole states are

coupled via the pairing potential . Hence, the receipt for solving the spin-polarized fully

relativistic equations (see Ref. [86]) can be applied to the scalar relativistic BdG case.

Alternatively, an iteration based Born-solver can be implemented here, namely, from the

free electron and free hole solutions, one can obtain the coupled electron-hole solutions

using the BdG-Lippmann-Schwinger equation.
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To gain some insight we derive the wave functions in a 3D sphere for V (r) = constant,∆(r) =

constant in the case of non-relativistic BdG equations. Since the BdG Hamiltonian com-

mutes with the L2 operator, the trial function can be written as

Ψ(r) =

(
A

B

)
R(r)Ylm(θ, φ). (3.68)

It is known that

∇2fl(qr)Ylm(θ, φ) = −q2fl(qr)Ylm(θ, φ), (3.69)

where fl(qr)'s can be the j` (qr), n` (qr) and h±` (qr) = j` (qr)± i n` (qr) spherical Bessel,

Neumann and Hankel-functions, respectively, which have the following behavior near the

origin
j` (qr) →

qr→0

qr`

(2`+1)!!

n` (qr) →
qr→0

− (2`−1)!!
qr`+1

h±` (qr) →
qr→0

∓i (2`−1)!!
qr`+1

(3.70)

and fl(qr)'s satis�es [
d2

dr2
+

2

r

d

dr
+ q2 − l(l + 1)

r2

]
fl(qr) = 0. (3.71)

Thus we get (
q2 − µ

)
A+ ∆B = εA, (3.72)

∆A−
(
q2 − µ

)
B = εB. (3.73)

The solution of this secular equation is

ε(q) = ±
√

(q2 − µ+ V )2 + |∆|2. (3.74)

Then the wavenumbers can be written as

• if the potentials are zero

pe,h =
√
µ± ε, (3.75)

• if the potentials di�er from zero (we assume that ε 5 |∆|)

qe,h =
√
µ− V ± i η, (3.76)

where

η =
√
|∆|2 − ε2, (3.77)
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For qe,h one can obtain that the A/B ratio is

γe,h =
∆

ε∓ i η
. (3.78)

Consequently, with choosing the spherical Bessel functions, the regular solution for con-

stant potentials is

Ψreg
S (ε, r) =

[
Ael

(
γe

1

)
jl(q

er) + Ahl

(
γh

1

)
jl(q

hr)

]
Ylm(θ, φ). (3.79)

Because of the linearity, both solutions solve individually the BdG equations. There-

fore, we have two linearly independent regular solutions. To get the irregular solutions,

the spherical Bessel-functions should be replaced by the spherical Neumann or Hankel-

functions. Thus, we also get two linearly independent irregular solutions. However, the

sum of regular and irregular solutions still solve the BdG equations. At the end the

irregular solution for the constant potential can be written as

Ψirreg
S (ε, r) =

[
Ael

(
γe

1

)
jl(q

er) + Ahl

(
γh

1

)
jl(q

hr) +Be
l

(
γe

1

)
nl(q

er) +Bh
l

(
γh

1

)
nl(q

hr)

]
Ylm(θ, φ).

(3.80)

3.4 Single-site scattering

After performing the necessary integrations in the Lippmann-Schwinger Eq. (3.14)

and using the basis de�ned in Eqs. (3.31) together with the de�nition of the free-particle

Green function Eq. (3.52), two di�erent scattering solutions can be obtained and written

in the following matrix-form

Rn,ab
L (ε, rn) = jaL(ε, rn)δab +

∑
L′

Hb
L′(ε, rn)tn,baL′L (ε), (3.81)

where tn,abL′L (ε) is the single-site t-matrix which is diagonal in L,L′ indices for potentials

with spherical symmetry. Equation (3.81) implies that an electron (hole) like solution

to the Lippmann-Schwinger equation may have a hole (electron) like component as well.

If the incoming wave is electron like, the solution outside the mu�n-tin sphere can be

written as

Re
L(ε, r) =

(
jl(p

er)− i pe teel (ε)h+
l (per)

i ph thel (ε)h+
l (phr)

)
Ylm(θ, φ) (3.82a)
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and if the incoming wave is hole like, it can be expressed as

Rh
L(ε, r) =

(
− i pe tehl (ε)h+

l (per)

jl(p
hr) + i ph thhl (ε)h+

l (phr)

)
Ylm(θ, φ). (3.82b)

It should be noted that these equations are di�erent not only in the electron-hole com-

ponents, but also in the appropriate energy dependence as well through pe and ph. As

mentioned earlier, the t-matrix can be obtained by matching the outside scattering so-

lutions and the regular solutions inside the mu�n-tin sphere at the boundary, which is

described in more details in Section 3.6.

Symmetries of the components of the t-matrix can be obtained from the particle-hole

symmetry and Eq. (3.12), which leads to

thel (−ε+ i 0) =
[
tehl (ε+ i 0)

]∗
, (3.83)

teel (−ε+ i 0) = −
[
thhl (ε+ i 0)

]∗
. (3.84)

These symmetry features are independent from the concrete form of ∆(r) and V (r) in

the superconductor sphere.

3.5 The generalized Faulkner-Stocks formula

To proceed forward, we should derive the two-center expansion of the Green function in

site representation, which is necessary to determine the full Green function (what is called

as the generalized Faulkner-Stocks formula) corresponding to the BdG Hamiltonian.

Inserting Eq. (3.56) into Eq. (3.22) and after the execution of the corresponding matrix

multiplications and integrations, we get the two-center expansion of the Green function

(site representation):

Gnm,ab(ε, rn + Rn, r
′
m + Rm) = ja(ε, rn)Gnm,ab(ε)jb(ε, r′m)×, (3.85)

where the structural Green function matrix can be written as

Gnm,ab(ε) = (1− δnm)δab G
nm,ab
0 (ε) +

∑
k(6=n)

∑
j(6=m)

Gnk,aa
0 (ε)τ kj,ab(ε)Gjm,bb

0 (ε), (3.86)

and the scattering path operator's matrix:

τ kj,ab(ε) =

∫
|xk|≤Sk

d3xk

∫
|yj |≤Sj

d3yj ja(ε,xk)
× τ kj,ab(ε,xk,yj) jb(ε,yj). (3.87)
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The following matrices can be introduced in quasiparticle-site-angular momentum

representation

t(ε) = {tn,ab(ε)δnm} = {tn,abLL′ (ε)δnm}, (3.88)

G0(ε) = {Gnm,ab
0 (ε)(1− δnm)} = {Gnm,ab

0,LL′ (ε)(1− δnm)}, (3.89)

τ (ε) = {τnm,ab(ε)} = {τnm,abLL′ (ε)}. (3.90)

In this shorthand notation the following expressions can be obtained

G(ε) = G0(ε) + G0(ε)τ (ε)G0(ε) = G0(ε) + G(ε)t(ε)G0(ε) = G0(ε)(I− t(ε)G0(ε))−1,

(3.91)

τ (ε) = t(ε) + t(ε)G(ε)t(ε) =
(
t(ε)−1 −G0(ε)

)−1
. (3.92)

For periodic systems it is possible to write the above equations in reciprocal space, which

allows to obtain the scattering path operator as a function of the wavenumber and the

energy. Later, it will also be shown that �nding the poles of the scattering path oper-

ator as a function of k and ε gives the electronic band structure. Butler described a

one-dimensional version of KKR [88], which is often used as a testbed for new ideas

within the theory. This has been done in Ref. [89], where a one-dimensional model of the

Bogoliubov-de Gennes-KKR theory has been presented. However, since translational in-

variance is broken at the interface, to be able to calculate physical properties on surfaces

and interfaces, we follow the derivation of a full real-space Green function, and make use

of two-dimensional periodicity later.

To evaluate the full Green function, for a particular pair of sites, n and m, we split

the operator expression (3.21) as

Gab (ε) = G(nm),ab (ε) +G(n̄m),ab (ε) +G(nm̄),ab (ε) +G(n̄m̄),ab (ε) , (3.93)

where (see also Eqs. (3.22)-(3.25))

G(nm),ab (ε) = Gaa
0 (ε) τnm,ab (ε) Gbb

0 (ε)

= δnmG
aa
0 (ε) tn,ab (ε) Gbb

0 (ε)

+
∑
c,d

Gaa
0 (ε) tn,ac (ε) Gnm,cd (ε) tm,db (ε) Gbb

0 (ε) , (3.94)

G(n̄m),ab (ε) =
∑
i(6=n)

Gaa
0 (ε) τ im,ab (ε) Gbb

0 (ε) =
∑
c

Gnm,ac (ε) tm,cb (ε) Gbb
0 (ε) , (3.95)

G(nm̄),ab (ε) =
∑
j( 6=m)

Gaa
0 (ε) τnj,ab (ε) Gbb

0 (ε) = Gaa
0 (ε)

∑
c

tn,ac (ε) Gnm,cb (ε) , (3.96)
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G(n̄m̄),ab (ε) =
∑
i(6=n)

∑
j(6=m)

Gaa
0 (ε) τ ij,ab (ε) Gbb

0 (ε) +Gab
0 (ε) = Gnm,ab (ε) + δnmδabG

ab
0 (ε) .

(3.97)

First, for the case of |rn| > Sn, |rm| > Sm, we evaluate the con�gurational space represen-

tation of the above operators. By making use of Eqs. (3.56) and (3.85), and performing

the necessary matrix multiplications and integrations, it yields

G(nm),ab (ε, rn + Rn, r
′
m + Rm) = δnm Ha (ε, rn) tn,ab (ε) Hb (ε, r′n)

×

+
∑
c,d

Ha (ε, rn) tn,ac (ε) Gnm,cd (ε) tm,db (ε) Hb (ε, r′m)
×
,

(3.98)

G(n̄m),ab (ε, rn + Rn, r
′
m + Rm) =

∑
c

ja (ε, rn) Gnm,ac (ε) tm,cb (ε) Hb (ε, r′m)
×
, (3.99)

G(nm̄),ab (ε, rn + Rn, r
′
m + Rm) =

∑
c

Ha (ε, rn) tn,ac (ε) Gnm,cb (ε) jb (ε, r′m)
×
, (3.100)

G(n̄m̄),ab (ε, rn + Rn, r
′
m + Rm) = ja (ε, rn) Gnm,ab (ε) jb (ε, r′m)

×

+ δnm δab

(
ja (ε, rn)Ha (ε, r′n)

×
Θ (r′n − rn) + Ha (ε, rn) ja (ε, rn)× Θ (rn − r′n)

)
.

(3.101)

After adding all the contributions and using some algebraic manipulation, the Green

function can be written in an analogous form to the normal state Green function obtained

by Faulkner and Stocks [48]

G(ε, r, r′) ={Gnm,ab
LL′ (ε, r, r′)} = Z(ε, r)τ (ε)Z(ε, r′)×

− θ(r′ − r)Z(ε, r)J(ε, r′)× − θ(r − r′)J(ε, r)Z(ε, r′)×,
(3.102)

where we used the following matrix notation (F = Z, or J):

F (ε, r) ≡
{
Fn,ab (ε, r)

}
≡
{[

fn,ab1 (ε, r) , fn,ab2 (ε, r) , fn,ab3 (ε, r) , · · ·
]}

,
(3.103a)

and the corresponding adjoint vector,

F (ε, r)× ≡
{
F̃n,ab (ε, r)×

}
≡




f̃n,ab1 (ε, r)×

f̃n,ab2 (ε, r)×

f̃n,ab3 (ε, r)×

...


 , (3.103b)
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where

Jabl (ε, r) = jal (ε, r)δab, (3.104a)

Zab
l (ε, r) =

∑
c

Rac
l (ε, r)

[
t−1
l

]cb
(ε), (3.104b)

Z̃ab
l (ε, r) =

∑
c

[
t−1
l

]ac
(ε)R̃cb

l (z, r), (3.104c)

Rab
l (ε, r) = Jabl (ε, r) +Ha

l (ε, r)tabl (ε), (3.104d)

R̃ab
l (ε, r) = Jabl (ε, r) + tabl (ε)Hb

l (ε, r). (3.104e)

This fundamental equation leads to the applicability of Green function based methods

to superconductors. To calculate physical quantities, we have to continue the Green func-

tion inside the mu�n-tin spheres by using the solutions of the scalar relativistic BdG

Eqs. (3.59), which is described in details in Sec. 3.6. It is worth noting that we do not

need the left-hand-side solutions of the BdG equations only if the pairing potential ∆(r)

is real.

Remarks:

• If we want to obtain the Green function for an isolated localized potential well, it

can be achieved by the replacement τ (ε)→ t(ε) in the generalized Faulkner-Stocks

formula.

• A simple physical picture can be drawn behind the formalism according to Kor-

ringa [44]. Let us consider the incoming wave to the site i be

Ψi
in(r) =

∑
L

Ai,eL

(
jl(peri)

0

)
YL(r̂i) +

∑
L

Ai,hL

(
0

jl(phri)

)
YL(r̂i), (3.105)

which is a combination of electron- and hole-like incident waves. The outgoing wave,

which is the scattered wave from site i, can be written as

Ψi
out(r) =

∑
L

Ai,eL

(
− i pe teel (ε)h+

l (peri)

i ph thel (ε)h+
l (phri)

)
YL(r̂i) +

∑
L

Ai,hL

(
− i pe tehl (ε)h+

l (peri)

i ph thhl (ε)h+
l (phri)

)
YL(r̂i).

(3.106)

Now, we take the requirement that the incoming wave to site i is the superposition

of outgoing waves from all other sites j 6= i

Ψi
in(r) =

∑
j 6=i

Ψj
out(r). (3.107)
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When the system is periodic in space and all site can be taken to be equivalent,

one can look for the solution in the Bloch form, namely (a = e, h)

Aj,aL = eikRj AaL, (3.108)

where Rj refers to the centre of site j. This leads to that the determinant of the

so-called KKR-matrix MKKR(ε,k) must be zero:

det MKKR(ε,k) = det τ (ε,k)−1 = det
[
t(ε)−1 −G0(ε,k)

]
= 0 (3.109)

Therefore, �nding the poles of the Fourier transform of scattering path operator as

a function of k and ε gives the quasiparticle spectrum. This is a formally exact tool

for �nding the spectrum of a 3D translational invariant system. In this sense KKR

is a non-linear method.

• A spin-polarized non-relativistic KKR method can be built up similarly, where � in

principle � one has to consider 4 order parameters [90]
∑

j=1...4mjχj(r, r
′)

m1 =

(
0 1

−1 0

)
, m2 =

1

2

(
1 0

0 0

)
, m3 =

1

2

(
0 0

0 1

)
, m4 =

(
0 1

1 0

)
.

(3.110)

Obviously, one can expand the order parameter in any complete basis, especially the

parametrization with the set of Pauli matrices is the so-called Balian-Werthamer

parametrization [91]. In Eq. (3.110) the �rst matrix corresponds to the conven-

tional spin singlet Cooper pair and the linear combination of m2,m3 and m4 de-

scribes spin triplet Cooper pairs. However, the triplet order parameter leads to

further complications, since the fermionic anticommutation rules [77] imply that

χσσ′(r, r′) = −χσ′σ(r′, r), where σ is the spin index . Therefore, the contact poten-

tial approximation can not be assumed for the anomalous density χσσ′(r, r′).

At the interface of certain s-wave superconductor � ferromagnet (S/F) heterostruc-

tures, spin-singlet Cooper pairs can penetrate into the ferromagnet with an oscil-

lating and decaying spin-singlet Cooper pair density [42, 43]. Now, there is a clear

evidence that if the interface allows spin-mixing e�ect, spin-triplet Cooper pairs can

be generated and they can penetrate much further into the ferromagnet [92�94]. In

our spin polarized (with only singlet order parameter) KKR method, this would

mean that the self-consistency can indicate Cooper pairs in the triplet channel for

certain s-wave superconductor � ferromagnet heterostructure. However, the condi-

tions for coexistence of magnetism and superconductivity are strongly in�uenced

by spin-orbit coupling [95] and in order to investigate some exotic materials such
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as topological insulators [96, 97], we would like to do this project in a relativistic

manner. Therefore, in this dissertation the relativistic spin-polarized KKR method

is also worked out in Sec. 3.11, but the computer code will be built up in the

foreseeable future.

• In disordered substitutional alloys the chemical disorder destroys the Bloch sym-

metry. Using a standard band structure method this situation can only be handled

by the super cell technique. However, this problem can be completely avoided using

the so-called Coherent Potential Approximation (CPA). This approach is a mean

�eld theory which leads to the construction of an e�ective medium that models the

scattering properties of an alloy in an averaged way [98�100]. In the above intro-

duced [Eqs. (3.88) � (3.90)] supermatrix formalism this method is exactly the same

for superconducting alloys as it was for normal state alloys.

3.6 Matching conditions

The boundary conditions, at the mu�n-tin sphere boundary, can be expressed as

follows (a = e, h) for the radial part of the wave function:

rmtR
a
l (r = rmt) = Aal P

a,(1)
l (x = xmt) +Ba

l P
a,(2)
l (x = xmt), (3.111)

rmt
d

dr
(rRa

l (r))

∣∣∣∣
r=rmt

= Aal
d

dx
P
a,(1)
l (x)

∣∣∣∣
x=xmt

+Ba
l

d

dx
P
a,(2)
l (x)

∣∣∣∣
x=xmt

, (3.112)

where P
a,(1)
l (x) and P

a,(2)
l (x) are the regular solutions of the scalar relativistic BdG

Eqs. (3.59) inside the mu�n-tin sphere, Aal and B
a
l are the matching parameters, and rmt

is the radius of the mu�n-tin sphere (xmt = log rmt). We emphasize that there are two

independent regular and two independent irregular solutions of Eqs. (3.59).

The matching conditions can be written in a matrix form:

Mae = be, Mah = bh, (3.113)

where

ae =


Ael

Be
l

teel

thel

 , ah =


Ahl

Bh
l

tehl

thhl

 , (3.114)
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be =


rmtjl(p

ermt)

0

rmtjl(p
ermt) + r2

mtp
ej′l(p

ermt)

0

 , bh =


0

rmtjl(p
hrmt)

0

rmtjl(p
hrmt) + r2

mtp
hj′l(p

hrmt)

 ,

(3.115)

M =


P
e,(1)
l (xmt) P

e,(2)
l (xmt) i permth

+
l (p

ermt) 0

P
h,(1)
l (xmt) P

h,(2)
l (xmt) 0 − i phrmth

+
l (p

hrmt)

∂xP
e,(1)
l (xmt) ∂xP

e,(2)
l (xmt) i rmtp

e(1 + permt∂r)h
+
l (p

ermt) 0

∂xP
h,(1)
l (xmt) ∂xP

h,(2)
l (xmt) 0 − i rmtp

h(1 + phrmt∂r)h
+
l (p

hrmt)

 .

(3.116)

The regular wave functions can be continued inside the mu�n-tin sphere as follows

• for electron-like incoming wave

r

(
Ree
l (r)

Rhe
l (r)

)
= r

(
jl(p

er)− i peteel h
+
l (per)

i phthel h
+
l (phr)

)
→ Ael

(
P
e,(1)
l (r)

P
h,(1)
l (r)

)
+Be

l

(
P
e,(2)
l (r)

P
h,(2)
l (r)

)
,

(3.117)

• for hole-like incoming wave

r

(
Reh
l (r)

Rhh
l (r)

)
= r

(
− i petehl h

+
l (per)

jl(p
hr) + i phthhl h

+
l (phr)

)
→ Ahl

(
P
e,(1)
l (r)

P
h,(1)
l (r)

)
+Bh

l

(
P
e,(2)
l (r)

P
h,(2)
l (r)

)
,

(3.118)

and the irregular solutions as

r

(
Jeel (r) 0

0 Jhhl (r)

)
→

(
Ieel (r) Iehl (r)

Ihel (r) Ihhl (r)

)
. (3.119)

Also, to calculate the Green function, given by Eq. (3.102), the determination of the

normalized irregular solution, inside the mu�n-tin sphere, is indispensable. To satisfy

the matching conditions, one needs to use the linear combination of the regular solutions,

P
a,(1)
l (x), P a,(2)

l (x), and the irregular solutions, P̃ a,(1)
l (x), P̃ a,(2)

l (x):(
Ieel (x)

Ihel (x)

)
= Ãel

(
P
e,(1)
l (x)

P
h,(1)
l (x)

)
+ B̃e

l

(
P
e,(2)
l (x)

P
h,(2)
l (x)

)
+ C̃e

l

(
P̃
e,(1)
l (x)

P̃
h,(1)
l (x)

)
+ D̃e

l

(
P̃
e,(2)
l (x)

P̃
h,(2)
l (x)

)
,

(3.120)
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Iehl (x)

Ihhl (x)

)
= Ãhl

(
P
e,(1)
l (x)

P
h,(1)
l (x)

)
+ B̃h

l

(
P
e,(2)
l (x)

P
h,(2)
l (x)

)
+ C̃h

l

(
P̃
e,(1)
l (x)

P̃
h,(1)
l (x)

)
+ D̃h

l

(
P̃
e,(2)
l (x)

P̃
h,(2)
l (x)

)
,

(3.121)

where 
Ãel

B̃e
l

C̃e
l

D̃e
l

 = N−1


rmtjl(p

ermt)

0

rmt (1 + permt∂r) jl(p
ermt)

0

 , (3.122)


Ãhl

B̃h
l

C̃h
l

D̃h
l

 = N−1


0

rmtjl(p
hrmt)

0

rmt
(
1 + phrmt∂r

)
jl(p

hrmt)

 , (3.123)

N =


P
e,(1)
l (xmt) P

e,(2)
l (xmt) P̃

e,(1)
l (xmt) P̃

e,(2)
l (xmt)

P
h,(1)
l (xmt) P

h,(2)
l (xmt) P̃

h,(1)
l (xmt) P̃

h,(2)
l (xmt)

∂xP
e,(1)
l (xmt) ∂xP

e,(2)
l (xmt) ∂xP̃

e,(1)
l (xmt) ∂xP̃

e,(2)
l (xmt)

∂xP
h,(1)
l (xmt) ∂xP

h,(2)
l (xmt) ∂xP̃

h,(1)
l (xmt) ∂xP̃

h,(2)
l (xmt)

 . (3.124)

3.7 Screened KKR for multilayered system

Now, we consider how the above formalism can be applied for surfaces and interfaces. A

signi�cant improvement of the KKR scheme was the introduction of the screened or tight-

binding method which is purely a mathematical trick. The basic idea is the freedom in the

choice of the reference system for which multiple scattering theory can be formulated. To

apply the KKR theory for layered systems (such as surfaces or interfaces), a decoupling

of distant lattice sites is achieved via a transformation of the reference system. The

important observation is that the free-space structure constants decay exponentially for

negative energies because there are no eigensolutions of the Schrödinger equation in free

space for negative energies. Therefore, we need a reference system where eigensolutions

can not be found in the relevant energy range for bandstructure calculations.

With the notation introduced in Eqs. (3.88)-(3.90) the screening transformation is

exactly the same as it was in the normal state KKR. The structural Green function

matrix of the reference system

Gr(ε) = G0(ε)(I− tr(ε)G0(ε))−1, (3.125)
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can be related to the structural Green function matrix of the investigated system

Gs(ε) = Gr(ε)(I−∆t(ε)Gr(ε))−1, (3.126)

where

∆t(ε) = ts(ε)− tr(ε). (3.127)

The scattering path operator in the screened representation consequently can be written

as

τ∆ (ε) =
(
[∆t (ε)]−1 −Gr (ε)

)−1
. (3.128)

In this representation, however, the Green function can not be calculated directly. There-

fore, a transformation to the bare (physical) representation need to be performed which

can easily be obtained from Eq. (3.92):

τ s(ε) = ts(ε) + ts(ε)Gs(ε)ts(ε). (3.129)

By combining Eqs. [3.125 � 3.129] the transformation of the scattering path operator

from the screened to the physical presentation can be written as

τ s (ε) = ts (ε) [∆t (ε)]−1 τ∆ (ε) [∆t (ε)]−1 ts (ε)− ts (ε) [∆t (ε)]−1 ts (ε) + ts (ε)

=
[
I + tr(ε)∆t−1(ε)

]
τ∆(ε)

[
I + ∆t−1(ε)tr(ε)

]
−
[
tr(ε) + tr(ε)∆t−1(ε)tr(ε)

]
.

(3.130)

The formulas given above can be applied to surfaces and interfaces quite straight-

forwardly following the way as described in Refs. [50, 51]. In this formalism, it is made

use of the 2D periodicity of the layers by introducing the 2D lattice Fourier transformed

versions of Eqs. (3.89) and (3.90) and the corresponding lattice indices (I, J). Especially

the scattering path operator looks like the following:

τ (ε,k||) =

 ∑
Rp−Rq

eik||(Rp−Rq) τabLL′(ε,RI + Rp,RJ + Rq)

 =
(
t(ε)−1 −G0(ε,k||)

)−1
,

(3.131)

where RI , RJ denote the position vector of a cell in a given layer, while Rp and Rq

correspond to the in-plane lattice vectors.

As we mentioned, a special reference system must be used to obtain structure con-

stants that are localized in real space. A system formed by a uniform distribution of

constant repulsive potentials (typically, Vr=2-3 Ryd) satis�es this condition, since the

valence band of typical metals lies below Vr, thereby, no states of the reference system
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can be found in this region. Therefore, the reference Green function falls o� exponen-

tially with distance, reducing the inverse in Eq. (3.131) to the inversion of a tridiagonal

(in layer indices) matrix, which is much faster to perform than a full matrix inversion if

only the diagonal elements of the inverse matrix are needed. In practice, the screening is

implemented by dividing the system into principal layers, each consisting of three atomic

layers, and Gr(ε) is �nite only inside the principal layers and between neighboring prin-

cipal layers. The principal layer technique enables the computation time to scale linearly

with the number of layers in systems with two-dimensional translational symmetry.

Some remarks:

• Also in the normal state calculations a complication arises if the perturbed layers

are limited by di�erent semi-in�nite systems on both sides. The Fermi levels in the

unperturbed semi-in�nite spaces are �xed by the bulk calculations. However, the

Fermi level of the whole system has to be well-de�ned. Physically, the perturbed

layers in the interface region provides a potential step between the two semi-in�nite

systems. Then, the magnitude of the intercell potential is �xed such as the host

intercell potential on one side of the perturbed interface layers is smoothly con-

nected. Then, the Fermi energy and the intercell potential on the other side have

to be shifted.

• One could think that raising up the value of the repulsive potentials, the formalism

will end up in a strictly tight-binding description, and the structural information

will be lost. However, in this case the l-convergence breaks down. Therefore, an

intelligent compromise is needed, where the structure constant decays fast enough

and the l-convergence is not broken.

3.8 Observables

In order to derive how the observables (such as density of states, charge density,

anomalous density, etc.) are related to the generalized Faulkner-Stocks formula (3.102) of

the Green-function, foremost, we have to determine the coordinate representation of the

Green-function. With the use of completeness and the de�nition of the resolvent, namely

∑
n

(
un(r)u∗n(r′) un(r)v∗n(r′)

vn(r)u∗n(r′) vn(r)v∗n(r′)

)
= I2δ(r− r′), (3.132)

46 3.8. OBSERVABLES



CHAPTER 3. GENERALIZED KORRINGA-KOHN-ROSTOKER METHOD(
−∇2 + V (r)− µ− z ∆(r)

∆∗(r) ∇2 − V (r) + µ− z

)
G(z, r, r′) = I2δ(r− r′), (3.133)

it is easy to show that the coordinate representation of the Green function can be written

as

G(z, r, r′) =
∑
n

1

En − z

(
un(r)u∗n(r′) un(r)v∗n(r′)

vn(r)u∗n(r′) vn(r)v∗n(r′)

)
. (3.134)

To calculate the density of states (DOS) we investigate the following quantity

=
∫

TrG+(ε, r, r) dr = =
∑
n

1

ε− εn + i 0

∫ (
|un(r)|2 + |vn(r)|2

)
dr = −π

∑
n

δ(ε− εn),

(3.135)

thus the DOS can be calculated as

D(ε) = − 1

π
=
∫
Gee,+(ε, r, r) dr− 1

π
=
∫
Ghh,+(ε, r, r) dr. (3.136)

To obtain the charge densities at T = 0 K we calculate the following quantities

=
∫ 0

−∞
TrGee,+(ε, r, r) dε = =

∑
n

|un(r)|2
∫ 0

−∞

1

ε− εn + i 0
dε

= −π
∑
n

|un(r)|2
∫ 0

−∞
δ(ε− εn) dε,

(3.137)

=
∫ ∞

0

TrGhh,+(ε, r, r) dε = =
∑
n

|vn(r)|2
∫ ∞

0

1

ε− εn + i 0
dε

= −π
∑
n

|vn(r)|2
∫ ∞

0

δ(ε− εn) dε.

(3.138)

Thus, at zero temperature the charge density can be written as

ρ(r) =− 2

π

∫ ∞
−∞

dε Θ(ε) =Gee,+(ε, r, r)− 2

π

∫ ∞
−∞

dε (1−Θ(ε)) =Ghh,+(ε, r, r) (3.139)

To obtain the anomalous density we need the followings

=
∫ ∞
−∞

(1− 2Θ(ε))TrGeh,+(ε, r, r) dε = =
∑
n

un(r)vn(r)∗
∫ ∞
−∞

(1− 2Θ(ε))

ε− εn + i 0
dε

= −π<

{∑
n

un(r)vn(r)∗

}∫ ∞
−∞

(1− 2Θ(ε))δ(ε− εn) dε

+ =

{∑
n

un(r)vn(r)∗

}∫ ∞
−∞

(1− 2Θ(ε))P
(

1

ε− εn

)
dε,

(3.140)

3.8. OBSERVABLES 47



CHAPTER 3. GENERALIZED KORRINGA-KOHN-ROSTOKER METHOD

=
∫ ∞
−∞

(1− 2Θ(ε))TrGhe,+(ε, r, r) dε = =
∑
n

un(r)∗vn(r)

∫ ∞
−∞

(1− 2Θ(ε))

ε− εn + i 0
dε

= −π<

{∑
n

un(r)vn(r)∗

}∫ ∞
−∞

(1− 2Θ(ε))δ(ε− εn) dε

−=

{∑
n

un(r)vn(r)∗

}∫ ∞
−∞

(1− 2Θ(ε))P
(

1

ε− εn

)
dε.

(3.141)

Now, by adding up these terms, we can write the real part of the anomalous density as

<χ(r) = − 1

2π

∫ ∞
−∞

dε (1−2Θ(ε)) =Geh,+(ε, r, r)− 1

2π

∫ ∞
−∞

dε (1−2Θ(ε)) =Ghe,+(ε, r, r).

(3.142)

The imaginary part can be constructed similarly from the real part of the Green function.

However, as mentioned in Chapter 2, the phase of the pairing potential can be made to

vanish with a gauge transformation for S/N systems. As a consequence we can assume

that
∑

n un(r)vn(r)∗ will be real in the case of our investigations later. Thus, it is enough

to calculate

χ(r) = − 1

π

∫ ∞
−∞

dε(1− 2Θ(ε)) =Ghe,+(ε, r, r). (3.143)

Since 1 − f(ε) = f(−ε), in terms of contour integrals, it can be shown that these

formulas remain valid for �nite temperatures with the replacement Θ(ε)→ f(ε).

However, the precise calculation of the Green function is numerically demanding.

From the formulas above, we can observe that the imaginary part of the Green function

is a weighted sum over sharply peaked δ-functions. We also know that the band structure

of in�nite crystals for real energies are strongly peaked with kinks at discrete levels

(van Hove singularities). However, this structure is smeared out with a Lorentzian type

function for complex energies. This smearing is also supported by the layered formalism

since it is similar to the e�ect of the k⊥ integration. Therefore, we replace the integral

over real energies by a complex contour integral [101].

3.9 Calculation of the electron-phonon interaction

In our model the electron-phonon interaction is described by only one layer dependent

parameter, which can be estimated from the electron-phonon coupling constant λI as
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ΛI = λI/DI(EF ), where DI(EF ) is the density of states (DOS) at the Fermi-energy for

layer I.

According to McMillan [102] the electron-phonon coupling constant is

λI =
DI(EF ) 〈g2

I 〉
MI 〈ω2

I 〉
, (3.144)

where MI is the atomic mass, and DI(EF ) 〈g2
I 〉 is the McMillan-Hop�eld parameter for

layer I, which can be obtained from a purely electronic calculation via the Gaspari-Gy®r�y

formula [76]:

〈
g2
I

〉
=

EF
π2D2

I (EF )

∑
l

2(l + 1)Dl,I(EF )Dl+1,I(EF )sin2(δl+1,I − δl,I)
Dfree
l,I (EF )Dfree

l+1,I(EF )
. (3.145)

Here, Dfree
l,I (EF ) is the DOS of a free scatterer and the phase shifts δl,I can be calculated

from the normal state, single-site t-matrix according to the following formula

tn` (ε) = −1

p
eiδ

n
` (ε) sin δn` (ε) . (3.146)

The 〈ω2
I 〉 is an average of the square of the phonon frequency [102]:

〈
ω2
I

〉
≈
∫

dω ω FI(ω)∫
dω 1

ω
FI(ω)

, (3.147)

where FI(ω) is the phonon DOS for layer I. For a bulk system the 〈ω2〉 can be estimated

from the Debye-model

F (ω) = aω2 0 < ω < ωD,

then we end up with

〈
ω2
〉

=

∫
dω ω F (ω)∫
dω 1

ω
F (ω)

=

∫ ωD
0

dω aω3∫ ωD
0

dω aω
=
ω2
D

2
.

However, for surfaces, interfaces and slabs, one has to calculate the phonon DOS FI(ω).

The great advantage of this method is the separation of the electronic and phonon cal-

culations. Once the layer dependent electron-phonon coupling is calculated, the KSBdG

equations can be solved self-consistently.

Note that the Gaspari-Gy®r�y theory is based on the following assumptions: (i) the

atomic potentials are spherical symmetric, (ii) every spatial in�uences of the Fermi surface

shape are neglected, (iii) linear change in potential of a displaced ion can be approximated

by a rigid shift of the atomic potential.
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3.10 Summary of the method and technical remarks

The solution of the KSBdG equations with the KKR method can be summarized as

follows:

1. Calculation of the layer dependent electron-phonon couplings fromMcMillan-Gaspari-

Gy®r�y theory based on Eq. (3.144) and Eq. (3.145),

2. Calculation of initial guess for the potentials (to get a good initial guess of the

electrostatic potential V (r), it has to obtained from the normal state KKR code,

while ∆(r) can be chosen to be constant (usually about 1-2 meV)),

3. Calculation of the structure constant G0(ε,k||) (the electronic part can be obtained

as described in Ref. [86], and the hole part of the structure constant can be deter-

mined by using particle-hole symmetry based on Eq. (3.55)),

4. Change of the reference system (screening transformation) based on Eq. (3.125),

5. Solution of the single-site scattering problem (scalar-relativistic BdG) based on

Sections 3.3 and 3.6

⇒ t-matrix: ts(ε),

⇒ regular and irregular solutions,

6. Calculation of the screened t-matrix ∆t(ε) based on Eq. (3.127),

7. Calculation of the screened scattering path operator τ (ε,k||) based on Eq. (3.128),

8. Calculation of the physical scattering path operator based on Eq. (3.130),

9. Calculation of the Green-function

G(ε, r, r′,k||) = Z(ε, r)τ (ε,k||)Z(ε, r′)× − θ(r′ − r)Z(ε, r)J(ε, r′)× − θ(r − r′)J(ε, r)Z(ε, r′)×

(3.148)

10. Calculation of the charge and anomalous densities

ρI(r) = − 2

π

∫ ∞
−∞

dε

∫
BZ

d2k|| = TrL

(
f(ε)×Gee,+

II,LL(ε, r,k||)

+ (1− f(ε))Ghh,+
II,LL(ε, r,k||)

)
, (3.149a)

χI(r) = − 1

π

∫ ∞
−∞

dε(1− 2f(ε))

∫
BZ

d2k|| = TrLG
he,+
II,LL(ε, r,k||), (3.149b)
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11. Calculation of the new potentials (solve the Poisson equation with taking into ac-

count the proper boundary conditions [86]),

12. Check of the convergence (ρI(r), χI(r), µ) → if necessary mix properly the new

potentials with the previous potentials and go to Step (5).

At this point we make some technical remarks:

• The Kohn-Sham system must be solved self-consistently. One could think that it

is enough to take as input an initial density, and a new density will be found.

Then this new density is then uploaded into the equation system which yields an

output density and so on. However, this simple approach usually results in poor

convergence properties [103]. Therefore, we have to use a mixing scheme, which

prescribes ways of updating the density by mixing old and new densities in the

best possible way. We use the so-called Broyden mixing [104] for the electrostatic

potential V (r), and also for the pairing potential ∆(r), which treats the density

update as an approximate inversion procedure.

• An appreciable fraction of the calculation by this method is in the evaluation of

the matrix elements and this consists almost entirely of the computation of the k-

and ε-dependent structure constants. The calculation of the structure constants G0

and the Brillouin-zone integration techniques are very well discussed in the book of

Zabloudil et al. [86]. We also mention that, since our method has a two-dimensional

periodicity, the two-dimensional Brillouin-zones must be the same for the whole

system. If we match di�erent lattice structures, the only way to build up a coherent

interface, is to strain the overlayer planes to match the two-dimensional unit cell of

the host. Relaxation in the perpendicular direction is nevertheless allowed and can

be taken into account.

• In general, the single-particle Green function describes all types of single electron

states of the crystal, including the low-lying core states. Therefore � to calculate the

expectation values with complex contour integrals � the lower integration boundary,

on the real energy axis, has to be chosen between the highest core energy state and

the bottom of the valence band. Usually, about −0.2 Ry is a good choice. The

integral on the contour is calculated with Gaussian quadrature. Since in some cases

the DOS is high around the Fermi level, the energy mesh becomes exponentially

denser when approaching the Fermi energy. In practice, 16 energy points are usually

3.10. SUMMARY OF THE METHOD AND TECHNICAL REMARKS 51



CHAPTER 3. GENERALIZED KORRINGA-KOHN-ROSTOKER METHOD

enough for the calculation of the complex contour integrals. The integration over a

complex energy contour can also be extended [101] to �nite temperatures by using

the analytical properties of the Fermi�Dirac distribution. Here the main point is

that the contour close to EF is replaced by a sum over Matsubara energies.

• All of the calculations are carried out within the atomic sphere approximation

(ASA) with an angular momentum cuto� of lmax = 2, which is usually enough for

transition metals. In the ASA the atomic Wigner-Seitz cells are replaced by spheres

of the same volume, and we neglect that they overlap. In this approximation the

interstitial region (the region between the mu�n-tin spheres) is contained in the

atomic spheres, which has the advantage that the interstitial region does not need

an extra treatment.

• The number of quasiparticle excitations depends on the number of particles available

in the system and this is �xed by the chemical potential (what we have introduced in

the Hamiltonian). Hence, the total charge depends on the chemical potential. To get

the correct charge the chemical potential also has to be obtained self-consistently

(the consistency with the charge in every loop should be checked). However, the

superconducting energy gap is at least three orders of magnitude smaller than the

typical electronic energies. Consequently, the chemical potential of the normal state

can be a very good approximation also for the superconducting state. Similarly, if

one solved the self-consistent KSBdG equations, this would yield a new e�ective

potential Veff (r), which detunes the electron-phonon coupling. Therefore, in prin-

ciple, the calculation of the electron-phonon coupling should be carried out in a

self-consistent procedure. However, because of the same reason as in the chemical

potential, we assume that this e�ect can be neglected and do not calculate the

electron-phonon coupling in a self-consistent way.

3.11 Spin polarized relativistic KKR

To include magnetic e�ects we choose to develop the fully relativistic spin-polarized

KKR theory. This is set up on the basis of the four-component Dirac formalism [105],

which allows to take into account all relativistic e�ects together with spin and orbital

magnetism. Compared to the non-relativistic KKR, the relativistic version leads to a

number of technical complications, especially, the need to distinguish between the right
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(RHS) and the left-hand side solutions (LHS) of the DBdG equations. The RHS ψ(z) (8

components function) is de�ned as

(z −HDBdG(z)) |Ψ(z)〉 = 0 (3.150)

and the corresponding LHS 〈Ψ×(z)| can be written as〈
Ψ×(z)

∣∣ (z −HDBdG(z)) = 0, (3.151)

where the DBdG Hamiltonian reads as

HDBdG =

(
HD Deff (r)η

D∗eff (r)ηT −H∗D

)
, (3.152)

with the following Dirac Hamiltonian

HD = cαp + (β − I4)mc2 + (Veff (r)− EF ) I4 + βΣBeff (r). (3.153)

In the case of arbitrary magnetic �eld B(r) the two types of solutions have to be calculated

individually [53].

As it was shown for the non-relativistic case, the Green function can be given also for

the relativistic case in terms of spectral representation:

Gab(z, r, r′) =
∑
n

ψan(z, r)
(
φbn(z, r′)

)†
z − En(z)

, (3.154)

where the right- and left-hand side solutions, ψan(z, r) and φbn(z, r), respectively, are four

components functions, and a, b refer to the electron-hole index. In general we can have

complex eigenvalues (En(z)). In this case the Green function satis�es the following relation

G†(z, r, r′) = G(z∗, r′, r). (3.155)

Here we give a brief introduction how to choose a suitable basis. A quantum state in

the non-relativistic case was fully determined by the quantum numbers L = (l,m). In

the relativistic case there is a further angular momentum, the spin angular momentum

which is always 1/2, and the z-component of the spin is s = ±1/2. Therefore, a state is

characterized now by four quantum numbers, namely |l,m, 1/2, s〉 = |l,m〉 ⊗ |1/2, s〉, or
in coordinate representation

〈r | l,m, 1/2, s〉 = Ylm(r̂)ΦS, (3.156)
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where Φs is the following spinor basis

Φ1/2 =

(
1

0

)
, Φ−1/2 =

(
0

1

)
. (3.157)

In the presence of spin-orbit coupling the eigenvaluesm and s are no longer good quantum

numbers, since the Lz and Sz operators do not commute with the Dirac Hamiltonian HD.

However, the z-component of the total angular momentum Jz = Lz + Sz does commute

with HD. The eigenvalue of Jz is denoted by µ and given by

µ = m+ s, (3.158)

therefore

µ ∈ {−j,−j + 1, ..., j − 1, j}. (3.159)

Now, we can de�ne the alternative basis |j, l, 1/2, µ〉, which can be obtained from the

linear combination of the basis set |l,m, 1/2, s〉, namely

|j, l, 1/2, µ〉 =
∑
s=± 1

2

C(j, µ, l, 1/2|m, s) |l,m, 1/2, s〉 , (3.160)

where C(j, µ, l, 1/2|m, s) are the usual Clebsch-Gordan coe�cients (see Tab. 3.1), which

satisfy the following orthonormality properties (it is enough to write C(l, j, 1/2|µ− s, s)
because of the µ = m+ s restriction)∑

j

C(l, j, 1/2|µ− s, s)C(l, j, 1/2|µ′ − s′, s′) = δss′δµµ′ (3.161)∑
s

C(l, j, 1/2|µ− s, s)C(l, j′, 1/2|µ− s, s) = δjj′ . (3.162)

C(l, j, 1/2|µ− s, s) s = 1/2 s = −1/2

j = l + 1/2
√

l+m+1
2l+1

√
l−m+1

2l+1

j = l − 1/2 −
√

l−m
2l+1

√
l−m
2l+1

Table 3.1: Clebsch-Gordan coe�cients (µ = m+ s)

We introduce the spin-orbit operator as K = σL+ I, and its eigenvalue is denoted by

κ, which contains all information as j and l together, since it can be proven that [105]

κ = l, if j = l − 1/2 (3.163)

κ = −l − 1, if j = l + 1/2. (3.164)
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Consequently, the |j, l, µ〉 and |κ, µ〉 notations are totally equivalent.

To obtain an explicit expression for the basis function |κ, µ〉, we write Eq. (3.160) in
coordinate representation

χκµ(r̂) =
∑
s=± 1

2

C(l, κ, 1/2|µ− s, s)Yl,µ−s(r̂)Φs, (3.165)

where χκµ(r̂) are the spin spherical harmonics. They are eigenfunctions of J2, Jz and the

spin-orbit operator K = σL+ I

K |κµ〉 = −κ |κµ〉 , (3.166)

J2 |κµ〉 = j(j + 1) |κµ〉 , (3.167)

Jz |κµ〉 = µ |κµ〉 . (3.168)

In this basis set, the LS spin-orbit coupling matrix is diagonal, however, in the case of

non-spherical potentials, the |κ, µ〉 representation does not provide any advantage. The

inverse transformation to the lms representation reads as

Ylm(r̂)Φs =
∑

j=l±1/2

C(l, κ, 1/2|m, s)χκ,m+s(r̂). (3.169)

The well-known free electron solutions (when V (r) = B(r) = D(r) = 0) are

f eκµ(ε, r) =

(
fl(p

er)χκµ(r̂)
iSkp

ec
ε+EF+mc2

fl(p
er)χ−κµ(r̂)

)
, (3.170)

where we introduced l = l − Sk, and Sk = κ/|κ| the sign of κ. The fl = jl, nl, h
±
l are the

Bessel functions and

pe =
√

(ε+mc2 + EF )2 −m2c4. (3.171)

Similarly, the free hole solutions can easily be constructed by using the particle-hole

symmetry

fhκµ(ε, r) =

(
fl(p

hr)χκµ(r̂)
iSkp

hc
−ε+EF+mc2

fl(p
hr)χ−κµ(r̂),

)∗
(3.172)

where

ph =
√

(−ε+mc2 + EF )2 −m2c4. (3.173)

We also introduce the relativistic counterparts

f eκµ(ε, r)× =

(
fl(p

er)χ∗κµ(r)
− iSkp

ec
ε+EF+mc2

fl(p
er)χ∗−κµ(r̂)

)T

, (3.174)
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and

fhκµ(ε, r)× =

(
fl(p

hr)χ∗κµ(r)
− iSkp

hc
−ε+EF+mc2

fl(p
hr)χ∗−κµ(r̂)

)†
. (3.175)

It can also be observed that for holes one has to use the complex conjugated |κ, µ〉
basis, which leads to further complications. In the relativistic case the free hole Dirac

operator −H∗D and the K spin-orbit operator do not commute, which tells us that the

pairing potential mix electrons and holes with di�erent quantum numbers. This is in big

contrast to the non-relativistic formalism, where the pairing potential coupled electrons

and holes only with the same L = (l,m) quantum numbers. Similar e�ect can be ob-

served in the presence of magnetic �eld (also in the non-superconducting state), since the

magnetic part of the Hamiltonian does not commute with the J2 operator. This kind of

mixing is clearly a relativistic e�ect, which is due to the spin-orbit coupling.

Therefore, we search the solutions of the DBdG equations in the following form

Ψ(ε, r) =
∑
κµ


geκµ(ε, r)χκµ(r̂)

i f eκµ(ε, r)χ−κµ(r̂)

ghκµ(ε, r)χ∗κµ(r̂)

− i fhκµ(ε, r)χ∗−κµ(r̂)

 . (3.176)

With integration over the angular parts and using the orthonormality of the Clebsch-

Gordan coe�cients and the following results [53]

χ∗κµ(r̂) = (−1)µ+1/2Sκ iσyχκ −µ(r̂), (3.177)

〈
χκµ |iσy|χ∗κ′µ′

〉
= (−1)−µ−Sκ/2δκ,κ′δ−µ,µ′ , (3.178)
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the radial DBdG equations in the case of B(r) = (0, 0, B(r)) can be written as

[ε+ EF − V (r)]geκµ(ε, r) + ~c
1

r

(
d

dr
− κ

r

)
rf eκµ(ε, r) = ∆κ,µ(r)ghκ−µ(ε, r)

+
∑
κ′

Bκ,κ′,µ(r)geκ′,µ(r),

−~c1

r

(
d

dr
− κ

r

)
rgeκµ(ε, r) + [ε+ EF + 2mc2 − V (r)]f eκµ(ε, r) = ∆κ,µ(r)fhκ−µ(ε, r)

−
∑
κ′

Bκ,κ′,µ(r)f eκ′,µ(r),

[−ε+ EF − V (r)]ghκ−µ(ε, r) + ~c
1

r

(
d

dr
− κ

r

)
rfhκ−µ(ε, r) = −∆∗κ,µ(r)geκµ(ε, r)

+
∑
κ′

Bκ,κ′,−µ(r)ghκ′,−µ(r),

−~c1

r

(
d

dr
− κ

r

)
rghκ−µ(ε, r) + [−ε+ EF + 2mc2 − V (r)]fhκ−µ(ε, r) = −∆∗κ,µ(r)f eκµ(ε, r)

−
∑
κ′

Bκ,κ′,−µ(r)fhκ′,−µ(r),

(3.179)

where

∆κ,µ(r) = (−1)−µ−Sκ/2D(r), (3.180)

Bκ,κ′,µ(r) =
∑
s

C(l, κ, 1/2|µ− s, s)C(l, κ′, 1/2|µ− s, s)2sB(r), (3.181)

Bκ,κ′,µ(r) =
∑
s

C(l, κ, 1/2|µ− s, s)C(l, κ′, 1/2|µ− s, s)2sB(r). (3.182)

Consequently, we can see that the ∆κ,µ connects electron and hole states with opposite

sign of µ, but it does not mix electrons and holes with di�erent κ quantum numbers.

However, this is what the magnetic �eld does, it couples partial waves where ∆l =

0, 2 [105], while ∆µ = 0. This means that, in principle, there are an in�nite number of

partial waves coupled, but in practice all coupling terms for which l − l′ = ±2 can be

ignored [106]. In general there remain two possibilities for κ, namely κ = l and κ′ = −l−1.

Therefore Eqs. (3.179) result in eight coupled di�erential equations.

Analogously to the non-relativistic case, after solving numerically these equations

and matching the wave functions (see Eqs. (3.193)) inside and outside the mu�n-tin

sphere, one can obtain the t-matrix. With assuming the normal state solutions for the

r-dependence � in the case of B(r) = 0, V (r) = V =const. and D(r) = D =const. � one

can determine the dispersion relation as a relativistic generalization of Eq. (3.74)

ε = ±
√√

c2p2 +m2c4 −mc2 − EF + V )2 + |D|2. (3.183)
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This predicts that the position of the gap is slightly shifted away from the chemical

potential in the order of 1/c2 [107]. In any more complicated cases, the numerical solution

of the radial DBdG equation (3.179) is indispensable.

It is enough to consider the magnetic �eld in the z direction only for a local frame

associated with each ion. In the laboratory frame one has to rotate the local frame t-

matrices through the Euler angles α, β, γ with the following transformation matrix [108]

Rss′(α, β, γ) =

(
e− iα/2 cos(β/2) e− i γ/2 − e− iα/2 sin(β/2) ei γ/2

eiα/2 sin(β/2) e− i γ/2 − eiα/2 cos(β/2) ei γ/2

)
. (3.184)

To be able to perform the rotation, the t-matrix should be transformed to the lms rep-

resentation using Eqs. (3.165) and (3.178), and then the t-matrix can be transformed to

another frame

tss′(ε) =
∑
s̃,s̃′

Rss̃(α, β, γ)ts̃s̃′(ε)Rs̃′s′(α, β, γ), (3.185)

which should be transformed back to the κ, µ representation using Eq. (3.169).

The next step is to set up the relativistic structure constant. To obtain the relativistic

free electron Green function, the derivation in Ref. [86] can be repeated and we get(Q =

(κ, µ))

G0(ε, r, r′) = − i pe
ε+ 2mc2 + EF

2mc2

∑
Q

(
h+
Q(ε, r)jQ(ε, r′)Θ(r − r′) + jQ(ε, r)h+

Q(ε, r′)Θ(r − r′)
)

(3.186)

Comparing the resolvent of the free electron Dirac operator (HD)

Ge
0(z) = (z −HD)−1 (3.187)

and the resolvent of the free hole Dirac operator (−H∗D)

Gh
0(z) = (z +H∗D)−1, (3.188)

one can realize the following relation between them

Gh
0(z) = − [Ge

0(−z∗)]∗ . (3.189)

Using this symmetry, from the electron part of the relativistic structure constant [86]

Ge,nm
0,QQ′(ε) =

ε+ 2mc2 + EF
2mc2

∑
s

C(l, κ, 1/2|µ− s, s)Gnrel,nm
0,l(µ−s),l′(µ′−s)C(l′, κ′, 1/2|µ′ − s, s),

(3.190)
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the hole part of the relativistic structure constant can be constructed as

Gh,nm,+
0,QQ′ (ε) = −

[
Ge,nm,−

0,QQ′ (−ε)
]∗
. (3.191)

Based on the analogy between the expansions of the free-particle Green function in

the non-relativistic case, and in the relativistic case, the derivation of the one particle

Green function in the relativistic case is straightforward:

G(ε, r, r′) =
∑
QQ′

ZQ(ε, r)τQQ′(ε)ZQ′(ε, r′)×

− θ(r′ − r)
∑
Q

ZQ(ε, r)JQ(ε, r′)× − θ(r − r′)
∑
Q

JQ(ε, r)ZQ(ε, r′)×,
(3.192)

where JQ,J
×
Q,ZQ,Z

×
Q satisfy the DBdG equations outside the mu�n-tin spheres and can

be continued into the spheres such a way that they represent the RHS and LHS solutions

to the DBdG equations. The matching conditions with introducing the inverse t-matrix

mab
QQ′(ε) = [t−1(ε)]

ab
QQ′ read as follows

JabQ (ε, r) = jaQ(ε, r)δab, (3.193a)

JabQ (ε, r)× = jaQ(ε, r)×δab, (3.193b)

Zab
Q (ε, r) =

∑
Q′

jaQ′(ε, r)mab
Q′Q(ε)− i pahaQ(ε, r)δab, (3.193c)

Zab
Q (ε, r)× =

∑
Q′

mab
QQ′(ε)jbQ′(ε, r)× − i pahaQ(ε, r)×δab. (3.193d)

Here, it should be emphasized that the formal structure of the Green-function is not

changed compared to the non-relativistic and also non-superconducting case, which is

one of the most incredible feature of the multiple scattering formalism. The observables

can be calculated exactly in the same way as in the non-relativistic case. The properties

of the developed BdG-SKKR in general could also be applied and adapted to a still

non-existent TB-BdG-LMTO-GF [109] and BdG-EMTO [110] methods as these are also

formulated in the language of Green function.
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Results

Based on the results of Chapter 3 we have developed a computer code for the solution

of the KSBdG equations with the SKKR method. This new method makes it possible to

investigate superconducting � normal metal heterostructures in an ab-initio way. As a �rst

application we illustrate the method in a one-dimensional system, where we can compare

the result of the BdG-KKR method with the exact solution. We choose the niobium (since

the most experiments used this element) as the basis for our investigations. Obviously,

another trivial test is the bulk case.

Then we study two kinds of heterostructures: overlayers on thick and thin supercon-

ductor. As a �rst application of the theory we calculate the quasiparticle spectrum of

Au and various metallic overlayers on thick Nb(100) surface. The basis of the division

is the treatment of the electron-phonon interaction. While for thick superconductors one

may expect that the electron-phonon interaction is bulk-like, this is surely not the case

in thin superconducting layers. It is shown that the normal state electronic structure in

the overlayers contains quantum-well states in the vicinity of the Fermi energy. These

quantum-well states then become Andreev bound states in the superconducting regime.

The dispersion of the Andreev bound states are calculated. It is found that for any given

Au thickness, the size of the gap is constant in each layer within the overlayer! While for

the �rst sight this looks inconsistent with the well-known proximity e�ect, one should re-

call that the proximity e�ect should be observed in the superconducting order parameter,

which is the anomalous density χ(r) = 〈Ψ↓(r)Ψ↑(r)〉. Therefore, thin overlayers o�er a

very interesting way to study the e�ects due to the proximity of a superconductor. From

the properties of the spectrum, a phenomenological theory is also constructed to calculate
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the critical temperature of the Nb/Au composite, which is compared to experiments and

we obtained a good agreement. The role and properties of interface and surface states is

also investigated.

In case of thin superconductor layers the electron-phonon interaction may change sig-

ni�cantly. Hence, we generalize and apply the Gaspari-Gy®r�y theory for thin �lms to

calculate the electron-phonon interaction and couple it to self-consistent calculations of

the quasiparticle band structure based on the KSBdG equations. Based on these calcu-

lations we attempt to shed light on the dependence of the superconducting critical tem-

perature on the thickness in the case of superconducting slabs and the inverse-proximity

e�ect observed in Pb/Ag thin �lm systems [111].

4.1 One-dimensional illustration

The multiple scattering theory for one-dimensional systems was formulated by But-

ler [88]. Also, this formalism was generalized to the solutions of the BdG equations by Su-

vasini et al. [89]. This one-dimensional model is formally identical to its three-dimensional

counterpart but computationally much more simpler. Consequently, it is very well suited

to test and investigate the main features of the BdG-KKR method. Since in one dimension

we have only two partial waves, the sine and cosine, the method is exact.

Figure 4.1: Potential construction for the generalized Kronig-Penney model.

To derive analytical solutions, the potential function is approximated by a rectangular

potential well (generalized Kronig-Penney model) as it can be seen in Fig. 4.1. Namely,
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∆(x) = ∆, V (x) = V inside the mu�n-tin region and they are zero in the interstitial

region.

The one-dimensional analogs of the spherical Bessel and Neumann functions are

jal (x) = cos
(
pax− lπ

2

)
, (4.1)

nal (x) = sin
(
pax− lπ

2

)
, (4.2)

hal (x) = ei(pax−lπ2 ), (4.3)

and the spherical harmonics are (x̂ = sign(x))

Y0(x̂) =
1√
2
, (4.4)

Y1(x̂) =
1√
2
x̂. (4.5)

To obtain the t-matrix the single-site scattering problem should be solved. The solution

(l = 0, 1) inside the −d/2 < x < d/2 region (i.e. inside the mu�n-tin sphere) is given by

Ψl
inside(x) = Al

(
γe

1

)
cos(pex− lπ/2)Yl(x̂) +Bl

(
γh

1

)
cos(phx− lπ/2)Yl(x̂), (4.6)

and outside the mu�n-tin region for electron-like incoming wave (with =pe > 0 and

=ph > 0)

Ψl
e,outside(x) =

(
cos(pex− lπ/2)− i peteel ei(pex−lπ2 )

i phthel ei(phx−lπ2 )

)
Yl(x̂), (4.7)

for hole-like incoming wave

Ψl
h,outside(x) =

(
− i petehl ei(pex−lπ2 )

cos(phx− lπ/2) + i phthhl ei(phx−lπ2 )

)
Yl(x̂), (4.8)

where the wavenumbers in the case of ε ≤ ∆ read as

qe,h =

√
µ− V ± i

√
|∆|2 − ε2, (4.9)

and if ε > ∆

qe,h =

√
µ− V ±

√
ε2 − |∆|2, (4.10)

and

pe,h =
√
µ± ε. (4.11)

After matching the solutions (and their derivatives) inside the mu�n-tin region to the

solutions outside in the two cases, namely for electron-like and for hole-like incoming

waves, the t-matrix is determined.
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To set up the scattering path operator's matrix we also need the structure constant.

This is one of the most marvelous features of the one-dimensional formalism that it allows

to write an analytical expression for the structure constant [88]

G0
ab(k, ε) =

(
− i sin(paa)

cos(paa)−cos(ka)
− 1 sin(ka)

cos(paa)−cos(ka)
− sin(ka)

cos(paa)−cos(ka)
− i sin(paa)

cos(paa)−cos(ka)
− 1

)
δab, (4.12)

where a is the lattice parameter and should not be confused with the electron-hole in-

dex. Now the dispersion relation can be obtained from the poles of the scattering path

operator's matrix

det τ−1(ε, k) = det
[
t−1(ε)−G0(ε, k)

]
= 0. (4.13)

It is instructive to introduce the following scattering amplitudes

fab(ε) = −
√
pa(ε)pb(ε)tab(ε). (4.14)

Now, it can be proven that the unitarity of the S-matrix guarantees the equality of the

anomalous components, namely feh(ε) = fhe(ε). If |ε| � ∆ the Re{fl,ee} − Im{fl,ee} and
Re{fl,hh} − Im{fl,hh} Argand plots will be circles, since

fl,ee = eiδl,ee sin δl,ee =
1

2 i

(
e2 i δl,ee −1

)
, (4.15)

Re{fl,ee}+ i

(
Im{fl,ee} −

1

2

)
=

1

2 i
e2 i δl,ee , (4.16)

after multiplying with the complex conjugate:

(Re{fl,ee})2 +

(
Im{fl,ee} −

1

2

)2

=

(
1

2

)2

. (4.17)

We've assumed that the phase shift is real. This statement does not hold if |ε| ∼ ∆.

To illustrate the e�ect of the pairing potential, we have chosen it to be ∆ = 0.25. As

it can be seen in Figs. 4.2 and 4.3 the particle-hole symmetry Eqs. (3.84) are recovered

and inside the superconducting gap region the scattering amplitudes fl,ee and fl,hh are

not circles, hence, they can not be described by only one real phase shift. In this sense,

this result is similar to the scattering amplitude of two component substitutional random

alloys, which was obtained by Temmerman et al. [112] within the KKR-CPA theory.

However, this problem can also be solved analytically without the KKR method. Using

Bloch's theorem, we only need to �nd a solution for a single period, and then ensure that

the solutions and their derivatives are continuous at the boundary of the unit cell, namely

ΨN(x = ±d/2) = ΨS(x = ±d/2), (4.18)
d

dx
ΨN(x = ±d/2) =

d

dx
ΨS(x = ±d/2), (4.19)

ΨN(x) = ei ka ΨN(x− a), (4.20)
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Figure 4.2: The Argand diagrams of the scattering amplitudes for l = 0.

Figure 4.3: The Argand diagrams of the scattering amplitudes for l = 1.

where the solutions � according to Sec. 2.2 � can be written as

ΨS(x) = A

(
γe

1

)
ei qex +B

(
γe

1

)
e− i qex +C

(
γh

1

)
ei qhx +D

(
γh

1

)
e− i qhx, (4.21)

ΨN(x) = E

(
1

0

)
ei pex +F

(
1

0

)
e− i pex +G

(
0

1

)
ei phx +H

(
0

1

)
e− i phx . (4.22)
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As can be shown, the two methods give the same result. Here one has to take care

with choosing the Fermi-level, since if it is lying in a normal state band gap, evidently, the

pairing potential ∆ will not a�ect the dispersion relation. Therefore, we have chosen the

Fermi-level just to the middle of a band. The result is shown in Fig. 4.4. As a consequence

of the particle-hole symmetry, the hole states are just the re�ection of the electron states

respect to the Fermi energy. This leads to that in the case of ∆ = 0 the normal state

dispersion relation just mirrored to the Fermi-level. However, in the case of ∆ = 0.05 we

can observe a superconducting gap in the spectrum with the size of 2∆.

Figure 4.4: Dispersion relation of the generalized Kronig-Penney model. Here k is mea-

sured in π/a units. The black line corresponds to ∆ = 0 and the red line to ∆ = 0.05 Ry.

4.2 Bulk niobium

In our further investigations the superconducting host will be always niobium, since

most of the experiments with superconducting heterostructures are performed with this

material.

The Nb has the body-centered cubic (bcc) crystal structure with a lattice param-

eter a = 3.3 Å. Here we mention that the Brillouin zone of the bcc lattice is highly

symmetrical. The symmetry of the Brillouin zone results from the symmetry of the di-

rect lattice structure and hence it is closely related to the symmetry of the crystal. The

symmetry properties have important consequences for the band structure. If two wave

vectors in the Brillouin zone can be transformed into each other under a symmetry op-

eration of the Brillouin zone, then the energies at these wave vectors must be identical.

Furthermore, in crystals the wave functions of electrons can be classi�ed based on their

transformation properties under symmetry operations of the crystal and selection rules
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can be obtained for operators acting on these wave functions. Then, the wave functions

can be symmetrized according to the crystal symmetry, or in other words, they can writ-

ten in a form such that they belong to irreducible representations of the space group of

the crystal [113].

Figure 4.5: DOS (arbitrary units) of bulk Nb (EF = 0.713 Ry) in the case of ∆Nb = 0 Ry

(left panel) and ∆Nb = 0.01 Ry (right panel). The blue line corresponds to the density of

electron-like states and the red to the density of hole-like states.

Now, to test our procedures, and to show the e�ect of a constant pairing potential

∆ on a bulk system (Nb), we �rst performed calculations for the case of bulk niobium

using the values ∆Nb = 0 Ry and ∆Nb = 0.01 Ry. The bulk was modeled as an interface

between two identical materials. The total DOS can be calculated from the Green function

based on Eq. (3.136). The particle-hole symmetry implies that the density of the hole-like

states are just the mirror images of the density of electron-like states respect to the Fermi

energy. This is indeed the case in our calculations, as it can be seen in Fig. 4.5 for the

case of ∆Nb = 0 Ry (left panel). If ∆Nb is nonzero, a gap will appear around the Fermi

level and the size of the gap equals to the value of 2∆Nb.

The integrations are performed with a predictor-corrector algorithm [86] on logarith-

mic scale with 721 radial mesh points in the mu�n-tin sphere. To obtain the normal

state self-consistent potential, Veff (r), the energy integrals are performed by sampling 16

points on a semicircle contour in the upper complex energy plane. The calculations are

carried out within the atomic sphere approximation with an angular momentum cuto�

of lmax = 2. We use 2450 k points for integration over the Brillouin zone to calculate the

DOS of bulk Nb.
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4.3 Visualization of the quasiparticle spectrum

In the previous chapter we have proved that the quasiparticle spectrum can be ob-

tained from the poles of the Fourier transformed scattering path operator. Since this is

numerically demanding, we look for an alternative way to visualize the bandstructure.

One useful visualization of the dispersion relation can be obtained by unfolding the DOS

into k-dependent contributions,

D (ε) =
1

ΩBZ

∫
BZ

d3k AB(ε,k) , (4.23)

where AB(ε,k) is the so-called Bloch spectral function, which has δ-like sharp peaks

at every time when ε and k form a band. Since we add a small imaginary part to the

energy, the sharp peaks are smeared out with a Lorentzian type function. Therefore, we

can construct numerically the contour plot of the Bloch spectral function (BSF) which is

equivalent to the quasiparticle spectrum.

In such systems, where translational invariance is preserved only parallel to the inter-

face, the quasiparticle spectrum is derived as a function of a two dimensional momentum

vector k||. To visualize this spectrum, it is also customary to calculate the BSF, which is

now de�ned as AB(ε,k||) =
∑

n δ(ε− εn(k||)). In two dimensionally translational invari-

ant systems the integral of the BSF over the 2D Brillouin Zone still gives the density of

states in a layer by layer basis. Since the BSF is equivalent to the quasiparticle spectrum,

drawing a contour plot of the BSF as a function of energy along speci�ed directions of k||

is a powerful tool to visualize the quasiparticle states. The BSF can be calculated directly

from the Green function. In a layered system for layer I, this can be expressed as

AIB(ε,k||) = − 1

π
= Tr

∫
d3r G+

II(ε, r,k||). (4.24)

Experimentally, the angle�resolved photoemission (ARPES) studies [114] provide de-

tailed information about the spectral function AIB(ε,k||) of the quasiparticles.

4.4 Overlayers on a thick Nb slab

To demonstrate the power of our theory for an inhomogeneous system, we apply it

to study the system of Au overlayers on Nb(100) where, for simplicity, a body-centered
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cubic (bcc) epitaxial growth is assumed for the Au overlayers. While the assumption of the

epitaxial bcc Au layers may seem to be entirely �ctitious, in reality there is little known

about the crystal structure of thin Au �lms on Nb. Additionally, the bcc �lms allow the

theoretical studies of such interface states, which are not present in a face-centered cubic

(fcc) con�guration, nevertheless in the theory they provide important information about

the scattering processes at the interface. Also, many of the conclusions are independent of

the crystal structure, as it will be pointed out. Consequently, our systems are built up from

two-dimensional, translationally invariant layers. The system comprises three regions: (i)

semi-in�nite bulk (Nb); (ii) the interface region that � in most of our case � consists of

six superconducting layers (Nb), various number of normal metal layers (Au) and three

layers of empty spheres; (iii) and semi-in�nite vacuum. This provides a description of the

system without a periodic boundary condition. We use the six Nb layers to mimic the

transition between the semi-in�nite bulk and the overlayer. The calculation begins with

a normal state �rst principles calculation to obtain the atomic potentials for each layer.

For the Nb, we used the experimental lattice constant of 3.3 Å in the bcc structure, which

consequently leads to the two-dimensional lattice constant 3.3 Å in the (100) direction

throughout the whole system. It is reasonable to assume that a coherent interface is

a good approximation. Therefore, the bcc(100) Au planes are strained to match the

bcc(100) two-dimensional unit cell of Nb, since the Nb plays the role of the substrate.

For this model system, we choose the two-dimensional Brillouin zones to be identical for

each layer, which is a mandatory restriction in the Screened KKR method. Perpendicular

relaxations at the interface were also neglected as they may in�uence individual details

of the normal and the quasiparticle band structure, but do not play an important role in

the formation of the gap.

Figure 4.6: Sketch of the lattice geometry for the Nb/Au(100) system.
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Here we do not calculate self-consistently the pairing potential ∆eff (r), only the

normal state calculation is performed self-consistently to obtain the e�ective potential

Veff (r). We do this to simplify our �rst calculations, and because it has been shown in

Ref. [68], that a good guess of the self-consistent pairing-potential can be the following

average

∆ =
1

VWS

∫
VWS

∆eff (r) dr, (4.25)

where VWS is the volume of Wigner-Seitz cell. Consequently, we treat the ∆ averaged

pairing potential as an adjustable parameter. Since ∆ is the experimentally observed gap

(measured from the Fermi level), in principle, it should be set to equal to the experimental

value [115]. However, with this value of the ∆ (orders of magnitude smaller (meV) than

the electronic energies (eV) involved in a normal state band structure calculation), many

layers are necessary to see its e�ect on the bands crossing (not just near the Fermi level),

which signi�cantly increases the computational time. Therefore, a model ∆ is used here to

explore the quasiparticle spectrum. The conclusions we draw, however, does not depend

on the size of the parameter ∆. Later, when we calculate the superconducting transition

temperature, the experimental value of the ∆ will be used.

Similarly to normal state electronic structure calculations, single-site t-matrices are

obtained for each layer, where the average pair interactions ∆ can be di�erent on each

layer, just as the atomic potentials. In our model a �nite, constant pairing potential ∆ is

assumed on the Nb layers and ∆ = 0 Ry on the Au overlayers.

In what follows, we calculate the DOS and the Bloch spectral function (BSF) which

is equivalent to the quasiparticle spectrum. In all of the following plots the energy is

measured in units of Rydbergs and k in units of π/a. The contour plots of the spectral

functions are calculated in 400 energy points × 265 k-points.

Quantum well in the normal states

Foremost, we made calculations for the normal state, for two reasons. First, to ob-

tain self-consistent potentials and work functions for the BdG calculations. Second, it is

important to explore the features in the normal state electronic structure to later under-

stand the quasiparticle spectrum we are planning to calculate. Therefore, self-consistent

calculations were performed for systems containing a semi-in�nite Nb, an additional 6 Nb

layers and subsequently 3, 9, 24, and 93 Au layers. In Fig. 4.7 we show the contour plot
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of the BSF for a layer that we considered to be in the �middle� of the appropriate sample

and for a layer in the bulk Nb (shown in Fig. 4.8 top left panel). It should be mentioned

that the later is just the projection of the bulk spectral function on the (100) plane and

it represents the corresponding projection of the bulk band structure. The plots are re-

stricted in energy in the range of [-0.05 Ry,0.05 Ry] (later we will choose ∆Nb to equal this

value, and solve the BdG equations within this energy range). When Fig. 4.7 is viewed

as a sequence, one can immediately recognize the signatures of con�nement. Where the

DOS in the bulk Nb is low, the states in the Au are con�ned, as they can not scatter into

the Nb, and on the other side the system is limited by vacuum. In regions where the DOS

is high in the Nb, the states in the Au are smeared out, as here the appropriate electrons

can scatter more easily into the other side of the interface. Therefore, the con�ned states

in the Au can be regarded as quantum-well states. The con�nement causes a roughly

2π/L sampling (where L is the thickness of the Au sample) of the Au band structure. It

can be seen from the �gure, that as L increases, the quantum-well bands become denser

and denser. As L approaches in�nity, the bulk electronic structure of Au is recovered in

the middle of the sample.

Figure 4.7: Contour plot of the BSF (normal state band structure in the kx = ky direction)

from the �middle� of the Au layers for di�erent thicknesses of the Au: 3 Au layers (top

left panel) and 9 Au layers (top right panel) 24 Au layers (bottom left panel) and 93 Au

layers (bottom right panel). It is worth noting that all of the BSFs are measured in the

same arbitrary units.
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For a �xed number of Au layers, one can investigate the layer dependence of the

electronic structure. This is illustrated for the system with 9 Au layers in Fig. 4.8. First,

we have to notice that the quantum-well bands do extend into the self-consistent Nb

layers, as these layers show signatures of both of the bulk Nb and the con�ned states

of Au. Surprisingly, around the actual interface there is a very sharp horizontal band,

which can be seen only at the interface layers and quickly disappears further away. It is

not present either in the bulk Nb, nor in the Au electronic structure, hence, it can be

regarded as an interface state.

Figure 4.8: Contour plot of the BSF (normal state band structure in the kx = ky direction)

for di�erent layers. In the interface region there are 6 Nb layers, 9 Au layers, 3 vacuum

layers.

Quasiparticle spectrum

We now consider the solution of the BdG equations, and we model the pairing potential

in the inhomogeneous Nb(100)/Au(100) system by assigning a constant value ∆Nb =

0.05 Ry to the Nb layers and a constant ∆Au = 0 Ry for the Au layers (and the same

to the empty sphere and vacuum layers). The results of the calculation are shown in

Fig. 4.9. Similarly to the normal state, �rst, we show results for layers in the middle

of the systems considered. However, because the energy range is exactly the size of the

superconducting gap, we do not show any result for the bulk spectral function, as it
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is exactly zero in this energy range. What can be seen immediately is that there is a

superconducting gap even in the Au layers. This gap must have been induced by the

vicinity of the Nb, because, as we mentioned earlier, ∆Au = 0 Ry. Examining the details

of the quasiparticle spectrum, especially the one corresponding to the sample with 9 and

24 Au layers, it reveals that not only one, but in fact several gaps are opened. This is in

strong contrast to bulk superconductors, where the quasiparticle states can be obtained

from the electronic ones by mirroring them to the Fermi energy and opening up a gap.

Our result modi�es this picture in such a way that the proximity of a superconductor in

the studied heterostructures induces the mirroring of the electronic bands, and opens up

a gap � which is signi�cantly smaller than the one in the bulk � at each band crossing.

This is valid for those band crossings as well that are not directly at the Fermi level

but within the energy range of ∆Nb. In the case of the Nb/Au system � due to the

quantum-well states in the normal state � the result is a sort of oscillating quasi-band

in Fig. 4.9. This is a speciality of the Nb/Au system, other systems may not look so

clean. The induced gap is opened between the mirrored branches of the interface state as

well. However, in contrast to the quantum-well states, the interface states do shift quite

signi�cantly upwards in energy, and these states still disappear rather quickly away from

the interface. It should be noted as well that those regions of the spectrum which were

more or less smeared out in the normal state, now sharpened up. This is the consequence

of the opening of the superconducting gap in the Nb: the states where scattering into was

allowed before, now disappeared.

In a quasiclassical picture [38] one may expect dispersionless Andreev states. However,

what we �nd is that the dispersion of the k-dependent Andreev states can be understood

from the features of quantum-well states in the normal state as described above. In

conventional superconductivity, the gap is assumed to be k-independent, while in our

calculations the obtained energy gap strongly depends on the two-dimensional k as it can

be seen in Fig. 4.10. This is quite surprising, considering the fact that our calculations

involved only a totally conventional superconductivity scenario. This is in an even larger

contrast to the result of Suvasini et al. [68] who obtained only a very week k-dependence

of the gap in bulk Nb. In this sense our results show similarities between the physics of

conventional superconductor � normal metal heterostructures and unconventional super-

conductivity [116].

Further interesting features of the quasiparticle spectrum are revealed if we analyze

the spectrum layer by layer for a �xed system size (6 Nb and 9 Au layers, see Fig. 4.11).

As the quantum-well states did overlap with the Nb layers in the normal state, they still
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Figure 4.9: Contour plot of the BSF (quasiparticle spectrum calculated from BdG equa-

tions in the kx = ky direction) from the �middle� of the Au layers for di�erent thicknesses

of the Au: 3 Au layers (top left panel) and 9 Au layers (top right panel) 24 Au layers

(bottom left panel) and 93 Au layers (bottom right panel).

do in the superconducting state. However, as the quasiparticle states in the Au show

a much smaller gap than the one in the Nb, these overlapping states lessen the gap in

the Nb layers next to the Au interface. By performing further calculations, where the

interfacial Nb layers were more numerous, we found that this e�ect decays quickly, but

can be observed up to 15 layers. In the other side of the interface, in the Au layers the

induced gap remains constant for each layer. Therefore, an induced superconductivity

may be observed in the Au overlayers. This is in accord of the experimental observations,

where it was found that the whole Nb/Au system is superconducting (a common Tc

has been obtained experimentally in Refs. [27, 28]). Cooper pairs can be found in the

whole system, and the induced gap � that appeared in the quasiparticle spectrum in each

of the Au layers � can be interpreted as a consequence of an e�ective electron-phonon

coupling in the Au overlayers caused by the semi-in�nite Nb. Quite surprisingly, in our

calculations we did not �nd layer dependence of the induced gap. However, the size of

the gap does change with the thickness of the system, as it can be seen in Fig. 4.11 and

also summarized in Fig. 4.12. It shows a fast decay, however, it can not be �tted well by

an exponential function.
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Figure 4.10: Contour plot of the BSF (quasiparticle spectrum calculated from BdG equa-

tions) for the �rst gold layer next to the niobium sample in di�erent directions corre-

sponding to the α angle. There are 9 bcc gold overlayers on the nioubum. The top panel

shows the 2D irreducible wedge of the bcc lattice and the de�nition of the α angle.
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Figure 4.11: Contour plot of the BSF (quasiparticle spectrum calculated from BdG equa-

tions in the kx = ky direction) for di�erent layers in the system consisting of 6 Nb layers,

9 Au layers and 3 empty sphere layers.

Figure 4.12: Induced gap on the Au layers as a function of the thickness of the Au,

extracted from results similar to that shown in Fig. 4.9.

The layer independent feature of the gap is a consequence of the rather simpli�ed

treatment of the electron-phonon interaction at the interface in our calculations (we used

a simple step function, as illustrated on the top panel of Fig. 4.13), and it would be

a�ected by the inclusion of a more accurate approximation. This could alter the local

∆I on each layer at the vicinity of the interface, however, at su�ciently large distances

it should become e�ectively zero. Therefore, our calculations suggest that the induced

gap in Fig. 4.9 represents a lower bound of the induced gap close to the interface in real
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systems, and it is more accurate further away. To test this assumption, we performed a

computer experiment by assuming a certain functional form for ∆I . This can be seen in

Fig. 4.13. The model is, that far away from the interface we assume the bulk values for

Figure 4.13: Model ∆I [Ry] pairing potential and the corresponding size of the induced

gap. The top panel shows the step function model and the bottom panel shows the linear

layer dependent model for the pairing potential. The lines only serve as a guide to the

eye.

the pairing potential on both sides (and implicitly the electron-phonon interaction) and

a linear layer dependence is interpolated in between. With this approximation we try to

mimic the changes in the pairing potential due to the electron-phonon interaction at the

interface, which is di�cult to calculate for thick superconductor systems. In this case it

can be observed in Fig. 4.13 (bottom panel), that the induced gap follows closely the ∆I

values for each layer I until it is bigger than the induced gap at zero pairing potential.

From then on, the gap is independent of the transient changes in the electron-phonon

interaction, and is determined by the left semi-in�nite (or very thick) subsystem. A similar

behavior would be seen for any functional form of ∆I . Therefore we may conclude, that

any proximity seen in the superconducting gap is the combination of the in�uence of the

semi-in�nite (or very thick) superconductor, which imposes a lower bound on the gap,

and local changes in the electron-phonon interaction. We should mention that the results
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of Fig. 4.13 were obtained by calculating the full layer dependent DOS. In principle, the

states in the gold extend into the niobium as Fig. 4.9 shows, however, their contributions

to the total DOS can be neglected.

Now, we return to the original step model of the pairing potential. It is also useful to

mention that for k = 0 the spectrum of the Andreev states is comparable with the results

of one-dimensional model calculations and the Andreev energy levels show the similar

1/L dependence which were also obtained in Ref. [38]. However, we emphasize that this

property is the consequence of the roughly 2π/L sampling connected to the quantum-well

states and can not be regarded as an universal feature for every S/N heterostructures.

Also for those materials where no quantum-well states present, it is harder to recognize

the above descibed properties of the quasiparticle spectrum as shown in Fig. 4.14, where

we show similar calculations for 3 platinum, and 3 molybdenum overlayers (treated as

a normal state metal now). The most important feature of these plots is that in the

superconducting state the induced gap around the Fermi-level can still be observed.

Figure 4.14: Contour plot of the BSF (quasiparticle spectrum calculated from BdG equa-

tions in the kx = ky direction) for di�erent materials in the system consisting of 6 Nb

layers, 3 �X� layers and 3 empty sphere layers. X =Pt for the left panel and X =Mo for

the right panel.

Surface and interface states

Metallic surfaces often exhibit a Shockley-type surface state [117]. The energy of such

states are located in a relative band gap of the bulk, normal state band structure and

usually have a parabolic dispersion, hence such electrons behave like a nearly free two

dimensional electron gas. Surface states are easily accessible to spectroscopy with pho-

toemission, since they are often located near the Fermi energy. Therefore, it is interesting

to study such surface states once the material becomes superconducting.
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Such a Shockley-type surface state can be calculated from the BdG equations in the

case of the investigated Nb/Au heterostructure along the direction ky = 0. It should be

emphasized that this surface state is entirely �ctitious, as this surface is of an Au(100) in

the bcc lattice structure. First, setting the ∆Nb = 0 Ry (see the left panel of Fig. 4.15),

the surface state can be observed in the bare electronic structure. While applying a �nite

pairing potential ∆Nb does open up a gap in the Au, just as we discussed earlier for the

case of kx = ky direction. However, the gap does not open at the crossing of the surface

state bands, indicating that it does not couple to the superconductor. This e�ect can be

attributed to the fact that evidently the surface state is quite localized to the top layers

of the metal surface and it is mainly isolated from the bulk states. Consequently, they do

not take part in the Andreev scattering process and thus they do not form a gap in the

spectrum, as it can be seen in Fig. 4.15.

Figure 4.15: Contour plot of the BSF in the ky = 0 direction corresponding the last layer

of Au. The Au sample consisted 9 layers. The quasiparticle spectrum was calculated from

BdG equations. ∆Nb = 0 Ry is used on the left panel and ∆Nb = 0.05 Ry on the right

panel.

As we indicated earlier, an opposite behavior could be observed for the interface state,

which is localized to the Nb/Au interface. The energy of these states shifts upwards. This

can be explained by the stronger interaction between the superconductor and the normal

metal resulted in a larger gap than in the quantum-well states.

At this point it is also instructive to investigate the electron-hole character of the

quasiparticle spectrum. Hence, we decompose the BSF to an electron-like and a hole-like

part, which � in a layered system for layer I � can be calculated as

AIB(ε,k||) = Ae,IB (ε,k||) + Ah,IB (ε,k||),

Ae,IB (ε,k||) = − 1

π
= Tr Gee,+

II (ε, r,k||),

Ah,IB (ε,k||) = − 1

π
= Tr Ghh,+

II (ε, r,k||). (4.26)
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Let us introduce the electron-hole character as the

Ae,IB (ε,~k||)/
(
Ae,IB (ε,~k||) + Ah,IB (ε,~k||)

)
(4.27)

ratio. This quantity is zero if the state consists of holes only and there are no electron-like

states involved. Similarly, this quantity is one if the state consists of electrons only and

there are no hole-like states involved. In Fig. 4.16 this electron-hole character is shown for

the interface layer in the kx = ky direction. It can be recognized that the bands originating

from the normal state bands are mostly electron-like, and the bands which come from the

re�ection of the normal state bands to the Fermi energy, are mostly hole-like. Because

interface states are localized to the interface, and consequently they participate mostly

in the Andreev re�ection, they consist almost equal part of electron-like and hole-like

components. In Fig. 4.17 the electron-hole character is plotted for the last gold layer

in the ky = 0 direction. Since this is a surface state and it does not participate in the

Andreev scattering process, the surface state originating from the normal state surface

band is only electron-like, and the band, which come from the re�ection of the normal

state surface band, is only hole-like as it can be seen in Fig. 4.17.

Figure 4.16: The electron-hole character Eq. (4.27) as a function of the momentum k and

the energy ε for the �rst Au layer in the case of 9 Au overlayers on the Nb(001) host

(kx = ky direction).

Proximity e�ect

There is also one quantity, the anomalous spectral function (ASF), which is closely

connected to the superconducting order parameter and � despite its great importance �

rarely investigated. We can de�ne the layer dependent anomalous spectral function (ASF)
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Figure 4.17: The electron-hole character Eq. (4.27) as a function of the momentum k and

the energy ε for the surface Au layer in the case of 9 Au overlayers on the Nb(001) host

(ky = 0 direction).

as

BI(ε,k||) = − 1

π
Im Tr Geh,+

II (ε, r,k||), (4.28)

and also the corresponding density of anomalous states can be written as BI(ε) =∫
BI(ε,k||)dk||. The ASF contains much more information than the BSF, since the BSF

is necessarily a positive function, the ASF may have negative values. The ASF is an-

tisymmetric to the Fermi-level and obviously, the peaks of the ASF are located at the

same energy as the quasiparticle excitations of the BSF. Note that the de�nition of the

ASF includes the o�-diagonal Green function in the electron-hole index. In Fig. 4.18 the

layer dependent ASF is plotted for selected Nb and Au layers, where the dispersion of the

so-called Andreev bound states can be seen. Its most important property in connection

to the proximity e�ect is the information it carries on phase coherence. The re�ected par-

ticle carries information both on the phase of the electron state and on the macroscopic

phase of the superconductor. It is known that the Andreev scattering process causes(
−arccos ε

∆

)
phase factor. It is easy to see that the Andreev re�ection of a state at the

Fermi energy (ε = 0) is corresponding to a π/2 phase shift. The in�uence of this phase

shift can be seen as a sign change of the ASF around the interface when we move from

the last Nb layer to the �rst Au layer. Here one can also observe that the ASF of the

interface state goes trough zero multiple times, which traipse from layer to layer moving

away from the interface.

It is instructive to understand how the proximity e�ect appears in the case of the step

model for the pairing potential (top panel of Fig. 4.13). In accordance to the Ginzburg-

Landau theory [5] the proximity e�ect should appear in the superconducting order param-
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Figure 4.18: The contour plot of the ASF (arbitrary units) for di�erent layers in the case

of 9 Au overlayers on the Nb(001) host (kx = ky direction). Note that the ASF may have

negative values (blue color).

eter, which is not the superconducting gap, rather the anomalous density, closely related

to the ASF. To visualize what proximity means in the language of the ASF, for each layer

we calculate the anomalous density χI(r) based on Eq. (3.149b). Since this quantity can

be identi�ed as the superconducting order parameter, the parameter
∫

dr|χI(r)| must
show the proximity e�ect as well. Therefore, we calculated

χI =

∫
VWS

dr|χI(r)|∫
VWS

dr|χBulk(r)|
(4.29)

for each layer with the experimental value for ∆Nb [115].

Figure 4.19 illustrates very well that in the normal metal the electron-hole pairs

gradually lose their correlated properties as the distance increases from the interface,
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while superconductivity is still induced in the normal metal. On the other side of the

interface, the leakage of Cooper pairs weakens the superconductivity near the normal

metal. This is the well-known proximity e�ect. Figure 4.19 can also be compared to the

behavior expected from the Ginzburg-Landau theory, which predicts a hyperbolic tangent

pro�le for the decay of the order parameter. However, our results can not be �tted well

with a hyperbolic tangent. This is not entirely surprising, since the Ginzburg-Landau

theory is only a mean-�eld theory and it is valid only near the critical temperature, while

in our calculation T = 0 K. By performing more extended calculations, where the layers

were more numerous, we were able to observe proximity up to 15 layers in the niobium,

and found that the order parameter decays as 1/L in the normal metal, where L is the

actual distance from the interface. Only the �rst gold layer deviates signi�cantly from

this tendency due to the presence of the interface state. A similar behavior was obtained

by Falk [118], who pointed out �rst that the order parameter at T = 0 K should not

decay exponentially, but rather more slowly as 1/L. This behavior was also obtained by

Silvert [119], and our result fully con�rms this prediction, as they can be well �tted with

a 1/L function. Regarding ∆Nb as an adjustable parameter, one can perform calculations

to study the χI as a function of ∆Nb. Such calculations revealed that the larger ∆Nb

causes sharper drop in Fig. 4.19, but the slow 1/L like decay remains. Another example,

Figure 4.19: The χI parameter illustrating the proximity e�ect in case of Nb/Au(001)

system. The �rst six layers are Nb and the next nine layers are gold.

where the calculation of the ASF can be useful is the study of the electron-hole character

of a state. For a non-interfacial state a clear connection can be identi�ed between the

ASF (Fig. 4.18) and the electron-hole character (Fig. 4.16) in the gold layers: if the state

is rather electron-like the ASF is positive, and if the state is mostly hole-like the ASF is

negative.
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Realistic systems and estimation of the Tc

Now, we turn our attention to a more realistic system, and assume the more realistic

face-centered cubic (fcc) crystal structure for the gold overlayers. In Fig. 4.20 we show

the contour plot of the BSF for a layer that we considered to be in the �middle� of the

samples of various Au layer thicknesses. Similar quantum-well states can be observed as

in the case of bcc gold.

Figure 4.20: Contour plot of the spectral function (normal state band structure) from

the �middle� of the gold layers for di�erent thickneses of the gold: 3 Au layers (top left

panel) and 6 Au layers (top right panel) 9 Au layers (bottom left panel) and 24 Au layers

(bottom right panel).

It is obvious that the obtained quasiparticle spectrum is virtually identical in every

Au layer, and therefore summing them up did not cause any broadening of the states. In

Fig. 4.21 one can also observe the e�ect of matching di�erent lattice structures on the

quasiparticle spectrum. More oscillations can be seen in case of fcc gold overlayers, which

is the consequence of the more bands in the normal state fcc gold, compared to the normal

state bcc gold for the same thickness. Also, there is a very sharp, almost horizontal band

in the case of bcc gold, which can be seen only at the interface layers. This interface state

does not appear in the case of fcc gold, so while its appearance is rather interesting, it is

entirely �ctitious, unless bcc growth of Au can be achieved at least for a few layers. The

4.4. OVERLAYERS ON A THICK NB SLAB 83



CHAPTER 4. RESULTS

total DOS is also plotted in Fig. 4.22 for bcc and fcc gold overlayers. It can be observed

that the fcc lattice structure decreased the size of the induced gap in the gold overlayers.

Figure 4.21: Contour plot of the BSF (kx = ky direction) summed for all layers in the

case of di�erent thicknesses of the Au: 3 bcc Au layers (top left panel), 9 bcc Au layers

(middle left panel), 24 bcc Au layers (bottom left panel), and 3 fcc Au layers (top right

panel), 9 fcc Au layers (middle left panel), 24 fcc Au layers (bottom right panel).

At this point we can try to construe quantitatively the experiment of Yamazaki et

al. [28], which was constructed by growing an extremely thin layer of gold on top of a

thicker Nb host. While the thickness of the Nb sample (288 angstrom) was in the order of

the superconducting characteristic length (380 angstrom), the thickness of the gold layer

was only a couple of atomic layers. In order to investigate the superconducting proper-

ties of these bilayers, magnetization and magnetic susceptibility measurements were per-

formed using a superconducting quantum interference device magnetometer (SQUID). It

was found [28] that the superconducting transition temperature is signi�cantly lowered
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Figure 4.22: The total density of states for all layers in the case of 9 Au overlayers: bcc

Au layers (left panel), fcc Au layers (right panel).

in this composite compared to the bulk, and it decays monotonically as the thickness of

the gold overlayer increases.

Since the setup described in the experiment of Yamazaki is beyond our computa-

tional capability (it would require too many layers to be included in the self-consistent

solution of the KSBdG equation for �nite temperatures), we model the e�ect of a thick

superconducting �lm by a semi-in�nite bulk. Although the thickness of the Nb layers in

the experiment is not strictly semi-in�nite, it is thick enough to be approximated by a

semi-in�nite bulk system. Now, to predict the superconducting transition temperature

Tc, we need to repeat the previous calculations with ∆Nb set to a more realistic value.

We set it so that Tc of bulk Nb agrees with the experiment. In the strong-coupling limit

(e.g. in case of Nb) the Tc is given by the McMillan formula [102,120]

Tc =
ΘD

1.45
exp

(
− 1.04(1 + λeff )

λeff − µ∗(1 + 0.62λeff )

)
, (4.30)

where ΘD is the Debye temperature, µ∗ is the dimensionless Coulomb pseudopotential

which describes the e�ect of the Coulomb repulsion, and λeff is the e�ective coupling

for the whole system. We can de�ne an e�ective interaction in an inhomogeneous system

through some averaging process. Here we follow the argument of de Gennes [5, 121].

If we interpret DAu(εF )tAu/(DNb(εF )tNb + DAu(εF )tAu) as a probability of �nding an

electron in the normal metal layers and DNb(εF )tNb/(DNb(εF )tNb + DAu(εF )tAu) in the

superconducting Nb layers, a λeff e�ective coupling can be de�ned as [121]

λeff =
λNbDNb(εF )tNb + λAuDAu(εF )tAu

DNb(εF )tNb +DAu(εF )tAu
, (4.31)
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where tNb and tAu is the thickness of the Nb and Au layers respectively, λNb is the electron-

phonon coupling in the niobium, and D(εF ) is the density of states at the Fermi level.

While the density of states for the Nb can be approximated by the bulk value, the density

of states in the gold should be de�ned as a layer average, DAu(εF ) = 1/N
∑N

I=1D
I
Au(εF ),

where N is the number of the gold overlayers. Since the whole niobium � gold system is

superconducting (the common Tc obtained experimentally in Ref. [27, 28]) Cooper pairs

must exist throughout the whole system. Therefore, the existence of the superconducting

gap in the Au layers can be viewed in a way that the proximity of the superconductor

induces an e�ective coupling λAu in the gold which than can be obtained from the induced

gap ∆′Au according to the BCS gap equation:

λAu = − 1

log
(

∆′
Au

2~ωAuD

) . (4.32)

This induced gap ∆′Au can be read o� from the quasiparticle spectrum, for which the whole

calculation of the quasiparticle spectrum needs to be repeated with a more realistic value

for ∆Nb, as we mentioned earlier. We argue that while the BCS theory is valid for the

weak-coupling limit, however, here it is applicable to the gold since the induced gap is

much smaller, than the gap in the Nb. Although, the BCS theory is valid for bulk systems,

its applicability in the gold is motivated by the similarity of the layer resolved quasiparticle

spectrums and the layer independent feature of the induced gap for a given thickness. In

Eq. (4.32) we always take the maximum of the induced gaps because the maximum of the

gaps determines how strong the coupling is. The induced gap ∆′Au has been read o� from

the calculated quasiparticle spectrum as the function of the thickness of the gold (see Fig.

4.12) and from the McMillan-formula Eq. (4.30) the critical temperature was calculated.

The results are plotted in Fig. 4.23, together with the experimental �ndings taken from

the paper [27,28]. Suprisingly, this naive semi-phenomenological model resulted in a very

good agreement with the experimental results.

The procedure above can be repeated for other overlayer systems such as Nb/Ag,

Nb/Ir, Nb/Al, Nb/Mo, and the superconducting transition temperature can be calcu-

lated. The critical temperature dependence on the thickness of normal metal layers in

these composites is shown in Fig. 4.24. It can be seen that the superconducting transition

temperature decays as the normal metal thickness is increased for all systems. Only the

rate of decay depends on the overlayer material. This dependence is caused by the size

of the induced gap in the normal metal and also the change of the density of states at

the Fermi level which enters the McMillan formula through the e�ective coupling param-

eter. This is most pronounced for the iridium overlayers, where the decay of transition
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Figure 4.23: The critical temperature as a function of the thickness of the gold obtained

from the McMillan formula. The points with the error bars are the experimental results

from Ref. [28]

.

temperature is the fastest, due to the much higher density of states at the Fermi level.

Figure 4.24: The critical temperature as a function of the thickness in the case of di�erent

metal overlayers.

4.5 Overlayers on a thin Nb slab

Thin �lm superconductivity has been a subject of great scienti�c interest since the

1950s [122�126]. The development of nanotechnology has led to the renaissance of this

topic [111, 127�133] due to possible technological applications in superconducting nan-

odevices. Theoretically, it is entirely possible that in thin (few nanometers thick) slabs a

large electron-phonon coupling can lead to superconductivity well above the bulk transi-

tion temperature. For such superconducting heterostructures an inverse proximity e�ect

was also observed [111]: a non-superconducting metal overlayer on a superconducting thin
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�lm increases the critical temperature Tc. This is in strong contrast to the case of the thick

(compared to the coherence length) superconducting �lms, where the metallic overlayer

decreases Tc as described in Sec. 4.4. In this section, the main focus is how the mate-

rial speci�c, intrinsic superconducting properties change (below the characteristic length

scales, such as the coherence length and the London penetration depth) as a function

of thickness. In the case of thin superconducting �lms the electron-phonon interaction

may change signi�cantly compared to bulk, which can lead to many new and interesting

e�ects. To properly describe such a situation, a fully ab-inito approach is needed, which

takes into account the changes in the electronic structure and in the phonon spectrum.

However, the simultaneous treatment of vibrational and electronic degrees of freedom

on the same level leads to complications which are very di�cult to overcome. Based on

Section 3.10 we propose a simpli�ed treatment, where both spectrums are calculated

separately on a �rst-principles level and the results are combined.

For self-consistent calculations one can use the parametrization for the exchange en-

ergy introduced in Section 2.3:

Exc,I [ρI , χI ] = E0
xc,I [ρI ]−

∫
χ∗I(r)ΛIχI(r) dr, (4.33)

where E0
xc,I [ρI ] is the usual exchange correlation energy for electrons in the normal state

and ΛI describes the strength of the electron-phonon interaction for layer I. Each layer

is assumed to be chemically homogeneous, but any two distinct layers can, in principle,

describe di�erent material constituents.

One can immediately recall that various theories [76, 134, 135] have been worked out

in the literature to calculate the electron-phonon coupling. The clear advantage of the

Gaspari-Gy®r�y formula (3.145) is that it allows to separate the electronic and phonon

parts of the calculation. Namely, purely electronic calculation leads to the McMillan-

Hop�eld parameter and the only necessary quantity is the average of the square of the

phonon frequency 〈ω2
I 〉 which requires the knowledge of the layer dependent phonon DOS

FI(ω). One can notice that a larger McMillan-Hop�eld parameter, or the softening of

〈ω2
I 〉, will result in a larger electron-phonon coupling.

Our phonon calculations are based on relaxed slab geometries, and interlayer relax-

ations are assumed for all interlayer distances perpendicular to the surface facets with

�xed in-plane lattice parameter. The �rst-principles calculation of the dynamical prop-

erties of lattices requires the knowledge of interatomic forces. We determine the force
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constant matrix for bulk, slabs, and heterostructures in the framework of density func-

tional perturbation theory [136] as implemented in the Vienna ab-initio simulation pack-

age (VASP) [137] and employing Phonopy [138] to compute the dynamical matrix and

layer resolved phonon DOSs. Here, it should be mentioned that these calculations were

not done by the present author, the phonon results are all based on the work of Dr.

Stephan Schönecker (Stockholm, KTH). Once the layer dependent phonon spectrum has

been obtained, the layer dependent electron-phonon coupling constants can be calculated

and, consequently, the KSBdG equations can be solved self-consistently for �nite temper-

atures with the SKKR method. Finally, one needs to �nd the critical temperature where

the spectrum of the KSBdG Hamiltonian does not give a gap.

Hereafter, we choose niobium as the testbed and primary target of our numerical

investigations. To verify the theory, we �rst calculated the electron-phonon coupling and

the critical temperature for bulk Nb, and obtained λ = 0.86 and Tc = 11.3 K. Based on the

Gaspari-Gy®r�y theory and using the augmented plane wave method, for Nb λ = 0.88

was obtained by Klein and Papaconstantopoulos [139]. In Ref. [16] a multicomponent

DFT for the combined system of electrons and nuclei with di�erent hybrid functionals

led to critical temperatures in the range of 8.4 - 9.5 K, while the known experimental

bulk values for Nb are [139]: λ(exp) = 0.82 and T (exp)
c = 9.2 K. It can be seen that our

results are rather similar to the results of other authors regarding the electron-phonon

interaction and slightly overestimated the critical temperature compared to experiments,

which is, despite the simplicity of the used exchange-correlation energy, still not far

from the experimental value. It is worth mentioning here that in the case of niobium,

phonon retardation e�ects play an important role, hence it should be treated in the

strong coupling limit. In our theory the anomalous density χI(r) in�uences the e�ective

potential Veff,I(r) via the density ρI(r), which is the analogy of the self-energy correction

to the Eliashberg equations [140] and therefore may be regarded as a strong coupling

e�ect.

Now we are ready to apply the method to niobium slabs, and niobium � gold het-

erostructures. It should be noted that we neglect the e�ect of a substrate which could,

in principle, modify the results quantitatively, but should not alter the basic physics and

would just lead to numerical complications in the calculation of the phonon spectrum.

In the case of a Nb slab, the calculations were performed for 3, 6, 9, 12 and 15 layers

of Nb. We choose two facets for our studies, the open (100) surface facet, because it is

the most stable surface facet, and a contrasting close-packed one, namely the (110) facet

which has a slightly higher surface energy.
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The results obtained for the McMillan-Hop�eld parameter, the average phonon fre-

quency and the electron-phonon interaction are presented in a graphical form with a

stacked bar chart in Fig. 4.27. Since the slabs are symmetric with respect to the center of

the sample, we plot the results only from the surface layer to the middle of the sample.

In Fig. 4.26 the phonon DOS is shown for both Nb(100) and Nb(110) slabs consisting of

15 atomic layers. It can be observed, that as one approach the middle of the sample the

phonon DOS converges towards the bulk DOS. A faster convergence was obtained in the

case of the electron DOS (see Fig. 4.25). It can be seen that on the surface of the bcc(100)

slab, the phonon DOS is dominated by low frequency states, therefore, the 〈ω2
I 〉 becomes

signi�cantly smaller just on the �rst surface layer (see Fig. 4.27). This e�ect can also be

observed for the bcc(110) slab but it is not as pronounced, and mostly compensated by

the subsurface layer where the phonon DOS is dominated by high frequency states. As a

consequence, for the bcc(100) surface facet, the McMillan-Hop�eld parameter increases

on approaching the surface, which is in sharp contrast to the bcc(110) surface facet where

the McMillan-Hop�eld parameter �uctuate around its bulk value for all layers. At the

(100) surface, both the electron and the phonon parts enlarge the electron-phonon cou-

pling signi�cantly beyond the bulk value. At the subsurface layer the electron-phonon

coupling becomes smaller because of the larger 〈ω2
I 〉, and as we approach the middle of

the sample its value converges to the bulk value. In the case of bcc(110) slab the electron-

phonon coupling changes similarly to the bcc(100) slab, however, an important di�erence

is that on the surface the electron-phonon coupling is not as large.

Figure 4.25: Layer resolved electron DOS for 15 layers Nb slab bcc(100). Here we introduce

the following mapping: the �rst layer is the surface layer, second layer is the subsurface

layer, ... 8th layer is the bulk-like center of the slab.

Once we know the electron-phonon interaction parameters for all layers, we can pro-

ceed and solve the KSBdG equations self-consistently for various temperatures. In the
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Figure 4.26: Layer resolved phonon DOS of 15 layers Nb slab for bcc(100) (left panel)

and bcc(110) (right panel).

case of T = 0 K we �nd that the superconducting gap has a layer dependence, which

follows the layer dependence of the λI electron-phonon coupling parameter. However,

when the KSBdG equations are solved for �nite temperatures, it is found that in all

layers the superconducting gaps disappear at the same critical temperature. This means

that a layer, which has a larger electron-phonon coupling parameter, strengthens the su-

perconducting properties of the other layers with smaller electron-phonon coupling via

the proximity e�ect. Formally, this is very similar to the case of MgB2's two bands sys-

tem [141] where the two superconducting gaps have the same critical temperature only

if there is an interband coupling.

In Fig. 4.29 (top left panel) it can be seen that the critical temperature of the Nb(100)

slab is well above the bulk critical temperature (with a maximum at the 6 layers thick

Nb slab), which is clearly due to the larger electron-phonon coupling on the surface. Not

surprisingly, the Nb(110) slab's critical temperature is always lower than in the case of

the Nb(100) slab. In order to gain deeper understanding of the changes in the critical

temperature as a function of thickness, it is interesting to consider other properties of

superconducting slabs, such as µ∗, the e�ective Coulomb repulsion. The µ∗ is a funda-

mental quantity in the theory of superconductivity, related to the correlation e�ects due

to the Coulomb repulsion. Usually, it is treated as an adjustable parameter, but based on

the previous results, it is possible to estimate it in thin �lm systems. As mentioned, for a

strong-coupling superconductor such as Nb, Tc can be calculated from the McMillan for-

mula (4.30), which depends on the Debye temperature ΘD, the e�ective electron-phonon

coupling λeff and the µ∗. If the values of λI are known, it is possible to calculate λeff
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as [121]:

λeff =

∑
I λIDI(EF )∑
I DI(EF )

, (4.34)

where I is a layer index, while ΘD can be obtained from the phonon spectrum. Thus µ∗

can also be estimated by equating the value of Tc obtained previously to the McMillan

formula. The results are shown in Fig. 4.29 (left panels), where one can see that the

e�ective Coulomb repulsion is decreasing as a function of the niobium thickness. This is

probably due to the fact that for thicker slabs the electrons have more degrees of freedom.

It is also worth mentioning that as it can be seen in Fig. 4.29, the superconducting

transition temperature has a rather similar dependence on the thickness of the slab as

the above de�ned λeff .

The more important and more studied systems are the superconducting thin �lm

heterostructures. We choose to investigate the Nb/Au heterostructure, mostly because

the thick �lm version was already investigated in Refs. [27, 28]. Here 1, 2 and 3 layers

of gold were added to 3 layers of Nb. We assumed bcc epitaxial growth for the gold

overlayers, thus the bcc(100) lattice structure is investigated. The layer resolved phonon

DOS is shown for one and two gold overlayers in Fig. 4.28. It can be seen that in the case

of a single gold overlayer the phonon spectrum is dominated by low frequencies both in

the case of the Au overlayer and the surface niobium layer (which is on the other side of

the slab), hence, the 〈ω2
I 〉 becomes smaller on these layers. This e�ect tends to increase

the electron-phonon coupling. However, the McMillan-Hop�eld parameter is also smaller

for the gold layers as it can be seen in Fig. 4.27 (bottom panel), since the electronic DOS

at the Fermi-level is smaller and also the mass of a gold atom is almost twice as large

as the mass of a niobium atom. Together these latter factors would act to reduce the

electron-phonon coupling in the gold layers. All these factors are not present or not as

pronounced when the gold coverage increases to two layers or further. However, for the

3 Nb/1 Au layers heterostructure, the electron-phonon coupling in the surface Nb layer

is much larger than in any layer in any other presently investigated heterostructures or

slabs. The net result is an increased overall electron-phonon coupling and (as we will see

further down) an increased Tc in the case of a single Au covered Nb thin �lm. The results

for the di�erent heterostructures are summarized in Fig. 4.27 (bottom panel).

Again, knowing the electron-phonon interaction parameters, similar calculations were

performed as in the case of the niobium slab to obtain the critical temperature, the

e�ective electron-phonon coupling, and the e�ective Coulomb repulsion as a function of

the thickness of the gold coverage. In Fig. 4.29 (right panel) we can observe the inverse
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proximity e�ect similarly as it was found experimentally in the Pb/Ag heterostructure in

Ref. [111] or in a similar Nb/Au/Nb junction in Ref. [142]. The superconducting transition

temperature Tc increases by adding only one gold overlayer to a niobium slab, however,

adding two layers of gold decreases the Tc. This result is now well understood based on the

previous result regarding the electron-phonon interaction. Bourgeois et al. [111] suggested

that there is a competition between the Coulomb e�ects and the classical proximity e�ect.

Indeed, in Fig. 4.29 (right panel) it can be seen that with increasing the number of the

gold overlayers the e�ective Coulomb repulsion decreases, which can cause an increase in

the critical temperature. Nevertheless, based on Fig. 4.29 (right panel) we would rather

conclude, that the main e�ect which creates the inverse proximity e�ect is due to the

enhanced electron-phonon coupling in the overlayer. The behavior of the electron-phonon

interaction appears to primarily in�uence Tc in other thicknesses as well, overriding the

changes coming from the Coulomb repulsion.
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Figure 4.27: ηI = DI(EF ) 〈g2
I 〉 /MI , 〈ω2

I 〉, λI � normalized with the Nb bulk value � are

shown in the stacked bar charts (the actual value is always added to the sum of the other

data sets), respectively in each bar, for di�erent lengths of Nb(100) (top panel), Nb(110)

(middle panel) and Nb/Au (bottom panel) slabs, where 1,2 and 3 layers of Au were added

on 3 Nb layers.
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Figure 4.28: Layer resolved phonon DOS for the following heterostuctures: 1 Au layer

(left panel) and 2 Au layers (right panel) on 3 Nb layers.

Figure 4.29: The critical temperature (Tc), e�ective electron-phonon coupling (λeff ) and

Coulomb repulsion (µ∗) as functions of the thickness of Nb(100) (blue line, full symbol)

and Nb(110) (red line, open symbol) slab (left panels) and Nb/Au slabs (right panels).

The dashed lines represent the bulk values.
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Summary and Outlook

In Chapter 2 we reviewed the basic formalism of the BdG mean-�eld theory, which

yields a fundamentally new type of scattering (Andreev-re�ection) in the case of S/N

junctions. To obtain a proper material-speci�c theory, it was shown how the many-body

problem of superconductivity can be reduced using DFT to that of Bogoliubons mov-

ing independently in an e�ective �eld. Following Suvasini et al. [68] we derived a sim-

ple approach for the exchange correlation energy. Here the attractive interaction was

parametrized by only one layer dependent number. We determined that in the case of

phonon based conventional superconductors this parameter can be calculated via the

Gaspari-Gy®r�y theory, since it is the time-averaged electron-phonon coupling.

In Chapter 3 we have generalized the SKKR method for the solution of the KSBdG

Eqs. (2.66) which allows one to investigate the quasiparticle spectrum of superconducting

heterostructures. The central idea of this theory is the decomposition of the bogoliubons'

motion into Andreev scattering at atomic sites and free propagation in between. In or-

der to compare our results with normal state electronic structure calculations, a scalar

relativistic generalization of the BdG equations within Multiple Scattering Theory was

also developed. Formally, the generalized Faulkner-Stocks formula, given by Eq. (3.102),

is the main result of this work. This shows that the structural form of the Green function

does not change when one goes from the normal state KKR to the BdG-KKR method.

Furthermore, we provided the basics of the spin-polarized fully relativistic formalism.

Based on the new BdG-SKKR method a novel and unique computer code was developed

for the non-magnetic, non-relativistic case, which allows us to study the nature of the

Andreev bound states related to the proximity e�ect in normal metal � superconductor
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heterostructures.

In chapter 4 we have illustrated the method in a one dimensional toy model, where the

KKR model is exact. We have found perfect matching with the analytical solutions. In

this chapter we have presented the �rst material speci�c calculations for an s-wave super-

conductor � normal metal heterostructure. To illustrate the power of the new method, it

was applied to Nb/Au heterostructures. For simplicity, Au overlayers of bcc(100) lattice

structure on a Nb bcc(100) host have been investigated. While such material is not likely

to exist for larger Au thicknesses, by assuming a layer by layer growth, it resulted in an

easily understandable system with quantum well states. The e�ect of the superconducting

host on the quasiparticle spectrum of Au overlayers can be more easily identi�ed by these

states than on a more complex band structure of a real material. Calculations for a more

realistic geometry (fcc gold) was also performed and the main conclusions do not di�er

for that case.

We showed that the quantum-well states (we found to exist in the normal state band

structure calculations) become bound Andreev states due to Andreev scattering. The

major result of our investigations is the determination of the Andreev states' dispersion

which were obtained by applying the BdG-SKKR method. We found that the proximity

of a superconductor in the studied heterostructures induces the mirroring of the electronic

bands, and opens up a gap at each band crossing, and the gaps are strongly k-dependent.

We have seen that this induced gap remains constant for each layer for a given Au

thickness, however, the size of the gap decays as a function of the Au thickness. The

experimentally observed layer dependence [143] of the superconducting gap is due to

the change of the electron-phonon coupling near the interface. This layer dependence is

strongly connected to the changes of the electron-phonon interaction in the vicinity of the

interface, but does not decay to zero further away from it, rather approaches a �nite value.

This �nite value of the gap is determined by the value of the gap in the superconductor

only.

For k = 0, the one-dimensional model calculations of the Andreev energy levels [38]

are recovered for those heterostructures where the nearly free electron approach is valid.

We also investigated the properties of the surface state at the Au surface and found that

the gap does not appear in the energy spectrum of these states, probably, because they

are localized to the surface and consequently do not take part in the Andreev scattering

process. In contrast, the interface states do shift signi�cantly upwards in energy and a

larger gap can be observed than in the quantum-well states. The electron-hole character
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of these states were also investigated. We obtained that the surface states are purely

electron - or hole-like, while the interface states consist almost equal parts of electrons

and holes.

We have also calculated the layer dependent anomalous spectral function and related

quantities. We showed that this function carries lot of informations about the Andreev

scattering process, the electron-hole character and also about the proximity e�ect. Based

on these calculations we showed that a very good description of the superconducting

proximity e�ect can be given on the microscopical level based on the Andreev re�ection.

We have found that the superconducting order parameter extends well into the normal

metal and interestingly follows a 1/L decay.

We have developed a phenomenological method to predict the transition temperature

of such heterostructures based on the solution of the KSBdG equations. In the case

of the niobium � gold system we found very good agreements with the experimental

�ndings [27, 28]. The theory was also applied for di�erent metal overlayers on a Nb host

to predict the superconducting transition temperature.

We also presented here a fully ab-initio approach to investigate niobium and niobium�

gold slabs, where a simple scheme was constructed to obtain a simple approximation for

the exchange functional. We extended the McMillan-Gaspari-Gy®r�y theory to slabs and

heterostructures and then it was connected to the exchange functional. This computa-

tional approach is also novice and could motivate further investigations in more materials

including high temperature superconductors [144]. The method was applied to di�erent

facets of Nb and Nb/Au slabs. In the case of free standing Nb bcc(100) slabs we have

found that the McMillan-Hop�eld parameter is larger, and the 〈ω2
I 〉 frequency is smaller

on the surface of the Nb, which results in large electron-phonon coupling for the surface.

As a consequence, the critical temperature is above the bulk value. For the Nb(110) slab

the McMillan-Hop�eld parameters are almost constant, and the 〈ω2
I 〉 frequencies show a

behavior similar to that of the Nb(100) surface facet. Therefore, the critical temperature

is oscillating around the bulk value. While presently there is no �rst-principles way to

calculate the e�ective Coulomb repulsion parameter (µ∗) directly, a procedure was devel-

oped to estimate this parameter via the McMillan formula. We also studied the properties

of thin Nb/Au heterostructures where we could observe the inverse proximity e�ect for

which a �rst-principles based explanation was found.

Finally, we would like to highlight that there were so many approximations along
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the road. The most critical assumptions were the local approximations to the exchange-

correlation energy and the pairing potential. And we also neglected the e�ect of spin-orbit

coupling and the phase �uctuations of the superconducting order parameter. In fact, the

legitimacy of these approximations could be questionable, since the accuracy of them

are not controllable. These could lead to di�erences in the numerical values, however,

it would not alter the basic physics. We have also assumed that the atomic potentials,

and pairing potentials are spherically symmetric which � in case of conventional s-wave

superconductors � is reasonable. The Gaspari-Gy®r�y theory � as we indicated in Section

3.9 � has its clear theoretical limits as well, and it is widely known that it overestimates

the electron-phonon coupling and therefore, the critical temperature. We treated the

geometry of the Nb/Au heterostructure as bcc Nb (100) || bcc Au (100), which is also

a weakness, since the bcc Nb (110) || fcc Au (111) structure describes a more realistic

situation. There were also many technical details suppressed to make the dissertation

readable. Nevertheless, according to our knowledge, this work was the �rst attempt to

investigate the physics of superconductor � normal metal heterostructures based on a

�rst principles theory. Moreover, the results were physically interpretable quite well and

they were in accordance with earlier theoretical and experimental �ndings.

Future challenges

Now, the next main challenge is to develop a fully relativistic, spin-polarized KKR

code for the solutions of the DBdG equations based on Section 3.11. This will open

up wide range of possible applications. The spin-polarized version of the KKR method

provide the opportunity to get a deeper understanding in the Tc oscillations observed in

S/N/F systems [27,28], look for the possibility of spin triplet superconductivity [145,146].

It makes possible to study the role of the new weak relativistic corrections [60] (the

anomalous spin-orbit coupling, and the anomalous Darwin term) in the quasiparticle

spectrum. The multiple scattering theory can also be reformulated to describe multiband

superconductors. To describe substitutional superconducting alloys the generalization of

the CPAmethod is straightforward. The calculation of transport quantities is also possible

by adopting the Kubo-Greenwood formalism [147�149] for this case. In 2014 probably the

evidence of Majorana bound states was observed at the edges of a chain of iron atoms

formed on the surface of superconducting lead [150]. Since topological insulators � where

the spin-orbit coupling can not be neglected � give the ideal testing ground for creating

and manipulating Majorana fermions, a fully relativistic approach is indispensable.

On the other side the development of the exchange-correlation energy (which takes
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into account the role of phonons more precisely and not on a separate level) is also

important to get rid of the local approximations. In principle, it is possible to involve

the phonon calculations within the KKR scheme. However, when forces and lattice re-

laxations are calculated, the spherical approximation of the atomic potentials is proven

to be inaccurate [151] (this justi�es why we used VASP to calculate the phonon spec-

trums). Therefore, a full-potential KKR code is necessary for such purposes. It is also

a big topic to develop an extended scheme which incorporates the pairing mediated by

other mechanisms (such as spin-�uctuations [152�154]).
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Short summary in English

In this work I have generalized the Screened-Kohn-Korringa-Rostoker method for the

solution of the Kohn-Sham-Bogoliubov-deGennes (KSBdG) equations which allows to

investigate the quasiparticle spectrum of superconducting heterostructures. A scalar rel-

ativistic generalization of the BdG equations within Multiple Scattering Theory was also

developed. Furthermore, we provided the basics of the spin-polarized fully relativistic

formalism. Based on the new BdG-SKKR method a novel and unique computer code was

developed for the non-magnetic, non-relativistic case. The new method was applied to

Nb/Au heterostructures. We showed that the quantum-well states become bound An-

dreev states due to Andreev scattering. The major result of our investigations is the

determination of the Andreev states' dispersion. We found that the proximity of a super-

conductor in the studied heterostructures induces the mirroring of the electronic bands,

and opens up a gap at each band crossing, and the gaps are strongly k-dependent. We

have seen that this induced gap remains constant for each layer for a given Au thickness,

however, the size of the gap decays as a function of the Au thickness. We also investigated

the properties of the surface state at the Au surface and found that the gap does not

appear in the energy spectrum of these states. In contrast, a larger gap can be observed

in spectrum of the interface states than in the quantum-well states. We obtained that

the surface states are purely electron - or hole-like, while the interface states consist al-

most equal parts of electrons and holes. We have also showed that the layer dependent

anomalous spectral function carries informations about the Andreev scattering process,

the electron-hole character and also about the proximity e�ect. We have developed a phe-

nomenological method to predict the transition temperature of heterostructures based on

the quasiparticle spectrum. In the case of the Nb/Au system we found very good agree-

ments with the experimental �ndings. The theory was also applied for di�erent metal

overlayers on a Nb host to predict the critical temperature. We also presented a fully

ab-initio approach to investigate niobium and niobium gold slabs, where a simple scheme

was constructed to obtain a simple approximation for the exchange functional. We ex-

tended the McMillan-Gaspari-Gy®r�y theory to slabs and heterostructures and then it

was connected to the exchange functional. The method was applied to di�erent facets

of Nb and Nb/Au slabs. In the case of free standing Nb bcc(100) slabs we have found

that the electron-phonon coupling becomes signi�cantly larger on the surface layer. As a

consequence, the critical temperature is above the bulk value. For the Nb(110) slab this

e�ect is not so pronounced, therefore, the critical temperature is oscillating around the

bulk value. We studied the properties of thin Nb/Au heterostructures where we could

observe an inverse proximity e�ect for which an ab-initio based explanation was found.
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Short summary in Hungarian

A szupravezet®-normál fém többréteg rendszer leírását a Kohn-Sham-Bogoliubov-de

Gennes (KSBdG) egyenletre alapoztuk. Levezettük a KSBdG egyenletek skalár-relati-

visztikus alakját. A többréteg rendszer geometriai modelljének a �gyelembe vételéhez

a Screened Korringa-Kohn-Rostoker sávszerkezetszámítási eljárást általánosítottuk (a

skalár-relativisztikus) KSBdG egyenletek megoldására. Elkészítettem erre az új elméle-

tre alapozott, a szupravezet® � normál állapotú fém heteroszerkezetek kvázirészecske

spektrumának anyagspeci�kus számítására alkalmas új számítógépes eljárást. Megmu-

tattuk, hogy a Faulkner-Stocks formula funkcionális alakja a relativisztikus tárgyalás-

mód során sem változik. A kísérletekben szerepl® Nb/Au heteroszerkezetekre végzett

számolásokból megállapítottuk, hogy normál állapotban az ilyen rendszerekben a kvan-

tumos bezártságra jellemz® (kvantumvölgy) állapotok vannak. Meghatároztam hogyan

lehet származtatni a szupravezet® állapotra jellemz® kvázirészecske spektrumot: a nor-

mál kvantumvölgy állapotokat a Fermi szintre meg kell tükrözni és minden elektron- és

lyuk-szer¶ sáv találkozásánál egy minigapet kell felnyitni a tömbi szupravezet® tiltott

sáv tartományában. Ez az eljárás lehet®vé teszi a normál fémben megjelen® Andreev

állapotok diszperziójának meghatározását. A normál fémben megjelen® indukált tiltott

sáv adott rétegvastagságnál nem változott a különböz® rétegekben (atomi rétegr®l atomi

rétegre haladva ugyanaz maradt), de a fed®rétegek vastagságát növelve lecsengett. Azon-

ban szupravezet® rendparaméterhez köthet® egy rétegre jutó anomális töltés már jól mu-

tatta a hagyományos, rétegfügg® proximity e�ektust. Megvizsgáltam a felületi és határ-

réteg állapotok szerepét a Nb/Au heteroszerkezetekben. Azt találtam, hogy a határ-

réteg állapotok energiájában nagyobb tiltott sáv nyílik, mint a kvantumvölgy állapo-

tok esetén. Ezen állapotok hozzávet®legesen ugyanannyi elektron-szer¶ és lyuk-szer¶ ál-

lapotból tev®dnek össze. Ezzel szemben a normál fém felületi állapotainak energiájában

nem alakul ki tiltott sáv és tisztán elektron vagy lyuk karaktert mutatnak. Kidolgo-

ztam egy ab-inito számolásra alapuló egyszer¶sített modellt, ami lehet®vé teszi hogy

vastag szupravezet® � normál állapotú fém heteroszerkezetekre a szupravezet® átalakulási

h®mérsékletet meghatározzuk. A kísérleti eredményekkel nagyon jó egyezést kaptam Nb/Au

heteroszerkezetek esetén. Az eljárás más heteroszerkezetekre történ® alkalmazásával predik-

ciót tettem más heteroszerkezetek kritikus h®mérsékletére is. Azokban az esetekben amikor

a szupravezet® is vékony, szükséges az elektron-fonon kölcsönhatás számolása is, amivel az

elmélet teljesen ab-initiová válik. Ehhez a McMillan-Gaspari-Gy®r�y elmélet alkalmazását

kiterjesztettem heteroszerkezetekre. Az eljárást alkalmaztuk különböz® vékonyrétegekre

és Nb/Au vékonyrétegek esetén az inverz proximity e�ektusra adtunk egy ab-initio elméleten

alapuló magyarázatot.
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