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Chapter 1

Basic Notions, Real Num-
bers

It is encouraging that the refutation of the unfounded rumor claiming
that it is not a lie to deny that there will be at least one student who
will not fail the exam without knowing the proof of any of the theorems
in analysis proved to be wrong.

(Baranyai Zsolt)

1.1 A set A C R is called bounded if there is a real number K € R such
that for all a € A |a| < K.

A set A C R is bounded from above if there is a real number M € R
(upper bound) such that for all a € A implies a < M.

A set A C R is bounded from below if there is a real number m € R
(lower bound) such that for all @ € A implies a > m.

1.2 Cantor’s Axiom: The intersection of a nested sequence of closed
bounded intervals is not empty.

1.3 supremum: If a set A has a least upper bound, and this number is M,
then M is the supremum of the set A denoted by the expression M = sup A.

1.4 If a nonempty set A C R is bounded from above, then A has a least
upper bound.

1.5 Bernoulli Inequality: If n € N and x > —1, then
1+z)">1+n- 2.

The equality is true if and only if n =0orn=1or z =0.



1. Basic NoTioNS, REAL NUMBERS 8 U

1.1 Elementary Exercises

Plot the solutions of the following inequalities on the number line.

o — 5 < 3 12. | 5-2/<3
e —5| <1 14. | |5-4/<0.1

Find the solutions of the following inequalities.

5x1+62_1 602 + 72 — 20 > 0
1022 + 172 +3 < 0 —622 4+ 87 —2>0
822 — 30z + 25 > 0 1.10. | —4a® +42-2>0
1.11. | 922 - 242 +17>0 1.12. | —1622+242—11<0

1.13. | Find the mistake.

1 1

log, 3 < log, 3 and 2 <4

Multiplying the two inequalities:
1 1

2log, = < 4log, —.

082 5 < 2logy 5

Using the logarithmic identities:
1\? 1\*

log, <2) < log, (2) .

Since the function log,  is strictly monotonically increasing:
1 < 1

4 16

Multiplying with the denominators: 16 < 4.
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Find the solutions of the following equations and inequalities.

|z + 1]+ |z — 2] <12 Va+3+Vr—-5=0

1.16.

x+1‘>1 20— 1| < |z — 1|

2¢ + 1 2

Va+3+|z—-2/=0 Vo +3+ |z -2/ <0

1.2 Basic Logical Concepts

1.20.

State the negation of each of the following statements as simple as you
can.

(a) All mice like cheese.

(b) He who brings trouble on his family will inherit only wind.

(c) There is an a, such that for all b there is a unique z such that
a+x=0b

(d) 3 is not greater than 2, or 5 is a divisor of 10.

(e) If my aunt had wheels, she would be the express train.

There are 5 goats and 20 fleas in a court. Does the fact that there is a
goat bitten by all fleas imply that there is a flea which bit all the goats?
Let us assume that the following statements are true.

(a) If an animal is a mammal, then it has a tail or a gill.
(b) No animal has a tail.

(c) All animals are either mammals or have a tail or have a gill.

Is it implied by the previous statements that all animals have a gill?

Left-handed Barney, who is really left-handed, can write with his left
hand only true statements, and with his right hand only false state-
ments. With which hand can he write down the following statements?
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1.24.

1.26.

(a) T am left-handed.

(b) T am right-handed.

(c) T am left-handed and my name is Barney.
(d) T am right-handed and my name is Barney.
(e) T am left-handed or my name is Barney.
(f) T am right-handed or my name is Barney.

(g) The number 0 is not even, and not odd.

Seeing a black cat is considered bad luck. Which of the following state-
ments is the negation of the previous statement?

(a) Seeing a black cat is considered as good luck.

(b) Not the seeing a black cat is considered as bad luck.

(c) Seeing a white cat is considered as bad luck.

(d) Seeing a black cat is not considered as bad luck.

:-) "All of the Mohicans are liar” - said the last of the Mohicans. Did
he tell the truth?

:-)| 1) 3is a prime number.
2) 4 is divisible by 3.
3) There is exactly 1 true statement in this frame.

How many true statements are there in the frame?
If it’s Tuesday, this must be Belgium. Which of the following statements
are implied by this?

(a) If it’s Wednesday, this must not be Belgium.
(b) If it is Belgium, this must be Tuesday.
(c) If it is not Belgium, this must not be Tuesday.

How many subsets of the set H = {1,2,3,...100} are there for
which the following statement is true and for how many of them it
is false?

1.28.

1.29.

1 is an element of the subset;

1 and 2 are elements of the subset;
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1.30. | 1 or 2 are elements of the subset;

1.31. | 1 is an element of the subset or 2 is not an element of the subset;
1.32. | if 1 is an element of a subset, then 2 is an element of the subset.
1.33. | There is a bag of candies on the table, and there are some students.

Which of the following statements implies the other?

(a) All of the students licked a candy (from the bag).

(b) There is a candy (from the bag), such that it is licked by all of the
students.

(c) There is a student, who licked all of the candies (from the bag).
(d) All candies (from the bag) are licked by some students.

1.3 Methods of Proof

Prove that
V3 is irrational; 1.35. Q is irrational;
V3
241
Q + 3
1.36. Qf +5 is irrational!
We know that x and y are rational numbers. Prove that
(a) z+y (b) z—vy
(c) ay @ L ify+£0
Y

are rational.

We know that z is a rational number, and y is an irrational number.
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(a) Can x + y be rational? (b) Can x — y be rational?
(c) Can zy be rational? (d) Can ? be rational?
)
We know that x and y are irrational numbers.
(a) Can x + y be rational? (b) Can zy be rational?

1.40. Is it true that

(a) if a and b are rational numbers, then a + b is rational?
(b) if a and b are irrational numbers, then a + b is irrational?

(c) if @ is a rational number, b is an irrational number, then a + b is
rational?

(d) if a is a rational number, b is an irrational number, then a + b is
irrational?

1.41. | Let Aj, Ao, ... be a sequence of statements. What can we conclude
from the fact that
(a) Ajistrue. If Ay, As, ..., A, are all true, then A, 1, is also true.
(b) Aj is true. If A, and A, are true, then A, 15 is true.
(c) If A, is true, then A, 41 is also true. Ag» is false for all n.
(d) Aigo is true. If A, is true, then A, 11 is also true.
(e) Aigo is true. If A, is false, then A, is also false.
(f) A; is false. If A,, is true, then A, 41 is also true.

(g) A is true. If A, is false, then A,,_; is also false.

Prove that 16/5"*! — 4n — 5 for all n € N.

1.43. | Prove that tan1° is irrational.

1 n
1.44. | Prove that n! < (71—20—) .

1.45. | Let a; = 0.9, ani1 = a, — a2

n*

Is it true that there is such an n that a,, < 1076 ?

1.46. | Write down the following expressions for n = 1,2,3,6,7,k and k + 1.
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(a) vn
(b) VI+V2+V3+---+n
(c) 12422432+ 4 n?

1 1 1
Witz tsat Ty
(€) 1:44+2-7+3-10+---+n(3n+1)

(f) 1-242-34+3-4+---+n(n+1)

1.47. | After calculating the first terms, find simple expressions for the follow-
ing sums, then prove this by induction.

(a) 1 n 1 n n 1
a _— R —— e —
1-2 2.3 (n—1)-n

(b) 1+3+...+(2n—1)

Prove that for all positive integers n the following equations hold:
1.48. | a" —b"=(a—b)(a" ' +a" b+ +ab" 2+ ")

n(n+1)

149. | 1424 4n="—"

2 _ nn+1)(2n+1)

1.50. | 12422+... 4 ;

2
1.51 13+23+...+n3:<n(n+1)>

2
1 1 1 1 1 1
1.52. 1— 242 oo i I
+3 2n n+1+n+2+ +2n

Write down a more simple form for the following expressions:

S S
1-2 2.3 (n—1)-n

1 1 1
123 234 T umr) mr2)

p— -
(3} (9}
~ I

1.55. | 1.24+2-34+---+n-(n+1)
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1.56.

1.57.

1-2:3+2-3-4+---+n-(n+1) - (n+2)

A newly born pair of rabbits, one male and one female, is put in a field.
Rabbits are able to mate at the age of one month so that at the end of
its second month a female can produce another pair of rabbits. Rabbits
never die, and a mating pair always produces one new pair (one male,
one female) every month from the second month on. How many pairs
of rabbits will be there at the end of the 2nd, 3rd, 4th, 5th and 6th
month?

Let (uy,) be the Fibonacci sequence, that is, ug = 0, u; = 1, and
if n > 1, then up41 = Un + Un_1.

1.62.

Prove that w,, and u,41 are relatively primes.

n

Prove that <up, < 1.7 (n>0).

Prove the following equations:
(a) up+ug+- Fup =upio—1 (b) u2 —up_ gy = (—1)"

(€) ui +uj+ -+ uh = Uplng

Simplify the following expressions:

(a) snp=1uo+ug+ - +uz, (b) sn=u1+us+ - +usmis
(¢) sn=wuo+ug+--+us, (d) sn = wiuz + uguz + - +
U2n—1U2n

Theorem: All of the horses have the same color.

Proof: We prove by induction that any n horses are same colored. For
n = 1 the statement is obvious. Let assume that it is true for n, and
from this we prove it for n 4+ 1: By the induction hypothesis from the
given n + 1 horses the 1st,2nd,...,nth horses are same colored, and
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1.63.

1.64.

1.65.

also the 2nd, ..., nth, (n+ 1)th horses are same colored, therefore all of
the n 4+ 1 horses are same colored.

Is this proof correct? If not, where is the mistake?

Theorem: There is no sober sailor.

Proof: By induction. Let’s assume that the statement is true for n
sailors, and we prove the statement for n + 1 sailors. By the induction
hypothesis from the given n + 1 sailors 1th, 2nd, . .., nth sailors are not
sober, and also the 2nd, . .., nth, (n+1)th sailors are not sober, therefore
all of the n + 1 are drunk.

Is this proof correct? If not, where is the mistake?

Prove the arithmetic and geometric means inequality for 2 terms.

Show that the arithmetic, geometric and harmonic means of some posi-
tive real numbers aq, as, . . ., a,, are between the biggest and the smallest
numbers.

We know that a,b,c > 0 and a + b+ ¢ = 18. Find the values of a, b
and c such that the following expressions are maximal:

abe a®be
a*b3c 1.69. abe

ab + be + ac

We know that a,b,c > 0 and abc = 18. Find the values of a,b and
c such that the following expression are minimal:

1.70

1.72.

a+b+c 1.71. | 2a+b+c

3a+2b+ ¢ 1.73. | a2+ b% 4+ 2

We know that the product of three positive numbers is 1.

(a) At least how much can be their sum?

(b) At most how much can be their sum?
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1.75.

1.76

1.77.

1.78.

1.79.

(c) At least how much can be the sum of their reciprocal?

(d) At most how much can be the sum of their reciprocal?

1
Prove that if a > 0, then a + — > 2.
a

a c
Prove that if a,b and c¢ are positive numbers, then — + - + — > 3.
c a

b

2n
1
Prove that if n positive, then <1 + > > 4.
n

A storekeeper has a pair of scales, but the arms of the scale have dif-
ferent length. The storekeeper knows this, so if a customer buys some
goods, he puts the half of the goods in the left container and the known
weight in the right container, and he puts the other half of the goods
in the right container, and the known weight in the left container. The
storekeeper thinks that in this way he can compensate the inaccuracy
of the scale. Is he right?

Find the maximum of the function f(x) = 2(1—=x) in the closed interval
[0, 1].

What is the minimum of the following function if * > 0, and at
which point is it attained?

1.82.

1.83.

e p—
[0 4]
o P

8

22 -3z +5

4
flx)=z+ . 1.81. | g(x) = -

Find the maximum of the function 22(1 — x) in the closed interval

[0,1].

What is the maximum of the function g(z) = z(1 — x)® in the closed
interval [0, 1]7?

+ 57

What is the minimum of the function f(z) = 22* 4+ — 1
x

1
Which point of the y = 11:2 parabola is closest to (0,5)?

Which rectangle has maximal area that we can write in the circle of
radius 17
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1.4 Sets

Which statements are true, and which statements are false? If a
statement is true, then prove it, if a statement is false, then give a

counterexample.

1.87. | A\B=ANB (AUB)\B=A
1.89. | (A\B)U(ANB)=A4 1.90. | A\ B=A\B?
191, | (AUB)\A=B (AUB)\C = AU(B\C)
193. | (A\B)NC=(ANC)\B [ 1.94. | 4\B=4\(AnB)
1.95. | Which statement is not true?

(a) A\B={r:x€Avae¢gB} (b) A\B=ANB

(c) A\B=(AUB)\B (d) A\B=A\ (AN B)
1.96. | Which of the following sets is equal to A U B?

(a) {x:xe ¢ AVva ¢ B} (b) {zx:x & ANz & B}

(c) {x:xe Ava e B} (d) {x:x2€ ANz € B}
1.97. | Which of the following sets is equal to AN (BUC)?

(a) AU(BNC) (b) (AnB)UC

(c) (AUB)NC (d) (ANB)U(ANC)

Let A, B,C be sets. Write down the following sets with A, B,C
and with the help of the set operations, for example: (A\B) U C.
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1.98.

1.100.

1.101.

1.102.

1.103.

[y
©
©

1.5

1.104.

1.105.

1.106.

1.107.

1.108.

Elements which are in A, but are not in B nor in C.

Elements which are exactly in one of A, B and C.

Elements which are exactly in two of A, B and C.

Elements which are exactly in three of A, B and C.

Prove that for arbitrary sets A and B it is true that AU B =

ANB.

Prove the De Morgan’s laws:

nAi:mE and

1 =1

?

Na-Ux
i=1 i=1

Axioms of the Real Numbers

Prove that for all real numbers a, b

(a) lal +[b] = |a + 0| (b) laf —[b] <fa —b| < a] + [b]

Prove that for all real numbers a1, ao, ...

»an

la1] + |az| + ... |an| > |a1 + a2 + -+ + an|.

Is it true that

(a) if z < A, then |z| < |A4], (b) if |z] < A, then |2?| < A??
Is it true for all real numbers a4, as, ..., a, that

(@) a1 +as+ - +an| <la1] + |az| + -+ |an],

(b) la1 +ag 4+ an| > |ar] + |ag| + - + |anl,

(c) lar+as+ -+ an| <lar]+|az| + -+ |an],

(d) far +az + -+ anl > [ar| + |az| + - + |an|?

Is it true for all real numbers a, b that
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1.109.

1.110.

1.111.

(a) [a+0b| = |a| —b], (b) la+b[ < la| — o],

(¢) la—b[ <lla| — o], (d) la—b| <la| —[b]?

Let H be a nonempty subset of the real numbers. What do the following
statements mean?

(a) Vee HIye H (y < x) (b) Vye H3z € H (y < x)

(c) Ixre HVye H (y <x) (d) Iye HVz € H (y < z)

Let HH={heR:-3<h<1l}and Hb={heR: -3 < h < 1}.
Which statements are true, if H = Hy or H = Hy?

(a) Vee HIye H (y<x) (b) Vye HIx € H (y < x)

(c) IrcHVYyc H (y<x) (d) Iye HVz € H (y <)

Let A={aeR:-3<a<1}land B={beR:—-3<b< 1}. Which
statements are true?

(a) V‘ae AFbe Bb<a (b) e BVYacAb<a

(c) WweB3dacAb<a (d) Jac AVbe Bb<a

Determine the intersection of the following sequences of sets.

1.112.

1.113.

1.114.

1.115.

1.116.

1 1
A”_{GGQ'_5<“<E}
B —{beR\Q~—l<b<l}
" ) n
1 1
Cn:{ce(@:\/ifg<c<\/§+g}
D,={deN:—n<d<n}

E,={eeR:—n<e<n}
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1.117. | Let H C R. Write down the negation of the following statement:

Vec HIye H (z>2 = y<z?).

Determine the intersection of the following sequences of intervals.
(For example, find the intersection M with the help of a figure,
then prove that V& € M implies that Vn « € I, and if y ¢ M,
then 3k y € I,. (We note that k and n are positive integers.)

1.118. | I, =[-1/n,1/n] 1.119.) I, = (=1/n,1/n)
1.120. | I, =[2—1/n,3 + 1/n] 1.121.| I, =(2—-1/n,3+1/n)
1.122. | I, =[0,1/n] 1.123. | 1, = (0,1/n)

1.124. | I, =[0,1/n) 1.125.| I, = (0,1/n]

1.126. | Which statements are true? (Give the reasoning for the answer!)

(a) If the intersection of a nested sequence of intervals is not empty,
then the intervals are closed.

(b) If the intersection of a nested sequence of intervals is empty, then
the intervals are open.

(¢) The intersection of a nested sequence of closed intervals is one
point.

(d) If the intersection of a nested sequence of intervals is empty, then
there is an open interval among the intervals.

(e) If the intersection of a nested sequence of intervals is empty, then
there is a not closed interval among the intervals.

(f) If the intersection of intervals is not empty, then the intervals are
nested.

Satisfy your answers.

1.127. | Can the intersection of a nested sequence of intervals be empty?
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1.128.

1.129.

1.130.

1.131.

1.132.

1.133.

1.134.

1.135.

1.136.

1.137.

1.138.

1.139.

1.140.

1.141.

1.142.

1.143.

Can the intersection of nested sequence of closed intervals be empty?

Can the intersection of nested sequence of closed intervals be a single
point?

Can the intersection of nested sequence of open intervals be not empty?
Can the intersection of nested sequence of open intervals be empty?

Can the intersection of nested sequence of closed intervals be a proper
interval (not a single point)?

Can the intersection of nested sequence of open intervals be a proper
interval?

Can the intersection of nested sequence of closed intervals be a proper
open interval?

Can the intersection of nested sequence of open intervals be a proper
open interval?

Which of the axioms of the real numbers are fulfilled by the rational
numbers?

Prove from the Archimedes’ axiom that (Vb,c < 0) (In € N) nb < c.

Prove that there is a finite decimal number between any two real num-
bers.

Prove that there is a rational number between any two real numbers.

What is the connection between the finite decimal numbers and the
rational numbers?

Prove that a decimal form of a real number is repeating decimal if and
only if the number is rational.

Prove that Cantor’s axiom doesn’t remain true, if we omit any of its
assumption.

Prove from the field axioms the following identities:
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(a) —a=(-1)-a (b) (a—b)—c=a—(b+c)
c) (—a) - b=—(a-b L _b

(c) (-a) (a-b) @ 5=

© 5 3= %a

1.6 The Number Line

Draw the following sets on the number line. Decide which one is an
interval, and which one is not. Decide which intervals are closed,
which ones are open, and which ones are nor open, neither closed.

A=1{1,2,3) B={rcR:2<z<6)
C = {5.6} D={zeN:2<z<6}
E—{zeR:2<z<G6} F—{reR:2<uz<G6}
G={reR:2<z <06} H={zeQ:2<z<06}

Which ones of the following sets are bounded, bounded from above,
bounded from below? Do they have minimal or maximal elements?

set of the prime numbers set of the positive numbers
5 (2onen)

{reR:z <73} {reQ:x<73}
{reR:z<V2} {reQ:z<V2}

1.160. | {n € N:nisprime A n+ 2 is prime}
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1.161. | Which of the following statements implies the other one?
P: The set A is finite (that is, the number of the elements of A is finite).
Q: The set A is bounded.

1.162. | Ts there any sequence of numbers aq, as, . . . such that the set {a1, as,. ..}
is bounded, but the sequence has no maximal and no minimal ele-
ments?

Write down with logical symbols the following statements.

1.163. | The set A is bounded. 1.164. | The set A is not bounded from

below.

1.165. | The set A has no minimal element.

1.166. | How many maxima, or upper bounds can a set have?

1.167. | Which of the following statements implies the other one?
P: The set A has a minimal element.
Q: The set A is bounded from below.

1.168. | Let AN DB # (). What can we say about the connection of sup A, sup B,
sup(AU B), sup(AN B) and sup(A \ B)?

2n - 2m
Find, if there exist, the supremum, the infimum, the maximum and the
minimum of the previous sets.

1 1
1.169. | Let A=(0,1), B= [,\/57\/5] and C = { 4+ —:n,mée€ N"'}.

1.170. | Let A be an arbitrary set of numbers, and

1
B:{—a:aeA},C:{:aeA,a#O}.
a
What is the connection between the supremum and the infimum of the

sets?

Find, if there exist, the supremum, the infimum, the maximum and
the minimum of the following sets.
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1.171.

1.173.

1.175.

1.177.

1.179.

1.181.

1.183.

1.184.

1.185.

1.186.

1.187.

1.2] (1,2)
(lymen)  [137) o
2n—1
(1ot nen) (V3inent)
n n
1 1
rxe(0,1)N 1.178. S +
{z:2e(0,1)NQ} {n+k n,keN}
1
+1-— :n, k€ NT1| 1.180. —: B
{Vn Vnin } {n+n nEN}

{W:nEN’L} {m:neN}

Let H be a nonempty subset of the real numbers. Which of the following
statements implies an other one?

(a) H is not bounded from below. (b) H has no minimal element.

(c) Vee HIye H (y < x). (d) Vye HIx € H (y < x).
We know that c is an upper bound of H. Does it imply that sup H = ¢?

We know that there is no less upper bound of H, than ¢. Does it imply
that sup H = ¢?

Let A and B be not empty subsets of the real numbers. Prove that if

Ya € A3be B(a <b),

then sup A < sup B.

Prove that any nonempty set, which is bounded from below, has an
infimum.

Let x,y, A, B be arbitrary real numbers, and € be a positive real
number. Which of the following statements (P and Q) implies the
other one?
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1.188. | P: |z — Al <e Q:A—e<ar<A+e

1.189. | P:|z—y| <2 Q:lz—Al<ecand|y— Al <e
1.190. | P: |z| < A and |y| < B Q:|z|— |y < A-B

1.191. | P:|z| < Aand |y < B Q: |z|+ |y <A+ B

1.192. | P:|z| < A and |y| < B Q:lz[—|yl<A+B

1.193. | Show an example of a nonempty set of real numbers, which is bounded,
but has no minimum.

1.194. | Let us assume that the set H C R is nonempty. Which of the following
statements implies the other one?

P: H has no minimum. Q:VacRTIeH b<a



Chapter 2

Convergence of a Sequence

2.1 The sequence (a,) converges to the number b € R if
Ve > 0 3Ing Vn > no(la, — b] < e).

We call the natural number nj the threshold for the given e.
If the sequence (a,) converges to the number b, we can use the following
notations:

lim a, =bor lima, =b or a, — b, if n - oo or a,, — b.

n—oo

If the sequence (ay) is not convergent, we say that the sequence (a,) is
divergent.

2.2 We say that the limit of the sequence (a,,) is infinity, or (a,) diverges
to oo, if
VP € R Ing ¥Yn > ng(a, > P).

The notations:

lim a, = oo or lima, = oo or a,, — oo, if n = oo or a, — .
n— o0

2.3 We say, that the limit of the sequence (ay,) is -infinity, or (a,,) diverges
to —oo, if
VP € R Ing Vn > ng(a, < P).

The notation:

lim a, = —o0 or lima, = —o0 or a,, — —00, Or N — 00 OT A, — —OO.
n—o0
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2.1 Limit of a Sequence

Let the sequence (a,) be: a, = 1+ T In the exercises the letters

n and ng denote positive integers.

n

2.1 Find a number ngy such that Vn > ng implies that

(a) lan —1] < 0,1

Is it true that

iE E

(a) Ve > 03ng Vn > ng
(b) Ing Ve > 0Vn > ng
(c) e >03ng ¥n >ng
(d) Je > 03ngVn > ng
(€) Ve > 03ng ¥n < ng
(f) Ve > 03ng Vn < ng

A~ Y~ o~ ~~ —~~

(b) |an — 1| < 0,01

lan, — 1] <€)
lan — 1] <€)
lan, — 1] <€)
lan, — 1] > €)
lan, — 1| <€)
lan — 1] > €)

Is there any ng number such that Vn > ng implies |a,, — 2| < 0,001?

Find a threshold IN from which all of the terms of one of the se-
quences is greater than the terms of the other one.

a, = 10n? 425
by, = n>
b,=2"+n
b, =n!

2.5.

2.7

ap, = 4n® —3n? -7

b, = 10n + 30
anp =2"+3"
b, = 4™

a, = n!

b, =n"

a, = 2"

b, =nd
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2.12. | q, = 0.999" 2.13. | a, = 10"
1 b, = n!
bn - ﬁ

Find a number N such that Vn > IN implies that

1
2.14. | 1.01™ > 1000; 2.15. | 0.9" < —;
100
V2 < 1.01. /n < 1.0001.
2.18. | n®>6n+15 2.19. | n3 > 6n2+15n+ 37

2.20. | n3 —4n+2>6n° —15n+ 37

2.21. | 5 —4n?2+2>6n3 — 150+ 37

Show that there exists a number ng such that for all n > ng implies

Vn+1—/n<0.01 Vn+3—+/n<0.01
\/ﬁf\/m<0.01 VnZ+5—n <001

Prove the following inequalities.

1 1
2.26. | ¥n>10 2" > n?; VASI4 otk <2V
n

Which statement implies the other?

P: In the sequence (a,) there is a smallest and a greatest term.

Q: The sequence (a,,) is bounded.

Is it true that b is the limit of the sequence (a,,) if and only if
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(a) for any € > 0 the sequence a,, has infinitely many terms closer to
b than €7

(b) for any & > 0 the sequence a,, has only finitely many terms at least
e distance to b7

(c) there exists ¢ > 0 such that the sequence a,, has infinitely many
terms closer to b than €7

(d) there exists € > 0 such that the sequence a,, has infinitely many
terms at least distance € to b?

What can we say about the limit of the sequence (—a,,) if

2.30. lim a, = a (a € R); 2.31. lim a, = oo;
n— o0 n— o0

2.32. lim a, = —o0? 2.33. | a, is oscillating divergent?
n—o0

M Which statement implies the other?

P: lim a, = c©
n— o0

Q: (ay) is bounded below, but isn’t bounded above.

Find the limits of the following sequences, and give a threshold
depending on e:

=D 2.36. | _L
n Vn
n n+1
_ 6 5
2.39- 5n ]- 2‘40. 2n +3n
Tn + 2 né — 2
1
2] i

n+1

243. | Vn?24+1-n 2.44.
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2.45.

14--+n T
— 2.46. | n(J1+2—-1
n

\/n2+1+\/n27172n Vn+2-+vn-2

2.50.

I

2.5

2.52.

2.53.

l

2.5

2.55.

5

N

! N
: e

J

5

2.58.

Are the following sequences convergent or divergent? Find the limits if
they exist.

(a) an =

3 ifniseven (b) 3 ifn <100
ap =
4 if nis odd 4 if n > 100

(©) 3n if n is even () n if n is even
C) ap = Ap =
4n?  if nis odd 0 ifnisodd

1
Prove that the sequence — does not converge to 7.
n
nl
Prove that the sequence (—1)"— does not converge to 7.
n

Prove that the sequence (—1)" does not converge to 7.
Prove that the sequence (—1)" is divergent.

Prove that a convergent sequence always has a minimal or maximal
term.

Show an example such that a,, — b, — 0 but Sn 1.
n

Prove that if (a,) is convergent, then also (|a,|) is convergent. Is the
reverse of the statement true?

Does a2 — a? imply that a,, — a?
And does a3 — a® imply that a,, — a?

Prove that if a,, — a > 0, then \/a,, — +/a.

Which statement implies that a,, — co?
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2.59.

2.60.

2.61.

2.62.

2.63.

VK it is true that outside the interval (K, co) the sequence a,, has only
finitely many terms.

VK it is true that inside the interval (K, o) the sequence a, has in-
finitely many terms.

Let’s assume that lim a, = oo. Which statements are true for this

n— o0
sequence? Which statements imply that lim a, = co?
n—o00

(a) The sequence a,, has no maximal term.
(b) The sequence a,, has a minimal term.

(¢) Outside the interval (3, 00) the sequence a,, has only finitely many
terms.

(d) VK it is true that outside the interval (K, co) the sequence a, has
only finitely many terms.

(e) Inside the interval (3,00) the sequence a, has infinitely many
terms.

(f) VK it is true that inside the interval (K, c0) the sequence a, has
infinitely many terms.

Is it true that if a sequence has a (finite or infinite) limit, then the
sequence is bounded from below or above?

Which statement implies the other?
P: The sequence (ay,,) is strictly monotonically increasing.
Q: The limit of (a,) is infinity.

Can the limit of the sequence a,, be —oco, co or a finite number, if

2.64.

2.65.

the sequence has infinitely many terms greater than 37

the sequence has infinitely many terms smaller than 37

the sequence has a maximal term?

the sequence has a minimal term?



2. CONVERGENCE OF A SEQUENCE 32 U

2.68. | the sequence has no minimal term?
2.69. | the sequence has no maximal term?
2.70. | Is there any oscillating divergent sequence, which is
(a) bounded? (b) not bounded?
2.71. | A sequence has infinitely many positive and infinitely many negative

terms. Can the sequence be convergent?

Find a threshold for the sequences with limit infinity:

m n—+n 9.73. | 1t2H-+n

n
2 _
VIHV24+ - +n T
n 10n + 100
n |
2.76. | 2 o7, | ™
n 2n

n?+1

2.78. | Find the limit of T —an if @ is an arbitrary real number.

n

2.79. | Find the limit of \/n2 —n + 1 — an if a is an arbitrary real number.

2.80. | Find the limit of \/(n + a)(n + b) —n if a, b are arbitrary real numbers.

2.81. | Prove that if an41 — an, — ¢ > 0, then a,, — 0.

a
Prove that if a,, > 0, s e>1 , then a,, — 0.
an
2.83. | For which real numbers is it true that the sequence of its decimal num-

bers is oscillating divergent?
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2.2 Properties of the Limit

Can we decide from the given inequalities, whether the sequence
b, has a limit or has not, and if there is a limit, can we determine
the value of the limit? If the answer is “yes”, then find the limit of

by

2.84.

2.86.

I

2.8

2.90.

i

91

2.92.

1y <2 2.85. | —=<p, <
n n

S|

Lo, < 2.87. | n<b,
n

Prove that if the sequence (a,) has no subsequence, which goes to
infinity, then the sequence (a,) is bounded from above.

Prove that if the sequences (asy), (a2n+1), (a3n) are convergent, then
(ay,) is convergent, too.

Is there any sequence (a,) which has no convergent subsequence, but
(lan]) is convergent?

Let a be a real number, and a,, — a. Prove that

2.93

2.95.

2.97.

2.98.

if @ > 1, then a;, — oo. if |a| < 1, then aj;, — 0.

if @ > 0, then {/a, — 1. 2.96. | if a < —1, then a] is divergent.

Prove that if (a, + b,,) is convergent, and (b,,) is divergent, then (a,)
is divergent.

Is it true that if (ay, - by,) is convergent, and (by,) is divergent, then (ay,)
is divergent?
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2.99.

2.100.

2.101.

2.102.

2.103.

Is it true that if (a,/b,) is convergent, and (b,) is divergent, then (ay,)
is divergent?

Prove that if lim 2% = 0, then (a,) is convergent, and lima,, =
1. o
Let’s assume that (a,) satisfies that In =9, > Prove that a, —
— . Vi
" an + 3 13 "

10.

Let’s assume that /a,, — 0,3. Prove that a,, — 0.

p(n+1)

o) — 1.

Let p(x) be a polynomial. Prove that

Let’s assume that the sequence a,, has a limit. Which statement
implies the other?

2.104.

2.105.

2.106.

2.107.

1

P: For all large enough n — < a, Q: lim a, >0
n n— 00
1 .

P: For all large enoughn — < a, Q: lim a, >0
n n— 00
1 .

P: For all large enough n — < a, Q: lim a, >0
n n— o0
1 .

P: For all large enough n — < a, Q: lim a, >0
n n—00

Let’s assume that the sequences a,, and b, have limits. Which
statement implies the other?

2.108.

2.109.

P: For all large enough n  a, < b, Q: lim a, < lim b,
n—oo n—oo

P: For all large enough n  a, < b, Q: lim a, < lim b,

n—oo n—oo

Which statement implies that the sequence a,, has a limit? Which
statement implies that the sequence a,, is convergent? Which state-
ment implies that the sequence a,, is divergent?

2.110.

by, is convergent and a,, > b, for all large enough n.
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2.111. | lim b, = oo and a, > b, for all large enough n.
n—o0

2.112.| lim b, = —oc and a, > b, for all large enough n.
n— o0

2.113. | b, and ¢, are convergent and b, < a,, < ¢, for all large enough n.

2.114. | lim b, = oo and a, < b, for all large enough n.

n—oo

Are the following sequences bounded from above? Find the limits
if they exist.

142+ +n
n

VI+V24-+yn VI+V24-+yn
2.117. 2.118.

142+ +n

2.115. 3

2.116.

Are the following sequences convergent or divergent? Find the
limits if they exist.

[2110.] orra (2120.) 5727
2.123. | 2" +n? 2.124. | {/2n — 2
1-2+43—...—2 ~1\"
e i 2.126. ("3n )
nd—n?+1 . 5241
N T e \/n6+n100:2+n+1

2 2 _1\n
2.129. | /2" tn 1 2.130. %
2 2
1\" 2.132.] » -1
2.131. <1 + n> n2 + 1
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2.133.

2.135.

2.137.

2.139.

2.141.

= s

Which statement implies the other?

2.143.

2.144.

2.145.

2.146.

2.147.

2.148.

2.149.

2.150.

2.151.

P: a,, is convergent and b, is con- Q: a,, + b, is convergent
vergent

P:a, +b, = c© :a, — oo and b,, — c©

P:a, +0b, > 0 t a, — 0o or b, =
P:a,-b,—0 ap —0orb, =0

P: a,, and b,, are bounded a, + b, is bounded

O & © © ©

P: a,, and b,, are bounded : an - by, is bounded

Show examples of the possible behavior of the sequence a,, + b,, if

lim a, = oo and lim b, = —oc0.
n— o0 n—oo

Show examples of the possible behavior of the sequence a,, - b, if

lim a, =0 and lim b, = co.
n— o0 n— oo

Show examples of the possible behavior of the sequence Z—n if
n

lim a, =0 and lim b, = 0.
n— o0 n— o0
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2.152. | Show examples of the possible behavior of the sequence Z—” if

n

lim a, = oo and lim b, = cc.
n—o00 n—o0

2.153. | Let’s assume that none of the terms of the sequence b, is 0. Which
statement implies the other?

1
P: b, > Qb——>0

2.154. | Which statement implies the other?

P:Z—nﬁl Q:a, —b,—0

2.155. | Let’s assume that a,, — oo and b,, — co. Which statement implies the
other?
P:a—n—>1 Q:a,—b,—0
bn

2.156. | Let’s assume that a, — 0 and b, — 0. Which statement implies the
other?

P:Z—"—M Q:a,—b,—0

2.3 Monotonic Sequences

Let (a,) and (b,) be two monotonic sequences. What can we say
about the monotonity of the following sequences? What additional
conditions are required for monotonity?

2.157. | (a, + by) (an —bn)
2.159. | (a, - by,) (Z:)

2.161. | Let a; =1, and a, 11 = v2a,, if n > 1. Prove that the sequence a,, is

monotonically increasing.
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2.162.

2.163.

2.164.

1
Let a1 = > and ap41 = 1—+/1 —ay,, if n > 1. Prove that all terms of

the sequence are positive, and the sequence is monotonically decreasing.

Let a; = 0.9, and a, 41 = a, — a2, if n > 1. Prove that all terms of the
sequence are positive, and the sequence is monotonically decreasing.
Prove that there is n € Nt such that a,, < 107%, and find such an n
number.

Let a; > 0, and 9n41 S 1.1 for all n € N*. Prove that there is n € Nt
a

n
such that a,, > 10%, and find such an n number.

Which statement implies the other?

2.165.

2.166.

2.167.

2.168.

P: The sequence a,, is monotoni- Q: The sequence a,, goes to infinity.
cally increasing

P: The sequence a,, is monotoni- Q: The sequence a,, goes to minus

cally decreasing.
infinity.

Let’s assume that the terms of the sequence satisfy the inequality

Ap—1 + Ap+1 .

a, < if n > 1. Prove that the sequence (a,) cannot

be oscillating divergent.

1
Let a3 = a > 0 be arbitrary, and a,4+1 = 3 <an + a). Prove that

an
an — V/a.

Find the limits of the following recursive sequences if the limits
exist. In the recurrence formulas n > 1.

2.169.

2.170.

2.171.

9 2a,
a1 = a =
1 ) n+1 1+a2
ap =15, apy1=—a,+1
5
Gn + —

n

ay = 3; an+1 = T
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5
Gn + —
2.172. | a1 =6, app=——2m

2.173. | a1 =0, api1=+v2+an

2174. | a1 =0, apy1 =

2.175. | a1 =0, any =

2.176. a; = ()’ Ant1 =

1+a,

1
2.177. a; = 1, An+t1 = Qp + —

2%

2.178. | a1 = 0,9, ansi = an — a

n
2.179. ay = ]_, Ap4+1 =V Qan

2.180. =1 el = Qn
ay y  OGpny1 =0 +ai+1

—_

Are the following sequences bounded or monotonic? Find the limits
if they exist.

2.181. <1+711>n <1+i>n+1
2.183. <1i>n <1+21n>n

2.4 The Bolzano—Weierstrass theorem and
the Cauchy Criterion

@ Write down the negation of Cauchy’s criterion for a sequence (a.,).
What is the logical connection between the negation of Cauchy’s cri-
terion and the statement “(a,) is divergent”, that is, which statement
implies the other?
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Which statement implies the other?

2.187.

2.188.

P: ay, and agy,41 are convergentQ: a,, is convergent

P: asy, asn41 and as, is conver- Q: a, is convergent
gent

P: as, — 5 Q:a, —5

Which statement implies that the sequence is convergent?

2.189.

1
Ani1 — an — 0, if n — oo| 2:190. | [a, — ay| < . for all n,m

Which sequence has a convergent subsequence?

2.191.

2.193.

2.195.

2.196.

2.197.

2.198.

2.199.

1
(-1 .
Vi S

Prove that if the sequence (a,) has no convergent subsequence, then
|an| — oo.

Prove that if (a,) is bounded, and all of its convergent subsequences go
to a, then a,, — a.

Prove that if the sequence (a,) has no two subsequences going to two
different limits, then the sequence has a limit.

Prove that if |an4+1 —an| < 27" for all n, then the sequence (a,) is
convergent.

Let’s assume that a,4+1 — @, — 0. Does it imply that ag, — a,, = 07
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2.5 Order of Growth of the Sequences

2.200.

2.201.

2.202.

Are the following sequences convergent or divergent?

Prove that n! < n™ is true.

Give the order of growth of the following sequences.

—~
3
\1
—

Insert into the order of growth n <n? <n3 <. <2" <3" < ...

(Tl2 + Qn)’

(100V/n),

(5)

<

n! < n™ into the right places the sequences \/n, ¥/n, ..., ¥/n.

Find all of the asymptotically equal pairs among the following se-

quences.

(nh), (n"),

(n!+n"),  (Vn),

limits if they exist.

2.204.

2.206.

2.208.

2.210.

2.212.

2.214.

2.216.

2n

(1.1)"
1
(12" +1

3.01"
2n + 37L

3" — /n+n'®

2n — /n+nl

1"
nl
n! — 3"
nlO —9on

2.205.

2.207.

2.209.

2.211.

2.213.

2.215.

2.217.

(Vn), (Vn+1), (V2)

Find the

n+ 2
V-3

3n
3

nlOO

100™

0.99"n?

1.01™
n
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3
n 2.219. | Yonyn—1

1.2n

g7+ 4?2 an 457
2.220.] 2T 2221 ] o

2.218.

Miscellaneous Exercises

Ig g II II
o

1 1 1
Let a,, = — + — + -+ - + — (the sum has n terms). Since the sequences
n o n n
in all terms go to 0, so the sequence a,, goes to 0. On the other hand
an, = n-— =1 for all n, therefore a,, — 1. Which of the reasonings

n
contains any error, and what is the error?

1 I
2.223. | We know that 1+ — — 1, and 1™ = 1, therefore (1 + ) — 1.
n n

On the other hand, applying Bernoulli’s inequality, we can prove that
1 n
<1 " ) >
n
1 n
therefore the limit of <1 + > cannot be smaller than 2.
n

Which of the reasonings contains any error, and what is the error?

2.224. | Let’s assume that {/a, — 2. What can we say about lim a,?
n— o0

1
2.225. | Let’s assume that @/a,, — =. What can we say about lim a,?
2 n—oo
2.226. | Let’s assume that {/a, — 1. What can we say about lim a,?
n— oo

2.227. | Let’s assume that a, — 2. What can we say about lim a]'?
n—oo

1
2.228. | Let’s assume that a,, — 7 What can we say about lim a7

n—oo

2.229. | Let’s assume that a,, — 1. What can we say about lim a]'?
n— oo

Show an example for a sequence a,, for which is true that

. An+t1
lim =1, and
n—oo @,
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2.230.] lim a, =1 2231 lim a, = oo
2.232.| 1lim a, =0 2.233.) lm an=7



Chapter 3

Limit and Continuity of Real
Functions

3.1 Jensen’s inequality. The function f is convex on the interval (a,b) if
and only if for arbitrarily chosen finitely many 1,22, , z, € (a,b) numbers

n
and tq1,to,...,t, > 0 weights, where Zti =1
i=1

f <Ztt$z> < Ztif(l“i)

holds.
3.2 Limits and inequalities.

— If there is some neighborhood of a such that f(z) < g(z), and the limits
of f and g exist at a, then

i <1 .

lim f(z) < lim g(z)
— If the limits of f and g exist at a, and

lim f(z) < lim g(z),

then in some neighborhood of a f(z) < g(x).

— Squeeze theorem. If in some neighborhood of a f(z) < g(z) < h(z),
and the limits of f and h exist at a, and

lim f(z) = lim h(z),
then the limit of g also exists at a, and
lim f(z) = lim g(z) = lim A(z).

— “0 times bounded is 0”. If lim f(z) =0, and g(z) is bounded, then

Tr—a

lim f(2)g(@) = 0.
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3.3 Continuous functions and their limits.

— The function f is continuous at a if and only if there exists the limit of
the function at @ and the limit is f(a).

— The function f is continuous from right at a if and only if there exists
its right-hand side limit at a and it is f(a).

— The function f is continuous from left at a if and only if there exists
its left-hand side limit at a and it is f(a).

3.4 Continuous functions in closed interval.

— Weierstrass theorem: If a function is continuous in a bounded and
closed interval, then the function has maximum and minimum value.

— Intermediate value theorem (Bolzano’s theorem): If the func-
tion f(z) is continuous in the bounded and closed [a, b] interval, then
every value between f(a) and f(b) is attained in [a, b].

— Inverse of a continuous function: If a function is continuous and
invertible in a bounded and closed interval, then the range of the func-
tion is a closed interval, and in this interval the inverse function is
continuous.

3.5 Uniform continuity.

— Heine-Borel theorem: If a function is continuous in a bounded and
closed interval, then the function is uniformly continuous.

— The function f(x) is uniformly continuous in a bounded and open
(a,b) interval if and only if the function is continuous in (a,b) and the
lim f(z), lim f(z) finite limits exist.
z—at z—b—

— If f(z) is continuous in [a, 00), differentiable in (a, ), and its derivative
is bounded, then f(x) is uniformly continuous in [a, 00).
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3.1 Global Properties of Functions

Let [x] be the floor of x, that is, the maximal integer which is not
greater than x. Plot the following functions!

(a) [z] (b) [-2]
(c) [z+0,5] (d) [22]

Let {x} be the fractional part of z, that is, {z} = = — [z]. Plot the
following functions!

(a) {z} (b) {—=}
(c) {z+0,5} (d) {2z}

Is this a formula for a function?

1 ifze@Q
D(z) =
0 ifz¢Q

Find the formulas for the following graphs!

() (b)
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(c)

(d)

o J

o J

Determine the maximal domain of the real numbers for the follow-

ing functions!

Match the formulas and the graphs!

() (x—1)*—4

(c) (z+2)°+2

(A)

6y

54

(b) (z—2)%+2
(d) (z+3)*-2

(B)
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(©) (D) \

44

We plotted four transforms of the function y = —2?. Find the formulas
for the graphs!

(2) q /\ (b) /\
; ; ;\ N

(c) ‘ ()

o

3.11. | Are there some equivalent among the following functions?
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@) fi(z) == (b) falw) = Va?
() fs(2) = (V)® (d) fa(z) =Ine”
(e) folw)=em" (f) folz) = (vV=2)®
3.12. | Find the values of the following functions if f(z) = = + 5 and g(z) =
z? — 3.
(@) f(9(0)) (b) g(f(0))
() flg(x)) () g(f(x))
(e) F(f(-5)) (f) 9(9(2))
(8) f(f(2)) (h) g(g(x))
3.13. | Find the values of the following functions if f(z) = z — 1 and g(x) =
=
() f(9(1/2) (b) g(f(1/2))
(c) flg(x)) (@) g(f(x))
(e) F(f(2)) (f) 9(9(2))
(8) f(f(2)) (h) g(g(x))

‘Which function is even, which one is odd, which one is both, and
which one is neither even, nor odd?

3.14. | .3 o

3.16. sin x 3.17. COS &

3.18. 2 +sinx 3.19. 2+ cosz
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3.20. | 3 3.21. | (x+1)2

3.22. | 0 3.23. | |29

3.24. | [z (2}

Let’s assume that the domains of f and g are R. Which statements
are true? Explain your answers!

3.26. | If f is odd, then f(0) = 0.

If £(0) =0, then f is odd.

[2Y]
N

: &
b
¢ N

8. | If f even, then f(—5) = f(5).

&
)
©

If f(=5) = f(5), then f is even.

3.30. | If f and g even, then fg is even.

3.31. | If f(—5) # —f(5), then f is not odd.

3.32. | If f and g odd, then fg is even.

3.33. | If f and g odd, then fg is odd.

3.34. | Plot the graphs of the following functions! Color the intervals on the

z-axis red, where the function is monotonically decreasing. Is any of
the following functions monotonically decreasing on its whole domain?

(a) sinz (b) cosx
(<) o* (@ ©

(e) |z (f) [a? 2|
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(g) tanz (h) cotx

3.35. | Isthere any function in R, which is monotonically decreasing and mono-
tonically increasing? If there is such a function, find all of them!
Answer the following questions! Reason the answers!

3.36. | Can the sum of two strictly monotonically increasing functions be strictly
monotonically decreasing?

3.37 Can the product of two strictly monotonically increasing functions be
strictly monotonically decreasing?

3.38. | Isit true that the sum of two strictly monotonically decreasing functions
is strictly monotonically decreasing?

3.39. | Is it true that the product of two strictly monotonically decreasing
functions is strictly monotonically decreasing?

Let D(f) be the domain and R(f) be the range of the f function.
Is there a monotonically increasing function such that

3.40. | D(f) = (0,1) and R(f) = [0,1]

3.41. | D(f)=[0,1] and R(f) = (0,1)?

m Write down with logic symbols that f is bounded!

Find lower and upper bounds for the following functions if there
exist. Which functions are bounded?

3.43. | 2 3.44. | sinw

m {z} 3.46. | 1%

X
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3.47. | sin’x 3.48. | 9=
3.49. | log, 3.50 !
82 el I g

Let’s assume that the domain of f is R. Write down with logic
symbols, and give examples for such an f function which

3.51. | has maximum at 3! 3.52. | has a maximum 3.

3.53. | has a maximum! 3.54. | has no maximum!

Which statement implies the other?

3.55. | P: f has a maximum. Q: f is bounded from above.

3.56. | P: f has no minimum. Q: f is not bounded from below.

Find the M maximum and m minimum of the following functions,
if there exist.

3.57. | 22 (—00,00) | 3:58. | |z [~1.3]
e [~1,1) 3.60. | sinu (=, )
3.61. cosT (771-,71-) 3.62. [1‘] [71, 1]

3.63. ) (1] (-1,1) ) -1,1]

Give an example of functions with domain R such that

3.65. | the function is not bounded from above and not bounded from below.

3.66. | bounded, but has no maximum and no minimum.
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Give an example of such a function whose domain is [—1,1], and
which

3.67.

3.68.

is not bounded from above, and not bounded from below.

is bounded, but has no maximum and no minimum.

Is there any function such that it is

3.69.

w
J
e

¢ &
BN |
=

w
~
N

3.73.

strictly monotonically decreasing in (—oo, 0), strictly monotonically in-
creasing in (0, 00), and has no minimum at 07

monotonically decreasing in (—o0, 0], monotonically increasing in [0, co),
and has no minimum at 07

not bounded in [0, 1]?
bounded in [0, 1], but has no minimum, and no maximum in [0, 1]?

positive in R, but has no minimum?

Find the least positive period for the following functions!

&
e

7

g
J
&

g
J
g

3.80.

3.81.

3.82.

sinx 3.75. sin(2x)
sinx + tanx 3.79. | sin2x + tan g

Prove that if p is a period for a function, then any positive integer times
p is also a period.

Is the function f(z) = 3 periodic? If yes, then find all of its periods!

Do all non-constant periodic functions have a least positive period?
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3.83.

Is the Dirichlet-function
1 ifze@Q
D(z) =
0 ifz¢Q

periodic? If the answer is “yes”, then give all periods!

Is the given function convex or concave in (0,00)?

3.84.

3.88.

3.90.

3.92.

3.93

3.94.

T 3.85. 22
Jz 3.87. | —u®
sinz 3.89. | [z]

Let the domain of the real function f be (0,10). Which statement
implies the other?

P: f is convex in (3,8) Q: f is convex in (5,7).

Give all of the functions that are both convex and concave in (1,2)!
Is there among the functions a strictly convex or a strictly concave
function?

Let’s assume that the domain of f is (—1,3). Which statement implies
the other?

0 2
P (1) < O+ 1)

5 Q: f is convex in (-1, 3)

Is the function \/z convex, concave, both or neither in the interval
[0,00)? Write down the Jensen-inequality with the weights t; = ... =

ty = !
n

Plot the graph of z!°, and the chord in the interval [1,2]! Write down

the equation of the chord of 19 in [1,2]! Prove that 20 < 1023z —1022
is true for all z € [1, 2].
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m Write down the equation of the chord of the function sin z in [%, g}
51 6 i 2 6 2
sin(7/6) ;SIH(T(/ ) or sin w/ 42r7r/ 2

Which number is greater:

Write down the equation of the chord of the function log,x in [2,4].

log- 2 + log, 4
Which number is greater: log, 3 or w?

Plot the graphs of some functions so that the function is

3.97. | monotonically increasing in [1, 2] and monotonically decreasing in [3, 4],
3.98. | monotonically increasing in [1, 4] and monotonically decreasing in [3, 5],
convex in [1,4], and concave in [4, 5],
3.100. | convex in [1,4], and concave in [2, 5],

3.101. | strictly monotonically increasing in [1,2], strictly monotonically de-
creasing in [2,4], and has a maximum at 2,

&
&
©

3.102. | strictly monotonically increasing in [1,2], strictly monotonically de-
creasing in [2, 4], and has a minimum at 2.

Plot the graphs of some functions so that
3.103. | Va; € [1,2] AV € [1,2] f(x1) = f(a2),
3.104. | Va; € [1,2] AVze € [1,2] (21 >22 = f(z1) > f(x2)),

3.105. Vxy € [1,2] AVzy € [172] (acl > X9 - f(xl) < f(l’g)),

8.106. | Vo, € [1,2] AVzy € [1,2]  3Je€ [z, xa] flc) = w
3.107. | Jzy € [1,2]AJap €[1,2] Vo e[l,2] flz)# w
3.108. | Vay € [1,2] AVas € [1,2] f (m 42—x2> > f(xl);f(m)’
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1 3 1 3
3.109. Vr, € [1,2] AVzxq € [1,2] f (41’1 + 4332) < Zf(xl) + Zf(ﬂ?z),

3.110. | Jzpe[1,2] Vrxe[l,2] f(z)< flxo),
311, | (Vay € [1,2] Jao € [1,2] f(z1) < f(z2))A(Vay € [1,2] Fao € [1,2] f(21)

> f(22))-

3.112. | Which of the following functions are bijective on the whole number-line?

(a) = (b) 22
(c) «* (d) vz

(e) vz (f) Vel

1 r ifx
oF s ={ 20

3.113. | Give the inverses of the following functions! Plot in the same coordinate
system the inverse pairs!

(a) 2? (b) z3+1

(c) 2° (d) 2 —1

Find intervals such that the function is injective in those intervals!
Find the inverses of the function in these intervals!

3.114.) ;2 JE
3.116. | sinx 9

3.118. | Find some functions that are equal to their inverses!

3.119. | Which statement implies the other?

P: f is strictly monotonic Q: f has an inverse function
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3.120. | Show that the function

_JzifzeqQ
f(x)_{—xifmgé(@

is not monotonic in any interval, but the function has an inverse!

3.121. | Find the inverse pairs among the graphs!

(a) (b) 1o

(c) (d)
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(e) L(f)
(h)

(g)

-

3.122. | Is there a function with domain R whose graph is symmetric, and the
line of symmetry is the

(a) axis z? (b) axis y?

3.123. | Which statement implies the other?
P: f is monotonically increasing Q: f(x +1) > f(z) for all x € R
in R.

1 1
3.124. | Prove that the function f(z) = — +
T

1 attains each value exactly

once in (0, 1)!

1
3.125. | Prove thatifforallz € R f(z+1) = L(Z), then f is periodic!

1— f(x)

3.126. | Let’s assume that f is an even function. Can f have an inverse?
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3.127. | Let’s assume that f is an odd function. Does that imply that f has an

inverse?

3.128. | Plot the functions f and g. Give the function go f. Is it true that g is

the inverse of f7

x, ifx <0 x, ifx <0
flx)=<1/2 ifz=0 and g(z) =<0 ifo<z<l1
z+1 ifz>0 z—1 ifz>1

3.2 Limit

3.129. | Do the given limits exist according to the graph? If the answer is “yes”,
find the limits!

1 2 3

SN

(a) lim f(z) (b) lim f(x) (c) lim /(x)

3.130. | Do the given limits exist according to the graph? If the answer is “yes”,
find the limits!
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(a) lim_f(x) (b) lim f(x) (c) lim /()

3.131. | Which statements are true according to the graph?

/

A

(8) lim f(2) exists. (b) lim f(z) =0 (c) lim f(x) =1
(@) lm f(5) =1 (e) lim /() =0
(f) The function has a limit at each point of (—1,1).

3.132. | Which statements are true according to the graph of the function?

A

(a) 1ig12 f(x) does not exist. (b) 1i_>m2 flx)=2

(c) i;ml f(z) does not exist.

(d) f(x) has a limit at each point of (—1,1).
(e) f(z) has a limit at each point of (1, 3).

3.133. | Which statements are true according the graph of the function?



3. LimiT AND CONTINUITY OF REAL FUNCTIONS 61 U

(a) Tim f(z) =1 (b) lm f(x) =0

(c) lim f(z) =1 (&) lim f() = lim f(x)
(e) lim f(x) exists. (£) lim f(x) =0

(8) lim f(r) =1 (h) lim f(z) =1

(i) lim f(x) =0 () tim f() =2

(k) lim f(z) does not exist. (1) lm f(z)=0
z—1- z—2+

3.134. | Write down the following statements with logic symbols! Find functions
of which the statements are true!

(a) lim f(x)=4  (b) lm f(r) =00 (¢) lim f(x) = —oc

(@) Jim f)=4 () lm f(x) =00 (F) lm f()=—o0
(8) lim f@)=4 (b) lim f(x)=co () lim f(z)=—o0
() lim f(x)=4 (k) lim f(r)=o0 (1) lm f(x)=—oc

(m) lm f@)=4 (@) lm f@z)=cc () lm_f()=—oc

3.135. | Find the functions which have limit at 3. Which functions have the

same limit?
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(a) 5 (b) 6
5, ifx #3 5 ifzeQ
(c) {6, if =3 () {6, ifz ¢ Q
1 1
(e) (z —3)2 () cos(z — 3)
1 1
(&) sin(z — 3) () r—3

Find the following limits with substitution!

i 52 5o

Jim (723) L
Jim, 32%(12 3 i
in, zsing tim

Find the following limits after simplifying the fractions!

r—1 2
3.152. | lim ———— g Y& +8-3
I == 3.153. | lim_ T

b L
mﬁ@ffif;m iﬂ%
tim 122 i, 2
o e
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-1
lim Ve

z—1 x—1

3.154.

LoVl a2 -1
hm 5
x—0 €T

Find the following trigonometric limits!

sinx

3.156. | lim
z—0 X
sin(9v/2)
lim ————=
9—0 19\/5
sin 3y

4y

3.158.

3.160. | lim
y—0

tan 2z

3.162. lim

x—0 x

Find the following

3.164. | lim zsinzx

z—0

3.157.

3.159.

3.161.

3.163.

limits if exist!

3.165.

. 1l —cosx
lim ———
x—0 xQ

. sinkt

lim
t—0 t

I
hli% sin 3h

. 2t
lim
t—0 tant

o1
lim sin —
x—0 xT

Find the limits of the following functions at co and at —oo.

2x 4+ 3
Sx 4+ 7

3.166.

203 — Tz
3+ 1
2x% — Tz
3 +1

3.168.

3.170.

Find the (finite or

2z +x 1

3xr—7

3.172.

3.167.

3.169.

3.171.

infinite) limits of the following functions at oo.

3.173.

22 —Tr+1
vz +1+1
2x + 3
512 + 7

I_l + $_5

-2 _ 73

24z
2—
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223 — Tz

3.174. | —/ ___©
2 +1

222 —Tr+1

3.176. | — - -
vt +1+1

3.175.

222 —Tr+1
Va3 +3+7
V22 +1+1
V2 +1+1

Find both the right-hand side and the left-hand side limits in each

problem!

1
lim —
zi{(l)lJr 3x

. 3
lim
r—2- T —
. 2x
im
z——8+ T + 8

i 4
m -———=
z—7+ (.T — 7)2

3.178.

3.180.

3.182.

3.184.

Find the following limits!

sinx

3.186. lim
Tr—r 00 €T
Inx

lim —
r—00 I

3.188.

zk

lim —
r—o0 el

3.190.

3.179.

3.181.

3.183.

3.185.

3.187.

3.189.

I 5
im —
z—0— 2T
1
lim
z—3+ T — 3
. 3x
im
z——5- 2x + 10

T -1
im ————
a—0- z2(x + 1)

Do the limits of the following functions exist at 07 Do the right-
hand side or the left-hand side limits exist at 07

g

3.193.

{z}
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3.194.

3.196.

3.197.

3.198.

1, ifzeQ z, ifzeQ
-3.195.
{O,ifx¢(@ {—x,ifxgé@

Find a function with domain R, which has limits at exactly 2 points!

Is there any function with domain R, whose limit is infinity at infinitely
many points?

Prove that if f is not a constant, periodic function, then f has no limit
at infinity.

Have the following functions limits at infinity?

3.199.

3.201.

] {z}
sinx tanx

Which statement implies the other?

3.203.

3.204.

3.205.

3.206.

P: IILH;O flx)=5 Q: 11LH;O f2(z) =25
P: wlgr;o flx)=-5 Q: wlggo |f(x)| =5
P: xlggo f(z) =00 Q: wlglgo ﬁ =0

Are there any limit of

(a) the sequence a,, = sin(nm)? (b) the function f(z) = sinz in in-
finity?

(c) the sequence a, = [1} ? (d) the function f(z) = [z] at 07
n
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Which statement implies the other?

P: The limit of the sequence f(n) Q: li_>m f(x) =5.

is 5.

3.208. | P: The limit of the sequence Q: lin%)f(x):t').

1 r—r

f <> is 9.

n
P Jim () gl =ee Qi Jim J@)gle) = oo
3.210. | P: li = : i = i =
P: Jim (f(e) +g(@) =c0  Q Jim f(z)=ooor lim g(c) = o0
3.211. | P: li = 2 i = i =
P: lim f(o)g(s) = oc Q: Jim (<) = o0 or lim gla) = o0
3.212. | Let the domain of f be R. Which statement implies the other:

P: lim f(z)=0 Q: The limit of f(n) is 0
—00

if

(a) f can be any arbitrary function?

(b) f is continuous?

(c) f is monotonic?
(d) f is bounded?

3.3 Continuous Functions

3.213. | Write down with logic symbols that f is continuous at 3!

Which statement implies the other?

3.214. | P: f has a limit at 3. Q: f is continuous at 3.
3.215. | P: f has no limit at 3. Q: f is not continuous at 3.

3.216. | Are the following functions continuous at 07
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3.217.

3.218.

3.219.

3.220.

3.221.

3.222.

3.223.

1, ifzreQ
0,ifxr¢Q

z, ifreqQ

(a) D(z)—{ e en

(b) f(x) = {

Find a function that is continuous at exactly 2 points!

The functions f and g : R — R are different at a point, but equal to
each other at all other points. Can be both functions continuous at
every point?

Let’s assume that f and g : R — R have finite limits at every point,
and their limits are equal. Does it imply that f = g in every point?

Does it imply that f = g in every point if both f and g are continuous?

Which statement implies the other?

P: f and g are continuous at 3. Q: f + g is continuous at 3.
Let’s assume that f is continuous, and ¢ is not continuous at 3. Can
(a) f+y (b) fyg

be continuous at 37

Let’s assume that nor f, neither g is continuous at 3. Does it imply
that

(@ f+yg (b) fg
is not continuous at 37

Let’s assume that f and g are continuous at 3. Does it imply that / is
g

continuous at 37

At which points are the following functions continuous?

3.224.

=
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3.228. | Find a function f : R — R which is not continuous at some points, but
|f| is continuous at every point.

For what number c are the following functions continuous at 07

22+2 ifxr>0
(z) =

3.229.
mr+c ifz<0

sinx
3.230.| fo)={ 5 Hr#0
c ifx=0

3 .
+z+1 ifzxz>0
3.231. - 7
f(x) {awz—i—b:p—i—c ifz <0

vVe+2 ifx>0
.232. =
3.23 f(@) { (x+¢)? ifzx<O

3.233. | Prove that all polynomials with degree 3 have a real root.

3.234. | Let’s assume that f is continuous in [a, b]. Prove that there is a ¢ € [a, D]
such that

(a) f(c):w (b) f(c) = V/F(@) [ ()

3.235. | Let’s assume that f is continuous in [a,b], and f(a) > a and f(b) <.
Prove that there is a ¢ € [a,b] such that f(c) = c.

3.236. | Let’s assume that both f and g are continuous in [a, b], and f(a) > ¢
and f(b) < g(b). Prove that there is a ¢ € [a,b] such that f(c)

g(c).

@

3.237. | Let’s assume that f and g are continuous in [a, b], and for all z € [a, b]
f(z) < g(x). Prove that there is an m > 0 such that for all = € [a, b]

g(x) — f(z) = m.

3.238. | Find a function f : [0,1] — R which is continuous except at one point,
and
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(a) not bounded. (b) bounded, but has no maximum.

Which statement implies the other?

3.239. | P: f is continuous in [1, 2] Q: f has a maximum and a minimum
in [1,2]

3.240. | P: f is continuous in (1,2) Q: f has a maximum and a minimum
in (1,2)

3.241. | P: f is bounded in (1,2) Q: f has a maximum and a minimum
in (1,2)

3.242. | P: f is bounded in [1, 2] Q: f has a maximum and a minimum
in [1,2]

Is there a function which is

3.243. | not continuous in [0,1], but has both a maximum and a minimum in
[0,1]?

3.244. | continuous in (0, 1), and has both a maximum and a minimum in (0,1)?

3.245. | continuous in (0,1), but has neither a maximum, nor a minimum in
(0,1)?

3.246. | continuous in [0, 1], but has neither a maximum, nor a minimum in
[0,1]7

Have the following functions got a maximum in [77, 888]7

3.247. | 3*FPsinx + 3.248. | sin(2x) + cos(3x)
3.249. | [z] 3.250. | {x}

D(f) is the domain, and R(f) is the range of the function f. Is
there any function such that
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3.251. | D(f)=(0,1) and R(f) = [0,1]
3.252. | D(f)=10,1] and R(f) = (0,1)

3.253. | D(f) =1[0,1] and R(f) = [3,4] U [5, 6]

Is there any monotonically increasing function such that
3.254. | D(f)=(0,1) and R(f)=10,1]

3.255. | D(f) = [0,1] and R(f) = (0,1)

3.256. | D(f) = [0,1] and R(f) = [3,4] U [5, 6]

Is there any continuous function such that
3.257. | D(f) = (0,1) and R(f) = [0,1]
3.258.| D(f)=1[0,1] and R(f) = (0,1)
3.259. | D(f)=10,1] and R(f) =[3,4] U [5, 6]
3.260. | Prove that if a function is continuous in a (bounded) closed interval,

then the range of the function is a (bounded) closed interval.

3.261. | Prove that if f is a continuous function in R, and its limit is 0 both at
infinity and minus infinity, then f is bounded!

3.262. | Prove that if f is a continuous function in R, and its limit is infinity
both in infinity and minus infinity, then f has a minimum.

3.263. | Prove that the equation z sinz = 100 has infinitely many roots!

At which points are the following functions continuous, or contin-
uous from left or right?
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(] [—z]
o+ [ o[-

At which points are the following functions continuous?

o) =

1
cos— ifxz#0
x

0 ifz=0

1
rsin— ifx#0
x

(@) =

0 ifz=0

Are the following functions uniformly continuous in the given in-
tervals?

fl@)=22  (—o0,00), [-2,2], (~2,2)

fE =1 (0eo) L2, (12, [Lw)



Chapter 4

Differential Calculus and its
Applications

4.1 The function f has a tangent line at point a if and only if f is differen-
tiable at a. The equation of the tangent line is

y=f'(a)(x —a) + f(a).

4.2 If f(z) is differentiable at a, then the function is continuous at a.
The converse of the theorem is not true: for example, f(z) = |z| is continuous
at 0, but not differentiable at 0!

4.3 Derivative rules. If f and g are differentiable at a, then

— for any ¢ € R ¢ f is differentiable at a, and
(c-f)(a)=c- f'(a)
— f + g is differentiable at a, and
(f+9)(a) = f'(a) +4'(a)
— f - g is differentiable at a, and

(f-9)(a) = f'(a) - g(a) + f(a) - g'(a)

— if g(a) # 0, then f is differentiable at a, and
g

(f)' (a) = f'(a) - g(a) = f(a) - ¢'(a)

9 - 9%(a)
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4.4 Chain rule. If g is differentiable at a, and f is differentiable at g(a),
then f o g is differentiable at a, and

(fog)'(a) = f'(g9(a)) - g'(a).

4.5 Derivative of the inverse function. If f is continuous and has an
inverse in a neighbourhood of the point a, and it is differentiable at a, and

f'(a) # 0, then f~1 is differentiable at f(a), and

~1yr _
(f ) (f(a)) - f’(a)'

4.6 Mean value theorems.

— Rolle’s theorem. If f is continuous on a closed interval [a,b], and
differentiable on the open interval (a,b), and f(a) = f(b), then there
exists a ¢ € (a,b) such that f/(c) = 0.

— Mean value theorem. If f is continuous on the closed interval [a, b],
and differentiable on the open interval (a,b), then there exists a ¢ €

(a, b) such that
RS 0]

Therefore, for any function that is continuous on [a,b], and differen-
tiable on (a,b) there exists a ¢ € (a,b) such that the secant joining the
endpoints of the interval [a, b] is parallel to the tangent at c.

— Cauchy’s theorem. If f and g are continuous on the closed interval
[a, b], differentiable on the open interval (a,b), and for any = € (a,b)
g'(z) # 0, then there exists a ¢ € (a,b) such that

f'(e) _ f(b) = f(a)

g(c)  g(b) —g(a)”

— Basic theorem of antiderivatives. If f and g are continuous on the
closed interval [a, b], differentiable on the open interval (a,b), and if for
Vx € (a,b) f'(x) = ¢'(x), then f — g is constant.

4.7 Darboux’s theorem. If f is differentiable on (a, b), differentiable from
the right-hand side at a and from the left hand-side at b, then the range of
the derivative function f’(x) contains each value between f! (a) and f’ (b).

4.8 Relationship between monotonicity and derivative. Let f(z) be
continuous on [a, b], and differentiable on (a, b).
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— f(z) is monotonically increasing on [a, b] if and only if for all x € (a, b)
f(2) > 0.

— If for all € (a,b) f'(x) > 0, then f(z) is strictly monotonically in-
creasing on [a, b].

The converse of the statement is not true, for example f(z) = 23 is

strictly monotonically increasing, but f/(0) = 0.

— f(x) is strictly monotonically increasing on [a,b] if and only if for all
x € (a,b) f'(z) > 0and for all a < ¢ < d < b f'(z) has only finitely
many roots on (¢, d).

4.9 Relationship between local extrema and derivative. Let’s assume
that f(z) is differentiable at a.

— If f(z) has alocal extremum (maximum or minimum) at a, then f’(a) =

0.

— If f(z) is differentiable in a neighbourhood of a, f'(a) = 0 and f'(x)
changes sign at a, then f(x) has a local extremum at a, namely
— (strict) local maximum if x < a implies (f'(z) > 0) f/'(x) > 0 and
x > a implies (f'(z) < 0) f'(z) <0,
— (strict) local minimum if < a implies (f'(z) < 0) f'(z) <0 and
x > a implies (f'(z) > 0) f'(z) > 0.

— If f(=x) is differentiable two times at a, f'(a) = 0 and f”(a) # 0, then
f(z) has a local extremum at a, namely
— strict local maximum if f”(a) < 0,
— strict local minimum if f”(a) > 0.

4.10 Relationship between convexity and derivative. Let’s assume
that f(x) is differentiable on (a,b).

— f(x) is (strictly) convex on (a,b) if and only if f'(x) is (strictly) mono-
tonically increasing on (a, b).

— f(z) is (strictly) concave on (a,b) if and only if f'(x) is (strictly) mono-
tonically decreasing on (a,b).

— f(z) has an inflection point at ¢ € (a,b) if and only if f/(x) has local
extremum at c.

4.11 L’Hospital’s rule. Let’s assume that f and g are differentiable in
a punctured neighbourhood of a, f and g have limits at a, and either both
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limits are 0 or both limits are oo, that is, the limit of the quotient of the two

/
function is critical. In this case if there exists the limit lim Fla E )), then
Tr—a g
(@) 4
T—a g(z)

This theorem is also valid for one-sided limits or limits at infinity or minus
infinity.

4.1 The Concept of Derivative

Find the derivative of v/z and /x at point = a using the definition!

What is the domain, where are the functions v/ and /z continuous,
and where are they differentiable? Give the derivatives!

Let’s assume that

o S = 1B,

r—3 ,7;—3

Does it imply that f is continuous at 37

Let’s assume that f is continuous at 3. Does it imply that the limit

i @) = 1)

x—3 .%'—3

exists and it is finite?

Find the following limits!

) + h)2 _ I2 T _|_ \/*
44, | p FER7-27 45 | 1
a4 ] g Y (45 ] jm YEEEVE
. I/(x+h)=-1/z (r+h)® — a3
4.6. | lim LWL 4.7. i ) T
- Jim W - Jim

3‘

=<
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2 _ .2 _
T—xTo T — X0 T—x0

r — X
410, | 1 YF- Yo 411, | fm B0
z—=ro T — X T—=To T — X0

Where are the following functions continuous and differentiable?

4.12. | |z 4.13. | [

a2~ 1| Fe

For which values of b and c are the following functions differentiable
at 3?7 Find the derivatives!

2 ifx <3
17 _ x nHrs
w={, 7, B

1—-2)2—2z) ifz>-3

4.18. = (
8 h(z) { bxr + ¢ ifz< -3

At which points are the following functions differentiable? At which
points are the derivatives continuous?

A B
f(m){msmx ifx#0

0 ife=0

1
2 o3 .
f(x)—{ Seing a0

0 ifx=0
f@) = |«
f(@) = {a} sinm
/(@) = [a] sin® 7



4. DIFFERENTIAL CALCULUS AND ITS APPLICATIONS s U

—z2 ifzx<0
4.24. | flo)= { 22 ifz>0

1—2x ifz<l1
4.25. | f(o)={(1-2)2-2) fl<az<?2
—(2—=x) if2<ux

1\ 2
4.26. | f(x) = ({1:} - 2) , where {z} denotes the fraction part of z.

o
X

2 f(z) = [z] sin7z, where [z] denotes the integer part of z.

4.28. | Which of the following graph belongs to f(z) = sin? z and which one
to g(x) = |sinx|?

(a) (b)

NS\ LN

Find the first, second, ...nth derivatives of the following functions!

4.2 The Rules of the Derivative

Which statement implies the other?

4.33. | P: f is even. Q: [/ is odd.

4.34. | P: fis odd. Q: f' is even.

Let’s assume that the function f is differentiable. Which statement
implies the other?
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3

Ll
S| e

3

4.37.

4.38.

P: f is periodic. Q: f’ is periodic.
P: lim f(x)=0 Q: lim f'(z)=0

T—r00 T—r00
P: lim f(z) =00 Q: lim f'(z) =00

T—r00 T—r00

h) — —h
P: f is differentiable at a Q: lim flaxth) = fla ) exists.
h—0 2h

Find the points where the tangent line of sin x is parallel to the

4.39.

4.41.

4.44.

l

4.4

4.46.

4.48.

x-axis; 4.40. | line y = z.

Give the equation of the tangent line of the graph of cosz at point

m
r = —.

3

Give the equation of the tangent line of the graph of f(z) = x3 — 22 +
3z + 4 at point (1;6).

Where is the tangent line of the graph of 223 — 622 + 8 horizontal?

Find those tangent lines of the graph of 223 — 622 + 8 whose angle with
the z-axis is 45 degree and 30 degree!

What is the angle between the graph of 22 and the line y = 2z, that is,
what is the angle between the tangent line and the line y = 2z at the
intersection point?

Prove that the curves 22 —y? = a and xy = b are perpendicular, that is,
their tangent lines are perpendicular to each other at the intersection
point!

Where is the tangent line of the graph of V/sinz vertical?

In the following figure one of the graphs is the graph of tanx, and the

other is the graph of 3. Which graph belongs to tanz, and which to
3?7
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4.49.

4.50

4.51.

(a)

(b)

The position-time function of a car is s(t) = 3t + 5t + 8. Find the

instanteneous velocity at t = 3. Find the velocity-time function!

The velocity-time function of a car is v(t) = 5¢ + 3. Find the instanta-
neous velocity of the car at t = 7. Give the acceleration-time function!

The displacement-velocity of vibrating mass point is y(t) = 5sin ¢.

Give the velocity-time and acceleration-time functions!

Find the domain of the following functions! Find the derivatives
and the domains of the derivatives as well!

4.52.

4.54.

4.56.

4.58

4.60.

4.62.

3
328 — Zx(i +2

1
$+E+\/5

4sinx

sin (x22)

sinxz — xcosx
cosx + rsinx

4.53.

4.55.

4.57.

4.59

4.61.

4.63.

S5+ 3
20— 1

3
322 — \é}+7

av—i—\/:r—i—\/:f

sinx + cosx
3

(sinz)*?

423 tan(2® 4 1)
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80

4.64

4.66.

6

I’y

! =
S ge

=]

7

4.72.

N

o el
L |
® S| |

J

74

P
J
©

4.80.

I

82

4.84.

4.86

4.88.

9

I I
©
B =

4.94.

sinx
4

COsS T

Tsinx

Va2 +1
log, x

In(ln z)

ln(x—l— x2—|—1), (x>1)
In (ew +V1+ 629”2)
4sinh

sinh (x22) 4

sinhx — z cosh x
coshx + x sinh x

sinh x 4

cosh x

xsinh x

I

P :
@ :

logs x - cosz

x2e® — 3% lnx + cosm
2 +1
cos(3%) + 5
In(sin z) + 22

6

7

7

8

8

9

9

5

4.67.

8
8

1

4.73.

b
&

4.77.

4.81.

I

3

4.85.

l

4.89.

[t

4.95.

sin —
T

(32° 4+ 1) cos x

log, 4

1. z+1
n
2 x—1

sinh x + cosh x

3

(sinh z)*?

42® tanh(z? + 1)

1
sinh —
T

(32° + 1) cosh z

sinz+2Inx

Ve +1

In (sinz + cos® )

(sinx)°o%®
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4.96. | In(sinz) 4.97. | ptanc

Show that the following functions have inverses on an adequate
interval, and find the derivatives of the inverses at the given points!

4.98. | x+sinz, a=1+7/2| 4.99. | 323 +2, a=4

4.100. (x) = 1'5 —+ x27 a=2 4.101. *2253 + \/57 a=-—1

Find the derivatives of the inverses of the following trigonometric
functions!

4.102. | arcsinz 4.103. | arccosz
4.104. | arctanz 4.105. | arccotzx

Where are the following functions differentiable, and what are the
derivatives?

arcsin(cos x) 4.107. | sin(arccos )
arctan(sin x) 4.109. | tan(arcsinx)
arsinh(cosh z) 4.111. | sinh(arcoshz)
artanh(sinh ) 4.113. | tanh(arsinhz)

Find the following limits if they exist!

—— 92
2114, gy 2Sime—1 4115, g S0 —2/(T)
6r — z—7)2 cos ¥

Jim,
cos T et — 1
4.116. lim —— 4.117. | i
Jm, (4117 ] 1

Find the following limits if they exist!
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4.118.

4.120.

- n+tl 4.119.] 1 U
nlgn;o”(\/ " 1) ne "\

1
lim ne'/™ — 1 4.121.| lim nZsin — ({‘/E — 1)

n— 00 n—oo n

Find the second derivatives of the following functions!

4.122.

4.124.

w4227 41 4.123. | esinz

1
Incoszx 4.125. | arctan —
x

4.3 Mean Value Theorems, L’Hospital’s

4.126.

4.127.

4.128.

4.129.

Rule

Is there any function whose derivative is [z], that is, the integer part of
x on the interval [—3,5]?

Is there any function whose derivative is not continuous?

=2 and h(z) = f(z) - 9(a).

1
Let’s f(z) = arctanz, g¢(x) = arctan 1

Prove that h'(z) = 0. Does it imply that h(z) is a constant function?
Calculate h(0), and the limit lim A(x). Explain the results!
Tr—00

Let’s assume that f and g are differentiable functions, and f(0) > ¢(0),
and for all x € R f'(x) > ¢'(z). Prove that f(z) > g(x), if z > 0.

How many roots do the following equations have?

4.130.

4.132.

42 +4=0 4.131.| 25 —5x+2=0

e’ =2z + 2 Sinx:g

Find the following limits!
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4.134. | lim =z (z — arctan :r) 4.135. | lim ———
z—00 2 z—0 In(1 4 )

iy i S5
i 22 e
ty " ting (cot )
li (142" i (222
x—0 T
mlggo% xli_)rgoxsinx 1

sinx

4.152. | Calculate the limit lim .
=01+ 1

Solution: Applying L’Hospital’s rule:
sinz . coszT

lim = lim =1
=01+ 1 z—0 1

Find the error!

1
4.153. | Calculate the limit a lim — + .
z—0 22 + 2
Solution: Applying L’Hospital’s rule:
z+1 1 1

Find the error!
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4.154. | Calculate the limit lim smz.
Tr—r 00 €T

Solution: Applying L’Hospital’s rule:

. sinzx . cosT . .. .
lim = lim = lim cosx. The limit does not exist.
r—00 I T—>00 xr—>00

Find the error!

4.4 Finding Extrema

Find the extrema of the following functions on the given intervals!

4.155. | 23 —12¢  [-10;3], [0;3]

4.156. | 23 +225  [-1,4], [2,5], [-7,3]

4.157. | For a thin lens the object () and image (k) distances are related by the

equation
1 1 1

;i w
where f is the focal length. Find the value of ¢ for the given f such
that t + k is maximal or minimal.

4.158. | At a projectile motion the particle is thrown obliquely from the earth
surface. The angle between the initial velocity vy and the horizontal

line is a. The length of the motion is
208 .
— sin acos a.

Find « for the given vg such that the length of the motion is maximal!

4.159. | Which of the rectangles has the maximal area in a right-angled, isosceles
triangle? And which of them has the maximal perimeter?

We examine only those rectangles, which have two vertices on the hy-
potenuse of the triangle, and the other vertices are on the legs.

4.160. | Find the radius R and the height m of a right circular cone with given
generatrix a such that the volume of the cone is maximal!
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4.161. | Which of the rectangles with area 16 cm? has the minimal perimeter?
Find the sides of this rectangle!

4.162. | Why has the square the maximal area among the rectangles with perime-
ter 87

4.163. | What can the area of a right-angled triangle be at most, if the sum of
its one leg and its hypotenuse is 10 cm?

4.164. | One side of a rectangle is on the x-axis, and the two upper vertices are

on the parabola y = 12 — z2. Find the maximum of the area of these
kinds of rectangles!

4.165. | We want to make an upper open box from a 8 x 15 dm cardboard, so we
cut out congruent squares from the cardboard’s corners, and turn up
the sides. What are the sides of the box with maximal volume? What
is this maximal volume?

4.166. | The two vertices of a triangle in a coordinate system’s first quarter are
(a,0) and (0,b), and the length of the side connecting these two vertices
is 20 length unit. Prove that the area of the triangle is maximal, if a = b.

4.167. | There is a farm alongside a river. We want to enclose a rectangle for
the animals. One side of the rectangle is the river, and we want to build
an electric fence along the other three sides, for which we have 800m
length of electric wire. Find the side of the rectangle for the maximal
area!l What is the maximal area?

4.168. | Find the R radius and the m height of a cylinder with given volume V
such that the surface area of the cylinder is maximal!

4.169. | We should fence a rectangle plantation, which has 216 m? area, then
we should divide the rectangle to two equal parts with a fence parallel
to one of the sides of the rectangle. Find the side of the rectangle such
that the length of the fence is minimal. What is the length of the fence
in this case?
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4.5 Examination of Functions

Let’s assume that f is differentiable on R. Which statement implies

the other?

P: f'(a) =0
P: f/(a) #0
P: f'(z) >0 on (3,5)

(3,5)

4.173.| P: f/(z) >0 on (3,5)

Q: f has a local extremum at a

Q: f has no local extremum in a

Q: f is monotonically increasing on

Q: f is strictly increasing on (3,5)

Let’s assume that f is two times differentiable on R. Which state-

ment implies the other?

P: "(a) > 0
P: f/(a) = 0 and f”(a) > 0
P: f"(a) =0
P: f(a) =0

P 20
P: f/(z) >0 on (3,5)

on (3,5)

Q: f has a local minimum at a

Q: f has a local minimum at a

Q: f has an inflection point at a

Q: f has an inflection point or
local extremum at a

Q: f is convex on (3,5)

Q: f is strictly convex on (3,5)

On which intervals are the following functions monotonically in-
creasing or decreasing? Find the local extremum as well!

(z) = —2* — 3z + 23 f(x):2$3—18x+23

4.182. | f(x)=a* — 42® + 42 + 23
4.183. (CL’) = 2v9 — 12
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fo) = *VE= T oy T

r—2

Find the local extrema of the following functions and the types of
the extremal!

y =2’ —62% + 9z — 4 y=x+sinzx

Analyze the following functions!

(x):x+£ (I):xfé
©)= o @)=y
9= 0=
(f):x2$i1 (x):Ier?Zfl

(:v):%—ﬁ f(m):@

1+

Plot the graphs of the following functions!

(z) =6 — 2z — 22 flx)=a> -3z +3
f(z) = (6 — 2)? fl)=1— 9z — 622 — o
(@) = (x —2)° +1

(@) =1—(z+1)°
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4.6 Elementary Functions

Analyze the following functions!

4.206.

4.208.

4.210.

4.212.

4.214.

4.216.

4.218.

4.220.

4.222,

Find the following values!

4.224.

4.226.

4.228.

4.230.

2?2, neNt
z72", necNt
%/x, neNt
a*, (a>1)
log,z, (a>1)
sinx

arcsinx

. e
sinhx =

arsinh x
In 100
2 2

arcsin —
2

arccos(cos(97))

tan(arctan 100)

4.207.

4.209.

4.211.

4.213.

4.215.

4.217.

4.219.

4.221.

4.223.

4.225.

4.227.

4.229.

4.231.

22+l e Nt
=@t e NT
2n+\1/5’ n € Nt

a*, (0<a<l)
log,z, (0<a<1)

tanx

arctanx

e +e "

hr =
cosnx B

arcosh x

1\~ logs 7
9

arctan(—1)

1
sin | arcsin —

arcsin(sin 3)

Are the following functions periodic? If “yes”, find a period!
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4.232.

4.234.

tan(10x) 4.233. | cot(nx)
.
St 4.235. | cos g + tan g

There are the graphs of some functions below. Find the formulas be-
longing to the graphs!

sinhz, coshz, € e logzz, logysz, In(—x), 23, 73
(a) (b)
(c) (d)
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(e) (f)

\

4.237. | There are the graphs of some functions below. Find the formulas be-
longing to the graphs!

sinx, cos2x, 2sinz, sin(z—2), —cosz, tanz, cotx,

sin?z, |cosz|

(a) (b)

(c) (d)
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() . (f)
— T A IR

4.238. | There are the graphs of some functions below. Find the formulas be-
longing to the graphs!

arcsinz, arccosx, arctanx, arccotzw

sin(arcsinx), arcsin(sinz), tan(arctanz), arctan(tanx)

(a) (b) 1.

(c) (d)

o=
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(e) (f)

1z
/ 2 V
1
7 V4 V
-n 1 1 n -3 -2 -1 1 2 3
La 1a
-1
1.
2

() (h) ]

4.239. | There are the graphs of some functions below. Find the formulas be-
longing to the graphs!

sin(arccosx), arccos(sinz), cos(arcsinz), arcsin(cosz)

tan(arccot x), arccot(tanz), cot(arctanx), arctan(cotz)

(a) (b)

D

of

'

-
A

N
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(c) (d)

1y
2
m : 1
r ' : : 2
-3 -2 -1 of 1 2 3
L,
2
(e) (f)
34
b
24
b 1
gﬂ
1 2 3
_r 1, of 1
2 2

(2) (h) N




Chapter 5

Riemann Integral

5.1 Basic antiderivatives.

1
@ _ a+1 _
/x dz—a+1z +C (a#-1)
1
/fdx:1n|x|+C
x

1
/awdxz—am—i—C (a#1) edr=¢e"+C
Ina

/cosxdm:sinx—l—c

/ 12 drx =tanz + C / r=—cotx +C
cos? x sin? x

sinzdr = —cosz + C

dr = arctanx + C

dax = i C
xr = arcsinx + 1+ 3

=

/coshxdwzsinhx—i—C sinh z dx = coshx + C

dr = arsinhz + C dx = arcoshz + C

1
/ V1+a?
5.2 Rules of integration

— If f and g have primitive functions, then f 4 g and c- f have one, too,

namely
Jevo=[t+[o  [er=c[r

— If F is a primitive function of f, then for all a,b € R, a # 0

/f(al’-i-b —F(az +b)+ C.
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— If f is differentiable and positive everywhere, then

fori(@)
a / — —
/f () f () dx = ] +C (a#-1).
— If f is differentiable and not equal to zero at any point, then
f'(x)
de =1In|f(z)| + C.
o do =l (o)

— Integration by parts:

If f and g are differentiable and fg’ has a primitive function, then f’g
has a primitive function, too, and

/f’g:fg*/fg’~

— Integration by substitution:

If g(x) is differentiable, and the range of g is part of the domain of
f, and f has primitive function there, then the composite function
f(g(2)) - ¢’(z) has a primitive function, and

[ o) g'@)de = Flgto) +,
where F'(y) is one of the primitive functions of f(y).

5.3 The fundamental theorem of calculus (Newton-Leibniz for-
mula). If f is integrable on the closed interval [a, b], has a primitive function
F on the open interval (a,b), and continuous on the closed interval [a, b], then

b
[ t@)de=F ) - Fla),

5.4 Integral transform. If f is continuous on [a,b], g : [¢,d] — [a,b] is
continuously differentiable, and g(¢) = a and g(d) = b, then

b

d
/ f(z) d = / Fa(t)g' () dt.

a
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The advantage of the formula above is that we don’t have to know the inverse
of g, it is enough to determine the points ¢ and d.

5.5 Applications of integration.

— The area below of the graph of a function. If f : [a,0] — R is
integrable and not negative at any points, then the domain

A={(z;y):z € [a,b],0 <y < f(z)}

has an area and

b
t(A):/f(:v)dz.

— Area between two functions. If f and g are integrable functions on
[a,b], and for all z € [a,b] g(x) > f(x), then the domain between the
two graphs

N={(z;y): = €[a,b], f(z) <y < g(x)}

has an area, and
b

HN) = / (9(z) — f(z)) d.

a

— Polar integration: area of a sector-like domain. If the domain S
is bounded by the curve given by the polar equation r = (), ¢ € [a, §]
and by two lines connecting the origin and the endpoints of the curve,
and r(p) is integrable, then S has an area, and

— Length of the function graph. If the function f is continuously
differentiable on [a, b], then the graph of the function has a length, and

b
L:/\/l—i—(f’(x))de.

a

— Volume of a solid of revolution. If f : [a,b] — R is integrable and
not negative at any points, then the solid of revolution

A= (G asr <t o+ 2 < PO)
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has a volume, and

V—ﬂ'/be(x)dx

5.6 Comparison test. If f and g are integrable on every closed and
o)

bounded subinterval of [a, 00), z € [a, 00) implies | f(z)| < g(x), and / g(z)dx

a

[e.e]
is convergent, then / f(x)dz is (absolute) convergent.
a

5.7 Limit comparison test. If f and g are positive and integrable functions
on every bounded and closed subinterval of [a, 00), the limit

im M =
A g(a)

exists and 0 < L < oo, then the improper integrals

7f(:1c) dx and /g(x) dx

a

are both convergent or both divergent.

The criteria of convergence above can be worded for improper integrals on
bounded intervals, too.

5.1 Indefinite Integral

There are functions on the left-hand side column, and their derivatives
on the right-hand side column. Find the corresponding pairs!

3 3

x> —4x, °, x+sinz, tanz, e 7
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(1
@ :
(3 (©
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(4) (D)

-104

Find the following indefinite integrals!
/sin(x+3) dx /(1+x+5x2) dx
/\/x+2 dx /(sinx+cosx)2 dx
1 2x+3
/ wrop @ / e dr

Find the following indefinite integrals by using the basic antideriva-
tives, or linear substitution! Always verify the result by derivation!
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/mg/% /(\/5+;> dz
/Sin2$+3cosxda¢ 5.13. /Qxdx
/e%*?’dx /6_z+3cosgdx

Find the following integrals applying the formulas for the special
/
forms /J; or /f“f’. Always verify the result by derivation!

/x;ild:c 517 ] [utee o

5.18. %dw /x\/ﬁdx
Va?+z

j— [

/(1+x2)1arctanmdm /cozlzgxdx

There are quadratic expressions in the following denominators.
Solve the integrals by partial fraction decomposition or the form

dzx.

l4 .
=, or by using the basic antiderivative formula for / 3

1+
Always verify the result by derivation!

/ﬁdﬁc /ﬁwdm
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3
[eraeo"

/ﬁdf‘
[
e

(s | [r =2
5 dx
2 —2—-6

=N

| eroa=a
5.31. /ﬁd
(20n.) [ e
EEARE= L
IE=G

Integrate the following rational fraction functions!

/ﬁdm

[sa2] [ o

2

r—1
2 _

5.46. /‘” 2 i
z+1

EE) [
22+ 22+ 2

5.41. / 1 dx
3+
x
5.43. [ —
/x2—2x—3dx
(55 ] [252
a:—l
(sar ][22
x3—|—2x
2
/mw

Find the following indefinite integrals using the basic antideriva-
’/
tives recognizing the special forms / j} or / f'f®, or using trigono-

metric formulas! Always verify the results by derivation!

/sin2 xdx / cos? 2z dx
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[Zow (8] [t

sin? 3z —5)

5
5.54. [ — 5.55. /tanx dx
/ COSQ(I _ 1‘) x
(sinz + cosz)? (sinz — cos z)2
5-56. /f‘m - cos? d

sm- T

- /sm 2326—!—1 /mdx
cos

Find the following indefinite integrals by using integration by parts!

/accosxdx /$QSiH1‘dl‘

5.62. /e“C sinz dx 5.63. /Jch_”C dx

/ arctan x dx / x arctan x dx
/xsinhxdz 5.67. /manxdx
/xln /sin 3x - cosdx dx

5.70. | TIs the following integration by parts correct? If yes, then 0 = 17
1
1 1 1 T 1 1
/f —dr=Inx- ——/lnx- 2:” dle—l—/f-—d:r
z Inzx Inz In“z r Inzx
Find the following indefinite integrals by the given substitutions!

/xex2 dz, t = 22
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/x2\/x?>7+1dx,
[
[
(o8] [
BB [

1
et

5.81. /;dl’
(14 22)v1+a?

1
N

T,

)

)

t=Vva3+1
r =sint
x =sin’t
t=cosx
t=tanx
t=2"
t=tanx
T =sint
x =tant
x = sinht
_ z+1
Tz —2

Find the following indefinite integrals by substitutions!

/(2$+ De® t++1 dg /cosx STy

dx
/m
2
A

x
5.86. [ —
/ (z2+1)2 du

Jp—
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2r 13 1
5.89. /de /Cosxd@"

Find the following indefinite integrals!

oy (3] [k
/cos3xsin2mdx [ 5.94. | /ew+ez

/ H% e 5.96. / sin(e? + 1) do
/ﬁdz /lnxdx
/1n(a:2+1)dx /mm
[
/2xsin(x2+1)dx /e*3“f—2sin(3x—2)dx
/(2x+2)(a¢2+2x)222 dz /cotxd$

/\/de
/ﬁdw /x21nxdx
/(ﬁm)mm /(3<‘/E+2) da
/sinx-cos?’ooomdx /xﬁmdx

/3*2%@ /ﬂdx
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5.117. /cosx.esi”dx 5.118. /COS Ld

sin® z
5 119. / dz 5.120. /COS L d
sin xcos4 sin® x

/cosl4xd$ /cosxsinQ:cda;

5.2 Definite Integral

5.123. | Decide whether the given points are a partition of the interval [—2, 4]

according to the definition of Riemann integral? If yes, find the norm
of the partition!
1
(a) xg=-2,21 =—-1,29=0,23 = 5024 =4
(b) o = *1,331 = Q,IQ =4
(c) zo=—-2,21 =4
1 1
(d) zo=-2,z1=x0+ L, zo =21+ =,...,2, :$”’1+g

2
(e) 1‘0:—2,I1 :—1,5,LE2:3,$3:4

5.124. | Are the following partitions refinements of each other in the interval

[—2,4]?
(a) F={-2;-1; 0; 4} b ={-2;,-1;0; %;3;4}
(b) F={-2; -1.5; 3; 4} b ={-2;-1;0;3;4}

Find the lower and the upper Riemann sums of the following func-
tion with the given partition of the interval [—2, 4]!

o-{inred  emrzin)

2, ®={-2,-1,0,4} 22, & ={-2,4}
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[x], b = {—2, —170,4} [l‘], ¢ = {_27 17574}

5.130. | Find the sets of the lower and upper Riemann sums of the function

. 1
01f0§x<§
f(z) =
1'f1< <1
i 273:7

in the interval [0,1]. Give the supremum of the lower sums, and the
infimum of the upper sums!

Are the following functions Riemann integrable on the given I in-
tervals?

(@=5 1=[01] (W)=—4 I=(-12)

5.133.| f(z)=[2] I=[2,4] |5134.| f(z)=|z| I=[-21]
1
—ifz#0
5.135.| f(z)={" I1=10,1]
0ifx=0
1if
5.136.| D)= 1TEQ 13y
0Oifz¢Q
rifzeQ
5.137. - I=[3,5
R AL
Prove that if for all € [a,b] imply that m < f(z) < M, and f is

integrable on [a, b], then

b
m(b—a) S/f(x)deM(b—a).
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5.139.

Prove that if for all = € [a,b] imply that f(z) < g(z), and f and g are
integrable on [a, b], then

b

/bf(:n) dxg/g(gc)dm

Prove the following inequalities!

5.144.

2
0</z2+6xdx<l 5.141. 1</\/lnx+0 2dx <2
1

Let

f(t) =sgnt and G(x /f (x > —6).

Find the values of G(—4), G(0), G(1), G(6)! Find the derivative of G(z).

Let

x

and G(z) = /f(t) dt (x>0).

0

. 1
) = 11ft:E(n€N+)

0 otherwise

Find the functions G(z) and G'(z).

Can the function sgnz be the integral function of any functions on
[—1,1]? Has the function sgnz got a primitive function on (—1,1)?

Let

2 / :
Fla) = x.lfx;éO and g(x) = F.(x)lfx;éO
Oifz=0 lifx=0

Does the function g have a primitive function? Is ¢ integrable? Is g
differentiable?
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Find the limits of the following sequences!

5.146.

5.147.

5.148.

5.149.

5.150.

5.151.

5.152.

5.153.

5.154.

1 .2 .n
sin — +sin — + -+ -+ sin —
n n

lim n

n— o0 n

iy VI+V24--+vn
n—oo n\/ﬁ

31 32 3
i VI+924+--+n

n—00 n\s/ﬁ

lim Z (ln vn+1i—In C/ﬁ)
Let f be a bounded function on [0, 1], and assume that

ORGEG

n—o0 n

= 5.

1

Does it imply that f is integrable on [0, 1], and /f(x) dr =57
0

Which statement implies the other?

P: f is integrable on [a, ). Q: |f]| is integrable on [a, b].

Find the derivative of

1
22sin — if £ £ 0

x
0Oifz=0

Gz) =
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Using this result prove that the function

1
cos—ifx #0

x
Oifx=0

fz) =

has a primitive function!

5.155. | We know that the function

1
cos— ifx#0
x
0Oifz=0

has a primitive function. Can the function

1
cos— ifx#0
x
lifx=0

g(x) =

have a primitive function?

Find the derivatives of the following functions!

z cosh x
1 1
5.156. | H(z)= | — dt. . . — =
o [ ) - | e
2 2
Find the following limits!
1 T 1 I cosh z
. nx nx 1
5.158. | lim — | — dt . . im — el
Jm S 5150.] tm 25 [
2 2

Let f be integrable on [—a,a]. Prove that if f is

even, then /f(x) dr = 2/f(17) dz,
e 0
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odd, then /f(x) dx = 0.

Calculate the following definite integrals!

n 4
/sinxd:r 5.165. /xQInwdx
0 3

2% dx 5.163. 45546 g

O,
B—

3
dpded — 2041
sin? z dx 5.167. /337 A T dx
)

2 +1

|
Y ~—c

Calculate the following definite integrals by applying the given sub-
stitutions!

V3/2

/ \/1:6_27(11", T =sint

1/2
5

[a*Vat s Tde, 1= ot e
2

Calculate the following definite integrals by substitutions!

1

2
/%d:ﬁ /arctanx-\/fdm
1

0

/2

2
2x
/Htﬁdf‘; 1/1151‘”

/6
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2
5.174. | Calculate the integral /Sin9 z-e” dr.
)

5.3 Applications of the Integration

5.175. | Find the area below the graph of the function —22 + 3.

5.176. | Find the area below one “hump” of the graph of the function sin® z.

Find the area between the graphs of f and g.
5.177. | f(z) = 22, g(x) = —x+2
5.178. (1‘) = —1‘2 + Qx’ g(x) = —z

5.179. (x) =V1— a2 g(z) =0

5.180. (x) = V1— a2 g(z) = -z

Find the area between the curves!

5.181. | the z axis, the graph of Inz and the line z = e
5.182. | the x axis, the graph of tanx and the line x = 7 /4
5.183. | the y axis, the graph of 22 and the line y = 3

5.184. | the y axis, the graph of e* and the line y =5

1 2
5.185. | the graph of 152 and the graph of %

5.186. | the graph of 22, the line y = = and the line y = —x + 1

5.187. | the graph of 22, the graph of 222 and the line y = x
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1
5.188. | the graph of —, the line y = z and the line y = —2z + 4.5
x

5.189. | Prove that the segment of the parabola on the figure given below, which
2
has height m, and chord h, has the area T' = gmh.

Find the area bounded by the following curves given with polar

coordinates!
5.190. T = COS @ 5.191. r = COS 2@
1 s
5.192. r = (305350 5.193. r= -1 0< "2 < 5
1+ 5 cos ¢

Rotate the graphs of the following functions around the z-axis!
Find the volume of the solids of revolution!

e I=1[0,1] Vi I=[0,1]
sinz I =10,7] % I'=1,4]

Rotate the graphs of the following functions around the y-axis!
Find the volume of the solids of revolution!

— i eeb
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sinz € [0,7/2] % z € [1,4]

Rotate the graphs of f and g around the z-axis on the inter-
vals [x1,x2], then calculate the volume of the solids of revolution
bounded by the rotated graphs and the planes * = x; and © = x5.

5.202. | f(z)=—22+4 g(x) = —222+38 T =-2 x9=2
5.203. | f(z)=sinx g(z) = —4at +4 =0 z2=1
1
5.204. f(m) = e g(:L') = — 1 =1 x9=2
x
5.205. () =Inz g(z) = coshz =1 22=2

Find the arc length of the graph of the following functions on the
given intervals!

vz, I1=00,1] nz, I=[35
coshz, I=[-1,1] 5.209. | 232 [ =10,4]

Find the displacement of the mass-point moving along a line in the
given time intervals, if the velocity-time function of the point is

5.210. | w(t) =52 te[0,2] |5.211.| v(t)=3sin2t ¢t e [0,2q]

A mass-point is moved on the x-axes from the point x; to the
point x5 by the force F(x) codirectional with the z-axis. What is
the work of the force?

Flz) =2z, |12 = [0,2]
F(x) =3sinz, [1,22] = [0, /4]

There is a 1 m length rod on the x-axis with its left endpoint at
the origin. What is the mass of the rod, if its density at distance
x from the origin is o(x)?
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2
5.214. | o(x)=2+=z 5.215. | o(x) =2+ 1“;00

5.216. | Find the centers of mass of the rods in the previous problem!

5.217. | Find the moment of inertia around the y-axis of the rods in the previous
problems!

5.218. | How much is needed to move an electric charge ¢ on the z-axis from
the point xg to the point 2xg, if there is a fixed electric charge @) at the
origin?

5.219. | There is a rod with length [, mass m on the z-axis with left endpoint
at the origin. What is the force between the rod and a mass point M
at the point (0,yo)?

5.4 Improper integral

(o)
1
5.220. | For which value of c is the improper integral / — dx convergent?
x
1

1
1
5.221. | For what c is the improper integral / — dx convergent?
x
0

o0
5.222. | Which statement implies that the improper integral [ f(z)dz is con-
1

o0
vergent? Which statement implies that the improper integral [ f(z) dz
1

is divergent?
1 1
(@) Voe o) [f@) <=5 (b) f@)>

(@ Veelloo) f@I>1 (@) Veelo) [f@)<,

Are the following improper integrals convergent? If yes, find the
value of the integrals!
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[z =
3 0

E IE
2 0

Al Ik
0

(5229, /m (5230, /m

W /atlnm m /zlnx
[+ /lzj_“ﬁ
! 0

1 1
0/\/% /Olnxdx

/2

/tanxdm @ /1+z2

0

Which of the following integrals are convergent, absolute conver-
gent or divergent?

[e9) 1
L. () [
1 0

i
) [ ) [

z In? :v
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+o0 5 +oo
5.243. /ﬁ_”imdx /%dw
0 1
o .
5.245. 1/;+xdx /%
0
/2 oo
5.247. / dx / e dz
) ST 0

o0 o0
COS & Inz
5.249. / 5 de 5.250. /?daﬁ
1 1
o0 o0
5.251. /xe—ﬂf dx 5.252. /x%—wz dz
0 0

—+o0

[

1

o\—é—
&w‘ %

5.253.




Chapter 6

Numerical Series

6.1 Convergence criteria.

oo

— If the sum Z a,, is convergent, then a, — 0.

n=1

(o)
— Cauchy convergence test for series. The sum E an is convergent

n=1

if and only if

m

Zak <e

Ve > 0 dng Vn,m (nogngmz
k=n

— Direct comparison test. If n € NT implies |a,| < b, excopt for

finitely many n and the sum Z b,, is convergent, then the sum Z an

n=1 n=1
is absolute convergent.

o oo
— Limit comparison test. If the terms of the sums Z a, and Z by,
n=1 n=1

.- . A . a
are positive, and there exists the limit lim — = cand 0 < ¢ < oo,
n—oo n

then the two series are both convergent or both divergent.

— Ratio test. If the limit hm |an 1]

exists and equals to ¢, then ¢ < 1

implies that Z an is absolute convergent, ¢ > 1 implies that the it is
n=1

divergent. In case of ¢ = 1 the ratio test is inconclusive, and the series

may converge or diverge.
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— Root test. If the limit lim 3/|a,| exists and equal to ¢, then ¢ < 1
n—oo

o0
implies that Z an, is absolute convergent, ¢ > 1 implies that the series

n=1
is divergent. If ¢ = 1, the root test is inconclusive, and the series may
converge or diverge.

— Integral test. If f is a monotonically decreasing function on the half-
[e)

line [1,00), then the infinite series Z f(n) and the improper integral

n=1

oo
/ f(z) dz are both convergent or both divergent.
1

[e.e]
— Leibniz’s test or alternating series test. The sum Z(—l)"an is
n=1
a Leibniz-sum, if the sequence (a,,) decreases monotonically to zero.
The Leibniz-sums are convergent.

6.1 Convergence of Numerical Series

Write down the nth partial sum of the following series! Find the
limits of the partial sums! Find the sums of the series!

H%(ﬁﬁ*"*ﬁ*”

SR P
i+ﬁ+m+(3k72)%(3k+1)+m
A P

Find the sum of the following series, if they are convergent!
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M8 ||M8 \i\MS

6.10.

6.12.

6.14.

!

6.1

6.16.

W~
3

6

n

57L

5|
Ne)
3

TL

6.11. i (=2)"

n=1 4" + 57 n=1 o
n e n

in 6.13. | > 4 -
=1 10 n=1 (_3)

o0
Is the series Z(—l)” convergent?

n=1
o0
Prove that if Z an, is convergent, then lim a, = 0 (see the criteria of
el n—oo

convergence about the terms converge to 0).

Prove that the harmonic series Z — is divergent!
n

n=1

Can the convergence or the sum of an infinite series change, if we

6.17.

® ®
iy
¢ %

19

6.20.

insert some new parentheses into the series?
eliminate some parentheses from the series?
insert finitely many new terms into the series?

delete finitely many terms from the series?

Are the following statements true?

6.21.

oo
If a,, — 0, then Z a, is convergent.

n=1
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6.22. | If Z an is convergent, then a,, — 0.

n=1

oo
6.23. | If a, — 1, then Z ay, is divergent.

n=1

o0
6.24. | If Z an, is divergent, then a, — 1.

n=1

What are the limits of the sequences of the terms of the following
series? Are these series convergent?

=1 =1
6.25. E 6.26. E -
n+1 n?

n=1 n=1
6.27. EOO ; 6.28. EOO 3
n=1 n+ Tl2 n=1 Tl2

6.29.

=01
6.30. 27

NE
g~

3
Il
—
3
Il
-

31, 6.32.

]2
§H
NE
<[~

3
Il
-

6.33. ; 00T 6.34. z::l 7
oo o0
Zsin(mr) 6.36. Zcos(mr)
n=1 n=1

oo
6.37. | Prove that if for all positive integers n a,, > 0, a,, < b,, < ¢, Z an =17
n=1
o0 o0
and Z ¢, = 10, then Z by, is convergent!
n=1 n=1
o0
6.38. | Prove that if for all positive integers n a,, > 0, then Z ay, is convergent

n=1

or equals to infinity.
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oo

6.39. | Let’s assume that Z ay, is convergent, and that for all positive integers

n=1 -
n b, < a,. Does it imply that Z by, is convergent?
n=1
oo
6.40. | Let’s assume that Z ay is divergent, and that for all integers n b, >
n=1

o0
an. Does it imply that Z by, is divergent?

n=1

6.2 Convergence Tests for Series with Pos-
itive Terms

Decide whether the following series are convergent by applying the
ratio test!

[e) oo
o) o0

Let’s assume that for all positive integers n a,, > 0. What can we say

o0

about the convergence of Z a, for sure, if

n=1

(a) hm% >1, (b) lim% <1, () lim% =17

n n n

Decide whether the following series are convergent by applying the
ratio test!

o) 2
o) 32 g

n=1 n=
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[oas.] > " oy

6.50. | Let’s assume that for all positive integers n a,, > 0. What can we say
(o)

about the convergence of Z a,, for sure, if

n=1

(a) lim /a, >1 (b) lim ¢/a, <1 (¢) lim /a, =1

Decide whether the following series are convergent by applying the
root test!

sy [os2] 3 20
S sl

i

6.55. | Let’s assume that b, # 0 (n = 1,2,3,...), and lim n _ oo
n—o0 by,
oo

What can we say about the convergence of Z a, for sure, if

n=1

(a) Z b, is convergent. (b) Z b, is divergent.
n=1 n=1
6.56. | Let’s assume that b, #0 (n=1,2,3,...), and lim Z—" = 0. What

n—oo n
oo

can we say about the convergence of E a, for sure, if

n=1

(a) Z by, is convergent. (b) Z by, is divergent.
n=1 n=1
6.57. | Let’s assume that b, #0 (n=1,2,3,...), and lim 9 _ 5o, What

n—oo n
o]

can we say about the convergence of E an, for sure, if

n=1



6. NUMERICAL SERIES 123 U

(a) Z b, is convergent. (b) Z b, is divergent.

n=1 n=1

Decide whether the following series are convergent by applying the
limit comparison test!

6.58.

o 7 +4
> v > 2

n=1 n=1
> v g

Let’s assume that /f(a;) dx = 5. Does it imply that Zf(n) =
n=2
57

oo
Let’s assume that the improper integral / f(z) dz is convergent. Does
1

oo
it imply that Z f(n) is convergent?

n=2

Let’s assume that f(z) > 0, and f(x) is monotonically decreasing on
(1,00), and
o0

/f(z) dr = 5. Does it imply that Z f(n) =
1 n=2

Let’s assume that f(z) > 0, f(x) is monotonically decreasing on (1, 00),

and the improper integral / f(z) dz is convergent. Does it imply that
1

[e)
Z f(n) is convergent?
n=2

Decide whether the following series are convergent by applying the
integral test!
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|
- ;nlnn

=1
P
n=2

Decide whether the following series are convergent!

> 1
6.68. Zn—i-\/ﬁ

n=1
6.70. i(_m;ﬁ
n=1
o 2
6.72. ;37

6.76. ;(3)

6.78

]
—

3|8
<

6.80. i Jj

n=1

o0 N 1 n
S ()

> +200\"
6.84. Z;(’;H?)

6.8

!
Nk
)
3
L+
w
3

6.88. i (;)n

6.71.

6.73.

®
J

5

o
J
X

*
J

9

6.81.

[=2]
[00]
(94

[=2]

S o S
0
X ot ¢

8

6.89.
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3
RS
—
+
| =
N———
I :
© =}
w -
(]
N
—
+
S
N———
3

n=1 n=1
o0 3 oo

604 | 3 HLS 6.95. | S (-1)"———
n=1 3 n=1 n?+1
o0 oo

(]
3
=
_l’_
=
=]
g

(]
d
_|_

|
3

oo o0

6.98. | Let’s assume that Z a, = A€ R and Z b, = B € R, and c is a real
n=1 n=1

number. Does it imply the following statements?

(a) Zc-an:c~A (b) Z(anern):AJrB

n=1 n=1

(€) > (an—by)=A-B (d) > (anbn) = AB

@Y ji=g 0r0 O L=l

n=1 "
6.3 Conditional and Absolute Converge

Is that true that if the terms are alternating in a series, then the series
is convergent?

6.100. | Is that true that if the sequence of the terms of an infinite series is
monotonically decreasing, then the series is convergent?

6.101. | Ts that true that if the terms of a series are alternating, and the sequence
of the absolute values of the terms is monotonically decreasing, then
the series is convergent?
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6.102.

6.103.

Is that true that if the sequence of the terms of an infinite series mono-
tonically decreasingly converges converges to 0, then the series is con-
vergent?

Is that true that if the terms of a series are alternating, and the sequence
of the absolute values of the terms converges to 0, then the series is
convergent?

Which series are Leibniz series? Which series are convergent?

6.104.

6.105.

6.106.

6.107.

6.108.

6.109.

SR
2 3 4
SRR
3 5 7
NS U DR S
1-3 35 5-7
SRR
2 4 8
S NS R D
Vit
NS U SR B
2:3 4-9 8-27

Are the following series convergent? Are the following series abso-
lute convergent?

6.110.

6.112.

6.114.

6.116.

L [6111] 3oy

n=1 n=1

> (-3) D

n=1 n=1

> L1 = N 1

2 (Vg 2V
> [o17] S

n=1 n=1
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o] S S
n=1 n=1

> sinn > (sinn)?

6.122. | Can the convergence or the sum of an infinite series with positive terms
change, if
(a) we insert some new parentheses into the series?
(b) we delete some parentheses from the series?

(c) we rearrange the sequence of the terms?



Chapter 7

Sequences of Functions and
Function Series

7.1 Properties of uniform convergence.

— Continuity. The limit function of a uniformly convergent sequence of
continuous functions is continuous.

— Differentiability. If a sequence of differentiable functions f,, converges

pointwise to f, and f] converges uniformly to the function g on the

interval (a,b), then f is differentiable on (a,b) and f’' = g, that is

tim_f;, = tim fn)' Y

n—oo

— Integrability. If a sequence of integrable functions f, converges uni-
formly to the function f on the interval [a, b], then f is integrable, and

b b

lim [ fo(z) d$=/(n1LII;ofn($)> dxz/bf(x) dz.

n—00
a a
7.2 Weierstrass criterium for the uniform convergence. If the func-

oo
tion series E fn(x) has a convergent numerical majorant on the set H,
n=1

that is, there is a sequence (M,,) such that for all n € N and © € H implies
that

[fn(z)| < M, and ZMn < 00,

n=1
o
then the function series Z fn(x) is absolute and uniformly convergent on
n=1

H.
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7.3 Range of the convergence of power series.
oo

— The range of convergence of the power series Z an(x—c)™ is an interval
n=0
which (perhaps except the endpoints) is symmetric to the center of the
power series c.

The theorem above includes the cases in which the range of convergence
is the whole number line, or only the point c.

— Radius of convergence. If limsup {/|a,| = L or lim sup |21 =1L

|an| ’

then the radius of convergence is

1
7 fo< L <o

R=¢ o ifL=0

0, if L=c0

— The convergence of a power series is uniform on any closed interval in
the interior of the range of convergence, therefore the power series can
be integrated and derived by terms.

7.4 If f is differentiable any times at point ¢, then we call the power series

> £(n) (e

Taylor series of the function f around the point ¢, and the coefficients

F"(c)

n!

Ap =

are called Taylor coefficients.

7.5 Lagrange-form of the reminder. Let f be differentiable n + 1 times
on the interval [c, z]. Then there is a number d € (¢, z) such that

n (. (n+1)
=3 F e o+ e o

If f is differentiable n + 1 times on [z, ¢, then there is a number d € (z,¢)
such that the equation above holds.
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7.6 A function with uniformly bounded derivatives is equal to its Taylor
series, that is f is differentiable on (a,b) at any times, and there is a number

M such that for any n € Nand z € (a,b) ‘f(”)(ac)’ < M, then for all ¢ € (a,b),

the Taylor series around c equals the function on the whole interval (a,b).

7.7 Taylor series of common functions.

oo ‘Z‘n
T __
=3 ol
n=0
S 2n+1
n T
sinx = Z(—l) Gn 1)
n=0
if x € R;
oo x2n+1
sinh x Z 2nt 1!
n=0
if x e Ry
1 .
-z Zx
n=0
i xn+1
In(1+z)=">» (-1)"
= n+1
if |z] < 1;

7.8 Fourier series.

ifx € R;
> 2n
T
cosT = Z(— )"
n=0 (271)'
if x € R;
> xZn
coshx = Z
|
= (2n)
if x € R;

if |x| < 1 ( Geometric series);

S 1.2n+1
arctanx = E (="
o 2n+1

if || < 1.

— If f: R — R is periodic with period 27, and the function is integrable
on [0, 27], then the trigonometric series

ag + Z(an cosnx + by, sinnx)

n=1

is called Fourier series of the function f, where

27

0= [ f@)d

2
0

27
1
ap = f/f(ac)cosnxda:,
™
0

2m
1
by, = f/f(x)sinnxdw
™
0
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are the Fourier coefficients of f.

oo
— Cantor’s theorem. If f(z) = ao—i—Z(an cosnz+b, sinnz) on [0, 27,
n=1
then the coefficient ag, a, ASs b, are defined uniquely, that is, a func-
tion has only one Fourier series. If the convergence is uniform, then
f(z) is continuous, and it is the Fourier series of the function f.

— Pointwise convergence. If f is periodic with period 27, and f is
piecewise continuously differentiable, then the Fourier series of f is
convergent everywhere, and it is equal to f at the points where f is
continuous, and the Fourier series equals to the arithmetic mean of the
left-hand side and right-hand side limits at the points where f is not
continuous, that is, for all z € R

Jt) + f@)

o0
ao + Z(an cosnx + b, sinnx) = 5

n=1

7.1 Pointwise and Uniform Convergence

Where are the following function sequences convergent, and what
are their pointwise limits? On which intervals are the convergences
uniform?

fulw) = 72 ] ) —an gl
fa(@) :% 74| fole) = i”
fala) = V/1+a% 76. | fu(x) = V]
falz) =z + -
o) = 5 700, ] fy(0) = sin?

1, if 1 1if0< <1
A AR S (S IV AR S

0, otherwise 0 otherwise

j

7 fn(2) = m2+ﬁ
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Which statement implies the other?

7.13.

7.14.

X
iy
®

N
—
Qo

3 X
-
; a

7.19.

7.20.

7.21.

P: Vz € [a,b] li_>m folz) =5 Q:VneN 1i_{n fo(z) =5

P: Vz € [a,}] nlgr()lofn(x) = f(z) Q: Vz € [a,b] nll)rr;o(fn(at) —
f(@))=0

P: f, is pointwisely convergent on I. Q: f, is uniformly convergent on
1.

Prove that the sequence f,,(x) = cos nz is convergent at the points x =
2km  (xz € Z). Is the sequence convergent at points = kr  (x € Z)?

Give 3 different examples of sequences of functions such that all of three
sequences converge to the constant function 5 on [0, 1].

Are there any sequences of functions such that they converge to the
constant function 5 on [0, 1], and any functions of the sequence are not
continuous on [0, 1]?

Give an example of a sequence of functions such that every term is
discontinuous at every point of [0, 1], but the sequence of functions
converges uniformly to a continuous function on [0, 1].

Give an example of a sequence of functions such that all terms are
continuous at every point, and the sequence converges to

f(x){1 ifz=5

0 otherwise
Can the convergence be uniform?

Give 3 different sequences of functions such that all 3 sequences con-
verge uniformly to the Dirichlet-function

D) = {1 ifzeQ

0 otherwise

on [0, 1]. Can all of the terms of the sequence be continuous functions?
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7.22. | Let fu(x) = n?(z""! — 2™). Prove that

(a) Vz €10,1] Jim fu(z) =0

(b) lim_ [ f.(a) do £ 0
0

(c) fn does not converge uniformly to the constant function 0 on [0, 1].

1
7.23. | Let fu(x) = /2% + —. Prove that
n

(a) Yn  f,(z) is differentiable at 0.
(b) lim f,(z) = ||

(¢) fn converges uniformly to |z|.
(d) |z| is not differentiable at 0.

What is the limit function of f,(z) = 2™ — 2™ on [0,1]? Is the

convergence uniform?

Prove that the following function series are uniformly convergent
by applying the Weierstrass criterium, that is, find a convergent
numerical series of whose terms are larger than the absolute values
of the terms of the function series!

> 1 1 .
Zlm Zlﬁsm"ac
n= n=

Are the following function series convergent or uniformly conver-
gent on R?

> DEEE
n= o

f:l x(4_i);n f:l (arctan(n + 1)z — arctan (nz))
n= —

> S
n= —




7. SEQUENCES OF FUNCTIONS AND FUNCTION SERIES 134 U

ad 1 =\ sinnz
7.33. R 7.34.
2 T (P 2
n=1 n=1
) o >
= nl 4 2n = xn
n=1 n=1
%) .’]J4 %) (_1)71
7.37. I — 7.38.
Z::1 xt 4 2n ngl 26 4 3n

oo
7.39. | Where is the function series Y. a™ convergent? Is the convergence
X n=1
uniform at the range of convergence?

sin(2n — )z,
7.40. | Is Z —on_1 uniformly convergent?
7 —

n=1

7.2 Power Series, Taylor Series

(o)
7.41. | Is the power series Z(Q” + 3™)z™ convergent at the points x =

n=0

, x=17

For what x are the following series convergent?

ZZA S
n n
n=0 n=1
Jo%e) 2
i) 5 (12 1) e S
n=1 n n=1
el n o0 n
7.46. r 7.47. T

Find the radius of convergence of the following power series!
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7.48. Z n2zn
n=0

=
g 103?" (@ —2)" 7.51. 2 %(x —3)"
7.52. ,i QEJ;" 7.53. g‘:(w +4)"
7.56 nf:l (@ +7)" 7.57. nil %
7.58 nil %ﬂ 7.59. g Qn;?’n "
7.62. nil 2n " 7.63. g(_wﬂf/;
7.64. ni) 21212)2' " 7.65. 7271!30"

Are the followi

(0]

0,3

n=0

ng statements true?

0,3
7.66. / (Z x") dr = Z / " dx
n=1 \_p,2

—-0,2

-2

7.68. Vr e R (

3

" dx

—

—2

[ee]

!
1 n+ _
Zn—i—lx ) T l-—z

-
[

n=0
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=1 ' 1
7.69. | V]z| <1 ( $n+1> _

n+1 1—=x

n=0

Find the radius of convergence for the following power series! Find
the sum function in the range of convergence!

7.70. 1+1‘+x2+1‘3+... 17x+x2f1'3+‘..

2 3

7.72. x+%+%+... 773 | 1—a? 4t — a4 ad— ..
$3 335 2 3

7.74. x+§+€+... 7.75. | z4+222+323+---

Where are the following power series convergent? Give the sum

functions!
i(sin:v)" i(l“‘xQ)n
n=0 n=1

o0

Zl(o,l—FO,lQCOSQl‘) 212"155"

Find the radius of convergence and the sum of the following power
series!

o= S S
n=1
o) =

:02n+1

M

3
Il
-

n(n+ 1)z" 7.85.

WK

1

3
Il

Give Taylor series of the following function around a = 0. Find the
intervals of convergence! Is the sum equal to the function?
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Q]
8

7.86 7.87. | 2
7.88. | ¢ ® 7.89. | 7’
7.90. sinh = 7.91. cosh x

1 1
e -
7.96. | In(1+2) 7.97. | arctanz
1
™98 ) 5 f(x):ﬁ

7.100. | sinzx 7.101. | cosz

7.102. sin(Zx) 7.103. coS T

7.104. | sin’z 7.105. | cos?z

V)

Let the function f : R — R be differentiable any times at 0. Are
the following statements true? Always justify your answers!

7.106. | f has always a Taylor series.
7.107. | The Taylor series of f is convergent at all real x.

7.108. | If the Taylor series of f is convergent at xg, then the sum of the Taylor
series at this point is f(zo).

o0
7.109. | If > a,a™ is equal to the function f, then this power series is the
n=0

Taylor series of f.
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7.110.

7.111.

7.112.

7.113.

7.114.

7.115.

If the Taylor series of f(z) is > a,a™, then for all real 3 a,z™ =
n=0 n=0
f(z).

Calculate the values of sin 1 and e with precision 1072.

. L R ; Lo
Flndthesum1—74—1—&4—---4—(—1) @) +...

o 3k
Prove that the function f(z) = Z 3h)! satisfies the equation f"'(x) =

k=0
f(z).
Write down the Taylor series of f(z) = / e~ dt. Calculate the value

0
1

of / e~ dz with two-digit precision!
0

Prove that the number e is irrational!

Find the derivatives at « = 0.

7.116.

7.118.

7.120.

7.121.

7.122.

< 1 >(135) <612>(136)
1

— X

(arctan .’,U)(356) 7.119. (arctan [1]')(357)

Write down the third Taylor polynomial of f(z) = tanx at 0.

The function sin x is approximated by x in the law about the movement
of pendulum. What can the error at most be if the amplitude is at most
5° < 0.1 radian?

How many terms of the Taylor series of sinx should we add such that
the error is less than 107° if || < 0.17
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7.123. | How many terms of the Taylor series of sinz should we add such that
the error is less than 1072, if z < 1 < %(z 60°)?

7.124. | Write down the power series of the function f(z) = 2% +x + 1

(a) around 0; (b) around 1.

1
24x

7.125. | Write down the power series of the function f(z) =

(a) around 0; (b) around 1.

7.3 'Trigonometric Series, Fourier Series

Write down the Fourier series of the following functions!

sin? x cos®

Find the Fourier series of the functions on the interval (—m, 7).

7.128. (x) =sgnz —T<xr<T
1 f0<z<nm
7.129. =
- (z) {0 if —m<z<0
7.130. (z) = |sgnz| —r<z<m

The three functions above are equal on the interval (0, 7).

7.131. (v) ==z —T<r<T
7.132. (x) = |z| —nT<x<T

The two functions above are equal on the interval (0, 7).

22 if0<z<n
7.133. (x)—{ 2?2 if —7r<z<0
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7.134. | Let f(z) be the periodic function with period 27 such that f(z) =
L_x, if x € (0,27) and f(0) = 0. This function is called sawtooth

function as well.

(a) Find the Fourier series of f(z) on the open interval (0, 2m).

1
2n+1°

(b) Find the sum Z(—l)”
n=0

7.135. | Let f be the periodic function with period 27 such that f(z) = z? if

x € [—m,m].
(a) Find the Fourier series of f(z) on [—7,n].

— 1
(b) Find the sum Z —-
n

n=1

We plotted the graphs of some functions from the previous prob-
lems, and their 10th (in one case 5th) Fourier approximations.
What are these functions?
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-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
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Find the Fourier series of the following functions on (—m, m)

7.142. | e 7.143. | ¢2®

7.144. sinh = 7.145. sinh 3z

7.146. | coshz 7.147. | cosh4z



Chapter 8

Differentiation of Multivari-
able Functions

8.1 Topology of the Euclidean Space

— The set G C R” is open if and only if the set does not contain any of
its boundary points.

— The following statements are equivalent for the set ' C R™:

- The set F' is closed.
- F contains all of its boundary points.

- A sequence cannot “converge out” from F':
{pn:neN}CF, if p, —p, thenp € F.

— The following statements are equivalent for the set K C R™:

- The set K is compact.
- The set K is bounded and closed.

- For all sequences in K there is a subsequence which converges to
a point in K.

8.2 Multivariable Bolzano-Weierstrass theorem. Every bounded se-
quence of points has a convergent subsequence.

8.3 Multivariable Weierstrass theorem. The image of a compact set is
compact. Especially, if a function is continuous on a compact set, then the
function has a minimum and a maximum.

8.4 Multivariable Bolzano’s theorem. If a function is continuous on a
connected set, then its image is connected, as well.

8.5 Multivariable derivative.

— If f is (totally) differentiable at the point p, then the function is contin-
uous at this point, all of its partial derivatives exist, and the coordinates
of the derivative are the partial derivatives.
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— If the partial derivatives of f exist on a neighbourhood of point p, and
they are continuous at p (continuously differentiable at p ), then
f is differentiable at p.

— If f is (totally) differentiable at p, then it is differentiable at all v # 0
directions, and

2 f(p) = ﬁv “grad f(p).

The consequence of this:

mac{ | 1(0)| s 1v1 =1} = erad £

— If f : R™ — R is differentiable at p, then its graph has a tangent
hyperplane on the point p, and the equation of the tangent plane is

y=f(p)+gradf-(x —p).

8.6 Young’s theorem. If the n-variable function f is two times continu-
ously differentiable on a neighbourhood of point p, then for all 1 <4i,j <n

frw,(P) = f2w,(P)

8.7 Multivariable extrema.

— If the n-variable function f : R™ — R has a local extremum at the p
inner point of its domain, and the partial derivatives exist at p, then

grad f(p) =0.

— Let’s assume that the function f : R™ — R is twice continuously differ-
entiable at point p, and grad f(p) = 0. Let’s denote by H the sym-
metrical Hessian matrix consisting of the second order partial deriva-
tives of f at the point p, and the quadratic formula belonging to H is
Q(x) =x - Hx. In this case

- if @ is positive definite, then there is a local minimum at p;

- if @ is negative definite, then there is a local maximum at p;

- if @ is indefinite, there is no local extremum at (but is a saddle
point) p;

- if @ is semidefinite, then this test is inconclusive at p.
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Especially for two-variable functions if

1" 1
Tx Ty

D =detH =
i 1
yr  Jyy

is the determinant of the Hessian matrix at point p, then

- there is a minimum if D > 0 and . > 0;
- there is a maximum if D > 0 and f, < 0;
- there is no local extremum if D < 0;

- this test is inconclusive if D = 0.

8.8 Conditional extrema, Lagrange-multiplier.
If the function f : R®™ — R has a local extremum at point a subject to the
constraints

ge(x)=0, k=1,2,...,p,

then there are Aq, Ao, ..., A, real numbers such that

if(a)—l—i)\ 0 (a)=0, i=1,2 n
axi P kaxigk - Ty Sy ey Il

8.1 Basic Topological Concepts

Find the distance of the given points!
. | p,aeR?® p=(-13) q=(5-4)
p,q ERS p:(_1a3a5) q:(5a_470)

3 pP.q eR" p:(p17p2a"'pn) q:(thIz,---CIn)

4 Write down the inequality defining the points of the (open) sphere in

R¥ whose center is the origin, and its radius is 1, where k = 1,2, 3, n.

Write down the inequality defining the points of the (open) sphere in R*
whose center is the origin, and its radius is r, where k = 1,2, 3, n.
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Plot the following sets, find the interior, the exterior and the
boundary points, and decide which sets are closed, which ones are
open, and which ones are bounded!

- {heR:-3<h<5}
(o) € R a2 442 = 1)

{(z,y) e R?: 1 < 2?2 +y% < 4}

{(z,y) e R?: =3 <z < 5}
8.10. | {(z,y) € R?: 22+ y% >4}
811. | {(z,y) €R2: 1< z,y<1}
8.12. | {(x,y) € R?: 224+ y% >0}

8.13. | {(x,y) € R?:2? +y? < —4}

Which of the following sets are open, closed, both open and closed,
neither open nor closed? Give the reasons for all answers! Note
that * and y are real numbers in these problems.

H={r:0<z<1) H={(0):0<z<1)
m H={z:0<z2<1} H={(z,00:0<2 <1}
m H={z:0<z<1} H={(z,00:0<z<1}
(820 | H={(z.y):a®+4? <1}

(821 | H={(0,y,0):2% +4* <1}

H={(z,y) :2€Q,y € Q}
H={(z,y):0<x<1,0<y<1}
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Find the interior, the exterior and the boundary points of the fol-
lowing sets!

H:{(sc,y):Ogacgl,nggl}
H:{(m,y):0§x<1,0<y§1}
H:{(m,y):xe@,ye@,ogxgl,ogygl}
H={(z,y):0<z<1l,y=0}

Find the interior, the exterior and the boundary points of the fol-
lowing sets in the space!

H={(2,y,2): 22 + 9>+ 22 < 1}

H={(x,y,2): 2?2 +y*+ 22 < 1}
H:{(:Jc,y,z):xe@,yEQ,zG@,OSxS1,0§y§1,0§z§1}
H={(z,y,2):z€Q0<z<1ly=2=0}

8.32. | Let H C R™. Are the following statements true?

(a) If z € H, then z is an interior point of H.

(b) If x ¢ H, then = cannot be an interior point of H.

(¢) If z € H, then x cannot be a boundary point of H.

(d) If x ¢ H, then = cannot be a boundary point of H.

(e) There is a set such that all points of the set are boundary points.
(f) There is a set such that all points of the set are interior points.

(g) There is a set which has no interior points.

8.2 The Graphs of Multivariable Functions

Find the value of the following functions at the given p points!
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flay) =o+y* p=(23)

f(z,y) = arctanz + arcsinzy p = (7/4,0)
Fla.y,2) = 2) p = (4,3,2)

fla,y,2) =2V p =(43,2)

Find the value of the following functions at the points of the given
curves!

flz,y) = 2% + 92, y==x, and 22 +¢y> =1
flz,y) =z —y, y =, and y = 22

f(z,y) =sinz, x=m/4, and y =7/4
f(z,y) = sinzxy, r=m/4, and y =7/4

8.41. | Pair the graphs with the following two-variable functions!
(a) «* +y? (b) (z+y)? (c) 2® —y?
(d) zy (e) sinz +siny (f) sinzsiny

(A) (B)
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8.42.

(©) (D)

We plotted the contours of the previous functions. Find the formulas
belonging to the graphs!
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/. \&( )

Plot the contours of the following functions! Make a spatial effect
sketch of the graphs!

45 Ty 8.46. (r — y)2

I

8.47. :[;2 —+ y27 8.48. |1‘|

8.49. | 22 — 2 lz + |

Find the contour surfaces of the following functions!
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fle,y,z) =z +y+= f(z,y,2) =2 + y* + 22
fe.2) = a+y Fla.2) = 52

Decide whether the following spatial sets can be the graphs of some
two-variable functions. If yes, then give examples for the functions!

8.55. | plane 8.56. | surface of a sphere
8.57. | cone lateral 8.58. | cylinder lateral

8.59. | lateral of a half cylinder m surface of a half sphere

Find the maximal domain of the following functions!

flag) = 2 Flo) = VI=@ + P 1

1
f@y)= 5 s fla,y) = v1-a?—y?
z €T Y
8.65- = m = -
f($7y72) SinICOSy - f(l‘,y,Z) y— + z+ 2
z

z

2 —y?
8.3 Multivariable Limit, Continuity

Does the limit of the following functions exist at the given points?
If yes, what is the limit? Where are the following functions con-
tinuous?

flzy) =17 p =(0,0)
fl,y) =z +y p =(3,5)
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8.69.

Qo

®w ¢
[y

70

7

8.72.

8.73.

8.74.

8.75.

®
J
e

%
J
X

®
3
®

8.79.

8.80

8.81.

8.82.

xT

f(:l:?y) = -
sin xy
fla,y) =
x
_ sinzy
flay) = tan 2z
sinx — siny
fla,y) = ——
r—=y
__sinz —siny
f(xvy) - er — e¥
ve+y—1
zyln(z? + %)
lifz#0andy#
fley)=19..
Oifr=0o0ry=0
lifz#0
lif a2 +42#0
f@y) = {0 otherwise
zifz=y
f@y) = {O otherwise
lifz=y
f(@y) {O otherwise

p =(3,0)
p =(0,2)
p =(0,3)
p =(0,0)
p = (0,0)
p =(0,0)
p =(0,0)
0

p = (0,0),

P = (0’0)7

p = (070)7

p = (0,0),

p = (0’0)7

q=(0,1)
q=(0,1), r =(1,0)
q=(0,1)
q=(0,1)
q=(0,1)

Let f(z,y) = %_T_Z Do the following limits exist?

(a) ~ lim  f(z,y)

(z,y)—(0,0)

(c) lim (lim f(x,y))

y—0 \z—0

(b) lim (%ﬂw)

(d) lim f(z, )

1 1
Let f(z,y) = (z + y) sin — sin —. Do the following limits exist?
T Y



8. DIFFERENTIATION OF MULTIVARIABLE FUNCTIONS 153 U

li s
@) Bl /Y (b) lim (1}13%1’(%1/))
(c) lim (lim f(z.y)) (d) lim f(,2)
8.83. | Let
2zy .

, f 2+ 2 0
famy =@ty TETVFEO0

0, otherwise

Prove that the functions g(z) = f(z,0) and h(y) = f(0,y) are con-
tinuous at * = 0 and y = 0. Prove that the function f(z,y) is not
continuous at (z,y) = (0,0).

8.84. | Prove that if f(x,y) is continuous on the plane, then

(a) G={(z,y): f(z,y) > 0} is an open set;
(b) F={(z,y): f(z,y) > 0} is a closed set!

8.4 Partial and Total Derivative

8.85. | Give an example of a two-variable function such that both partial

derivatives exist at the origin, but the function is not totally differ-
entiable at the origin!

Calculate the partial derivatives of the following functions!

8.86. | f(z,y) =xsiny

8.87. | f(=x,y) = sin(xy)

8

8

8

8

8. | flz,y) = (z + 2y)sin(z + 2y)
9. | f(z,y) =32%y" —4
_r+y
8.90. f(x,y) - T — yg

8.91. f(x7 y) = (5.%' + y2)€m +3y
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8.93.

8.97.

8.98.

Qo

9

8.100.

8.101.

8.102.

8.103.

8.104.

8.105.

g(x,y,2) =sinz - (cosz)™¥

e~ (2)

flay) =2 +ay+y°
fag) =

g(z,y,2) = 2V

. z arctan :E2y
1+ 1In(zy3 + 22/2)

9(z,y,2)

f(z,y,2) =sin(z? + 3> + 24)

f(z,y) = arctan 1

fla,y) =a +y*

f(@,y, 2) = a¥*

Is the function f(x,y) = |z| + |y| partially differentiable at the point
(0,0)?

Which statement implies the other?

P: f(z,y) is continuous at (0,0) Q: The partial deriva-
tives of f(x,y) exist at (0,0).

We know that f(1,2) = 3, and that for all (x,y) points f.(x,y) = 0
and f; (z,y) = 0. Find the value of f(5,10).

Where are the partial derivatives of the following function continuous?

1
T + y)sin — sin if x # 0 and 0
f(xjy):( y)sin —siny # y #
ifr=0o0ry=20
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Find the second order partial derivatives of the following functions!

8.106. | g(x,y,z) = xy’sinz

8.107. | g(x,y,z) =

y+z
8.108. | g(z,y,2) =2+a +y* +2°

8.109. g(x,y,z) = ln(x + y2 + 23)

Find the directional derivatives of the following functions along the
given vectors at the given points!

Flay) =2+ p=(23), v=(34)

f(z,y) = sinzy p=(0,0), v=(1,-1)
fla,y) =¥ Iny p=(01), v=(-4,3)
f(x,y)zg p=(L1), v=(-1-1)

Find the directional derivatives of the following functions at the
point (3,5) and the angle of the direction is a = 30°.

flz,y) =2 —y? h(z,y) = eV

In what direction is the directional derivative maximal or minimal
at the point (—4,2)?

2
8.116. ] f(z.y) = (& — y)? 8117, | g(r.y) =+ —

The surface of a model layout is given by the function f(z,y). In
what direction does a ball start rolling on the surface at points
A=(1,2), B=(2,1),C=(2,0) and D = (—2,1)?
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8.118. | (@ +v?) 8.119. | 2 +y3 — 9y

8.120. | The surface of the hill is given by the function f(x,y) = —22 +siny if
-2 <2 <2,-10 <y <10. In what direction should the skier start
from the point p = (1,7/3) if he wants to ski on the maximal angle
slope?

8.121. | Let f(z,y) = /1 — 22— y2. Find the equation of the contour going
through the point (1/2,1/2), and write down the tangent line of the
contour at the point (1/2,1/2). Calculate the gradient of the function
at (1/2,1/2). What is the angle between the tangent line and the
contour?

8.122. | Give an example of a function f(z,y) which has gradient, but the gra-
dient is not perpendicular to the tangent line of the contour!

Hint: Examine the function

0 if(x—1)2%2+y2=1
flzy) =<y ifz=0ASsy#0

x  otherwise

at the origin!

8.123. | Let f(x,y) = /1 —22—y2. Verify that the gradient and the tan-
gent line of the contour are perpendicular to each other at the point

(1/2,1/2).

8.124. | Write down the gradients of the function f(z,y) = sgnasgny at the
points where the gradient exists!

22 — g2

Ty

8.125.| Lot f(x,y) =
0 ifa?+y2=0
(a) Find the values of f;(0,0) and f,(0,0).
(b) Find the values of f;(0,y), if y # 0 and the values of f;(,0), if

x #0.
(¢) Find the values of f (0,0) and f/,.(0,0).
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(d)
(e)

Why doesn’t this contradict Young’s theorem?
Is the function f differentiable two times at (0,0)?

8.126. | Let f: R™ — R. Which of the following statements are true, and which

ones are false? If a statement is false, give a counterexample!

(a)

(b)
(c)

(d)
(e)

()
(g)

(h)
©)
()

If f is continuous at the point p, then f is differentiable at that
point.

If f is differentiable at p, then f is continuous at p .

If f has partial derivatives at the point p, then f is continuous at
P-

If f has continuous partial derivatives at p, then f is differentiable
at p.

If f has continuous partial derivatives at p, then f is continuous
at p.

If f is differentiable at p, then f has partial derivatives at p.

If f has second order partial derivatives at p, then f is differen-
tiable two times at p.

If f has continuous second order partial derivatives at p, then f
is differentiable two times at p .

If f is differentiable two times at p, then f has second order partial
derivatives at p.

If f is differentiable two times at p, then f has continuous partial
derivatives at p.

Is there a function f : R? — R such that
8.127. | f(v,y) =siny, f,(v,y) = vcosy
8.128. | fi(x,y) =€, fy(x,y) = cos(x —y)

Find the equations of the tangent planes or hyperplanes for the
following functions at the given points!

flx,y) =a¥ P =(2,3)
f(z,y) = sin(zy) p =(1/2,7)
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8.131. | f(z,y,2) =ay? — 23 p=(321)
8.132. | f(x1,...,xp)=x1 22 ... 2, Pp=(1,2,...,n)

Write down the composite functions G(t) = F (r(t)). Find the
derivatives G’(t) directly from the formulas, and by using the chain
rule!

8.133. | F(z,y) =2 +v° r(t) =cost-i +sint-j t €0, 2n]
8.134. | F(x,y)=2%—19° r(t) =cost-i +sint-j t € [0,27]
8.135. | F(x,y) = 2% + y? r(t)=t-i+3t-j t € [0,10]

Write down the Jacobian matrices of the following composite func-
tions!

g(t) = (sint,cost), f(z,y)=z+y, h=fog.

8.137. | f(u,v) = (sinuv,cosuv), g(z,y)=2>+y% h=gof

1
8.138. f(uw)—(u?v?,), g(z,y) =Ilnz+Ilny, h=gof.
uv

Give the Jacobian matrices of the following mappings!

8.139. | v =sinzy-i +xcosy-j
_xy o, x .
8.140. v_1+x2-1+x2+y2-_]
8.141. | v = (Inz +1Iny)-i +22 -]
8.142. | v :sin(x+3y2)-i +e"-j

8.143. | Let F(x,y) = xy, and f : R? — R, g : R? — R be differentiable

functions! Write down the derivative of the composite function F(f, g)
by using the chain rule!
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8.144. | Let the function r : R — R? be differentiable, and f(z,y) = = + .
Write down the derivative of f or by using the chain rule!

Write down the tangent lines of the contours of the following func-
tions going through the point P!

8.145. f(x,y) = xy7 P(37 5)

8.146. | f(z,y) =22 —y% P(5,3)

8.5 Multivariable Extrema

Are there absolute extrema of the following functions on the given
sets? Justify your answers!

fa) =1 H={(2) 2 £0)

(z) = sin® Vo H={(z):z R}

fla,y) =2 H={(z,y): 2 # 0}

Fz,y) = 22 + ¢ sin (2°y?) H={(z,y): 2% +1> <1}
flz,y) = 2* + ¢ H={(z,y): 2 +y*> <1}

fley) =z +y H={(zy):0<z<1,0<y<1}

fz,y) = zy H={(r,y):0<2<1,0<y <1}

F(z,y,2) = ayz H={(z,y,2): (x—1)*+(y+2)?+(2—3)2 < 4}

Find the absolute extrema of the following functions on the given
sets!

8.155. | f(z,y) =2y’ (1-z—y) H={(r,y):0<2,0<y,x+y <1}

8.156. | f(z,y)=2>+¢y*+(x+y+1)? H=R?
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8.157.

8.158.

8.159.

8.160.

fla,y) =2 —-y—3 H={(z,y) : 2> +y* < 1}

1 1 1 1
flz,y) = lnx'lny+§lnx+§lny H={(z,y) : - <z< e,g <y<e}
flz,y) =sinz+siny+sin(z+y) H={(z,y): 0<z < g,O <y< g}

f(z,y) = 2? —2zy+2y* —20+4y H = {(z,y) : 2| < 3,]y| <3}

Find the locations of the local extrema of the following functions,
if there are any!

8.161.

8.163.

8.165.

8.166.

8.167.

8.168.

8.169.

8.170.

8.171.

8.172.

8.173.

flx,y) = 322 + 592 flz,y) = (2¢ — 5y)?

f(z,y) = 222 — 3y? flo,y) =222 —y? + 4o+ 4y — 3
flz,y) =2*+y* — 62 +8y+35

fly) =3-+2= (@ +y)

flx,y) = —y? +sinz

fla,y) = e

flzy) = (z —y*) (22 —y?)

f(z,y) = =222 — 2zy — 2y% + 362 + 42y — 158

Is there any one-variable polynomials whose range is (0,00)? If there

is, then give an example! Is there any two-variable polynomials which
range is (0,00)? If there is, then give an example!

Give an example of a two-variable function, which has infinitely many
strict local maximum, but has no local minimum at all!

Find the maximum and the minimum of the function 2z + 3y + 4z on
the surface of the sphere with origin center, and radius 1.
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8.174. | Find the distance of the lines p(f) = 2t-i +t-j + (1 —¢t) - k and
q(t)=3t-i+t-j+(2t—1) k.

8.175. | Are the following statements true?

(a)
(b)

(c)
(d)
(e)
(f)

If fI(x0,y0) = 0, then f has a local extremum at the point (2, yo)-
If f(z0,90) = 0 and f;(x0,y0) = 0, then f has a local extremum
at the point (xq,yo)-

If £, (z0,90) = 0 and f;; (x0,90) = 0, then f has a local extremum

at the point (xq, yo)-

If f7 (20, y0) f1y (€0, y0) — (fi,(z0,%0))? < 0, then f has no local
extremum at the point (g, yo).

If fr(x0,Y0) [y (20, yo) — (f;’y(avo,yo))2 < 0, then f has no local
extremum at the point (g, yo).

If f7 (x0,y0) < 0, then f has no local extremum at the point
(0, 90)-

At which (z,y) € R? points are both partial derivatives of the
function f(x,y) zero? At which (x,y) € R? points has the function
f(xz,y) local extrema?

8.176. f(x7y) =73 8.177. f(x’y) = 2

8.178. f(x,y) = x2 — y2 8.179. f(x7y) = x2 + y2

8.180.] f(x.y) = (x+ ) 8.181.) f(a,y) =a® + ¢

8.182. | f(z,y) =e @ +v") 8.183. | f(x,y) =22 +siny

2
8.184. f(;l;7 y) = 322 + 5y2 8.185. f(q;’ y) = gxs + y4 + xy

8.186. | f(x,y) =ay 8.187. | f(z,y)=e¥

2

8.188. | f(z,y,2) =ayz+2°+y’ + 2

8.189. | f(x,y) =a" —y>
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8.190. | f(z,y) =a* +y* 8.191. | f(z,y) = —22% —y*
8.192.| f(z,y) = (22 — 5y)? 8.193.| f(z,y) = (1 + e¥)cosz — ye!

2

The surface of a hill is given by the function F(z,y) =30 — — —

100
2
y—. Find the maximal height of the path whose coordinates satisfy

the following equations:
8.194. | 3x + 3y = 7wsinz + wsiny

8.195. | 422 + 9y =36

1

8.196. ] y= 3

8.197. | 42 442 =25

Find the maximum of f with the given constraint!

8.198. | f(z,y) = av, a? +y?=1
g 22
8.199. f(x,y,z):xfy+3z, $2+5+§:1
8.200. | f(z,y,z2) = zyz, 2+t +22=3
8.201. | f(z,y) = xy, r+y+z=>5
8.202. | f(z,y) = zyz, zy+yz+x2=28
8.203. | f(z,y) = zyz, y+yz+rz=8, x,94,2>0

8.204. | A particle can move on the circle path 22 +y2? = 25 on the plane, where
its potential energy at the point (x,y) is E(x,y) = 2%+ 242y + 8. Does
the particle have stable equilibrium at any points?
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8.205.

8.206.

8.207.

8.208.

8.209.

The amount of the products made in a factory depends on the param-
eters x and y:

M(z,y) = zy. The product cost is C(z,y) = 2z + 3y. What amount
can the factory produce at most, if it has C(x,y) = 10 money unit for
the product cost?

With a given volume, which brick has the minimal surface?
Find the angles of the triangle with maximal area, if its perimeter is K.

Find the equation of the tangent plane of the 3z2+2y%+2% = 9 ellipsoid,
where the point of tangent is (1, —1,2).

Let P = (3,-7,—1), @ = (5,-3,5), and S be a plane going through
@, and the plane be perpendicular to the line segment PQ.

(a) Find the equation of the plane S!

(b) Write down the distance between a point of the plane and the

origin!
(c¢) Which point of the plane S is closest to the origin?
(d) Show that the line segment between the previous point and the

origin is perpendicular to the plane S. Give a geometric reason
for this fact!



Chapter 9

Multivariable Riemann-inte-
gral

9.1 Properties of Jordan measurable sets.
— If A C R" is bounded, then b(A) = b(int A), k(A) =k (A4).

— The bounded set A C R"™ is Jordan measurable if and only if its bound-
ary is a null set.

— If A C R” is Jordan measurable and f : A — R is bounded, then f is
integrable if and only if the graf f C R™*! is a null set.

9.2 Properties of the integral.

— If A is a Jordan measurable set, then t(A) = /XA7 where x4 is the

A
characteristic function of the set A, that is,
(2) = 1 ifzeA
XA =10 ifagd

— If the sets A and B are bounded, int ANint B = (§ (non-overlapping),
and f is integrable both on A and B, then f is integrable on the set

C =AUB, and
el

— A continuous function is integrable on a measurable closed set.

— If f and g are equal on the measurable set A except on a null set, and
f is integrable on A, then g is integrable on A, and

ot
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— If f and g are integrable on the set A, and c is an arbitrary real number,
then f + g and c- f are also integrable on A, and

Jera=[1+ [ [en=c[s
A A A A A

9.3 Integration Methods.

— Successive integration - Fubini’s theorem.

Let A C R""! be a closed, Jordan measurable set, B = [a,b] x A C R"
and f: B — R be continuous, then

b

é/f(%y)dxdy:a/ A/f(x,y)dy dx

— Integration between continuous functions.

Let A € R™! be a closed Jordan measurable set, o : A - R, ¢ : A —
R two continuous functions, ¢ < 1 at the points of A,

N ={(z,y) 1z € A, p(z) <y <¢(z)} CR", f:N—=>R

be a continuous function. In this case N is Jordan measurable, f is
integrable on N, and

/f(x,y)dmdy:/ 7w)f($,y)dy dz.

N A \p(a)

— Integral Transform.

Let A C R™ be a closed, Jordan measurable set, ® : A — R" be
continuous, and on int A bijection and continuously differentiable, B =
{®(x) :x € A} = ¥(A), and f : B — R be a continuous function. In
this case B is a (closed) Jordan measurable set and

[way= [ 19150
B A

where J = det(¥’) is the Jacobian determinant of ¥.
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9.1 Jordan Measure

Is there area of the boundary of the following sets on the plane? If
yes, then calculate the area!

H={(z,y):0<z<1,0<y<1}
H={(z,y):2€QyeQ0<z<1,0<z<1}

Is there volume of the boundary of the following spatial sets? If
yes, then calculate the volume!

H={(z,9,2):0<2<1,0<2x<1,0< <1}
H={(t,y,2):2€QyeQ:€Q0<r<1,0<y<1,0<z<1}

Find the outer and inner Jordan measure of the following sets!
Which set is measurable?

H={(zy) 0<z<1,0<y<1}
H={(z,y):0<2<1,0<y<1}
H={(z,y):0<2<1,0<y <z}
H={(z,9):2€QyeQ0<2<1,0<x<1}

Find the outer and inner measure of the following sets! Which set
is measurable?

H={(.5,):0<2<1,0<y<1,0<2< 1)
H={(r,y.2):0<2<1,0<y<1,0<z<1}
H={(z,y,2):0<2<1,0<y<1,0<z<z+y}
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(932 JH={(r,9.2) v €QyecQ:eQ0<r<1,0<y<1,0<z<1)

9.13

©
=
L

=

1

©

¢ © ©
: ® o

L |

1

9.18.

9.19.

9.20.

9.21.

9.22,

Prove that a bounded set is measurable if and only if its boundary is a
null set!

Prove that if the set H; and Hy are measurable, then the sets H; U
Hy, Hy \ Hy, H; N Hy are measurable, too!

Are there bounded planar sets A and B such that
(a) B(AUB) > b(A)+b(B)? (b) E(AUB) < k(A) + k(B)?
Are there bounded and disjoint planar sets A and B such that

(a) b(AUB) > b(A) +b(B)?  (b) k(AU B) < k(A) + k(B)?

Let’s assume that the area of the boundary of a bounded set H is 0.
Does it imply that the interior of the set H is empty?

Let’s assume that the interior of the bounded set H is empty. Does it
imply that H is measurable?

Let R be a brick whose edges are parallel to the axes, and let H C R
an arbitrary set. Prove that b(H) + k(R \ H) = t(R)!

Let R be a brick whose edges are parallel to the axes, and let H C R
be an arbitrary set. Prove that H is measurable if and only if k(H) +
E(R\ H) =t(R)!

Is there a bounded set H such that

(a) k(H) > b(H) (b) k(H) < b(H)

(c) t(0H) > b(H) (d) t(0H) > k(H)?

Is there a measurable H set such that
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©
b
o

9.24.

9.25.

2

©
N
~

¢ ©
: i

9.28.

9.29.

9.30.

9.31

9.33.

(a) k(H) > b(H) (b) t(OH) = 1?

Let’s assume that the set H is bounded. Is it true that if H is measur-
able, then H U 90H is also measurable?

Let K,, be a circle on the plane with center at the origin and radius

oo
1/n. Find the area of the set U K,!

n=1

Let K, be a circle on the plane with center (1/n,1/n) and radius 1/n!
Find the area of the set | J7~; K,,!

Let f : [a,b] = R be a bounded function, and Gy = {(z,y) :a <z <
b,y = f(x)} be the graph of the function. Prove that Gy is Jordan
measurable if and only if f is integrable.

Calculate the outer and inner measure of the set of the points with
rational coordinates of the unit square!

Find a bounded, open set on the plane, which has no Jordan area.

Find a bounded, closed set on the plane, which has no Jordan area.

Prove that for an arbitrary bounded set A C R™

b(A) =0 <= intA=0.

Prove that if A C R™ is Jordan measurable, then Ve > 03 K C A
closed and 3 G D A open measurable sets such that

HA) — e < t(K) < t(A) < t(G) < t(A) + <.

Let C' C R be the Cantor set. H = C x [0,1] ¢ R% Is H Jordan
measurable? If yes, what is its area?

Let H = UZO:1 K,,, where K, is a circle line with the center at the
origin, and radius 1/n.
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(a) Is H measurable?
(b) Is there an S C R? (measurable) set such that 9.5 = H?
(c) Is there an S C R? (measurable) set such that 9.5 D H?

9.2 Multivariable Riemann integral

9.34. | Let H=[-1,1]

1
Show that /
0

[0,1], and

f(x,y) = {
/ f(y) de

9.35. | Let H = {z? +y* <1}, and

f(aay):{

ifyeQ
ify¢Q

ifxz>0
ifz <0

dy = 0, and f is not integrable on H!

Calculate the lower and upper integral of f on the set H! Is f integrable

on the set H?

Are the following functions integrable on the unit square N =
[0,1] x [0, 1]? If the answer is yes, calculate the values of the inte-

grals!

f(x,m:{f

ify>ua
ify<zx

ify>z
ify<uz

ifxy #0
ifzy =0

ifz,yeQ
otherwise
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4

©

=

=

8

s

Il
—
[N R

9.41. f(x7y) = {1

9.42. | f(z) = D(x)D(y), where D(t) = {

tion.

945, ) Let fz.0) - {

if 2 >1/2
if £ <1/2

ify>1/2
ify<1/2

1 ifte@ is the Dirichlet func-
0 ift¢Q

n ifx+y=1/n, neNT
0 otherwise ’

Show that f is not integrable on the N unit square, but

1/ 1 1/ 1
0/ O/f(m,y)dx dy:()ando/ O/f(x,y)dy dr = 0.

Calculate the following integrals on the set N = [0,1] X [0,1]! Apply

Fubini’s theorem!

//sinxdxdy
N

//sinydmdy
N

//sin(m—l—y)dwdy //sinxydxdy
N N

// e2*Y da dy
N

//wydmdy
N

Let N = [0,1]2 C R2, the unit square. Integrate the following
f(xz,y) functions on N:

o) =2
o) =42

flay) =2 —a?y +Vy
A
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1 ifz=y 1 ifz=y
9.54. = 9.55. =
f(z,y) {O ifzty f.y) {O ife<y

1 ifz+y=1
9.56. =
F(z,y) { 0 otherwise
1 ifx=1/n, ne NT
9.57. = ’
flzy) { 0, otherwise

Find the following integrals on the given rectangles:

[[@+ sy T:0<w<11<y<3
7

//xyda:dy T:0<2<1,1<y<3
T

//e“ydwdy T:0<2<1,0<y<1
7

//xeydxdy T:1<zx<2 3<y<4
T

//fdxdy T:l<w<2 3<y<4
® )

//:z:sinydxdy T:0<z<1,2<y<3
T

Calculate the following integrals on the set H = {(z,y) : 0 < = <
7/2,0 <y <sinz}! Apply Fubini’s theorem!

//(r—wdrdy //Iydf”dy
H H
[[ineaza [ i
H H

Find the following integrals on the given sets:
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//(:E—i-y)d:cdy T: 22 +y* <1
T
//wyd:ztdy T: (z—1>%+(y+1)*> <4
T
2 2 :
9.70. (x—1)2+y*=1 domain bounded by
//zydxdy (-2 4y =4 the circles.
T
[ a1 a2
T
//e_r2dxdy T: 0<z<1,0<y<z
T
//(fﬂ2+y2)3/2dwdy T: a2’ +y* <1
T

Let T = [0,1] X [0,2] X [0,3] C R3. Calculate the integrals on the
brick T':

///(:c—i—y—l—z)da:dydz ///xyzdxdydz
T T
///e”“zdmdydz ///(a)z—l—yQ)dzdydz
T T

~

Find the area of the domains bounded by the following curves!

4y = 2* — 4, r—y—3=0
y=x2, y:2$27 zy =1, xy =2
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9.83.

9.84.

9.85

9.88.

:c2—y2:1, :1:2—y2:4, zy=1, zy=2

Find the area of the set H = {(z,y) : —1 <z < 1,0 <y <1 —22}.

Calculate the area of the two-dimensional shape bounded by the parabo-
las y = 22, y = 222, and the line z = 1.

Calculate the volume of the solid body
bounded by the cylinder lateral z2 +
y?> = 1, and the planes  +y + 2 = 2,
z = 0. The sought solid body:

Calculate the volume of the solid body
bounded by the cylinder z2 + 3% = 1,
and the planes z +y+ 2z = 1, z = 0.
The sought solid body:

Calculate the volume of the solid body below the function f(x,y) =
2 2
1- % - % and above the set H, if H = [0,1] x [0, 1]!

Calculate the volume of the solid body below the graph of the function
f(z,y) =z +y and above the set H, if H ={0<z+4+y <1,0<z,0<

y}!
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Plot the solid body whose volume can be calculated by the following
integrals. Calculate the integrals!

1 1—x

-/ /(m2+y2) dy | dx

0 0

9.91. // (z° +y?) dyda

lz]+ly|<1

Calculate the volume of the solid bodies bounded by the following
surfaces!

r4+y+z=6, =0, z=0, x+2y=4

93 r—y+z2=6, z+y=2, xz=y, y=0, z=0

94. | z=1—-2%—y% 2*+3°<1

9.95. Z = COS X Cos Y, \x+y|§gv z2=0

Calculate the volumes of the following solid bodies!

sphere 9.97. | ellipsoid

9.98. | circular cylinder circular cone

Let us assume that the two-dimensional range H consist of some
material with density o(x,y). The mass of the shape:

M = ‘//Q(ww) dz dy,
H

the coordinates of the center of mass are

1y L
Se = I // zo(x,y)drdy, Sy, = ﬁ// yo(z,y) dx dy.
H H

Find the coordinates of the center of mass if H = [0,1] X [0, 1] and
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9100.] (r,y) - +* 9.101.) (o) a4y
9.102. | p(z,y) =y 9.103. | o(x,y) = a2 + o>

Find the center of mass of the two-dimensional shape which is
bounded by the lines y =0, x = 2, y = 1,y = «, and its density is

9.104. Q(l‘,y) =1 9.105. Q(x/y) =

9.106. | o(z,y) =y 9.107. ] o(z,y) = zy

9.108. | ofz,y) = —
x+y3

9.109. Q(;I;’y) = ex+y

The moment of inertia of a rigid body on the plane xy with respect
to z axis is

o= [[ @ ve(.y) dody,

where r(z,y) is the distance of the point (z,y) from the z axis.
Find the moment of inertia of the unit square on the xzy plane with
density o with respect to the z axis if one vertex of the square is
on the z axis.

9.110. Q(x,y) =1 9.111. Q(x’y) =xy

9.112. | Find the moment of inertia of the squares in the previous problems with

respect to the z axis if the midpoint of one side of the square is on the
z axis!

9.113. | A thin membrane is bounded by the line y = 0,z = 1 and y = 2x. The

density of the membrane is o(z,y) = 6z + 6y + 6. Find the mass of the
membrane and coordinates of the center of mass!

9.114. | A rigid body is in the first octant, it is bounded by the coordinate

planes and the plane x + y + z = 2, and its density is o(z,y, z) = 2z.
Find the mass of the membrane and the coordinates of the center of
mass!
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9.115. | We pump the water to the surface from a sump whose depth is 1 meter.
What amount of work is needed against the gravitation if the sump is

(a) a cube (b) a half sphere?



Chapter 10

Line Integral and Primitive
Function

10.1 Tangent line. The equation of the spatial curve r(t) at the point
ro=r (to) is
r=rog+v-t,

where v =¥ (tg) is the direction vector of the tangent line.
10.2 Arc length for planar and spatial curves.

— If the planar curve r : [a,b] — R? is continuously differentiable, then it
is rectifiable, and the length of its arc is

b b
L:/|f| dt:/\/$2+y2dt.

— If f:[a,b] = R is continuously differentiable, then its graph is rectifi-
able, and the length of its arc is

b

L:/mdx.

a

— If the spatial curve r : [a,b] — R3 is continuously differentiable, then
it is rectifiable, and the length of its arc is

b b
L:/|f|dt:/\/:t2+y2+z':2dt.

10.3 Tangent plane. The equation of the tangent plane of the surface
r (u,v) at the point rg = r (ug, vg) is

n-r=mn-ro,
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where n =/, (ug,vg) X r’ (uo, vo) is the normal vector to the tangent plane.
Especially, the tangent plane of the graph of z = f(z,y) at the point (z0, yo)
is

z = f(x0,90) + fz(z0,y0)(x — z0) + fy(x0, ¥0)(y — vo)-

10.4 Surface area. If the surface r : A — R3 is continuously differentiable,
then the (finite) area of the surface exists, and

S = //|r; xr!| dudv.
A

Especially, the surface of the graph of the continuously differentiable function
z = f(x,y) over the measurable planar region A is

S = //,/1+(zg)2+(z§/)2dxdy.
A

10.5 Calculating the line integral. If the vector field v = vy (x,y,2) -1 +
vo(z,y,2) - j + vs(x,y, 2) - k is continuous on the region G, and r : [a,b] —
G, r(t)=xz(t)-i4+yt)- j+ 2(t) - k is continuously differentiable, then the
line integral of v exists along the curve I' : r (¢), and

/vdr —/bv(r(t))-f(t)dt.
r a

With coordinates

/ 1@y, 2) do +va(x,y, 2) dy + va(@,y, 2) dz =
T
b

:/[’Ul(x,y,z)f+’l}2(l’,y72)y+’l)3($,y,2)2}] dt.

a

In the case of planar vector field and curve

b
/vl(x,y) dx 4 va(z,y) dyz/[vl(x,y)jc—i-vg(x,y)y] dt.
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10.6 Conservative vector field.

— The vector field v is conservative on the region G if and only if along

all closed and rectifiable I' curves inside G

]{verO,

r
that is, all closed line integrals are zero.

Newton-Leibniz formula for line integrals.

If the vector field v is conservative on the region G, U(r) is a primitive
function of v on G, and T is a continuously differentiable curve in G
with starting point a and endpoint b, then

/v dr =U(b)—-U(a).

r

If v is a continuously differentiable and conservative vector field on the
region G, then
curlv =0,

that is, the vector field is irrotational.

If the vector field v is continuously differentiable on the simply con-
nected domain G, and at the point of G curlv = 0, then v is conser-
vative.

10.1 Planar and Spatial Curves

Plot the following planar curves!

10.1.

10.3.

r=t-i+t*j 10.2. | r =2 i4t-j
te0,4] t € [0,16]
r=Vt-i+t-j 104, | r=t-i+vi-j

t € (0,16 t €0,4]
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10.11. | r =4cost-i +2sint-j |10.12.| r =cost-i +tsint-j

t€n/2,3n/2] t € [0,2n]

ot PR
t €[0,2] t €10,4]
10.7. | r =cost-i +sint-j r =cost-i+sint-j
t € [0, 2n] t €0,
10.9. | r =cost-i +sint-j 10.10. | r =2cost-i +4sint-j
te[—m/2,m/2] t €0, 27]

10.13. | r =tcost-i +sint-j 10.14. | r =tcost-i +tsint-j
t € [0, 6m7] t € [0, 4]

Plot the following spatial curves!

10.15. | r =t-i+2t-j+3t-k t€][2,4

10.16. | v = —2t-i+t-j—(¢/3)-k te[24]
10.17. | r =cost-i +sint-j+t-k t€][0,6n]
10.18. | r =¢-i +sint-j +cost-k ¢ €0,67]
10.19. | r =2sint-i —t*-j +cost-k t € [2, 67

10.20. | r =tcost-i +tsint-j+t-k te€[2,6m]

10.21. | Give an example of a curve which is a

(a) cylindrical spiral;

(b) conical spiral!

10.22. | Find the arc length of the previous curves if the height and radius of
the cylinder, the circle at the bottom of the cone are given!
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Plot the following curves! Write down the equation of the tangent
lines at t = /4!

10.23. | r(¢t) =2cost-i +3sint-j t € [0, 8]
10.24. | r(t) =tcost-i +tsint-j t € [0,8n]

Write down the equation of the following planar curves at the given
points!

10.25. | 22 —zy3 +9° =17 P(5,2)
10.26. (xQ + y2)2 = 3x2y — y3 P(O, O)

Calculate the equations of the tangent lines of the following spatial
curves at the given points!

10.27. | r(t) = (t=3)-i+(+1)-j+t>k t =2
1

10.28. | r(¢t) =sint-i4cost-j+—— -k p=j+k
cost

Find the arc length of the following planar curves!

(cyKloid)

x =r(t —sint) 0<t<orm
y =r(l—cost)

10.30. | (Archimedean spiral)

r=ayp 0<p< 2
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10.2 Scalar and Vector Fields, Differential
Operators

10.32. | Which geometric transformation corresponds to the mapping

_ r Y
f('ray)_ (1'2+y2’ x2+y2>

on the plane?

Give examples of mappings f : R? — R? such that their domain is
H, and their range is K!

10.33. | H={(z,y):0<2z<1,0<y<1}

K={(z,y):0<z<20<y<4}

1034. | H={(z,y):0<z<1,0<y<lyz+y<1}

K={(z,y):0<z<1,0<y<1}

10.35. | H={(z,y):0<z<1,y=0} K={(z,y): 2> +y* =1}

H:{(x,y):0<:17<1,0<y<2} K ={(z,y): 2?2 +y*> < 1}

Find grad f = Vf if

10.37. | f(x,y) = 2% —y? 10.38. | f(z,y) = 22+ 9>
10.39. | f(z,y) = a* — 6%y + y* | 10-40- | f(a,y) = /22 +¢?

Write down the gradients of the following functions at the given
points!

(29 = siny p = (n/3,~m/4)
f(ay) = Vamay p = (%!
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10.43. | f(x,y,2) = x +ay® + 2223 p=(2-1L1)
10.44. | f(x,y,z) = xsiny + 22 cosy p = (7/2,7/6)

Calculate the gradients of the following scalar fields, where ’a’ is a
fixed constant vector, and ’r’ is a vector variable:

10.45. U(r) —a-r 10.46. U(r) = |a X r|

1
10.47. | U(r)=r2+ — 10.48. | U(r) =2
r

]
no
[~

Find the tangent planes of the following surfaces at the given points:

1049. | r = (W2 —v) i+ (u—1%)-j — (u+v)k; u=1, v=2

10.50. z:x2+y2; ,7;:1’ y:?

Calculate the areas of the following surfaces:

10.51. | r =ucosv-i +usinv-j+u-k 0<u<l;0<v<m
$2
Yy

10.3 Line Integral

Let v=(z+4+vy)- i+ (z —y)-j. Calculate the line integral of v
along the following curves!

10.53. | T:t-i tel0,1]

ti4(t+1)-j  iftel-1,0]

10.54. | T':
{t~i+(t+1)~j if t € (0,1]

10.55. | T":cost-i +sint-j t € [0, ]
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(1+cost) i +sint-j, iftel0,n]
10.56. | T:¢}_
— 1, if t € (m,27]

™

Let v = (22 — 2zy) -i + (y? — 2zy) - j. Calculate the line integrals
of v along the following curves!

10.57. | T:t-i+t*-j te[-1,1]

10.58. | I':t-i+j tel—1,1]

Let the curve I'y be the line segment between A(0,0) and B(1,1),
and I'; the unit parabola arc between A(0,0) and B(1,1), that is,
the graph of the function y = 2 between 0 and 1. Calculate the
line integrals of the following mappings along these curves!

1059. ] v = (- )i+ (0 +y) ]

10.61. | v =y i +a-j

10.62. | v = (22 + %) i+ (22 —¢?)-j

Let the curve I' be the polygonal chain connecting the points
A(0,0), B(1,0) and C(0,1). Calculate line integrals of the following
mappings on this curve!

10.63. | v = 221 +y-j 10.64. | v =i +2?.j
10.65. | v =y2-i —j 10.66. | v =ay-i+ (x+y) -]

10.67. | Let the curve I' be the line segment between the points A(—2,0) and
B(1,0). Calculate the line integral of the mapping
23 — 3z N 1
= <1
2 4+ y? 2?2 +y

2'j

on this curve!
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Let v =(x+y)-i+(y+2)-j+ (2+ x) - k. Calculate the line
integral of v on the following curves!

10.68. | T:¢t-i+2t-j+3t-k t€10,1]

10.69. | T:t-i+¢2-j tell,2]

10.70. | T':cost-i +sint-j +t-k t € [0, 7]

10.71. | T:cost-i +sint-j +t-k t € [m, 27

Let the curve T' be the line segment between the points A(0,0,0)
and B(1,1,1). Calculate the line integrals of the following map-
pings on that curve!

10.75. | v =¢%-i +22-j +2% -k

10.76. | Let the curve I" be the line segment between the points A(—2,0,1) and
B(1,0,3). Find the line integral of the mapping

x z
— i i Tk
22§ 42 1 22 1+x2+y2+z2 ‘]+x2+y2+z2

on this curve!

Find the line integrals below:

/(w2—2wy)dw+(y2—2wy)dy F:y=2"> (-1<az<1)
c
2 2
f(x—ﬁ—y)dx—&—(x—y)dy T: ?—i-b—Q:l
c
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T = acost
10.79. /ydx+zdy+xdz C: y =asint 0<t<L2r

& z=bt

Have the following planar vector fields got primitive functions? If
yes, then find them!

10.80. | v =y-i+x-j

10.81. | v=x-i+uy-j

10.82. | v =(z—y)-i+(y—2)-j

10.83. | v = (2 +4ay®) -1 + (62%¢* — 5y*) - j
10.84. | v = (z+y)-i+(x—1v)-j

10.85. | v =¢"-1i+¢€¥-j

10.86. | v =¢¥ i +¢e"-j

10.87. | v =¢c®cosy-i —e"siny-j

10.88. | v

(z? +y) i+ (z+coty)-j

10.89. | v =siny-i +sinz-j

10.90. | v =cosxy-i +sinzy-j

10.91. | v =ysinzy-i +xsinzy - j

T . Y .

10.92. = . .
VT2 1+:z:2+y2 !
T . Y .

10.93. = 1= .
Voo T,
y . r

10.94. = . .
VT2 1+x2+y2 !
1095. | v=—Y i j

T a2ty a4y
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1096. | v=—2Y i+ T .5
(z% +9?) (@ +y?)
y . x .
10.97. | v = — g4 3
2 2
- (55'2 +y2) (CUQ +y2)

Calculate the line integrals of the mappings of the problems from
10.80. to 10.97.

10.98. | on the unit circle with center the origin in positive direction;

10.99. | on the boundary of the square with vertices A(—1,—1), B(1,-1),C(1,1)
and D(—1,1) in positive direction.

Are the following force fields conservative on the whole plane? If
yes, give a potential function!

E = 9,81 -]
E=y+z)-it+ax-j

E =(y+segnz)-i+x-j
E=(+y)-i+@+)-]
E=z-1i4+2y-j

E = (2% —2zy)-i + (y* — 2zy) - j

— — — — [ — — —
e e e e e e e e
= — — — = — — —
=) (e o o o o = [e=)
N e o B ® N = e

Yy . x .
E=_— . .
22+ o2 l+$2+y2 J
X . Yy .
3/2 3/2
(x2+y2)/ (a;2+y2)/

Have the following spatial vector fields got primitive functions? If
yes, find them!

10.108.| v =yz-i+az-j+ay-k

10.109.| v =a2y-i +yz-j +2z-k
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_—z2+y2+22 - S SRS R IV R

10.111. i G
$2+y2+22 $2+y2+22 I2+y2+22

10.112.| v =292 i + 32222 j + 42%°2%  k

10.113.| v = 3xy3,z4 14+ 31‘23/224 -j+ x2y323 -k

10.114.| v =siny-i +xzcosy-j +2z-k

10.115.| v =e®zsiny-i +e®zcosy-j +e“siny-k

10.116.| Which line integrals of the mappings of the problems between 10.108.

and 10.115. are 0 on the boundary of an arbitrary spatial circle with
center (3,4,5) and radius 17

10.117.| Calculate the line integral below, and show that the cross derivatives

are equal:
yde —axdy L2 2 _ p2
‘% W’ F . .l' + y - R

Find the primitive function z(x, y):

10.118.| dz = (2% + 2y — y?) du + (22 — 22y — y°) dy

ydx —xdy

10.119.| dg= 2~ “~“ "7
T2 — 2xy + 3y?

(22 + 22y + 5¢y2) dz + (2% — 22y + y?) dy

10.120.| dz =
(z +y)?

Find the primitive function u(x,y, 2):

10.121.| du = (2? — 2y2)dx + (y* — 222) dy + (2* — 22y) d=

1
10122, du=(1- =+ de+ (Z+2) ay- 2
y oz z 2 22
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 (z+y)dr+ (x+y)dy + 2 dz
B 2?2 +y2 + 22 + 22y

10.123.| du

The gravitation force between the mass point M at the origin and
the mass point m at the point (x,y, 2z) is

Mm
c— 7
w2+y2+z2’

where c is a constant. The direction of the force is the same as the
line segment with initial point (z,y, 2) and origin terminal point.
Calculate the work of the gravitational force, if the mass point m
moves on the following curves:

10.124.| T :cost-i +sint-j te0,2n]
10.125.] T :cost-i+sint-j te€[0,n]
10.126.) T:t-i+2t-j +3t-k te(0,1]

10.127.| T : the boundary of the square with vertices

A(-1,-1,0), B(1,-1,0), C(1,1,0), D(-1,1,0)

in positive direction.

10.128.] Find the potential function of the gravitational force in the previous
problems!

The force between the point charge Q at the origin and the point
charge g at the point (z,y, 2) is
Mm
o— "
x2 4+ y2 4 22 ’

where c is a constant, and the initial point of the force vector is
the origin, and the terminal point is (x,y, 2).

10.129.| Find the work of the electrostatic force, when the charge ¢ moves from
the point (1,2,3) to the point (5,6,7). Does the work depend on the
path?
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10.130.| Find the work of the electrostatic force, when the charge ¢ moves from
the point (1,2, 3) to infinity! Does the work depend on the path?

10.131.] Find the potential function of the electrostatic force in the previous
problems!

10.132.| The force of friction between the surface of a table and a slipping body
with mass m is ¢ - m, where ¢ is a constant. The direction of the force
is the opposite of the direction of the displacement. Find the work of
the slip force when the body moves from the point (0,0) to the point
(3,4) along the line segment! Find the work of the slip force when the
body moves along the connecting polygonal chain of the points (0,0),
(3,0) and (3,4). Does the work depend on the path?

10.133.| Has the slip force in the previous problem got a potential function?



Chapter 11

Complex Functions

11.1 Cauchy-Riemann’s differential equations. If f(z) = f(z +iy) =
u(z,y) +i-v(zx,y) is differentiable at the point zg = x¢ + iyo, then

ul (20, y0) = U;(ﬂﬁo,yo)’ U;(xo,yo) = —,. (0, Y0)-

In reverse, if the equations above are fulfilled at the point (xo,y0), and u
and v are totally differentiable (as two-variable real functions) at the point
(20,Y0), then the complex function f(z) is complex differentiable at zg.

11.2 Cauchy’s integral theorem. If f is analytic on the interior of the
simple closed curve T, that is on the set €2, and f is continuous at the points

of ', then
j{f(z) dz =0.
r

11.3 Cauchy’s integral formula. If f is analytic at a, I" is a closed circle
line going around a in positive direction inside the domain where f is regular,

then | )
(g = 2 IV 4
1@ = g § L

211
T

11.4 Holomorphic functions.

— Maximum modulus principle. If f is a holomorphic function on a
simple connected domain, then the modulus |f| cannot have a (local)
maximum within the simple connected domain.

— Liouville’s theorem. Every bounded entire function must be con-
stant.

— Rouché’s theorem. Let I' be a simple, closed curve on the complex
plane, its interior is €2, f and g are continuous complex functions on
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Q=QUT, and f and g are holomorphic on €, and assume that for all
zel

9(2) > [f(2) = g(2)] .

In this case the two functions have the same number of roots counted
with multiplicity on €.

11.5 Meromorphic functions.

— 1If f(2) can be expressed as a Laurent series around a,

[e o]

f()= Y auz—a)",

n= —oo

then .
Res(f,a) =a_1 = % ff(z) dz,
r

where T' is a positive directional circle line with radius less than the
radius of convergence of the Laurent series.

— Residue theorem. If D C C is a simple connected open subset of the
complex plane, f is meromorphic on D, and T is a simple, closed curve
on D, and I'" does not meet any of the poles, then

%f(z) dz = 27riZ{Res(f,a) ca €0},

where () is the interior of the curve I'.

11.1. | Prove that the reciprocal of the complex conjugate of a complex number
z equals to the complex conjugate of the reciprocal of the complex
number 2!

zZ—«

11.2. | Let’s assume that |z| < 1 and |a| < 1. Prove that

<1

Prove that the Cauchy-Riemann’s differential equations are fulfilled
for the following functions.

fe) == f(z)=2z", neNt
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fE) = w0 1) = s

11.7. | Check whether Cauchy-Riemann’s differential equations are fulfilled for

the function f(z) = /|zy| at z = 0, where = Re(z),y = Im(z). Is
the function differentiable at z = 07

11.8. | Prove that the function f(z) = 222 + 3y? + 2y + 2z +i(4xy + 5y) is not
differentiable on any domains of the plane!

Find the points, where f is differentiable!

f@ +iy) = wy + iy
flatiy) = (22 = y) +i (> +17)

Find the differentiable function f(x 4+ iy) = u(x,y) + v (x,y), if

11.11. | u(x,y) = 2?2 —yi+ay, | (0)=0
11.12 (z,y) = : f(2) =0
200 o(x B —Y
Y ZE2 y27

Find the radius of convergence of the following power series!

S Loy S ey
n=1 n=1
n=1 n=1 ’
N S o
n=0 n=1
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2

> L > ()

n=0

Find the radius of convergence and the sum of the following power
series.

n=1 "0
>+ 1)z S +2)(n + 1"
n=0 "0

Prove the Euler-formulas using the suitable power series:

e =cosz +isinz e =cosz —isinz
cosz = % (e + e7i%) sinz = % (e — e7i%)

11.29. | Applying the Euler-formulas prove that e® has a period 2mi.

11.30. | Prove that the complex functions sin z and cos z have the same roots

as the real functions sinz and cos .

Integrate the following functions on the curve I': |z| = 1 in positive
direction.

11.81. | flz+iy) == 11.32. | f(z+iy) =y

Integrate the following functions on the curve I': |z| = R in positive
direction.
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£ = - 0=

Find the integral of f(z) = |z| on the following curves from the
point z; = —1 to the point z; = ¢. Decide whether the value of the

integral is independent of the curves.

P ={e i teman/2} (1L38.) T = {t: ¢ e [-1,0}Ufit : t €
[0,1]}

11.39. | Find the line integral /(w2 —y?) dx — 2xy dy with the help of the real

primitive function on the line segment with starting point 1 + ¢ and
endpoint 3 + 2i.

11.40. | Find the line integral /(962 — y*)dx — 2zydy by using the Cauchy’s

integral theorem on the line segment with starting point 1 4 ¢ and
endpoint 3 4 2i.

Let T': z(t) = 1+ it,t € [0,1]. Find the integrals of the following
functions by using the Cauchy’s integral theorem on the curve T.

) =322 £G) =+

z

f2) = 1) = =

1
Find the value of the complex line integrals of / ﬁ dz, where
z

r
~ is the following simple closed curve.

(1145.] 1 2= 172 (1146.] 1 |2/ =3
F:\z—i\:l F:|z+i|:1

Find the power series of the following function around the given
point a!
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ﬁ’ a=3 Wl(z_g) @=5
ﬁlﬂz’ a=0 % a=10

Find the residue of the function f(z) at zo = 0.

e* COs 2
11.53. = 11.54. =
=< o 5=
Find the residue of the function f(z) = ——— at zo.
23—z
11.55. | 2, =0 11.56. | 2z, =1
11.57. | zp=-1 11.58. | zp =1
22
Find the residue of the function f(z) = ———— at zo.
(2 + 1)
11.59. | zp =1 11.60. | zp = —¢

Find the complex line integrals of the form / f(z)dz!

|z|=4
e*sinz sin z
11.61. | f(z) = S 11.62. (2)2672
- z
esinz esinz
11.63. = 11.64. -
(1163 ] 1) = S 1164 ] ) = =Ty
z sin z
11.65. | f(z)= <%~ 11.66. | f(2) = — -
z—T z? —

Let T': 2(t) =t + it,t € [0,1]. Integrate the following functions on
the curve T'.
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fz) =22 1) =

Let T be the circle line |z — 2¢| = 1, and find the integrals of the
following functions in positive direction on the curve T

== o=t
o=t mst )

How many roots do the following equations have on the disk |z| <
1? (Hint: apply Rouché’s theorem.)

26*62’%‘10:0 11.74. z4—53+1:O

[ee]

Find the integral /

—00

dx by integration over a curve on the
(a2 +1)°

complex plane!
Find the image of the circle with center z = 0 and radius 1, if the

az+b
cz+d

transformation is f(z) =

Find an f(z) transformation which is a mapping between the upper
halfplane and the circle with center z = 0 and radius 1.

Find the curves or domains given by the following conditions!

220 <4 1)<
Im%=2 Rez=Imz

The function w = f(z) maps the plane z = x + iy to the plane
w = u + tv. Find the images of the given T' domains!
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w=22 T={x+iy:x>0,y>0}

11.83. | w =7, T:{x+iy:0<y<g}



Solutions

Basic Notions, Real Numbers

1.1 Elementary Exercises

The solution is the open interval (2,8). |

\ 2 5 8

The solution is the same as in the previous exercise.

Solution: (4, 6). |

| 4 5 6

The original inequality:

1 > -1
5r+6 —

Let’s multiply both sides of the inequality by 5z + 6. We have two
cases:

Case I: 5z + 6 > 0, that is x > —6/5. Now the new inequality:
1> -5z +6), 5z>-7, z>-7/5

In this case this is only possible if z > —6/5.
Case II: 52+ 6 < 0, that is < —6/5. Now the inequality sign changes:

1< —(Bx+6), dbe<-7 x<-7/5

In this case this is only possible if z < —7/5.

Therefore, the solution is the union of a closed and an open half-line:

x € (—o0,—7/5] U (—6/5,00).

The original inequality:
102% + 172 + 3 < 0.

The main coefficient of the quadratic polynomial on the left side is
positive, so the points of the parabola are below the z axis (in the
interval) between the roots. Let’s find the roots:

1022+ 172 +3=0
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1.11.

1.14.

r1 = —

3 =
27 2 =

1
5
Therefore the solution is:

z € [-3/2,—1/5).

The original inequality:
82 — 30z +25 > 0
Let’s find the roots of the quadratic equation:
82% — 30z +25 =10

30 £ /900 — 800 - 5 _ 5

12 = 16

Since the main coefficient is positive, the quadratic polynomial is posi-
tive outside of [xg, x1], therefore the solution is:

x € (—00,5/4]U[5/2,00).

The original inequality:
92% — 24z + 17 > 0.
Let’s find the roots of the quadratic equation:
92% — 24z + 17 = 0.
Since the discriminant of the equation is negative (—36), the quadratic
polynomial has no roots. Since the main coefficient is positive, for all

r€eR
9x2 — 247 + 17 > 0.

Therefore the solution is all real numbers: x € R.
For which x € R is it true:
e+ 1]+ ]z -2 <127

There are three cases, according to the sign of z +1 and =z — 2.
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1.16.

Case I: x < —1, that is both terms are negative.

11
—(x+1)—(z—-2) <12, —2z<11, mz—?

The solution in this case:

x € [-11/2;-1)

Case II: —1 < z < 2, that is the first term is nonnegative, the second
term is negative.

(z4+1)—(x—2) <12, 3<12, z arbitrary

The solution in this case:
ze[—1;2)

Case III: > 2, that is neither of the terms are negative.

1
(z+1)+(x—-2) <12, 22 <13, xS;

The solution in this case:
x €[2;13/2]
Therefore, the solution of the exercise:
x € [-11/2;13/2].
For which z € R

z+1
2¢ +1

1
> -7
‘ 2

Case I: x < —1, that is the numerator and the denominator are negative.

r+1 1
— 2 1 2 1 2<1
236+1>2, (x+1) <2x+1, <

There is no solution in this case.

Case II: x > —1/2, that is the numerator and the denominator are
positive.

r+1 1
— 2 1 2 1 2>1
2m+1>2, (x+1)>2x+1, >



. Basic NoTioNs, REAL NUMBERS — Solutions 202 U

1.18.

The solution in this case:
x € (—1/2;00)

Case III: —1 < & < —1/2, that is the numerator is positive, the denom-
inator is negative.

3
—2x+1)<2c+1, 4> -3, x> -7

>1
2’

r+1 77954—1
2c+1|  2x+1

The solution in this case:

x € (—3/4;-1/2)

There are no other cases, because the numerator is positive if the de-
nominator is positive. Therefore the solution is:

z € (=3/4;-1/2) U (—1/2;00).

Ve+3+]r—2/=0

Both terms are nonnegative, so the sum can be zero only if both terms
are zero. Therefore,

z+3=0and z—2=0.

There is no z, for which these two equations are fulfilled at the same
time.

1.2 Basic Logical Concepts

1.22.

Yes:

(b)+(c) = All animals are either mammals or have a gill.

(b)+(a) == If an animal is a mammal, then it has a gill.

Therefore an animal is either a mammal or it is not, in any case it has
a gill.

For this sentence we cannot assign a truth value, if there is only one
Mohican. If the sentence were true, then the last of the Mohicans would
have lied, therefore the sentence would be false. If the sentence were
false, then the last of the Mohicans would tell the truth, that is, not all
of the Mohicans are liars.
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1.27.

1.29.

1.31.

1.33.

Only the statement (c), moreover the two statements are equivalent:
(A= B) <= (-B = —4)

For 2%8 subsets it is true, for 2190 — 298 = 3. 298 it is not true.

299

1 is an element: subsets.

2 is not an element: 2°° subsets.
1 is an element and 2 is not an element: 2°® subsets.
1 is an element or 2 is not an element: 292 4 299 — 298 —3.9298

The complement: There are 2% subsets, such that 1 is not an element
and 2 is an element of the subset.

(b) = (a), (¢) = (d).

The other implications are not true.

1.3 Methods of Proof

1.34.

1.36.

Let us assume indirectly that there is p, ¢ € N such that V3= b We
q

can also assume that p and ¢ are relatively primes.

2
3= 3¢ =p
q

Therefore, p? is divisible by 3, but since 3 is a prime number, p is
divisible by 3: p? = 9r2. Therefore,
32 =9r%, ¢* =32

Repeating the previous reasoning for ¢ instead of p, we have that ¢
is divisible by 3, which contradicts the assumption that p and ¢ are
relatively primes.

Let us assume indirectly that

2+1
\f; +3
r= ot +5
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1.38.

1.44.

is rational. But in this case

_V2+1
2

(r—>5)-4 +3

is also rational. Continuing this reasoning, we have that /2 rational.
This is a contradiction. We can prove that V/2 is irrational with the
same reasoning as we proved that v/3 is irrational.

(a) Cannot: if « + y were rational, then (z +y) — 2 = y would be also
rational.

(b) Cannot: if x — y were rational, then z — (z — y) = y would be also
rational.

(c) Can, but only if z = 0.
(d) Can, but only if z = 0.

True.

)

) False: e.g. a = V2, b=—-V2
(c) False: e.g. a+ b is irrational.

)

True.

Proof by induction:

n=1:16|16

For n+ 1: Since if k|la —b and k|b, then k|a, it is enough to prove
that

16|(5" T2 —4(n+1)—5)— (5" —4n—5), that is, 16/4- (5" —1).
It is fulfilled if 4/5™ ™" — 1. Tt is easy to prove this by induction.

Indirect proof: Let us assume that tan 1° is rational. Now we prove by
induction that tann® is rational for all n € N*, n < 90. We can prove
this by using the trigonometric addition formula:
o tann® 4 tan 1°
tan(n 4+ 1)° =

1+tann® -tanl°’
In this rational formula all terms are rational, so the result is also

rational. Since tan 30° irrational, we have a contradiction.

According to the inequality of arithmetic and geometric means

ol = VT o n< 1+2+--n n+1

n 2
Let’s raise both sides to the power of n, we have the result.
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1.45. | Yes, it is true. Let us assume indirectly that for all n we have a,, >
107°, and therefore a2 > d = 10712 > 0. Therefore, a,+1 < a, — d,

and in general a4 < a, — k- d. Therefore, let k = 10'2 = rk SO

ai4r <0.9—1<0<107% That is a contradiction.

(a) Let us denote the sum by s, that is

SR
Sp = —— N _—
1.2 2-3 (n—1)-n
We calculate the value of s, for n =2, 3, 4.
1 2 3
So = —, 89 = —, S4 = — e
2 2, 3 37 4 )
The sum is:
n—1 1
Sp = =1-—.
n n

Proof by induction: It is true for n = 2. Let us assume that the
formula is valid for n.

1 1 1
O B I S (O s D Sy PR
1

_ ~n—1 1
_Sn+n~(n+1)_ n +n-(n+1)
_(n=Dm+1)+1  n

N n-(n+1) Con+1

(b) Let s, =1+3+...+ (2n — 1), the sum of the odd numbers.

81:13 52:4» 83:97 84:16)

The sum: s, = n2.

By induction: the statement is true for n = 1. Let us assume that
the statement is true for n.

Sp+1=1434+...+2n—-1)+2n+1)=s,+(2n+1)
=n’+2n+1=(n+1)?

1.58. | By induction: the statement is true if n = 0. Let us assume that it is
true for n, and the positive k is a divisor of both u,41 and u,42. In
this case k is also a divisor of u,42 — Uupt+1 = u,. According to the
assumption u, and u, 1 are relatively primes, so k = 1, therefore w1
and u,42 are also relatively primes.
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1.59.

1.60.

1.61.

By induction:
It is easily proved for n =1 and n = 2.

Let us assume that n > 2, and the statement is true for n—1 and n —2.

1.671 1.6"2 1.6
n = Up— n— = 1.6 +1
u Up—1 + Up—2 > 3 + 3 3 (16+1) >
1.6™

1.6"2

1.6%2 =

On the other hand,
Up = Un_1 + Up_p < L7714 17772 = 1772174+ 1) <
172172 = 1.7

By induction: For n = 1 the given statements are true in every exercise.
Let us assume that the given statement is true for n, and we have to
prove the statement for n + 1.

(@) (ur+ug+ - Up) + Unp1 = Ung2 — 1+ Upp1 = Upq3 — 1

(b) u%-rl — UnUn42 = u%-ﬂ — U (Unt1 +Up) = Uni1 (U1 —Up) —up; =

Up4+1Un—1 — u% = _(_1)n+1 = (_1)n+2
(c) (u2+ud+---+u?) +u%+1 = UpUpi1 +u%+1 = Upt1(Up +Upy1) =
Un+4+1Un+2

The following expressions are easily proved by induction:

(a) Sp = - Ugpy1 + B = Uopi1 — 1.

)
(b) sp = -uspia + S = usnyo.
U —1
(C) Sp = O - U3p+2 + /8 - %
(d) s, =

The proof only works if n is at least 2. But for n = 1 and n = 2 the
statement is not proved.

a?be has four factors. We can write the 3-terms sum as a 4-terms sum,
and we can apply the arithmetic and geometric means inequality for
the 4 terms:

Therefore,
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9\ 4

2

be<4(=| .

swse()

The number on the right-hand side is the maximum, because there is
18 9

a
l.t .f - = b == .
equality, 1 B C 9

1.69. | Apply the arithmetic and geometric means inequality.

abe 1 3
———— =TT
ab+bc+ac 3 7+a

a+b+c 18
+1 -
c b

L =2
3 3 9

IN

The equation is true if and only if a = b =c = 6.

2a +b+c
3

20 +b+c=3 > 33/(2a)bc = 3V/2-18 = 3V/36
There is equality if and only if 2a = b = ¢ = V/36.

1.73. | Apply the arithmetic and geometric means inequality.

a2+b2+02:3<\/W>223(%)2:3<318)2

There is equality if and only if a = b = ¢ = V/18.

1
1 a+ - [1
a+7:2 a22 a—:2
a 2 a

f(x)zx(l—x):( x(l—x))zg <‘7ﬁ+(1_$))2:jl

1
There is equality if t =1 —x = 3
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1.80.

4
4 T4 - [ 4
f@y=z+—-=2- L >2.4z-—=4
T 2 T

4
The minimum is at the point where the equality holds: z = — = 2.

x
1.82. | Applying the arithmetic and geometric means inequality:
T 3
2 x 2 2
loz)=4-2.2 . (1—g)<4.- |22 | =
(-2 g g o= 3 27
. e X . 2
There is equality if 5= 1 — z, that is, x = 3
Therefore the maximum: T
1.86. | Using the notations of the figure, the area of the rectangle:
T = 4F, where F = z-y and 2% +¢y? = 1.
Therefore F' = x+v/1 — z2. Calculate the
maximum of FZ: )
2 2\ 2
oy (£

There is equality if 22 = 1 — 22, that is,

1
T=y=—.
Y V2
Therefore the maximal area: T = 2, in
the case of a square.

1.4 Sets
1.87. | This statement is true.

r€(A\B) <= (xcAN(2¢B) < (rcA)A(x€B) <
<~ z€(ANB)
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1.90. | This statement is false. Counterexample: A = B = {1} C R. There-
fore, A\B=A=R\ {1},but A\ B=A={1}.

=
[y

9 This statement is false. Counterexample: Let A = B = {1}, then
(AUB)\ A=10+# B.

1.94. | This statement is true.
Proof 1.
We show that A\ B C A\ (AN B), and also that A\ (ANB) C A\ B.

Let x € A\ B be arbitrary. In this case ¢ ¢ B, so x ¢ AN B. Since
xeA soxeA\(ANB).

Let z € A\ (AN B) be arbitrary. In this case z ¢ ANB. Since z € A, so
x ¢ B\ A. Therefore, z ¢ (B\ A)U(ANB) = B. Therefore z € A\ B.

Proof 2.

A\(ANB)=AN(ANB)=AN(AUB)=(ANA)U(ANDB)
=0U(ANnB)=(ANB)=A\B

A\ (BUC)

1.100.
(ANBYU(ANC)U(BNC)\ (ANBNC)

1.102.

=
©
0

) —

2 €(AUB) < ¢ (AUB) < (x ¢ A)AN(x ¢
nB)

B
< (r€eA)AN(r€eB) < x€(ANB
1.5 Axioms of the Real Numbers

1.106. | (a) That is false, counterexample: z = —1, A =0.

(b) That is true. Since the left-hand side of the first inequality, |z| <
A, is not negative, we can multiply it by itself, that is, |z|? < A2.
Since |z|? = |2?|, therefore 22| < A2.

1.109. | (a) The set H has no minimum. (The set H has no minimal element.)
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1.111.

1.112.

1.117.

1.118.

1.119.

1.124.

1.125.

1.126.

1.128.

(b) The set H has no maximum.
(c) The set H has a maximum.

(d) The set H has a minimum.

Statement (b) is false, the other ones are true.
M An = {0} 1.113.| (B, =0
n=1 n=1

Formally:
Jre HVy € H (x>2Ay > 2?)

This statement is not true for any set H C R, because if y = x, then
x> 2 (z > 1) implies x < 2%

M:ﬁln:{o}

n=1
For all n € N implies —1/n < 0 < 1/n that is 0 € I,,, so 0 € M.
If z # 0, then there exists k € NT such that 1/k < |z|. For this k

z ¢ Iy = [~1/k, 1/K].

M:ﬁ]n:{o}

M:ﬁ[n:{()}

n=1
Since for all n € Nt 0 < 1/n holds, that is, 0 € I, so 0 € M. If
x # 0, then there exists k € Nt such that 1/k < |¢|. For this k

T ¢ ]k = [0, 1/]{:)

M= Fjl[nz(z)

Since for all n € N* 0 ¢ I,, holds, so 0 ¢ M. If x # 0, then there exists
k € N* such that 1/k < |z|. For this k = ¢ I}, = (0,1/k].

Only the statement 1.126.¢ is true.

Cannot be, because of the Cantor axiom.



1. Basic NoTioNs, REAL NUMBERS — Solutions 211 U

(194]

1.136.

1.140.

Cannot be. The intersection of any number of closed intervals can be
empty, or a single point, or a closed interval. Therefore, the intersection
cannot be an open interval.

Can be, but only if the intervals are the same, if the index is large
enough.

Let I, = (an,by). The word “nested” means that for all n it is true
that a, < apt1 < bpy1 < by

Let a =supa,, b=infb,. We know that a < b.

There are four cases:

1) a = maxa, and b = minb,. It is true if and only if from a certain
oo

index a,, = apy1 and b, = b,11. Therefore, ﬂ I, =In = (a,b).

n=1

2) a = maxa, and there is no minimal among the b,. Therefore,
ﬂ I,, = (a,b], which is empty if a = b, and a not empty left-open,

n=1
right-closed interval if a < b.

3) There is no maximal among the a,, but b = minb,. In this case
() In = [a,b).
n=1

4) There is no maximal among the a,, and there is no minimal among

the b,,. In this case ﬂ I, = [a,b].

n=1

All of them except the Cantor’s axiom.

All of the finite decimal numbers are rational, but for example 1/3 has
no finite decimal form.

Exactly those rational numbers have finite decimal form, which can be
written as the quotient of two integers, in which the denominator has
no other prime divisor, but 2 and 5.

There are two assumptions for the sequence of intervals I,,.
1. The intervals I,, are closed and bounded.

2. The intervals I,, are “nested”, that is, the interval of larger index is
a subset of the interval of smaller index.
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If we omit the first assumption, then, for example, the intersection of
the open intervals I,, = (0,1/n) is empty.

If we omit the second assumption, then, for example, the intersection
of the closed intervals I,, = [n,n + 1] is empty.

Remark:

The second assumption can be exchanged with the weaker condition
that the intersection of any finite number of intervals is not empty.

If the presented intervals are of arbitrary type, and neither the se-
quences of the left endpoints, nor the sequences of the right endpoints
are “stabilized”, that is, there are infinitely many left and right end-
points, then the intersection of the intervals is not empty with the
second assumption.

1.6 The Number Line

1.145.

1.148.

1.150.

1.155.

1.160.

1.162.

B—(206) D = {2,3,4,5,6)
E=[2,6) F = (26

G =[2,6) 1.151. | H =[2,6]NQ, it is not an intervall

1
The set A = { in € N"'} is bounded from below, the maximal lower
n

bound is 0. The set is bounded from above, because it has a maximum,
the maximal element is 1. Since the set is bounded from below and
bounded from above, the set is bounded.

The set Ip = {n € N: n is prime A n + 2 is prime}, the set of the so-
called twin primes, is bounded below, for example, 0 is a lower bound.
We still don’t know today (March 4, 2014), whether the set is bounded
from above, since we don’t know if there exist infinitely many twin
primes or do not.

1
For example: a,, = (—1)" - (1 — ), that is,
n
1 o
1—— if n is even
n

Ay =

1
-1+~ ifnisodd
n
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1.165. | Vxe Adye A (y<x)

1.168. | sup(AUB) = max {sup 4, sup B}, sup(ANB) = min {sup A, sup B}.
If sup(A\ B) # 0, that is, A ¢ B, then sup(A \ B) < sup A.

1.173. A_{Q T :n€N+}, infA =0, supA = maxA =1, there is
n—
no minimum.
1 1
1.175. | A= { + —=:ne€ N+} implies inf A = 0, sup A = max A = 2, there
n o n
is no minimum.
1 1
1.178. | If A = { + 7 € N+}, then inf A = 0, sup A = max A = 2, and
n

there is no minimum.

1.181. | Let A = {\/5 ‘n € N+}. It is obvious that sup A = max A = 2. We

show that inf A = 1. Since ¥/2 > 1, so 1 is a lower bound. We show
that for any x > 0 we have that 1+ z is not a lower bound:

According to Bernoulli’s inequality (1 +z)® > 1+ nz and 1+ nz > 2
1

if n > =, therefore there exists an n such that 1+ z > ¥/2.
T

1.182. | Let A= { V2 —n:n ¢ N+}. Since for all n € NT we have 2" > n+1
according to Bernoulli’s inequality, therefore sup A = min A = 1.

On the other hand, 2" —n < 2™, so 2 is an upper bound of A. The
number 2 is also the supremum of A, that is, sup A = 2, because

1
Ve -2 =2

and according to the previous exercise

1 1
Supqy ——=:n € N+} = =1
p{c/ﬁ inf {V/2:neNt}

Since 2 ¢ A, therefore the set A has no maximum.

1.186. | Because of the definition of the supremum, it is enough to show that
every upper bound of A is an upper bound of B, as well.

Let K be an arbitrary upper bound of B, and a € A be arbitrary.
According to the assumption, there exists b € B such that a < b. Since
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K is an upper bound, so b < K. Therefore, any a € A implies a < K,
that is, K is an upper bound of A.

Q=P:
lz—y| = [(z—A)+(A—y)| < [z-A|+[A—y| = |[z—A[+]y—A| <ete = 2e.
P=,Q:

For example, t =y =0, e =1 and A = 2.

P =4 Q: For example, H = (1,2]. In this case P is true, but with
the choice a = 1 we can show that Q is not true.

Q =% P: For example, H = {—1}.
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Convergence of a Sequence

2.1 Limit of a Sequence

Since a,, — 1, we can give a threshold.

(a)

(b)

e=0.1
1 1 )
lan =1 =1+ —=—-1|=—= <01 & V/n>10 < n>10

vn Vn
Therefore, the choice ng = 10% meets the requirements .

e = 0.01 If we change 0.1 to 0.01 in the previous solution, we got
ng = 106

@ There is no such ng threshold. According to the solution of part (a) of
the previous exercise, if
n > 10%, then |a, — 1| < 0.1. So for these n we have

lan —2| = |(an —1) — (2—1)| > |1 = |a, —1|| > 1—0.1 = 0.9 > 0.001.

These exercises show the importance of the orders and types of the logic
symbols in the definition of convergence.

(a)
(b)

(c)
(d)

(e)

(f)

True. Generalizing the exercise easily can be seen that a,, — 1,
and this is identical with the formula.

False. This formula fulfills for a sequence (a,) if and only if the
terms of the sequence equal 1 from some index. The given sequence
does not fulfill that.

True. This formula fulfills for a sequence (a,,) if and only if the
sequence is bounded. The given sequence is bounded.

False. This formula fulfills for a sequence (a,,) if and only if there
is an open interval around 1 with radius e, which contains only
finitely many terms of the sequence.

True. This formula fulfills for a sequence (a,,) if and only if the first
term of the sequence a; = 1 because the choice ng = 1 corresponds
for all e.

False. This formula fulfills for a sequence (a,) if and only if the
first term of the sequence a; # 1.
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We show that for all n large enough b, > a,:

10n* 4 25 < 10n® +n® = 11n” if n > 5.

On the other hand 11n2 < n? if n > 11.

So with the choice N = 11, we have b,, > a, if n > N.

We show that for all n large enough b,, > a,:

3" —n?>2"4n < 3" >2"4+n4n.

At first we show that from a certain index 2" > n?. Using the binomial
expansion,

roae =9 (1) (5) -1 ()

k=0
3
2
=18 >n-.
That is fulfilled if n — 2 > %’ that is, n > 4, and n > 48. Therefore,
n > 48 = 23 - 6 implies

M4 pl4n <2t 42" 42" =3.2" < 3",

The inequality is certainly fulfilled if

@)n =(1+0.5)">3.

But according to Bernoulli’s inequality that is true if n > 4.

Summarizing the requirements for the number N, the choice N = 48 is
a solution.

(by,) is the greater one from some index:
If n > 3, then
l=6-(4-5 6478 = g s gn

43 7
The inequality fulfills if 2™ > 5 = 3 and that fulfills if n > 8.

Therefore, the choice N = 8 works.
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2.16.
V2<1.01=1401 < 2<(140.1)"
According to Bernoulli’s inequality
(1+0.1)" >1+0.1n> 0.1n > 2,
if n > 20.
2.17.
Yn < 1.0001 <= n< (1+1074)"
Using the binomial expansion
o = (n), n\, g n(n-1) n?
14+107%)" = 1074 1078 =
(1+107) kzo<k> “ e 5.10° ~ 8.105 "
if n > 8-10°%.
2.25.
vVn?2+5+n 5 5
vn?2+4+5-—n=(vn2+5-n) = < —<0.01
( )\/n2+5—|—n Vn2+5+4+n n
if n > 500.

P = Q because the smallest term is a lower bound, and the greatest

term is an upper bound.

1
Q =& P, counterexample: the sequence a,, = — is bounded, but there

n
is no smallest and there is no greatest term in the sequence.

(b) is true, the others are false.

2.40.

mb—2 7| 7(7nb — 2) T —2) ©

< 21n° + 4nb 25 1
7(Tn —2nb) 35 n

2n5 + 3nd 2‘ _ 7(2n° + 3n) — 2(7n® — 2) 21n® +4
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2.47.

2.55.

1
The last inequality certainly fulfills if n > —, so a threshold is
€
1
€

lim (Vn?+1—-n) = lim(vVn?—-1—-n) =0, so lim (vVn?2+1+
n—o0 n—oo n—oo
vn?—1—-2n)=0.

Let’s find thresholds for % separately for a, = vVn?2+1—n and b, =
vn2—1-—n.

1 1
|an‘:\/n2+1,n:7<,<§
n+1l+n n 2
. 2
fulfills if n > —.
€
|b|—n—\/nQ—1—71 <l<E
" n+vn2—1 n 2
. . 2 2.
This also fulfills if n > —, so ng = |—| is a good threshold:
€ €
‘\/n2+1+\/n2—1—2n‘S‘\/ﬂ?—o—l—n’—i—‘\/nQ—l—nl
L f_
2727 ¢

if n > ng.

(a) The sequence (a,) is oscillating divergent.
(b) The sequence (a,,) is convergent, a,, — 4.
(c) The sequence (ay,) is divergent, a, — oo.
(d) The sequence (ay,,) is oscillating divergent.

1
For example, a, = —, b, = —.
n n

Since a > 0, the sequence (a,) has only finitely many negative terms,
therefore from some index /a,, is valid.

lan — al < lan — al

‘\/a—\/a:@Jrﬁf NG
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6

B
i

2.74.

Since a,, — a, we can choose such an ng threshold that n > ng implies
lan, —a| < & -y/a. This ng is a good threshold:

|ay, — al <5-\/E:

}\/@_\/ﬂg NG NG

E’
if n > ng.

All of the statements are true. Only the statement (d) is equivalent to
ap — 00.

The limit cannot be oo, but it can be —oo or a real number.

The limit cannot be —oo, but it can be co or a real number.

\/I+\/§+~-+\/ﬁ> \/m+"'+\/ﬁ>

1 n n
.2 2 1> K
>n 2 2 =

if n > 8K? + 2. Therefore, a threshold is ng = [8K? + 2] + 1.

S|

|3

|3
\Y

According to the condition there exists a number N such that

C
an+1—an>d:§>0.

We can prove by induction that n > N implies
an >an+d-(n—N).
Since lim (ay +d-(n— N)) = oo, so according to the squeezing the-
n—oo

orem (or sandwich theorem, or two policemen theorem) lim a,, = co.
n—0o0

2.2 Properties of the Limit

2.84.

1 2
Since — — 0 and — — 0, so according to the squeezing theorem b,, — 0.
n n

We cannot say anything about (b,,), the limit can be anything, or the
sequence can be oscillating divergent, too.
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2.91. | Tt is enough to prove that as, and as,41 have the same limit because
the bigger of the thresholds we got for the two subsequences works for
the whole sequence. Since ag, is a common subsequence of as, and
asn, therefore

lim as, = lim as,.
n—o0 n—oo

On the other hand ag,43 is common subsequence of ag,4+1 and asy,,

therefore
lim agp+1 = lim asy,.
n— o0 n— o0
. ) a
2.95. | Since a > 0, from some index 5 < ay < 2a, therefore

K/g < Ya, < V2a.

Since for arbitrary ¢ € Rt implies {/c — 1, so according to the squeez-

ing theorem
Ya, — 1.

2.100.
bn:an—1:a7l+1—2:1_ 2 50
a, + 1 a, + 1 a, +1
Let’s express a,, with the help of b,:
2 2 2

1—by, an+1= 1

ant1 1—b, "1,

Applying the operational rules of the limit, we get: a,, — 1.
2.102. | From some index 0 < /a,, < 0.5,500<a, <0.5" = 0.

1
N

Q= P: Let lim a, =a > 0.
n—o0

2.107. | P =% Q: for example, a,, =

Case 1: a = oco. In this case there is a threshold N such that n > N
implies
1
ap >1> —.
n

Case 2: 0 < a < co: Choose for € = g a threshold IV, such that

1
lan, —al <€ and —<e
n
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if n > N. But in this case

a
—<e==-—=a—¢€<an.
n 2

2.111. | The statement implies that a,, — oo, “squeezing theorem for infinity”:

Let K € R be arbitrary. Since b,, — 00, there exists a threshold N such
that n > N implies K < b,. But according to the condition for these
n numbers K < a,, is true.

2.114. | The statement implies nothing:

(an) can be convergent, for example if a,, = 0,
it can go to oo, for example if a,, = b, — 1
or can go to —oo, for example if a,, = —n,

or it can be oscillating divergent, for example if a,, = (—1)".

2.118. | The sequence is bounded because it is convergent,

L VIEV2

li 0
n—o0 n
because
VIHV2Z+dyn ottt yn onyn 1
n? n? n? Vn
. . 1
2.120. | Since from some index 2" < 53”, therefore
i = 1/3n — lgn < Y3n —9n <« /3" = ,
2 2
3
if n is large enough. The left-hand side of the inequality is T\/i — 3,
and because of the squeezing theorem
V3n —2n — 3.
2.125. | Simplify the terms of the sequences:
1-243—-=-2n (1-2)+B—-4)+---+(2n—1-2n)
ap = =
" vnZ+1 n?+1
n

n?+1
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Dividing the numerator and the denominator by the order of magnitude
of the denominator, n, we get that

n 1
ap = — =— — —1.
n? +1 1
1+72
n

1 n
According to exercise 2.181. <1 + > is a monotonically increasing
n

1 n
sequence, therefore (1 + ) > 2.
n

" 1\"1?
o (1) () T e
mn n

At this fraction the “order of growth” of the denominator is 7", but the
2" 43"
1t ting si blem. We show that a,, = —— — 0.
alternating sign causes a problem. We show that a, = = YT
It is enough to show that |a,| — 0.

G) -G
s 7

0] = | —+3 0
A (=T T T — A e "
7
P==- Q:let
_ 1 if n is even b — 1/n  if nis even
an 1/n ifnisodd ~’ " 1  ifnisodd

1
Q== Pileta,=—, by=n
n

Remark: If one of the sequences goes to 0, and the other one is bounded,
then a,, - b, goes to 0.

2.152. | (a) an is convergent and lim an > 0: an=mn, b,=n+1.
b n—oo by,

n

an . . a
(b) — is convergent and lim — = 0: an=mn, b, =n>
bn n—00 Op
Ap . .. . 2
(c) = is divergent and lim — = oo: an =n% b, =n.

by, n—o0 by,
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ap . R . . B n if n is even _
(d) b is oscillating divergent:  a, = { 02 ifnisodd b, =
n? if n is even
n if n is odd
P =~ Q: For example a,, =n+1, b, =n.
1 n bn n
Q = P: Sincebn—>oo,sob——>0,andabi:%—l—)O.

2.3 Monotonic Sequences

— The product of two positive, monotonically increasing/decreasing
sequences is monotonically increasing/decreasing.

— The product of two negative, monotonically increasing/decreasing
sequences is monotonically decreasing/increasing.

— The product of one positive and one negative, monotonically de-
creasing sequences is monotonically decreasing.

— The product of one positive, monotonically decreasing and one
negative, monotonically increasing sequence is monotonically in-
creasing.

In the other cases we cannot say anything about the monotonity.

We can prove by induction that a, > a; - (1.1)"~!. Therefore, it

10°
is enough to find an n, such that 1.1""' > ——. According to the
ay
Bernoulli’s inequality
n—1 n—1 106
1.1 =(1+0.1) >1+(n-1)-01>(n-1)-01>—.
ai
. . . 107 . 107
This certainly holds, if n — 1 > — that isn > — + 1.
ax a

At first we prove that all terms of the sequence are positive, which is
obvious by induction. Now we can give a better lower estimate for the
terms of the sequence: according to the (two terms) inequality between
the arithmetic and the geometric means

1 a a
an+1:<an+)2 an'iz\/a-
2 an

an
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We prove that the sequence (a,,) is monotonically decreasing from n =
2. Using that a,, >0

1 a
2<an+>§an — a2 4+a<2d® = d®>a = a, > V.

n

But we already proved that a,, > +/a for all n > 2, therefore the se-

quence is monotonically decreasing and bounded from below, therefore

convergent. Let lim a, = b, and b > v/a, so lim a,y1 = b. On the
n—o0 n—o0

other hand

Therefore,

It is easy to read from the recurrence formula that a,, > 0 (even more

an > /2, if n > 1). On the other hand we can prove by induction that
an < 2. It is true for n = 1. Let’s assume that it is true for n. Then

U1 =V2Fan < V2+2=2.

We’ll show that the sequence is monotonically increasing. Let’s solve

the inequality
V24>

on the set of nonnegative numbers:
V24z>r = 242>2% — 22—2-2<0 < 0<z<2.

Since we already proved that 0 < a,, < 2, so we can write a,, instead
of z, 80 apy1 > an. Therefore, (a,) is monotonically increasing, and
bounded (from above), therefore convergent. Let a = hm ay. Since

the terms of the sequence are nonnegative, so a > 0. Because of the
operational rules of the limit and the recurrence formula

=V2+4+a <<= a=2.

1
a; > 0, and if a,, > 0 then apy1 = ap + = > 0, so for all n
ay +1
an > 1. According to the recurrence formula

1
a —ay, = —— >0,
n—+1 n a%—l—l
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therefore the sequence is monotonically increasing. We prove by con-
tradiction that the sequence is not convergent, and therefore it is not
bounded. If lim a, = a, then a > 0 because a, > 0, therefore
n—o0

a’+1#0.

a=a+ ———:.

* a® +1

But this equation has no solution. Therefore, (a,) is monotonically
increasing and not bounded, so a,, — co.

We show that the sequence is strictly monotonically increasing. Apply-
ing the inequality between the arithmetic and the geometric means

1 n+1
1\" 1\" 1+"'<1+n>
(1+) :1.(1+) B [ —
n n

n+1
1 n+1
=(1 .
(1)
Now we prove that
\" 1 I
<1+> <4<:>(1+> <1
n 4 n

Now applying the inequality between the arithmetic and the geometric
means for n + 2 terms

R CTEA N
1 1" Nzt n .
n) n o

n+ 2

n

1
Therefore, the sequence <1 + ) is convergent. We call the limit
n

of the sequence Euler’s constant, and denote it by e. It can be
proved that 2 < e < 3, e is irrational (moreover transcendent), and
e=2T1....

2.4 The Bolzano—Weierstrass theorem and the
Cauchy Criterion

P =% Q:leta, =(—-1)"
Q = P:if (a,) are convergent, then all of its subsequences are con-
vergent (with the same limit).
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2.189. | This condition is not sufficient (but necessary) for the convergence. If,
for example, a,, = v/n, then vn+ 1 — /n — 0, but /n — oco.

2.195. | According to the Bolzano-Weiertrass theorem, the sequence (a,) has

no convergent subsequence if and only if the sequence has no bounded
subsequence.

And it is true, if for all real number K > 0 , there are only finitely
many terms of the sequence in the interval [— K, K], that is with the
exception of finitely many n, |a,| > K.

That means |a,| — co.

2.198. | We show that the sequence satisfies the Cauchy’s criterion. Let ¢ > 0,
and n < m.

‘an - am' = |(an+1 - an) + (an+2 - an+1) + -+ (am - am—1)| <
S |an+1 - an| + |an+2 - an+1| +---+ |am - amfl‘ S
<2 my g—(nt1) 4 . 4 9—(m=1) _

—927".2. (1 - 2*<m*">) <9~(n-1),
Since 2~ (=1 — 0, therefore from some index

lan — am| <27D <&,

2.5 Order of Growth of the Sequences

n" ~nl+n", Vn~vn+ 1

There is no other asymptotically equal pairs among the sequences.

n

However, — — 1, but these sequences don’t go to oco.
n

Vﬁ
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3.1 .
Here the numerator goes to oo because 3 > 1, and the denominator

2
goes to 1, because 3 < 1. Therefore

3,01"
1im
n—oo 2™ - 37

The order of growth of the denominator is 2".

nl(3)"
nl—3" 2n \2

nlo —2n n'o

10
Since —— — 0, therefore the denominator goes to —1. But the nu-

merator is still critical, the difference of two sequences going to infinity.
n n
Using that n! > (Z) ,

n! 3\" . (n)" 3\" - 24\" 3\"
2n 2 8 2 8 2
3\" 3\" 3\"
>2(3) -(3) - (3) -
if n > 24. Therefore, the numerator goes to oo, and

nl — 3"

—— — —OQ.
nlO _9on

2.6 Miscellaneous Exercises

2.225.

The sequence is not the sum of finitely many copies of the (1/n)
sequences because the number of terms in a,, goes to infinity. Therefore,
the first reasoning has the error.

a, — 0.
Because there is a threshold N, such that if n > N, then

2 2\"
0<~"/an<§ <:>O<an<<3> .

2 n
Since (3) — 0, so according to the squeezing theorem a,, — 0.
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5o

There exists a threshold N such that if n > N, then

2 2\"
0<apn<-,<= 0O<ar<|z]) .
an <’ . (3)

2 n
Since (3) — 0, so applying the squeezing theorem a; — 0.

1
For example, a,, = —.
n
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Limit and Continuity of Real Functions

3.1 Global Properties of Functions

3.3

3.8

. .
. .

3.11.

1

2

2

e e e P

2

Yes, this is a function. It is the Dirichlet function.

—o0o <z <0.

Let’s find the domain of the functions, and let’s write the formulas in
a more simple way:

(a) fi(z) ==, (b) folw) = Va2 =,
Dy, = (700700) sz = (—O0,00)

() fslw) = (Va)' =a (d) fulz) =lne* =z
Dfs = [0700) Df4 = (—O0,00)

() fsw) =" = (f) fole) = (V=2)" = |a|
Df5 = (O’OO) Df()- = (_007()]

Two functions are equivalent if and only if their domain is the same,
and the values are the same at every point, therefore only f; and f, are
equivalent.

Odd. 3.19. | Even.
Even and odd. 3.25. | Neither even, nor odd.
True.

x if xr )
False, e.g. f(z) = { 5 ifx i =5

1
Functions cotz and — are (strictly) monotonically decreasing in the

whole domain, the other functions have monotonically increasing inter-
vals, too.
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(a) (b)

(c) (d)

(e) (f)

() (h) k

3.38. | True.
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3.39.

3.43.

3.47

3.51.

3.54.

w

5

J

w

6

6

w

e e e :

6

&
R\
-

g
g

7

3.86.

Generally false, e. g. if f(z) = g(x) = —x, then f(x) - g(z) = 2% which
is not monotonically decreasing.

But if both functions are positive, the statement is true.

Bounded from below, the greatest lower bound is 0. Not bounded from
above.

Bounded from below, the greatest lower bound is 0. Bounded from
above the least upper bound is 1.

Vo € R(f(x) < f(3)). Eg. f(z) = —(a —3)

Ve R3Iy eR (f(y) < f(x)). For example f(z) = .

m =0, M does not exist. m=-1, M=1.

E. g. arctanz.

For example f(x):{ r if —1l<z<l1

0 ifz=—-1lorx=1

21 3.76. 4

2m 3.79. | o2r

All nonzero rational numbers are periods of the Dirichlet function,
therefore the Dirichlet function has no least positive period.

The +/x function is (strictly) concave in the (0, c0) half-line.
It is enough to prove that for all 0 < a <z < b

Vi e v

that is,
VT —Va vb—a

Tr—a b—a
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From this
1 o 1
Vz+va Vb+a

Since 0 < x < b, the last inequality is true.

— Vb+Va>Vr+va = Vb>/z.

3.92. | P =4 Q: For example f(z) = sinmx

Q = P:If f(z) is convex in (—1,3), then for all -1 < a < b < 3 and
0<t<l
flta+ (1 —1)b) <tf(a)+ (1 -1)f(b).

1
With the choicea =0, b=2, t = 5 we get the inequality in statement
P.

3.96. | The equation of the chord is

4 —log, 2

1
hw) = 2P0 (@ — 2) + log; 2 =

log, 2

Substitute 3 for x. Since log, x is concave, so

3log;2 log,;8 log,2+log,4

log;3 > h(3) = 5 5 5

3.100. | Since the function is both con-

vex and concave in the interval
[2, 4], therefore the function must
be linear in this interval. For ex-

ample \
(x—2)2 if1<x<?2
flz) = 0 if2<a<4 \

—(r—4)% ifda<ax<h

1/z ifx#0

0 oo € bijections,

3.112. | The functions z, *, ¥z and f(z) = {

the other functions are not.

3.114. | f(z) = 22 has an inverse in [0, 00), the inverse is f~!(z) = v/, and has

an inverse in (—oo0, 0], the inverse is f~'(z) = v/—z.
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3.125.

(z) = sinz has an inverse in intervals [—m/2 4+ nm, 7/2 + nx], for any
n € Z. The domain of the inverse function is the closed interval [—1, 1].
If we denote by arcsin « the inverse of sinz in [—7/2,7/2], then in the
interval [—7/2 4+ nm, 7/2 + nw| the inverse is

1 nm + arcsinz  if n even
[ () = : :
nm — arcsinz  if n odd

or

fHx) = nm + (—1)" arcsin .

(a) There exists, but the only one is the constant zero function.
The symmetry line of a function graph is the axis x if and only if
f(x) = —f(z) for all x € Dy.

(b) For example f(x) = x2.

The symmetry line of a function graph is the axis y if and only if
f(—z) = f(z) for all z € Dy, that is, the function is even.

We show that 4 is a period of f(x). Since

1+1+f(ac)
Ty N Y (OB 1
1— f(z)
is true for all z, so
1 1
f(x+4):_f(x+l>:__iz'f(l‘)
f(z)

The domain of the function h = go f is R, and h(z) = g(f(x)) = =.
But the function g(x) is not the inverse of f because the domain of g
is larger than the range of f.
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f(x) g9(x)

3.2 Limit

3.130.
(a) Jim f(x)=0 (b) lim f(x)=-1
(c) lig% f(z) does not exist.

3.133. | True: (b), (d), (e), (f).
False: (a), (c), (g), (b), (i), (j), (k), (1).

3.136. | limHhzr=5-limxr=5-3=15
r—3 r—3

3.139.| lm_> -2 _ 1
z—=1Te—3 7-1-3 2
3.142. lim zsing= —sin = = =
T—m/2 2 2 2
4t—2 (t-1(t+2) t+2 3

3.148. = — =
2 -1 t-D@t+1) t+1t=1 2

2+3t+2  (t+1)(E+2)  t+2 1

3.149. = = —
2—t—-2 (t+1D{t—-2) t—2t->-1 3

3.154. | Rationalizing the numerator:

V-1 (VE- D)(/E+1) r-1

r—1  (@-DHz+1)  (@-DHz+1)

()
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3.155. | With the t = 1 + 22 substitution and using the result of the previous

problem:
. Vi+22-1 . V-1 1
lim ————— = lim = —.
z—0 T t—>1 t—1 2

Without substitution, with rationalization:

Vita?-1 V1i+a2-1 V1+az2+1 x?
2 2 VitaZ4+1  22(V1+22+1)
1 1

= .
V1i+tzZ 412202

3.156. | Since sinz is odd, it is enough to find the right-hand side limit. If

0<x<g7then

0 <sinz <z < tanz.
Let’s divide the inequalities by the positive sin x:

1
1<x<

sinz  cosx’

Since all of the expressions are positive, we can take the reciprocals:

sin x
cosx < — < 1.
T

Since cos x is continuous at 0, so lir% cosx = 1. We can use the squeeze
xr—

theorem:
lim o — 1,
x—0 X
3.157.
1—cosz (1—cosz)(l+cosz) sin’z 1 R 1
2 22(1 + cosx) 22 l4cosz 2
3.162. tan 2z _ tan 2z 9 sin2z 2 _ sint 2 .
T 2z 2r  cos2x t  cost t—0

We used that t =22 — 0 if ¢ — 0.
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3.167. | Let’s divide the numerator and the denominator by the order of the

00
denominator, z. After that the limit is not critical, not the case of —.

o)
If z > 0, then

1
20— T+~
2% ~ Ty +1 T+

ViZ f14+1 1 1
v+ 1+ 14241
2z

We get the same limit at —oo, if we choose |z| for the order of denom-
inator when x < 0.

2\/9?1

o T2 040

— o0 if & — oo.

—1
3172, Wrte

= — =0
3z -7 q_ 1 3-0
X
9 7+1
2 L=
3.176.| 24— TrHl_ z 2,
vVt +1+1 1 1
I+ =+
X X
. 3
3.180. lim = — = —00, im = 00.
z—=2-x—2 07 z—2t T — 2
3.184. lim L: i L:oo

1
oot (T =72 asr- (z—7)2

3.190. | Let a = /e > 1.

3.191. | With the ¢t = Inx substitution

SO

3.196. | For example
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3.203.

3.206.

3.208.

This function has limits at x = —1 and = 1, but has no limits at
other points.

Let p > 0 a (positive) period, and a and b two real numbers such that
f(a) # f(b). Therefore

Tp=0a+MN-p— 00, f(a):f(xn)%f(a%

Yn =b+n-p— o0, f(b) = flyn) — f(b).
Because of the relationship between the limit of functions and the limit
of sequences lim f(z) does not exist.
Tr—r 00

P = Q: According to the multiplication rule

s 0 - (i ) (i 1) =53
Q =% P: For example, f(z) = —5.
(a) a, =sin(nw) =0— 0.

(b) f(z) =sinx is a periodic and non-constant function, therefore it
has no limit at infinity (see problem 3.198.).

1
(c) an = {} =0 if n > 1, therefore a, — 0.
n
(d) Since lim [z] =0%# —1 = lim [z], so f(z) = [z] (integer part of
z—0+ z—0—
x) has no limit at 0.

5 if z = 1/n for some n

P =4 Q: For example, f(x) = { 0 otherwise

1
The function has no limit at 0, but f () =5—=5.
n

Q = P: Because of the relationship between the limits of functions

1 1
and sequences, — — 0 and lim f(z) =5, so f <> — 5.
n z—0 n

3.3 Continuous Functions

(a) This function is the Dirichlet-function, which is not continuous at
any points, even more the function has no limit at any points.
For any a € R there are sequences x, € Q and y, ¢ Q such
that a # xn, a # yn, Tn — a and y, — a. So D(x,) — 1 and
D(y,) — 0. Because of the relationship of the limits of functions
and sequences, the D(x) function has no limit at a.
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(b) f(z) is continuous at 0 (but not continuous at other points). For
e>0,0=¢.
If [z — 0] = || <4, then [f(z) — f(0)] = [f(2)] = [z <e=4.

3.221. | (a) h = f + g is not continuous at 3. Proof by contradiction: if

h = f + g would be continuous, then g = h — f would also be
continuous.

(b) f - g can be continuous at 3, but only if f(3) = 0. For example,
f(z) =0 and g(x) = D(x), the Dirichlet function.

3.226. | /x is continuous, if x > 0. At 0, it is continuous from right-hand side.

242 ifz>0
3.229. _ e+ 2 . . . ey
f(z) { mzte ifw<o B continuous at 0 if and only if it is

continuous both from left-hand side and right-hand side. From right-
hand side, that is for > 0 f(z) equals to 2? + 2, which is continuous
at every point, including 0.

For x < 0 f(z) equals to ma + ¢, whose left-hand side limit is ¢ at 0.
Therefore f is continuous at 0 if and only if

2=f(0)=c

3.233. | Let p(x) be a third degree polynomial. It is enough to examine the case

in which the main coefficient of p(z) (that is coefficient of the term x3)
is positive. In this case

lim p(z) = oo, lim p(z) = —oc.

T—00 T——00

Therefore p(x) must have both positive and negative values as well.
But because of the intermediate value theorem there is a point at which

p(z) = 0.

3.236. | Let h(z) = f(z) — g(z). The function h is continuous in [a,bd], and
h(a) >0, h(b) < 0. According to the intermediate value theorem there
is a ¢ € [a, b] such that h(c) = f(c) — g(c) = 0.

3.237. | Let h(z) = g(x) — f(z). This h(x) is positive and continuous in [a, b].
According to the Weierstrass theorem h(z) has a minimum, that is,
there is ¢ € [a, b] such that for all € [a, b]

0 <m = h(c) < h(z) = g(x) = f(2).
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3.257.

3.258.

2 ifxe 1,2
P =~ Q: For example, f(l')_{ 2 ifacz(lor)33=2

Q = P: The maximum of f is an upper bound, and the minimum is
a lower bound.

For example, f(z) = z.

[] is monotonically increasing, therefore it has a maximum in every
bounded closed interval. Therefore

max {[z] : & € [77,888]} = [888] = 888.

f(z) = {2} has no maximum in such [a, b] intervals whose length is at
least 1, since
sup{f(z):x € [a,b]} =sup{f(z):z € [a,a+1]}
=sup{f(z):z €[0,1]} =1,
since number 1 is a period of {z}. On the other hand, f(z) = {z} # 1.

For example a continuous function:

0 if0<z<1/3
f)=14 3z—1 if1/3<x<2/3

1 if2/3<x<1

Yes, there is. The solution of problem 3.254. is a continuous example.

Such a function does not exist. Let’s assume that f(z) is continuous in
the closed interval [0, 1], and its range is the open (0,1) interval. Ac-
cording to the Weierstrass theorem f(z) has a maximum. Let’s denote
this maximum by M. Because of the assumption M < 1, and since M
is maximum, f(z) ¢ (M,1).

This statement can be proved more generally as well, see problem 3.260.

Let f be continuous in [a,b]. According to the Weierstrass theorem, f
has a minimum m, and a maximum M. So R(f) C [m, M].

On the other hand according to the Bolzano theorem every value be-
tween m and M is in the range of f, that is, R(f) D [m, M].
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3
3.263. | Let x, = g 210, Yo = & 4 27n. If n > 100, then

2

Tpsinx, =, > 2mn > 100 and y,siny, = —y, < —100.

According to the intermediate value theorem for all n > 100 there is
Zn € [Tn, yn) such that

Zp, sin z, = 100.

Since the [z, y,] intervals are disjunct, so the roots z, are different.

(@)

(a)

(b)
(c)
(d)

1

is not uniformly continuous in (0, 00). We’ll show that for e = 1
there is no “good” § > 0. For any arbitrary 6 > 0 we can choose
an n € NT positive integer such that

1 1

n n+1

Q) s

is uniformly continuous in [1, 2] according to the Heine-Borel the-
orem.

In this case

is uniformly continuous in (1, 2) because it is uniformly continuous
in the greater [1,2].

is uniformly continuous in [1,00). Let € > 0 be arbitrary, 6 = ¢.
If 2,y > 1 and |z — y| < 4, then

|f(z) = fy)l =

1 1 —
’_V‘" Yoy yl<s=c
r oy zry
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Differential Calculus and its Applications

4.1 The Concept of Derivative
N CRIC)

x—3 r—3
tive f(x) is differentiable at 3 and f/(3) = 4. According to the theorem

4.2 f(z) is continuous at 3.

= 4, then according to the definition of the deriva-

4.3 It does not imply, for example f(z) = |z — 3|.

4.5 This limit is equal to the derivative of the function v/ at any x > 0
point.

Ve+h—+x Ver+h—z JVe+h+z 1 R 1
h N h VIt h+yz  Vrt+h+yz =0 2z

4.10. | Let xo # 0 be arbitrary.

1/x—1/x To— 1 1
VT E S U
T — o xxo(x — x0) TTo ToTO  TH
o .1 1
Therefore, the derivative of the function — is ——.
x x
4.14. | f(x) = ’xQ - 1| is continuous everywhere, and differentiable except at

1 and —1 because it is composed by “this type” of functions, that is, we
can use the differentiation rules. We show that at 1 the left-hand side
and the right-hand side limits of the difference quotient are different, so
the function is not differentiable at 1. Now we may assume that = > 0.

fl@)—f) _ 2?2 =1] _

r—1 r—1

[z — 1]
1)———
(z+ )x—l

2 ifx — 1%
—(x+1)sgn(x—1)—>{ 9 ifa s 1o

Since the function is even, it is not differentiable at —1.
4.18. | At first find the values of b and ¢ such that the function

1—-z2)2—2 ifx>-3
h(x):{( b:c)—(i-c : ifx2—3
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4.19.

is continuous at —3.

lim h(r) = lim (1-2)(2 - 2) =20,

rz——3
lim A(z)= lim (bx+c¢)=-3b+c
r——3" r——3

Therefore, the function is continuous at —3 if and only if
—3b+c=20.

The function h(z) is differentiable at —3 if the left-hand side and the
right-hand side limits of the difference quotient are equal. Since hq(z) =
(1—z)(2—2) and he(x) = bz + ¢ are differentiable at —3, the two limits
are equal, if b} (—3) = h4(=3).

h() = ((1-2)2-2)) = =2-2)-(1-2) = 22-3,  hy(=3) = -9,
hy(x) = (bz+¢) =b

Therefore, h(z) is differentiable at —3 if and only if it is continuous,
that is, —3b 4 ¢ = 20 and b = —9. From the two equations

f(z) is differentiable everywhere except = 0, and f’(x) is continuous
because of the basic derivative rules. Since f(z) is a product of a func-
tion going to zero and a function which is bounded in a neighbourhood
of 0, so ili% f(z) = 0= f(0) (see 3.2). Therefore according to 3.3 f(x)

is continuous at 0.

f(z) is not differentiable at 0, because the difference quotient

ooy = LB TO 1

has no limit at 0.

1
We can see in the figure that the function g(z) = sin — is between the
x

W/

lines x and —x.
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f(x) is differentiable at every point. This is trivial for each z # 0. We

4.25.

show that the limit of the difference quotient at z = 0 is 0.

lim M = lim acsinl =0,

x—0 €T z—0 €T

1
since g(x) = x sin — is product of a function going to zero and a bounded
x

function around 0, (see 3.2). The derivative

QISinl—COSl ifx#0
f’(x): T T
0 ifz=0

is continuous, if z # 0, but has no limit at 0, therefore it is not contin-
uous at 0.

2

1
We can see on the figure that f(x) = x*sin — is between the parabolas
T

x? and —x2.

The function f(z) is continuously differentiable except at the points 1
and 2. It is continuous at the two exceptional points. Let’s calculate
the derivative and the tangent lines of the “middle part”, that is, g(z) =
(1-2)2—2)=2%—-3z+2at 1and 2:

J@)=2-3  JO)=-1 g2 =1

er(z)=1—u, ex)=2—-2=—(2—2x).

Since the function g(x) “continues” at both points by the tangent line,
therefore the function is continuously differentiable at both points.
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4.31. | If f(x) = sinz, then

sin x if n =4k

cos T ifn=4k+1
—sinx ifn=4k+2
—cosx ifn=4k+3

fl(x) =cosz, f"(x)=—sinz, [O(z)=

4.32. | If f(z) = cosz, then

cos T if n =4k

—sinz  ifn=4k+1
—cosx ifn=4k+2
sinx ifn=4k+3

f'(x) = —sinz, f'(z)=—cosz, [ (x)=

4.2 The Rules of the Derivative
4.33. | P = Q: Since f(x) = f(—=), therefore f'(z) = f'(—z) - (1)
—f'(=x).
Q = P:Let g(z) = f(—=). Since f'(z) = —f'(—x), therefore ¢'(x) =
—f'(—x) = f'(x). So the derivatives of f and g are equal everywhere,

so according to the basic theorem of anti-derivatives there is a ¢ € R
such that

g(z) = f(z) + ¢, that is, f(—z) = f(x) +c.
Since this statement is true for all x, applying it for z =0

f(0)=f(0)+¢c <<= c=0.

4.34. | P = Q: Since f(z) = —f(~z), 50 f'(x) = —f'(—x) - (1) = f'(—2).
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4.38.

4.42.

4.56.

Q =% P: For example, f(z) =z + 1.

If we also assume that f(0) = 0, then it is true that f is odd:

Let g(z) = —f(=x). Since f'(z) = f'(=x), so ¢'(x) = f'(-z) = f'(z).
Therefore, the derivatives of f and g are equal everywhere, so according
to the basic theorem of anti-derivatives there is a ¢ € R, such that

g(z) = f(z) +¢, thatis — f(—z) = f(z) +c.

Since it is true for all x, so applying for x = 0

0=f(0)=f(0)+¢c <= c=0.

P = Q:

. fla+h)—fla=h) 1 . [fla+h)—f(a) fla)— fla—h)

P oh _2%13%< h * h )
_ 1. fla+h)=fla) .. fla)—fla—h)
Y e S A L e A—

= (@) + /(@) = /(@)

Q =~ P: For example, a =0, f(z) = |z|.

Verify that the given point is on the curve! It means that the value of
the function at 1is 6: f(1)=1*>—-2-124+3-1+4 =6.

The equation of the tangent line is y = m(z — z9) + yo, where z¢ =
1, yo = 6 and m = f'(1).

The derivative of the function f’(z) = 322 —4x+3. Hence, m = f'(1) =
2. Therefore, the equation of the tangent line at the given point:

y = 2(x — 1) + 6, or otherwise y = 2z + 4.

Let f(z) = \/z\/zv/z. In this case Dy = [0,00) ASs Dy = (0,00).

Let’s write down f(x) in a “fraction exponent form”:

Jw = \/“3\/77— (x (= (x)1/2)1/2)1/2
e )Y
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Therefore,

7 7
) = T /8
Flla)=go 8z

4.57. | Let f(z) =1\/z+ m So Dy = [0,00) and Dy = (0, c0).
oo 1 1 1
f(ac)—Qm(H2 x+ﬁ(1+M)>

4.62. | Let f(z) = smx:—w. The domain is
cosz + rsinz

Dy ={z:cosx+xsinz # 0} = {z : cotx # —z}.

Applying the rules of derivation:

f'(z) =

(sinax — zcosz) (cosx + xsinz) — (sinx — x cosx)(cosx + x sin x)

(cosz + xsinx)?

(sinx — xcosx) = cosx —cosz + wsine = rsinw
(cosx + xsinr) = —sinz +sinz + zrcosz = rcosw

Substituting the results:

() = xsinz(cosz + xsinx) — (sinx — x cos z)z cos x
)= 2

(cosx + xsinx)

1,2

~ (cosx + xsinz)?

The domain of the derivative: Dy = Dy.

4.63. | Let f(z) = 42> tan(2® 4 1). The domain

Df—{z:x2+17é(2n+1);r}—R\{j: (2n1)glzn€N}.

f(x) = 122% tan(z? + 1) + 42> (tan(2? + 1))’
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According to the chain rule

1 2z
tan(z2 +1)) = —— %= T
(tan(z” + 1)) cos?(x2+ 1) v cos?(x2+ 1)

Therefore 9
"(2) = 1222 tan(2? +1) + —— o
1(2) x“tan(z” + 1) + o2 (22 1 1)

The domain of the derivative is Dy = Dy.

4.68. | f(z)=2"=¢""" Dy =Dy =(0,00).

e
=

=2

4.84. | Let f(z) =

fl(x) = (%) = (e“”)/ =" %(Ing +1) = 2%(Inx + 1).

Inx

flz) = Jr=a*=e, Dy =Dy = (0,00).

Fa) = (va) = (%) = v

xT

Inx
4.74. f(x) =log, =z = m, Df = Df/ = (0,00).
Inz\’ 1
o) = o) = (25) = i
In4
475 | f()=log, 4=, Dy=Dp=(0.1)U(Loc).
In4\’ In4
()= (log. 4) = [ — ) = ———_
o) = (g, 1) = (1) = -

sinhxz —xzcoshx . . .
————————. Since the denominator is not 0 at any
coshx + xsinhx

point, Dy = R.
Applying the rules of derivatives:
fl(z) =

(sinhz — x cosh )’ (cosh x + z sinh z) — (sinh 2 — x cosh x)(cosh x + x sinh )’
(coshz + zsinh z)? '

(sinhx — z coshz)’ = coshx — coshx — zsinhz = —zsinhz

(coshx + zsinhz)’ = sinhz + sinhz + x coshx = 2sinhx + x cosh z
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4.96.

4.97.

4.100.

Substituting the results:
fl(z) =

—x sinh z(coshx + xsinh ) — (sinhx — x coshz)(2sinhx + xcoshx)
(cosh z + z sinh x)? -

_ z? — 2sinh?
" (coshz + zsinh z)?

The domain of the derivative is Dy = Dy = R.

f(z) =loggx-cosz, Dj =Dy =(0,00).

COS ™

7@ =

I3 —logyx - sinz

sinz +2Ilnz

f(x)ZWv Dy =Dy = (0,00).
| (Cosx+i>.(ﬁ+1)_sinx2—i\—/§1nx
Fe) = (Va+ 1P

f(z) =In(sinz), Djy=Dp ={z:sinz > 0}.

f(l’) _ wtanx _ elnm-tanm’

Dy=Dp ={z:2#2n+1)%, tanz > 0}.

f/(:c) _ (xtan:c)’ — (elna:~tan3:)l — ptanz <tanx + Inx >

x cos?

At first find the point ¢ where the value of the function is a = 2, that
is, the value of the inverse function at a = 2. We can find ¢ by trials:
¢ = 1. According to the rule of the derivative of the inverse function:

1
) = —.
(Y@ = 575
The derivative of the function f'(x) = 52* 42z, so f'(1) = 7. Therefore



4. DIFFERENTIAL CALCULUS AND ITS APPLICATIONS — Solutions 249 U

Remark: We should examine whether the function has an inverse. Ex-
amining the derivative we learn that there is no inverse on the whole

. . . . . . s 2
number-line, since there is a strict local maximum at point — and a

minimum at 0, therefore the function is not strictly monotonous. More-
over, because the limit of the function at —oco is 0o and 0 = f(0) < 2,
therefore f(z) = 2 somewhere between —co and 0. But the function is
strictly monotonically increasing on the half-line (0, 00), containing 1,
therefore there is an inverse on this half-line.

. o . 1
Since arctanz is the inverse of tanz, so (arctanz) = ——— =
tan’(arctan x)
9 1
cos”(arctan ) = 5 .
1 + tan®(arctan )
Since tan(arctanz) = z, therefore
(arctanz) = !
1 4a?
(z) = arctan(sinz), Dy =R.
1 cosx
() = ———— -cosx = —————
fle) 1+sin?x 1+sin®z
() =tan(arcsinz), Dy = (—1,1).
o) 1 1 1 1
) = . = .
cos?(arcsinz) /1—22 1 —sin®(arcsinz) /1 — 22

1

(1—22)y1 - 22

. 1 . .
QSin.’E—l_z Slnx—i 92 Sll’l.fU—Slng 2 T @
6

= — . = —. — = 5§ — —
6—n 6 x_% 6 x_% 676
1
1 cos — —cos0
lim n{cos——1)=lim —2%—— = —sin0=0
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= !/ S
(esmz) — COST - esmw

()" = (cosz - ™7) = (cos® z — sinz)e¥?

4.3 Mean Value Theorems, L’Hospital’s Rule

1
4.128. | If f(x) = arctanz, g(x) = arctan . +

z and h(x) = f(z) — g(x), then

(1—!—;16)/_(1—:10)—(1—1—:15)(—1) 2

1—2z -

(1—)? - (-2

, 1+z\ 1 2
g'(x) = (arctan 1x> = Q127 (-2
ey
2 1

(1—-2)2+(1+x)? T 1t

Therefore h'(z) = 0 at every point, where h(z) is differentiable. But
the domain of g(x), so h(x) as well, does not contain 1, therefore h(x)
is not differentiable at 1.

h(0) = arctan0 — arctan 1 = —%,

. . . 142 =« = 3w
zlg]élo h(z) = IILI{:O arctanx — xlgr;o arctan . -sti= 1

Therefore h(z) is not a constant function because h(0) # h(oco) =
lim h(x). But we can apply the basic theorem of anti-derivatives for
T—r

the half-lines (—o0, 1) and (1, c0).

Let h(z) = f(x) — g(z). Since h(z) is continuous on [0, o), h'(z) > 0 if
x > 0, so according to theorem 4.8 it is strictly monotonically increasing
on [0, 00). Therefore

0 < h(0) = f(0) = 9(0) < h(z) = f(x) — g(x) if & > 0.

Let’s find the intervals, where the function f(z) = z° — bz + 2 is
monotonous.

fl@) =5(2* = 1) =5(2* + 1)(2* - 1),



4. DIFFERENTIAL CALCULUS AND ITS APPLICATIONS — Solutions 251 U

fl(x) >0if x € (—oo,—1) U (1,00) and f'(z) < 0if z € (—1,1).

Therefore the function is strictly monotonically increasing if + < —1 or
x > 1, and strictly monotonically decreasing on(—1,1).

lim f(z) =—o0, f(-1)=6>0, f(1)=-2<0, wlglgof(x) = 00.

T—r—00

According to the intermediate value theorem f(x) has three roots on
the three disjunct intervals. Because of the strict monotonicity f(z)
has exactly one root on each interval, therefore f(z) has three roots.

Since the limits have co/oo form, we can apply L’Hospital’s rule.

Inz)’ . o . sinz .
( )/:hm¢:—hm -sinx = 0.
a—0+ (cotz) a0t 1 a0t T
sin? z
. Inx
So lim =0
z—0+ cotx

1
The limit lir% cotx — ) is critical (has the form oo —o00). Let’s write
T— T
the difference in quotient form:

1 cosS T 1 rcosx —sinx
cotx — — = — - =
T sinz rsinz

We can apply L’Hospital’s rule for this quotient because it has a 0/0
form.

(zcosx — sinzx)’ I cosxT — rsinx — cosx

hm N = 111m n
=0 (zsinx) 20 sinx + x cosx
sinx
= — lim — =0.
z—0 sinx
+ cosx

1
Therefore lim <Cotw — ) =0.
x—0 X

sinx

1/22
> is critical because has a form 1°°. Let’s

1/z _

The limit lim (
x—0 x

change the expression so that we can apply the limit lin% (1+z) e
T—r
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(see problem 4.144.):

sinx —x
1 T

sinz 42 sint —z\sinr —
x z

This formula is not critical. Let’s calculate the limit of the “new” ex-
ponent with the use of L’Hospital’s rule (it has a form 0/0):

3

. (sina:—sc)’_ll, cosx—1 1
230 (z3) 3 250 x? 6
. sinz—x 1
Therefore lim —— = ——, so
z—0 1173 6

sinx \ =2 1
1. = 71/6 = —.
Py < T ) € e

4.148. | The limit has co/oo form, so we can apply L’Hospital’s rule.

1
1 ! = 2 2
i U g e o 2T o 2
2\
. Inz
So ”hm =0

4.4 Finding Extrema
4.155. | Let f(x) = ® — 122. The function f(z) can have a global extremum

(maximum or minimum) at points where its derivative is zero, or at the
endpoints of the closed intervals. Let’s find the roots of the derivative:

fl(z) = (2* —122) = 32* — 12 = 0.
The two roots:
r1 = —2 and o = 2.
For the interval [—10; 3]:
f(=10) = —880, f(-2)=16, f[f(2)=-16, f(3)=-9

Therefore, on [—10; 3] the global minimum of f(z) = 2® — 12z is —880
at x = —10, and the global maximum is 16 at x = —2.
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For the interval [0; 3]:
(Since —2 is not in the interval, so we don’t calculate the value at —2.)

Therefore the global minimum on [0; 3] is —16 at 2 = 2, and the global
maximum is 0 at z = 0.

We only want to find the ratio of the sides of the triangle, so we can
suppose that the length of the hypotenuse of the triangle is 2. Using
the notations of figure, the T(x) area and the k(z) perimeter of the
rectangle are:
Y= 1- Zz,
T(z) =2zy =2z(1—2), k(z)=22z+y)=2(1+uz).

Because of the geometric meaning of z 0 < z < 1. Since k(z) is a
monotonically increasing function, it has the maximum at x = 1, we
got a degenerate rectangle (y = 0).

The maximum of the continuous function T'(z) is not at the endpoints,
(see Weierstrass theorem), because T(0) = T(1) = 0, so the global
maximum is also a local maximum, therefore T'(x) = 0 (see theorem
4.9).

T'(z)=2[(1—2)— 2] =2—4x =0, L
1 P(xy)
T3
Therefore, the length of one of the sides of ! 0 !

the rectangle (the horizontal one by the
figure) is half of the other.

Remark: According to the inequality between the arithmetic and geo-
T(x)

2
ifx =1—ux, that is, x =

metric means f(x) = = z(1 — z) is maximal on the interval (0, 1)

[N

Let’s denote the legs by = and y, and the hypotenuse by z. The hy-
potenuse is z = 10 — x, the other leg is

y = /(10 — )2 — 22 = /100 — 20z = 2v/25 — bz,

and the area of the triangle

1
T(z) = 2%y = zv/25 — bz.
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Since 0 < x < 5, so we have to find the global maximum of the continu-
ous function T'(z) on the closed interval [0, 5]. According to the Weier-
strass theorem there is a maximum. Since T'(z) > 0, T(0) = T'(5) =0,
so the maximum is on the open interval (0,5). In this case the global
maximum is also a local maximum, therefore according to theorem 4.9
the derivative is zero at this point. Let’s find the roots of 7" (x):

5r
T'(z) =25 —ba — — 2 =0
(@) BN T
VB e —2% e o25-Sa)=br e p= 0
2V25 bz 3

Since the derivative has exactly one root, the (local) maximum can be
only here. Therefore,

10)_10 o5 D0 _ 50
3 3 33

maxT =T (
3

The area is maximal, if

10 10 20
r = —, yzﬁzx\/g, 2’23221’

According to the given condition of the problem, the triangle which has
maximal area, is the half of an equilateral triangle.

Remark: The function 7'(xz) has the maximum at the same point as
the function f(x) = T?(x) = 2%(25—5z). But the maximum of f(z) can
be found by “smartly” applying the inequality between the arithmetic
and geometric means. There is a 3-factor product on (0, 5):

(};)2 (25 — 52)

Here all of the factors are positive, and their sum is 25, independently
of x. Therefore the product is maximal, if the factors are equal, that

is,

gx:25—5x, — 152 =50, x:?

4.168. | The surface area F' and the volume V of a cylinder are:

F =27R?>+2mmR, V =mR?%r.
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Let’s express m from the formula of the volume, and substitute the
results in the formula for surface area:
v 2V
=—, F =2TR? 4+ .
m= (R) =27R" + 7
The domain of F(R) is the open half-line (0, 00), and here the function
is positive. The value of the function is large if R is close to 0 (R is
small) or R is close to oo (R is large), so the global minimum is local
minimum as well. Let’s find the roots of the derivative function of
F(R):

"R — xR — 2V _ ; VYV opo vV
F'(R) = 47R R2—0, that is, 271'R—R2,R— o

Therefore, the surface area of a right circular cylinder with given volume

is minimal if
%
R= \3/ —
2T

The height and the quotient of the height and the diameter:

Vo 54V m

m=—m =\ " sp=
Therefore, the surface area of a right circular cylinder is minimal if the

diameter is equal to the height.

Remark: We have to show that f really has a global minimum because
the reasoning above is not a proof. The correct proof:

Let Fy = F(1) =27 +2V. Since lim F(R) = lim F(R) = oo, so an
R—+0 R—o0

0 <a<1andal<bcan be given such that R € (0,a] or R € [b,00)
implies F'(R) > Fy. According to the Weierstrass theorem the function
F(R) has a minimum on the closed interval [a, b]. Because of choosing
a and b this minimum is the minimum as well on the whole half-line

(0, 00).

Since the point of minimum cannot be any of the endpoints of the
interval [a, b], so this minimum is a local minimum as well. According
to theorem 4.9, the derivative is 0 at this point. Because there is exactly
one such R on the whole half-line, therefore this is the radius which
belongs to the minimum.
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4.5 Examination of Functions

P < Q: see theorem 4.8.

P =A Q: For example, f(z) = 2%, a = 0.

Q = P: See the theorems about the relationship of convexity and
derivative.

Let’s find the roots of f/(z):
f(z) = 42® — 120% + 82 = da(2? — 3z + 2) = da(x — 1)(x — 2) =0,

.’I}1:07 .%‘2:1, $3:2.

The sign of the factors of the derivative, so the sign of the derivative
can easily be found on the whole number-line:

— If z <0, then f’(x) < 0, and therefore f(z) is strictly monotoni-
cally decreasing on (—o0,0).

- If 0 <z <1, then f/(x) > 0, and therefore f(z) is strictly mono-
tonically increasing on (0, 1).

- If 1 <z < 2, then f/'(z) < 0, and therefore f(z) is strictly mono-
tonically decreasing on (1, 2).

— If 2 < x, then f’(x) > 0, and therefore f(z) is strictly monotoni-
cally increasing on (2, c0).

There are strict local extrema at the joining points of the monotonous
intervals, namely

— minimum at 0,

— maximum at 1,

— minimum at 2.

Y =eT+xe "(—1)=(1—-a)e "

Let’s find the roots of the derivative. From the equation (1—z)e™* = 0,
we’ll get that © = 1, therefore the function can have a local extremum
only at ¢ = 1.

Since y'(z) > 0if © < 1 and y'(z) < 0 if > 1, so the function has a
strict local extremum, and the value of the function is e~'. Thus the
local extremum is the global maximum as well.
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1
4.194.| The domain of f(z) = % is R, and the function is any times
X

differentiable.

1 1
lim S him S,
2 2
f,(x):1+x2—2x(x+1)_1—2x—502 (@ —m)(z —x9)

Q+a22)2 (1+a?)? 1+ 7
where 1 = -1 —+/2 and x5 = —1+ /2 are the roots of the numerator.

(=2 —22)(1+2?)? —4z(1 — 2z — 2?)(1 +2?)
(1+22)4 N

_ 2(1+x)(1+12)+2x(172x7z2) B
T (14 22)3 B
_2x3+3x273x71 _
N (14 22)3
xTr — Xl)({L’ - XQ)(QJ — X3)

(14 22)3 ’

f(x) =

¢

where X7 = —2 — \/3, Xo = -2+ \/3, X3 = 1 are the roots of the
numerator. By examining the sign of the first derivative, we got

— f(z) is strictly monotonically decreasing on (—oo, x1),

— there is a strict local minimum at z1,

— f(z) is strictly monotonically increasing on (z1,x2),

— there is a strict local maximum at xs,

— f(z) is strictly monotonically decreasing on (x3,c0).
By examining the sign of the first derivative, we got

— f(z) is strictly concave on (—oo, X1),
— f(z) is strictly convex on (X1, X3),
— f(x) is strictly concave on (X2, X3),
— f(z) is strictly convex on (X3, 00),

— there are inflection points at X7, X5 and X3.

4.203. | The function f(z) =1 — 92 — 62% — 2® is a polynomial with degree 3,

and it is any times differentiable on R. Since the main coefficient is
negative,
3 3

lim 1—9z—622—2%=00, lim 1—9z—62?—2%=—c0.
T—r—00 T—r00
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Finding the roots of the first and second
derivatives:

f'(z) = (=9-1220-32%> =0, ;= -3, xy

['(z)=-12—62=0, X;=-2.

We can see in the figure, and it can be

proved by using the derivatives that G
there is a minimum at x; and a maximum

at zo, and X is an inflection point.

The function is decreasing on (—oo, —3],

increasing on [—3,—1], decreasing on

[-1,00), convex on (—oo,—2] and con-

cave on (—2,00).

4.6 Elementary Functions
% _ 210g2 100 _ 100.
4.226. | arcsin ? = g(: 60°).

arccos(cos(97)) = 7w (and none 97).

tan(arctan 100) = 100.

4.235. | A period of the function f(z) = cosg + tang is for example, p = 127

because 47 is a period of cosg and 37 is of tan g
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Riemann Integral

5.1 Indefinite Integral

fla) =2 - f): @, f): (B)
flz) = f(@):(4), fi(z):(C).
f(z) =x +sinz, f(x):(5), f[fl(z):(A).
f(z) = tanz, f@):(4), f'(z): (D).
flx)=e"", f@): (1), f(z):(B).

At first let’s change the integrand:

. 2 . .
(sinz + cosx)® = sin® x + 2sinz cos z + cos® z

=14 2sinzcosx =1+ sin2x.

/(sinx+cosx)2 dx = /(1 + sin 2x) dz

2
z/dx—l—/siandx:m—COSQ :1:+

/:z3/2dx:§a;5/2+0

x=—-bln(x—7)+C

/sin2x+3cosxdm:—cos22x—I—SSinx—l—C

- / 203 g0 S 203 4

/*/*/*
%1n(:c3+1)+0

\/:ﬂ2 +C

1 1 1 1 x
5.24. ——de == | ———dr = — t — C
[ Q/H(x)zx 1 ()

V2

C
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5.28.

5.32.

By partial fraction expansion:

3 A B

(z+3)(z+2) z+2 + z+3
Multiply both sides by the denominator of the left-hand side:
3=A(x+3)+ Bz +2)

By comparison of the coefficients, we got a linear system of equations

for A and B:

3A + 2B 3
A + B 0

A=3, B=-3

Therefore
3 3 3 z+2
————do= | —do— | —5de=3ln——+C
/(:r+3)(:r+2) . /x+2 v /:c+3 v nx—0—3+

The denominator of the integrand has no real roots. In the first step
get rid of “z” from the numerator by “smuggling in” the derivative of
the denominator:

z—2 1 [ (20 —-2)—2
T = [BETD T2y
/x2—2x+6 * 2/x2—2x+6 v
1 % — 2 1
S . L N M S|
2/x2—2x+6 v /x2—2gc+6 v

The first integral on the right side has a form f’/f, and the denominator
is positive, so

20 -2 9
1

T dt:

The second integral can be reduced to the form of /

1 1 1 1
- = dz== dx =
/x2—2$+63€ /(m—1)2+5x 5/(:15 1>2 135
_l’_

V5o Vb

Therefore,

-2 1 1
/mdag: iln(x2—2x+6)——arctan <m5_ >+C.
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Write down the integrand as the sum of a polynomial and a real (the
grad of the numerator less then the grad of the denominator) fraction:

323+ 22 —1 23z + 17 23z + 17
= —3 3+ ————=3 3+ <
x2—x—06 T Jr952—96—6 v +(.%'—3)(.%’+2)
33 + 22 — 23x + 17
_— 3 3)d ——d
[T mg = [Gevans [

Decompose the rational fraction of the right-hand side integrand to
partial fractions:
2z +17 A N B
(x-3)(z+2) -3 x+2

23z +17=A(x +2) + B(z - 3)

A 4+ B = 23
2A — 3B = 17

Add the three times of the first equation to the second equation:

5A =86
PR
5 5

323 + 22 — 86 1 29 1

3 86 29
:§x2+3x+gln|x—3\+gln|x+2|+6’

5.40. | Decompose the integrand to partial fractions:

1 A B c

:Jc3+x2_x+ +1:—|—1
l=Ax(x+1)+ Bz +1)+Cx?

If we substitute 0 for x, we get B, and if we substitute 1 for z, we get
C. From these we get A:

— c=1

/m3+:c2 / dﬂc+/ dr—l—/id

r+1

1
Lo
x
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5.44.
/x+2d$:/wdaz:/d$+3/ 1 dx
z—1 r—1 r—1
=z+3njz—-1/+C
5.48.
2 1 2 2 2
/de:,/udp
224+ 22+ 2 2) 22422 +2
1 1
= —In(z? + 2z +2 ——————dx =
g (@ + 20+ )+/x2+2x+2 v
1 1
= “ln(z? + 22+ 2  — dz=
5 n(z® + 2z + )+/(x+1)2+1 T
1
:5111(;102+2x+2)+arctan(x+1)+0
5.50.
1 — cos2x xr  sin2zx
) o _ v
/sm mda:—/72 dx 5 1 +C
5.54.
/ D e — —5tan(l—2)+C
—————dx=—5tan(l — x
cos?(1 — )
5.58.

dx = 2x —sin2z + tanx + C

/sin22x+1d /4sin2xcos2x+1
cos? cos?

Here we used the result of problem 5.50.
5.60. | Let f(z) ==z, ¢'(x) = cosz. So

/;vcosxda::xsinx—/sin;vda::zsinx+cosac+0
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5.64.
x
/arctana:dx:/1~arctanxdx:xarctanxf/7:
1+ 22
1
= rarctanz — 3 In(1+2%) +C
5.68.
4z, 1, 1+a 1 z? 2
/:vlnlixd:v_?c 1n171:_§/71+x .7(171‘)2@6
11—z
1 1 2
= —2%In +I—/ T dx
2 1—z 1—2x2
z? 1-22-1 1
e [ e [
1 1 1 1 1. 1+
— dx == — | dex =21 C
/1—952 "”C 2/(1—x+1+x> SR g
.. . . 142
We used that the original integrand is defined only for >0
Therefore
142 1, 14z 1, 14x
In ——dzr=—-2"1 — =1
/mnlfm r=grig e gy A+ C
5.71.
t =22, dt = 2x dx
22 _1 22 1 . _1 . 1 e
/xe dxfz/Q:ce dfo/edthG +C—26 +C
5.75.
t = cosw, dt = —sinx dx
1 sinx —sinz 1
dr = dr=— | —————do=— [ ——dt
/sinx v /sian “ /1—008295 v /1—152
1. 1-—¢ 1. 1—cosz
=-1 C=-lp-_B7%
2nl—|—t+ 2n1+cosq:
Here we used a part of the result of problem 5.68., and |t| < 1 implies
1—t
> 0.

1+t
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5.79.
T =sint, dx = costdt, t = arcsinx

1 1 1
———————dx = | ————5——costdt = dt =
/ (1 —22)v1— 22 / (1 —sin?t) cost / cos?t

sint x
=tant+C=———+C=——+C
1 —sin?t V1-a?

t=a+z+1, dt =2x+1

/(215 + 1)6I2+w+1 dr = /et dt=e' +C=e” ot 4 O

_dt
ot

e’ +2 t+2 dt t+2
——dr= | ——  — = | ot
er 4 2 t+t2 ¢ t2(t+1)

Decompose the integrand to partial fractions:

t=¢e", r =Int, dx

t+2 A B C
s =Tttt
t2Et+1) ¢t 2 t+1

t+2=At(t+1)+ B(t+1)+ Ct?
A=-1, B=2  (C=1

t42 1 2 1 2 tt1
L e A (P AR " ) P Y
/t2(t+1) /( t+t2+t+1> et

t+1

We used that > 0. After substituting it back

/ et +2 2 e +1

———-dr=——+1In +C=-2¢"4+In(l+e ") +C

e.T

5.91.

/W“:i/(zlfﬁz) e = 3in
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5.95.
1 1 dz 1 cosh x
——dr == =5 | Tz dx
eT 4 e~ % 2 ) coshz 2 ) 1+sinh°z
1
=3 arctansinhx + C
5.99.

2
/ln(x2+1) d:zt=/1~ln(x2+1)d$:$1n(x2+1)_2/33;7+1dx

2 2 1N —=1
Ld = uda@:x—arctanx—l—c
22 +1 2 +1

/ln(gc2 +1) dz = zln(z? 4+ 1) — 2z + arctanz + C

/2:10 sin(z? 4+ 1) dx = /(:x2 + 1) sin(2® + 1) dr = — cos(z® + 1) + C

/  y / < e / L gi—t—+1)+C
T = efdr= | —dt=t—1In
1+4+e* er 41 t+1

ahol t = e”. )
/1i€xdcc=ex—ln(e$+1)+c

1

1
—2x — (—2In3)x — _ (—2In3)x - _ —2x
/3 dx /e dz 53¢ +C 21n33 +C
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5.119.

t=t dt L d 2 1 in? r
= tanz, = ——duz, cos’ T = ——, sin®z =
cos? 1+1¢2 1+¢2

1 1 1 2 4+1)2
/7‘2 dx:/,2 T dxz/i( —z)dt:
sin® x cos? x sin“ xcos?2x cos’x t

1 3 1
P +2+ < ) dt=—+2t—>+C=
/( + +t2> g H2A— -+

tan®

3

+ 2tanx — cotx + C'

5.2 Definite Integral

5.124. | (a) P is a refinement of F.

(b) @ is not a refinement of F' because 1.5 is not among the partition
points of ®.
F is not a refinement of ® because —1 is not among the partition
points of F.

5.125.

5.128.

Seg=—-1-140-1+4-4=15, s =—2-1-1-140-4=-3

5.131. | Yes because f(x) is continuous (and monotonic).

5.135. | No because f(z) is not bounded on [0, 1].

5.140. | Let f(z) = e So z € [1,2] implies 0 < f(x) < 1, so according to
2+ e

problem 5.138.
/ 1
0=0-(2-1)< de<1-(2-1)=1
-1z [ prod<i@o)
1
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5.144. | Since every integral functions are continuous, and sgn z is not continu-

ous at 0, therefore sgn z cannot be an integral function on [—1, 1].

According to the Darboux theorem sgnz does not have a primitive
function on [—1,1].

12 . n
Sin — + s — + -+ +sln —
5.146. | The sum o, = L T n is a Riemann sum of the

n
integrable function sinx on the interval [0, 1] with an equidistant par-

tition, so
SIn — + SN — + -+ 4 sin —
oy = —1 n n%/sinxdmzl—cosl
n
0
5.150.
n n ¢ 1 1
i n T 1 9 In2
= — der = |=1In(1 = —
nZnQ_HQ i\ 2 /1+:1c2 T [2 n( +$)L 9
=1 =1 1+<> 0
n
5.154.
1 1
2xsin— —cos— ifx#0
g9(z) = G'(z) = v v

0 ifex=0
Since )
2zsin— ifx#0
h(z) = f(z) + g(z) = *
0 ifz=0

is continuous everywhere, so it has a primitive function, but in this case
the function f(z) = h(z) — g(x) also has a primitive function.
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[ 1
5.158. | Since lim —— = oo and lim /— dt = oo, so for the quotient
z—oo Inx z—oo | Int
2
xT
1

@ [—at

nz [ 1, _ 2t

T Int T

2 Inz

we can apply L’Hospital’s rule:
e | — 1
fim 28 [ L gy e, 0T
z—o0 I Int z—oo Inx — 1 zooo Inx — 1
2 In?z
5.162.
3
373
8
2
d = | — = 9 — =
[an=[5], 7075
2

1 3
x = sint, dx = costdt, izsin%, g:sing

V3/2 /3 /3
/ LA / sin® ¢ tdt / in? ¢ dt

———dr = ————cos = [ sin

V1— 22 V1 —sin%t
1/2 w/6 w/6

B [t sinZt}Tr/3
2 4 12
(see the problem 5.50.).
5.172.
1 T V3 ™
=tanz, x = arctant, dwzmdt, tang:?, tangzoo
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/2 co 00
1 1 1 1 1—1¢
= dr= — _dt== —— +——— | dt
/1+tanm . / 1+6)(1+2) 2 / <t+1+1+t2>
/6 V3/3 V3/3
1 14+t o 1. 1+V3 =
= In + arctant =——1In + =
2[ VIt12 ]ﬁ/g 2 2 6

5.3 Applications of the Integration

5.177. | Let’s find the intersection points of the parabola and the line:

z2:—x+2, 1 =—2, xo = 1.

Between the two intersection points the line —x + 2 is “greater”.

1 1 22 37t
T:/(—x+2—x2)dx:/(2—x—x2)dx= 2r — — — —
2 3.,
—92 —2

3 7
=6 — —
+2+3

€

T= /lnxdx =[zlhz—2z]]=1
1

5.185. | The two intersection points:

a? 4 2
12 2 T4z —2=0, 1 =—1, ;=1

1 x? 237"
T_/(:[—.—'%'Q_2> dr = [arctanw—6:|1—

o
W =

5.189. | We get this segment of the parabola if we choose the parabola y =
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4
m <1 — h2$2> and the z-axis.

hy/2 h/2

4 4
T = /m(l—x2> dxzm[m—xﬂ
h? 3h2 —h/2

—h/2
h 2
m<h3)mh
m 0
5.192. | Here —— < p < —.
/6
. /6
1 1|¢ sinby m
T== 230pdp == | £ = —
2/“”’39”“0 2[2+ 6 ]_W/G 12
—7/6

VZ”/SiHQxdm:ﬂ' f_sin?x ﬁ:ﬁ
2 4
0

1 /2
V:ﬂ/arcsin2ydy:ﬂ'/m2cosxdz
0 0

Calculate / 22 cosx du:

/a;2cos:rda::x231nx—2/a:sina:d:r:

:xzsinx—i-Qxcosx—Q/cosxd:c:

=a2%sinx + 2z cosx — 2sinz + C.

Using the result above

/2
3
/2 T

V:7r/a;2coszdx:7r[mQSinerZa;coszstina:]o :Z727r.

0
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1 1
L:/\/1+sinh2zdx:/coshxdx:[sinhx]il:2sinh1
—1 —1

5.4 Improper integral

If ¢ # 1, then

1
o0 M
/*1 dx = ! . 1 °°: c—1 fe=1
x° 1—c zc71
1

00 ife<1

oo1

Zdr =[lnzl> =
/ng nz]{" = o0
1

oo
1
Therefore, the improper integral / — dz is convergent if and only if
x
1

c>1.

o0

27w 1
27‘7; = | — =
/ de [ 1n2]3 8In2

3

is divergent.

oo

d
5.227. | According to the solutions of problem 5.220., /\/—{
x

1

5.231.

1
dz -
/xlnx = [In[In (]}, = —o0
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1
dex .o- T
—— = larcsinz], = )

0

dx dz
Vatar T ) 2T
1 1
(see problem 5.220.).

2

The function ————— is Riemann integrable on [0, 1] (because the
xt—x2+1

denominator is not zero), so it is enough to show that the improper
+oo 22

integral / P ————] dx is convergent.
1

. : x? 1
Since the order of the functions f(x) = and g(r) = —

xt—22+1 x
oo
. . . . dz
is equal (the ratio of the two functions goes to 1 in oo), and | — is
x
1
2

+oo
convergent, so according to the limit comparison test ——dx
xt—a22 41
1
is convergent.

/2 w/2
dx dz
Since sinz ~ x at 0, and / — is divergent, so / is divergent.
x sin x
0 0
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Numerical Series

6.1 Convergence of Numerical Series

Using the formula about the sum of finite geometric series

1 n+1
1 1T & /1\" 1_(2>
n—l —_— = = -
s ottt kz()(z> i
- 2

i)

> ) 20) e e s

n=1

Since the terms of the series don’t go to 0, therefore the series is di-

6.13.
vergent. (See the criteria of convergence about the terms converging to
0).

6.15. | If A is the sum of the series, and s, is the sum of the first n terms, then

Sp— A, Sp_1—> A, ap = Sp — Sn_1 — 0.
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We show that the Cauchy convergence test is not true for the harmonic

6.21.

6.27.

6.31.

6.35.

6.40.

series because for € = 3 there is no “good” threshold:

U 11,1 1 11
S g = . .
MU O T nt2 o~ 2n ' 2n on o 2

No, for example the harmonic series is divergent, but the sequence of
its terms converges to 0.
oo

1 1
= Z ﬁ are so-called tele-
n

n + n2

The partial sums of Z

SCOplC sums:

”*kzlk(k+1)*k:1 ko k+1) n+1 '

d
Since the improper integral / x

Jx
integral test the series Z \f is divergent.

. . 1
We can also use the direct comparison test because —

>

S
S

isin(mr) = i 0=0
n=1 n=1

No, for example b, =0, a, = —1.

But if we assume that a,, > 0, then according to the “contrapositive”
oo

version of the direct comparison test, Z b, is divergent.

n=1

6.2 Convergence Tests for Series with Positive Terms

6.43.

1
According to the integral test (applying for —) the convergent series
x?

1
n?+4

oo

1 1
— d tes th , therefore th
Z 2 ominates the series Z 74 erefore the series Z

n=1
is also convergent.
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6.45.

6.48.

6.58.

6.62.

See the ratio test.

any1 3"+ 1) an 3 3
_ . = ——->1.
an, (n+ ntl 3npl (14 1/n)" e
>\ 37n!
Therefore the series Z " is divergent.
nTL

n=1

See the root test.

1 1\" 1 1 1
Van=1[z4+=) =2+-—>-<1
i <2+n> SRR
(o)

o1\
The series Z (2 + ) is convergent.
n

n=1

= n?+4 1
The order of the series Z % is —
n non

n=1

n?2+4 1 (n?+4)n?
ey = —1
n*+3n  n2 nt + 3n

is convergent.

=1 = n?+4
and E — is convergent, therefore E _—
vt n? gent, n:1n4+3n

No. Not even if f(z) is monotonically decreasing. For example, f(z) =

5e¢~*11. In this case

/56_$+1 dr = [—56_””1](1)0 =5,
1

> 1 e
Tl = =5 5
D 5e e Seoa”

n=1
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1 | 1
The derivative of f(z) = P is f'(x) = —% < 0ifz > 1,

6.68.

6.74.

6.80.

6.86.

therefore f(z) is positive and monotonically decreasing on [e, 00). We
can apply the integral test for this function:

rzlnz

o
/ dz = [Inlnz]5° = oo,
2

oo

1
therefore Z I
nlnn

is divergent.

= 00,

N | =
3=

[e.e]
1
therefore Z is divergent (direct comparison test).
n=1

— n—i-\/ﬁl

Jn? ()t 1
R v 2 o<1
A 2 2 <5b
2

oo
n
therefore Z o is convergent (root test).
n=1
nlo 910

1
if 2" < 53”, which is true from some n. Applying the

2n10

o0
root test for the series Z TR

n=1

2010 2 (/)
3 3

1
— - <1,
3

o 10
SO E 3n _on 1s convergent.
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o
o

6.104.

6.108.

6.114.

6.120.

The sequence of the terms of the series does not converge to 0 (conver-
gence tests):

1
1+—-——1#0,
n

oo

1
therefore Z <1 + > is divergent.
n

n=1

Conditional and Absolute Converge

No, for example a,, = (—1)".

1 1 1 - 1 1
1- 3 + 371 +-= Z(—l)”“a is a Leibniz series because — con-

n=1
verges to 0 monotonically decreasly, therefore the series is a convergent
(but not absolute convergent).

o0

1 1 1 1
The terms of 1 — — 4+ —= — —= + -+ = (=1)"—= are alternat-
ing, but the sequence of the terms does not converge to 0 (Ja,| — 1),
therefore the series is divergent.

oo

1
Z( " is convergent Leibniz series, but not absolute conver-
=1

2n+1
n—
gent.
o0 .
sinn . nn 1
E is absolute convergent, because —
n? n? n?

n=1
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Sequences of Functions and Function Series

7.1 Pointwise and Uniform Convergence

The sequence of functions f,(x) = z™ is convergent at the points of the

7.11.

7.18.

interval (—1,1], and divergent at other points.

{0 if |z <1

o
Hm 2% =91 o

n—00
For all —1 < a < b < 1 the convergence is uniform on [a, b] because
max {|z"| : z € [a,b]} = (max {|a|,]b|})" — 0.

Since the limit function is not continuous (from left-hand side at 1) on
(—1,1], so according to theorem 7.1 the convergence is not uniform on
the whole range of convergence.

The sequence f,,(z) = V/1+ 22" converges pointwise to the constant 1
on the whole number line. The convergence is uniform on all bounded
[a, b] intervals because 1+z2" is bounded on [a, b]. Because for all n € N

lim f,(z) = lim V/1+ 22" = oo,

that is, f, is not bounded, therefore the convergence of f, to the
bounded function f(x) =1 is not uniform on R or on [0,00). Because
the functions are even, the convergence is not uniform on (—oo,0] as
well.

For all z € R implies lim f,(z) = 0. This convergence is uniform on
n—oo
all intervals or half-lines which contain only finitely many numbers of
1
the form —, but for every b > 0 the convergence is not uniform on (0, b)

n
(and any larger) interval because for € = 1/b there is no good threshold.

Yes, for example g,(z) = fn(z) + 5, where f, is the function from
problem 7.11.

T35 @) £,0) =l 220 hm\/sz_\[

z—0 x—0

lim ———— = 0.

n n
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(b) lim fu(z) = lim /z = Va? = Ix\
(©) Vala) = lell = \/w2+%— ol = S E—
\/IQ + = + |z]

(d) Since the left-hand side and right-hand 51de derivatives (—1 and
1) are not equal, |z| is not differentiable at 0.

1 1 — 1 — 1
[fal2)] = 2 g S g2 > WE g = > iz S
n=1 n=1

oo

(=n"

Z 7 is uniformly convergent according to the Weierstrass cri-

ot n
terium because

(="
.’L’4 + mn

1 1
§277 g?

cosS N

7.35. | According to the Weierstrass criterium Z T is uniformly con-

vergent on R because

coS nx
n! + 27

1 1 1
< < = -l
“nl42n T pl’ gn

7.2 Power Series, Taylor Series

o0
!
7.42. | Calculate the R radius of convergence of Z I pm, Using theorem 7.3:
nn
n=0
any1 (1) " 1 1

- . 4% R=e
an (n+1)n+1  pl <1+1>" e

n

It is known that (Stirling’s formula) for large enough n n! > (2 ,

e
therefore the terms of the series do not converge to 0 at the endpoints
of the convergence interval, that is, at e and at —e:

| n
n! e
—e" =n!- (f) >1
n' n
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R
i
®

n
L

5

7.60.

J

n :
e ’

6

NS

6

7.72.

7.76.

if n is large enough.

lan| = Vn2 = ({/n)?> = 1, R = 1. The power series is divergent

at the endpoint because the terms do not converge to 0.

1 1 1
— > R = 2. Therefore, the interior of the range of

n

n2"  23/n
convergence is the interval (—7,—3). At the right endpoint the series
is divergent (harmonic series), and at the left endpoint it is convergent

because it is alternating.

Aot 1
n3®  3n 3’
of convergence is the interval (—3,3), and at the left endpoint it is
convergent because it is alternating.

lans1l _ (n+1)H2  (2n)! (n+1)?

1
an]  @nt2)l (@) @rntrl)(ent2) 4

n

R = 3. Therefore, the interior of the range

Therefore,

o]

The radius of convergence of Z 2™ is 1, and because of the theorem

n=0
of integration by terms, the statement is true.

T {Z’S © ol
The radius of convergence of x + — + — + .-+ = Z — is 1. The
2 3 = n
sum of the power series is f(x) on (—1,1). According to the theorem
on derivation by terms

oo . n—1 o0 3 o0 1
f’(@:;L =Y 1:;);&:1_%

n=1

therefore f(z) is the primitive function of

1ix and f(0) =0, so

f(z)=—=In(1 — ), —-l<z<1.
Remark: Because the series converges at —1 (Leibniz series), therefore

by the so-called “Abel criterium” one can prove that the expression
remains true at —1 as well.

Using the sum of the geometric series

- 1
Z(Sinx)" =——— if |[sinz|#1, thatis z# g+2k7r, kel
n=0

1—sinz
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7.80.

7.82.

7.84.

1
| —— — 1, therefore R = 1.

n(n+1)
0 xn+1
— . — 3 3 / —
Let g(z) =z - f(z) = nz::l "t 1) By derivation by terms ¢'(x) =
>
o
n=1
o0 (o) 1
By another derivation ¢”(z) = > 2" 1= zF = .
y 9" () n; kZ:O —

So ¢'(z) = /1ixd:z: = —In(1 —x), g(z) = —/ln(l—x)d:c =

x4+ (1—2)n(l —z).

1—
Therefore, f(z)=1+ ‘

In(1 —2z) if 1.
. n(l —a)if 2| <

/n — 1, therefore R = 1.

Let g(z) = @ = inx"‘l.
n=1

Let h(x) be the primitive function of g(z) such that h(0) = 0. We can
get this function by integration by terms:

- 1
h(z) = ;x” =T 1 = 1f1:' Therefore, g(x) = h'(z) =
o
(I—2)*

x

f(l’):x‘g(ff):m-

V/n(n+ 1) — 1, therefore R = 1.

Let g(x) be the primitive function of f(x) such that g(0) = 0. We can
get this function by integration by terms:

[ee] [e.e]
g(z) = Z nz"t =z Z nz™. Using the result of the previous problem
n=1

n=1
.Z'2

g(x) = m
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Hence f(x):
2x(1 — x)? + 222(1 — x) (1 —x) + 2?
— ) — _ _
f(l’) =g'(x) = (1—x)* =2 (1—2)3 -
9
(1-=)?
7.87. | Substitute 2z for x of the Taylor series of e®. (Taylor series of common
functions).
[ee]
2 (2z)" 2m
em—z o —Zn!x z € R.
n=0 n=0
7.93.
1 1 o0 o0
= =) (—z)" =) (-1)"2", z| < 1.
1+ 1—-(-=x) nz:% T;) =1

7.96. | Let f(z) =In(1+ ). According to problem 7.93.

oo
=3 (=)"a”, if f2 < L.
n=0
xr

)—/mdt O(—l)”/t"dt

—Z(l —Z(l %

fl(z) =

Multiplying both the numerator and denominator by 1 — x:

1—= _1l-z
A+z+22)(1—2) 1—a3

f(z) =

Using the sum of the geometric series, substituting x? for z

1—:r3 ZxS" |z] < 1.

So

oo

1 1 oS 0
0=t s S = St
n=0 n=0

k=0
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where
1 if k=3n
ap = -1 ifk=3n+1
0 ifk=3n+2

1 1 1 & , (27)%"
2 _
cos x—§+§cos2x 5 5 E (2n)!
2 1962
’ﬂ n—
—1—|—E @)’ z eR.

We estimate the difference between the value of the function and the
value of the Taylor polynomial with the help of the Lagrange reminder.

For f(x) = sinz for some d € [0, 1]

|sinl — T, (1) =

n—1
1
inl—) (- ——
S ;0( ) (2k+1)!‘
d2n+1
- <
2n+ 1!~ (2n+1)!

<1072,
if n > 2. Therefore,

|sinl —Ty(1)] =

. 1
sml—l—o—g!‘:

. ) 9
1——-] <107~
sin 6‘

For f(z) = ® for some d € [0,1]
eddntt e

) = 1)

le! = T,(1)| =e—Ta(1) = <1077,

if n > 5. Therefore
1 1 1 1 43
~Ty()=e—(1+1 — | =e—(2+=2
e—Ts(1) =e <+ Tote T 120) ‘ <+60>
~ e —2.716666667 < 10~ 2.

The derivative is the product of 136! and the coefficient of the power

230 in the Taylor series around 0 of the function f(z) = e

_ w2 _ ]_ n (136) _ 136!
flz)=e —Zafﬂ ) f (0)—@
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1
7.120. "(x) = (% L
fi(x) = (tanx) cosZ

f"(@) = (tanz)" = < ! ) _,sine

cos? x cos3 x

cosb

. ! .
sinx 2cos4 z + 3sin? z cos?
cos3

£7(z) = (tanz)” = (2

2cos2x+3sin2x 21+25in2x
cost x cost z

Therefore f(0) =0, f/(0) =1, f’(0) =0, f"(0) = 2. Therefore the
3rd Taylor polynomial is

3
x
ts(x) =z + 3

Since tanz is odd, therefore the 4th derivative at 0 is 0. Therefore
tg(a?) = t4(1‘)

1 1 1 = 1
7.125. = _ = § S DL O
(a) 241 21 Tz n—O( 1) 2n+1x ’ |37‘ <2
5 —

o0

1 1 1 1 L1
® s T 35wy 3, -1 ~ ;(71) gt (0
3

)", |z —1| <3

7.3 Trigonometric Series, Fourier Series

1 1
7.126. | sin’x = 573 cos 2x

7.128. | Since sgnz is odd, so all a,, = 0.

s

1 2 2 i
b, = — /sgnxsinnxdw = f/sinmcdac = —— [cosnx]
T o ™
- 0
4
— ifnodd
™m

0 if n even

Since the function sgn x is piecewise continuously differentiable and at
0 the value is the arithmetic mean of the two half side limits, therefore
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the Fourier series equals to the function on the interval (—m, 7).
4 i sin(2k + 1)z

== if — .
SgnT = — Y i T<r<T

7.134. | (a) This function is odd, that is, f(—z) = —f(z). So for all a,, = 0.

2

o 27
T—x . T—x 1 1
sinnxdr = |— - — COSNT — — [ cosnxdx
2 2 n 0 2n
0

0
27
= cos T = —
2n 0 n
Therefore,
27
1 — 1
bn:f/7r xsinna}d:rzf.
™ 2 n
0

Since f(z) is piecewise continuously differentiable, therefore on (0, 2)
the Fourier series equals to the function at the point where the function
is continuous.

o .
™= SIn nx .
= E 5 1f0<x<27(—.
2 = n

™
(b) Substitute 5 for « in the previous series.

- (=)™ ifk=2n+1
Since sin (k’E) = , therefore
0 if k=2n

[ee]

T 1
— = -1H" .
4 nz::o( )2n+1

7.135. | (a) Since f is even,

™

1
b, = — /x2sinnxdx =0,
T

that is, the coefficients b,, are zero.
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1 ﬂQ 1 [22]" w2
CLO—%/"L’ dl‘—2ﬂ_|:3:|7r—3

—T

if n > 0, integrating by parts twice:

us . T
1 . 2 .
/ 2% cosnxdz = {xQ sinnx — — [ xsinxdr =
n n
—Tr

s
2 9 4 9
= Jalecosna®, — 5 [ cosnads = (-1 5 — S sinnal”, =
—T
4
(=1)" 5.
So for n >0
1 [, L
an:;/x cosnzdx = (—1) —~

—T

. 1. . . . .
Since E — s convergent, therefore the Fourier series of f is uni-
n

formly convergent because of the Weierstrass criterium, and f is
continuous, so the Fourier series equals to the function.

2 oo
9 T cosnxr
x4 = ?+4~n§:1(—1)” poa if —r<az<m

(b) If we substitute 7 for x in the previous Fourier series, and use that
cosnm = (—1)", we get that

w2 1
2
= —+4- —.

After rearrangement
oo

1 2
Y

n=1

o0
e’ =ag+ E (an cosnx + by, sinnx)
n=1

Integrating by parts twice, we get

cosnx + nsinnx .
e"cosnrdr = ———————e"+C, [ esinnzdr
n®+1
sinnx — ncosnx
n®+1
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Using this

1 L d-er
an:;/ewcosmrde(_l)nnz_i_l = 7re
b _l/ezsinn:cdx—( et -
n= - n2+1 m

—T

After substitution

—e ™ [1 & (=1)"
exee<+z( ) (cosnxnsinn:p)), —r <z <.
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Differentiation of Multivariable Functions

8.1 Basic Topological Concepts

p-al = V(CI-5P+ (3 (—4)°+ (07 = V36 +49+25 =
VITO

o1 e

k=2: x2—|—y2<r2
k=3: x2+y2+z2<7‘2

k=n: zi4+a5+-- +22<r?

This set is the open annulus in |

the figure. The set is open and
bounded,

the boundary points are the 14
points of the circles 22 +y? = 1
and 22 +y? = 4.

I

14. | H={z:0< 2 <1} C R is open (open interval), because if z € H,
r =min{z,1 —z}, then {y : |z —y| <r} C H.

8.15. | If H = {(2,0) : 0 < z < 1} C R?, then 0H = {(2,0) : 0 < x < 1}.
According to theorem 8.1 H is not open because H N9 H # () and not
closed because 0 H ¢ H.

If H={(z,y): 7 € Qy € Q} C R?, then d H = R? and according to

theorem 8.1 H is neither open nor closed.

823. | H={(r,y): 0 <2 <1,0<y< 1} CR?is open (open rectangle)
because p = (z,y) € H, r = min{z,1 — z,y,1 — y} > 0 implies

B(p;r)z{q6R2:|p—q|<r}CH.
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H={(z,y,2): 2> +y*+22 <1}, int H = {(2,y,2): 2> +9°+2% < 1},

ext H={(z,y,2) : 2®+y*+2% > 1}, O0H = {(x,y,2): 2°+y*+2* =1}

8.32. (a) Not true, for example H ={0}, 2 =0.
(b) True because int H C H.
(c) Not true, for example H = {0 }.
(d) Not true, for example H = {p € R" : |p| < 1}, =z = (1,0,...,0).
(e) True, for example H = Q™.
(f) True, for example H = {p € R" : |p| < 1}.

(g) True, for example H = {p € R™ : |p| = 1}.

8.2 The Graphs of Multivariable Functions
fp) = £(2,8) = 2+3 = 1L
fay) =z—y. f@a)=0 fra®)=a—d"

8.4L. | (a) — (B), (b) — (D), (¢) —(C), (d) — (F), (¢) — (A), () — (E)

contours
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8.47.

8.49.

contours graph

f(x7y):zi—§j7 DfZ{(x,y)ERZZ.’L'#y}.

8.3 Multivariable Limit, Continuity

flz,y) =1, ( lim f(z,y) = lim 7 = 7. The function is

z,y)—(0,0) (2,y)—(0,0)
continuous everywhere.
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8.73. | The function
sinx — siny
fey) = ————
is not defined if z = y, so the domain does not contain a punctured
neighbourhood of the origin. Therefore the function has no limit at the
origin. The function f(z,y) is continuous at every point of its domain,

{(z,y) 1z # y}.

er —e¥

8.79.

0 otherwise

The function is continuous everywhere except at the points of the set
H = {(z,2) : « # 0}. Therefore it has limit at (0,0) and in (0, 1), and
the limits are the values of the function.

lim  f(z,y) = f(0,0) =0, lim  f(z,y) = f(0,1) = 0.

(z,y)—(0,0) (z,y)—(0,1)

8.4 Partial and Total Derivative

2
Qny if 22+ 42 >0
8.85. | For example, f(z,y) = S
0 if 22 +y2 >0

Since f(z,0) = 0 = f(0,y), so both partial derivatives exist at the
origin, and they are zero. But since f(x,z) =1 # 0, the f function has
not even limit at the origin.

8.90. | If x # y?, then f(x,y) = ] is partially differentiable, and

T — 9?2
’ _ -y -ty Yty
fo(z,y) = (@ —y2)? T T @22
) _ =)+ @ty -2y atyP 2y
fy(x7y)_ (z — y2)2 - (z —y2)2

8.96. | The domain of g(z,y,2) = 2V is theset {(z,y,2) € R?: 2 >0, y > 0}.
The function is differentiable at the points of the set, and

0 - - 0 - -
i(my ) =W D 2, ai(xy ) =2¥ lnz-z -yt
x Yy
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%( yz) :xyz-lnx-lny-yz

8.102. | Neither of the partial derivatives exist at the origin because the one-
variable functions f(z,0) = |z| and f(0,y) = |y| are not differentiable

at 0.
g(x,y,2) =2+ z+y* + 2°,
go(r,y,2) =1, gy(x,y,2) =2y, g.(z,y,2) =32%
Gou(2,y,2) =0, gy, (2,9, 2) = gy, (2,y,2) =0,
9o (2, 2) = glu(w,y,2) = 0.9y, (2,9, 2) = 2,
9y-(2,y,2) = g2, (,y,2) = 0, g_.(v,y,2) =62

8.112. | The length of the vector v. = (—4,3) is [v| = 5. Since the function

f(z,y) = e*T¥ . Iny is differentiable at the point p = (0,1), therefore
it is differentiable in any direction (see theorem 8.5) and

0 1 9] 0
g f0.0) = 5 (~ag s 437 f0.)

% (ew+y ~lny) =" . Iny, aﬁy (ez+y ) lny) — Tty . <lny—|— ;) .

0 3
After substitution a—Vf(O7 1) = ge.

8.119. | The absolute value of the directional derivatives at an arbitrary point
of a continuously differentiable function is maximal in the direction of
the gradient (see theorem 8.5), therefore the ball starts rolling in this
direction and downward.

filz,y) =32" =9y, fi(x,y) =3y° — 9=
gradf(l,Z) = (_1573)5 gradf(27 1) = (35 _15)7

grad £(2,0) = (12,—18), grad f(—2,1) = (3,21)
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22—y
xy$2+y2 if 224+ 92 #0
flz,y) =
0 ifa2 492 =0
If 22+ 942 #0
2_ .2 95 (22 + 142) — 222 — 2
Fila,y) =y g2 +ay it +y2) f(f v)
a? +y (@ +y?)
_ x2_y2+x Azy?
yx2—|—y2 y(:z:2+y2)2
2_ .2 922 4 42) — (22 — 02
Fiey) =Y 4y y(z +y2) 21/2(93 )
a2 +y (@2 +y?)
_ ,’L':L.Q 2 o Az2y
2142 (22 + 2)?

(a) f(z,0)=f(0,y) =0, f,.(0,0)= f;(0,0)=0

(b) f.(0,y) =—y, [f,(x,0)=x

(c) £,(0,0)=—1, f.(0,0)=1

(d) Because the second order derivatives are not continuous at the
origin.

(e) We show that f is not differentiable twice, because f. is not dif-
ferentiable at the origin. Using the previous results:

f;(0,0)207 f;/ac(oao):(h fa/c/y(070):71

fo(@,y) = [f1,(0,0)2 + f,(0,0)y + f1(0,0)]  fl(z,y)+y

Va?+y? Va? 4 y?

We show that the expression does not converge to 0 at the point
(0,0), not even on the line y = z.

folw, )+ 22z
V2 + 22 2z v

8.127. | Yes, for example f(z,y) = wsiny.
8.129. | If x > 0, then

grad f(z,y) = (yz¥~ ', 2¥Inz), grad f(2,3) = (12,81n2).
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The equation of the tangent plane
z=8+12(x —2)+8ln2-(y —3)

8.132.

" !
y:n!—‘_kzﬂ?(%_k)

8.138. | Here h=go f:R> = R, h(u,v) = g(f(u,v)) = g(fi(u,v), fo(u,v))
where

fulw) =, fofw,w) = -

ho(u,0) = g5 (f (u,0)) (f1)3(w, v) + g, (f (u,v)) (f2 )5, (u, v)
u211;2 - 2uv® + - <_uiv> - %
hoy(u,v) = g, (f (u, ) (f1) (0, 0) + g, (f (u, v) (f2)s, (@, 0)

1 9 ( 1) 1
= 2utvtuww - | —— ) = —

u2v? uv? v

7= (o)1 w) = (3.1

)
u v

Verify the result by calculating the function h(u,v), and the derivative.

1
h(u,v) = In(u*v?) +In { — ) =2Inu+2Inv —Inu—Inv=Inu+Inv
uv

Let ¢ be the variable of the curve r. r (t) = (z(¢),y(t))
h=for, h(t)=f(r(t))=ax(t)+y(),
W(t) =N(r () r'(t) =2'(t) + /()

8.5 Multivariable Extrema

8.150. | The function f(z,y) = 2* + €¥ sin (2°y?) is continuous on the compact

(bounded and closed set)
H={(z,y):a” +y* <1},

therefore according to the Weierstrass theorem it has an absolute max-
imum and minimum on H.
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8.167.

The function f(z,y) = 23y*(1 — z — y) is continuous everywhere, and
on the bounded and closed

H={(z,y):0<2,0<y,z+y<1}

set (closed triangle) f is not negative. On the perimeter of the triangle
f(z,y) = 0, and on the interior of the triangle f(z,y) > 0. Therefore
the maximum of f is in the interior of the triangle, and therefore the
absolute maximum is also a local maximum. Let’s find the stationary
points of the function f, that is, the roots of the derivative (theorem
87 ifz,y >0, z+y <1

filwy) =32 (1—x—y) —2®y® =0, do+3y=3
fylayy) =20%y(1—w —y) —a®y? =0,  20+3y=2
€Tr =

Since we got only one root, that point is the location of the global
maximum.

The function f(z,y) = 322 + 5y? is nowhere negative, and except for
the origin, the function is strictly monotonic on the axis. Therefore the
only extremum of the function is at the origin, and it is a minimum.
Let’s check this result by the examination of the derivative (theorem
8.7).

fo(z,y) =6z =0, x=0

fylzy) =10y =0, y=0
Therefore the only stationary point is the origin.
Find the stationary points of the function f(z,y) = —y? + sin .

fi(z,y) = cosx = 0, x=(2n+1)g, nez

folx,y)=-2y=0, y=0

Therefore the stationary points of the function are on the x axis:
™
{pn = ((2n+ 1)5,0) i ne Z}.

Let’s examine the corresponding quadratic forms: (theorem 8.7).

1 1

foo(@,y) = —sinz,  fr (z,y) = fi.(z,y) =0. f (z,y)=—2
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8.174.

The Hessian matrix at these points is

n= ()

The determinant of the H,, is negative if n is odd, therefore there is no
extremum at these points.

If n is even, then f has maximum at the points p,, because f/, < 0
at these points.

The distance of two arbitrary points of the two lines is

dp(t),q(s)) =/(2t —3s)2 + (t —s)2 + (2 — t — 25)2, t,s eR

The distance and the square of the distance have minimum at the same
point. Therefore we want to find the minimum of the two-variable
function

f(t,s) = (2t—3s)>+(t—5)2 +(2—t—25)% = 6t>—10ts+ 145> — 4t —8s5+4
on the plane.

filt,s) =12t —10s — 4 =0, 6t —5s =2

Flt,s) = —10¢+ 285 —8=0,  —5t+ lds =4
48 34 A
t:@, s:@, min{f(t,s):t,se[@}:@

2
Therefore the distance of the two lines is ——.

V59

f($7y):(33+y)2, f;(z,y):f;(a:,y):ﬂx—ﬁ—y)

Therefore all of the points of the line x + y = 0 are critical points. The
value of the function is zero at these points, therefore f has minimum
at the points of  + y = 0. We note that at these points the examina-
tion of the second order partial derivatives is inconclusive because the
quadratic form is semidefinite.

2 2
fh=fh=ty=2  D=[ =0
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flz,y,2) = 2yz + 2° + 9> + 2°
fulwy,2) = yz +20=0, fi(2,y,2) =2z +2y =0,
fl(w,y,2) = ay+22 =0
After rearranging the equation
ryz +22° =0, xyz+2° =0, zyz+222=0

Hence 22 = y? = 22. Tt is easy to see that if one of the variables is zero,
the the two other variables are zero, too. Therefore one of the critical
points is

a =(0,0,0) (origin) .

In the other cases xyz should be negative, therefore either all the three
factors are negative, so

b =(-2,-2 -2)

is solution, or one factor is negative, and the two other factors are
positive, so

Ci1 = (_27272)7 Cao = (27 _272): C3 = (2727 _2)

are critical points. Since the variables of the functions are interchange-
able, so it is enough to examine one of the last three roots.

=2 fl=f=e fL=fh=y fL=fl=r
fh, =2 fL=2

The Hessian matrix at a is

H, =

S O N
o N O
N OO

Since the leading principal minors are positive, therefore there is a
minimum at the origin.

The Hessian matrix at b is
2 -2 =2

H=|-2 2 -2
-2 -2 2
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The quadratic form is indefinite because it has a negative (—2) and a
positive (4) eigenvalue as well. Therefore there is no extremum at the
point q = (-2, —2,—2). We can prove this in the way that we show that
/ has greater and smaller values than f(—2,—2,—2) = 4 arbitrary close
to the point q. Because the function g(z) = f(z,z,2) = 2® + 322 has
strict local maximum at —2, and the function h(z) = f(z,—2,—-2) =
22 + 42 + 8 has strict local minimum at —2.

At last there is no extremum, for example, at the point ¢ because the
function

g(x) = f(x, —z,—z) = 2° + 32°
has strict local maximum at —2, and the function

h(z) = f(x,2,2) =2 + 4z +8

has a local minimum at —2.

According to the Lagrange multiplier method, we find the critical points

of z? 92 2 2
L =30———=—+4+ X4 9y~ — 36
(z,y) 100 100 T (42 + 9y )

with the constraint 422 4+ 932 = 36.

1
L (zy) = —% + 8 \x = <8)\ - 50) z=0

/ __Y _ NET
Ly(z.y) = +18)\y—<18)\ 50>y—0

50
4z% + 9y* = 36
The solutions of the 3-variable system of equations:
z1=0, =2, >\1=#
18 -50
z2 =3, y2=0, Azzi
8-50

Since the points satisfying the constraint are the points of a compact set
(closed circle line), therefore here F' is a maximum and a minimum as
well. Since the closed circle line is a closed curve, therefore the extrema
are at the two points above, and they are local extrema.

4 9
F0,2)=30——, F =30— —
(0,2) =30~ 75, F(3,0) =30 - oo
Therefore the maximal height point of the path is above the point (0, 2),
and the minimal height point of the path is above the point (3,0).

F(0,2) > £(3,0)



8. DIFFERENTIATION OF MULTIVARIABLE FUNCTIONS — Solutions 299 U

Since f(xz,y,z) is odd in its every variable, so the values of the mini-
mums are the negatives of the maximum values. Therefore it is enough
to find the maximum of xyz with the constraint

x>0, y>0, 2>0 22+y°+22=3.

Using the inequality between the geometric and quadratic means

3
I2+y2+22
ryz < — 3 =1

and there is equality if and only if z = y = z. But in this case x =y =
z =1

If the volume of the brick is V', then find the minimum of the function
F(z,y,2z) =2(xy + 2z + yz)
with the constraint
zyz=V, x>0, y>0, z>0.

It is at the same point, where the function f(x,y, z) = zy+ xz+yz has
a minimum. We find with the Lagrange multiplier method the critical
points of the function

L(z,y,z) =zy+zz+yz+ Mayz — V)
Ly(z,y.2) =y+z+Xyz =0
Ly(,y,2) =z 424+ Axz =0
Li(z,y,2) =z +y+ Aoy =0

Dividing the first equation by yz, the second one by xz, and the third
one by xy, we get that
11 1 1

1 1
— =4 =4 - = =)
z Yy z T Yy x

henccx:y:z:W.
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Multivariable Riemann-integral

9.1 Jordan Measure

H={(r,y):0<a<1,0<y<1}, th)=1.

9

H

H={(z,y):r€QyeQ0<2<1,0<x <1},
intH=0, H=N=][0,1] x[0,1].
According to theorem 9.1 b(H) = 0 # 1 = k(H), so H is not measur-
able.

See problem 9.2.

9.12. HZ{(:L“,y,Z)xe@,yEQ,ZGQ,OSxS 1,0§[L’S 130SZ§ 1}
Similarly to problem 9.2. b(H) =0, k(H)=1.

i

18. | No, see the problem 9.2.

1
9.24. | For all n € N* the contour K,, = {p cR?:|p|= } is a null set. We

show that the set H = U K, is measurable, and it is a null set, too.

It is enough to show that the outer measure of H is zero. Let ¢ > 0
be arbitrary, and for r > 0 let G, = {p eR?: p| < r} an open circle
with origin the center and radius r,

HT—GTUU{Kn:TS:L}~

In this case H, is the union of finitely many measurable disjoint sets,
therefore it is measurable. Since for all » > 0 H C H,., therefore

k(H)<k(H,)=t(H,)=t(G,)=nr*<¢

if r is small enough.

9.30. | We can use that every (non-degenerate) brick contains a sphere, and
every sphere contains a (non-degenerate) brick. Let A C R™ be an
arbitrary bounded set.
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b(A) = 0 if and only if A does not contain a brick,
if and only if A does not contain a sphere,
if and only if int(A) = 0.

9.2 Multivariable Riemann integral

9.34.

9.40.

)z ifyeQ

1 1 1

g(y)z/f(x,y)dsz, / /1f(:r,y)d1: dy:/g(y)dyzo.

0

Let’s decompose the set H into two parts:
Hy ={(z,y) € H:2 <0} and Hy = {(z,y) € H:xz > 0}.

In this case every upper sum is zero on Hjp, and every upper sum is at
least 1/2 on Ha, so

f+

&H
AV
5\‘
&"
AV
N | —

Since every lower sum is zero on H, therefore the Darboux integrals are
not equal,

[r=0<5<]1
I H

therefore f is not integrable on H.

LetA:{(x,y)GN:xZ;}, B:N\A:{(x,y)EN:x<;}.

Both sets are measurable (rectangles) and on them the function

1 ita>1/2
f(x’y){z if < 1/2

is constant. Therefore f is integrable on N and

//f(ac,y)d:zdy://1dxdy+//2dxdy:%4—1:%
N A B
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9.46.
1 /1
//sin(stry)dxdy :/ (/sin(m+y)da:) dy =
N 0 \0
1
— [ 1 costa + 9))1g dy =
0
= /(cosy —cos(l+y))dy =
0
= [siny — sin(1 + y)](l) =2sinl —sin2
9.52.
1 1
: e?—1
//e“’dea;dy(/e da:)~(/62ydy) (e—1) 5
N 0 0
9.58.

f( o) [i+5]]

2
+y] =5
2,

IR

T 0

= (18)" = (e~ 17
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Apply the integral transform formula for the circles:

2 27

//xydacdy:/ /r(rcos<p+1)(rsin<p—1)d<p dr =

T 0 0

2 27
3
/ /(TSIH(&P)%— (smcp—cosgo)—r)dgo dr =
0

2 7'r 2
3
(/; dr sm(2g0) de | + /r2 dr /(singo—cosgo) dy
0 0
2 7r
(/rdr ldy | =
0
2 27
=— /rdr /1dg0 = —4r
0 0

We used that the primitive functions of sin(2¢) and (sin ¢ — cos ¢) are
periodic with 27, so their altering on the interval [0, 27] is 0.

9.74.

1
/x+y+z de | dy | dz =

3 2
dz = / ( +y+z> dy | dz
0
3

0
2 2
y ., vy 213
/{2+2+yz} /3+22 dz:[Serz}O:lS
0

0

3
// (z+y+2) dxdydz—/
0

3 2

72
/ / ?—i—xy—ﬁ—acz dy

0

I
)
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Let’s denote by H the two-dimensional

9.88.

shapes bounded by the curves y =
[L‘2’ Yy = 2_1‘2’ Ty = 17 Ty = 2. Look

at the transform

U:R? 5 R? W(u,v) = (z(u, ), y(u,v)

which is defined by the system of equa- —

tions
The H two-dimensional
Yy = ux”, TY = v, shape
that is,
= u*1/3vl/3, y = wl/302/3.

This ¥ transform satisfies the conditions of the integral transform the-
orem. The set H is the transform of the square T = [1,2] x [1,2],
H = Y(T). Calculate the Jacobian determinant of .

1, —4/3,1/3  1,,-1/3,-2/3 1 1
W'(u,v)—( 3 8 ) J=—7, =
U 3u

Ly=2/3y2/3  Zyl/3y-1/3 3
1 1 / 1 / In2
n
t(H)—//dxdy—//@dudv—g /adu /dv =5
H T 1 1
2 2
fley)=1-5 =%, H=[0,1x0,1],

]
N ={(z,y,2): (z,y) € H,0< z < f(z,9)}
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H 0
2?2
= // (1 - — - ) dzdy = solid body below
2 2 2 2
€ Yy
2 2

= // (1 —z? - y2) drdy = solid body below
1—a? — g2



9. MULTIVARIABLE RIEMANN-INTEGRAL — Solutions 306 U

ow,y) =% H=[0,1] x [0, 1
1 /1 )
Mz//g(x,y)dxdyz/ /x2dx dy=§
H 0o \0

1

1 /1 1
3 1
Sm:?)/ /x3dx dy:Z, Sy:3/ /zdex dy:§
0 \0 0

0

9.106. | The H shape bounded by the lines y = 0, x = 2, y = 1L,y = z, is a

trapezoid, which is bounded by two continuous functions with variable
Y-
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Line Integral and Primitive Function
10.1 Planar and Spatial Curves

10.1.

r=t-i+t>j
t € [0,4]

10.7.

r =cost-i+sint-j
t € [0, 27]
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10.19.

I
A

r =tcost-i +sint-j
t € [0, 6]

r = 2sint-i —tz-j +cost-k
t € [2,6mn]

The planar curve z? — zy® + y° = 17 around the point P(5,2) defines
an implicit y(z) function. We should find the equation of the tangent
line of that function at the point P. By deriving the implicit equation
we get the slope of the tangent line:

3 _ 2z 8 —10 1
20 — 3_3 2,/ 54I:O /I Y _ S
TV Sy Ay =0 Y S e T T 80-60 10

Therefore, the equation of the tangent line at the point P(5,2) is

1
y = —1—0(96 —5)+ 2, or in normal form x + 10y = 25.

Calculate the direction vector v of the tangent line, that is, the deriva-
tive of the curve if the value of the parameter is t = 2:
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r(t)=(t—3)i+ (> +1)j +t’k

() =1 +2tj + 2tk
The direction vector: v =¥ (2) =1 +4j + 4k
The point of tangency: ro =r(2) = —i +5j + 4k
The tangent line with the direction vector:

ro+vt=(t—-1i+ (4+5)j+(4t+4)k

10.29. | According to formulas 10.2 the arc length of a cykloid

2m 2m
L:/\/i2+y2dt:/\/r2(1—cost)2—|—r2sin2tdt:
0 0

27

27
/ t
:T/V?—Qcostdtzr/ 4sin2§dt:
0 0

27 o

t
2r/sinfdt:4r —cosE = 8r.
2 2],
0

10.2 Scalar and Vector Fields, Differential Operators

For example,

f(z,y) = cos(2mzx) - i + sin(27x) - j,
(x,y) € H={(z,y) : 0< 2 <1,y =0}

In this case Ry = K = {(z,y) : 2° + y*> = 1}.

0 7]
10.39.] f(r,y) ="~ 6a% 40", mad f= o it 0 [o) = (42— 12097).
x y
i+ (4% —122%) - j
10.43. f(l',y,Z) :x+xy2+x2z37 P = (2:7171)
grad f(z,y,2) = (1 +y* + 222%) -1 + 2zy - j + 32222 - k

grad f(2,—1,1) = 6i —4j + 12k
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10.47.

gradU(r) =VU(r) =V <r2 + :2) = <1 — :4) r

10.50. | The tangent plane of the graph of the function z = f(z,y) = 2% + 2
over the point
r=1 y=2Iis

z = f(x0,y0)+fr(x0,y0)(@—x0)+f, (20, y0) (y—Yy0) = 5+2(z—1)+4(y—2).

r =ucosv-i+usinv-j +u-k, A=10,1] x [0, 7]
r!, =cosv-i+sinv-j+k, r’ = —usinv-i +wucosv-j
i ik
ri, xr! =| cosv sinv 1| =—wucosv-i —wusinv-j +u-k
—usinv wucosv 0

[r! xr!|= V2 cos2 v + u2 sin? v + u2 = uv/2

According to the theorem of calculating the area of surface

7'r 1
S://|r;><r;|dudv=\/§/ /udu dv:?w.
A 0 \0

10.3 Line Integral

10.55. | According to the theorem about calculating the line integral

/(x+y)dw+(mfy)dy:

r
™

= / [(cost +sint)(—sint) + (cost — sint) cost] dt =

0
g

= /(cos 2t —sin 2t) dt =
0

=0.

[sin 2t cos Qt} ﬂ

+
2 2 |,
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10.61.

10.67.

10.70.

Remark:
2 2
Since U(z,y) = — 4+ xy — = is a primitive function of the vector field

v =(zx+vy) i+ (z—y)-]j, therefore the integral of the conservative
force field is an alteration of the primitive function:

/v dr = U(—1,0) — U(1,0) = 0.

Parameterizing the curves I'y = ¢, y =t and ', z = ¢, y = ¢2, where
0 <t < 1. The integrals of the vector field v =y -1 +x-j is

1 1
/yd:c—i—xdy:/%dt:l, /ydx+xdy=/3t2dt=1.
0

Iy 0 I

Remark:

The vector field v = y-i +z-j is conservative, and its primitive function
is U(x,y) = xy.

The line integral does not exist because v is not defined at the origin,
but the curve I' goes through the origin.

/<x+y>dx+<y+z>dy+<z+z>dz:
I

= / [(cost + sint)(—sint) + (sint 4 t) cost + (¢t + cost)] dt =

0
m

= /(fsin2t+tcost+t+cost)dt:

0
t sin2t , 2 0"
=|—= +tsint 4+ cost + — +sint| =
2 2 0
s 2 w2 s
=——404+40-24+—4+0=— — = — 2.
2Jr + + 2 + 2 2
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10.77. | The parametric form of the curve I is:

r(t)=t-i+t*-j, —-1<t<1
that is,
=t y=1t, dr=a(t) =1, dy=9y(t)=2t, —1<t<1.

According to the formula of the calculation of the line integral

/ (z* — 2y) dz + (y* — 2wy) dy =

:/[(t2—2t3)-1+(t4—2t3)-Qt] dt =

10.78. | Parameterizing the ellipse:

x=acost, y=bsint, 0<t <27,
In this case we replace dr and dy by
dx = asint, dy = bcost.

Therefore, we got a one-variable Riemann integral:
%(x—i—y)dx—i— (x —y)dy =
r

2m
= /[fa(a cost+ bsint)sint + b(acost — bsint) cost] dt =

0
2m

= /(fabsith +abcos®t — a?sintcost — b*sint cost) dt =

0
2m

2 b2
= /(abcos ot — 2 ;_ sin 2t) dt = 0.
0
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Remark:
2 2

z
It is easy to prove that U(z,y) = — 4+ 2y — Y isa primitive function

of the integrand, therefore the integral on the closed curve is 0.

10.84. | Yes, the primitive functions of the vector field v = (z4y)-i +(x —y)-j

are 9 9
X
U@w:§+wf%+0

10.90. | There is no primitive function, since

(%(cos xy) = —xsinxy # %(Sinxy) = ycos Ty.

10.95. | For the vector field v = —2— . — — =~ -j it is true that
1'2 + y2 ZE2 + y2
g y B 332 _ y2 g T B JJQ _ y2
Oy \z2+y%) (22 +42)% dr \ 22+y?) (22 4¢2)%

But there is no primitive function because if I' : = cost, y = sint, 0 <
t < 27 is the unit circle, then

27
Y T B 9 ) B
.7{:62+y2d$7:v2+y2dy_/(78mtfcOS t)dt = —2m # 0.
r 0

The reason is that v is not defined at the origin, but the curve I' goes
around the origin.

10.101.| The force field E = (y + ) -1 4+ « - j is conservative, its primitive

function:
2 2

U(z,y) = % + xy, the potential ®(z,y) = —U(z,y) = 5 Y

10.107.| Since it is not defined at the origin, therefore it has no potential function
on the whole plane. But it has potential function on the punctured
plane R? \ {0 }:
1

(I)(:l?,y) = ($2 + yg)l/g'
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The curl of the vector field v = yz -1 + 2z -j + zy - k is zero at all
points of the space,

0 0 0 0
@(yz) = %(332) =z, &(yz) = %(Jﬁy) =Y,

0 0
92 r2) = @(xy) =,

therefore it has a primitive function, U(z,y, z). Because U, = yz, so
Ulz,y,2) = /yz dr = zyz + f(y, 2).

, 0
Uy_(’)y

Hence f,(y,z) = 0, that is, f(y,2) is independent of y, f(y,z) = g(2).

(zyz+ f(y,2)) = 2z + f,(y, 2) = 2.

g
U= 5, (wyz +9()) = 2y +4'(z) = wy,
s0 ¢'(z) = 0, that is, the function g is constant. Therefore, U(z,y, z) =
zyz + C, where C can be an arbitrary constant.
Although it is easy to find the primitive functions of zyz without any

calculations.

The vector field v = 3zy32* i 4+322y%2%-j + 22323 -k has no primitive
function because for example,

2(Z’>:z:yBZ'4) = 9xy?2t # 88

By . (322y%2") = 6ay?2t.

Let’s find a two-variable function z(x,y) such that

Zh(x,y) = p(z,y) = 2>+ 20y —y°, 2 (x,y) = q(z,y) = 2> — 20y —y°,

3
2(z,y) = /p(m,y) dz = /(w2+2xy—y2)dx = % + 2%y — 2y’ + g(y).

Here g(y) is a not known (differentiable) function of y. The function
z(x,y) satisfies the equation

zy(2,y) = 2% = 20y + ¢'(y) = q(z,y) = 2° — 22y — 3.
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From this ;
J'(y) = —1?, therefore gly) = _% +C.
Therefore, all primitive functions:
x3 3
2(z,y) = 3 + 2%y — xy? — %—I—C.

, _ r+y
ux(x,y,z) - $2+y2+22+2$y7
e 22+ y? + 22 + 22y 2
/ _ zT+y / _ T+y
uy(l‘,y,z) = 1’2+y2+z2+2$y +fy(yaz) - $2+y2+22+21’y7
therefore f(y,z) = g(z).
z
Wl (z,y,2) = . +9'(2) =

22 +y2 + 22 + 22y 22 4+ 92 + 22 + 22y’

therefore ¢’(z) = 0, and g is constant.
1 2., .2, .2
u(z,y,z) = §1n|x +y° 4z +2xy| +C

are all of the primitive functions.
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Complex Functions

11.3. | 22 = (22 — y?) + 2wyi, therefore u, = v, = 2z and v, = —u, = 2y.

11.6.
1 1 22 —y2+1—2xyi

22+1 :mQ—yQ—l—l—l—nyi_ (22 — y2 +1)2 4+ 42292

_ 22 —y? +1—2xyi
- (1‘2*y2+1)2+4x2y2.

xz—yQ—i—l
22 — 2 + 1)2 + 4222’

2zy
(22 — 42 + 1)2 + da2y?
After calculating the partial derivatives, we can see that Cauchy-Riemann’s
differential equations are fulfilled, if 22 + 1 # 0.

U(I,y) = ( U(Ivy) =

11.7.
Re f(z) =uw(z,y) = Vl]zyl,  Imf(z)=0v(z,y) =0
Therefore u(z.0) = 0 = v(0,y) and u(0,y) = 0 = v(z,0), we have
u,(0,0) = 0 = v,(0,0) and uy(0,0) = 0 = v;(0,0), so u.(0,0) =
uy(0,0) = 0, therefore Cauchy-Riemann’s differential equations are ful-
filled at z = 0. But at the line x =y  f(z) = (Jz|)?, therefore f(z) is
not differentiable at z = 0.
11.8.
u(z,y) = 222 + 3y° + 2y + 2z, v(z,y) = dzy + 5y.

According to Cauchy-Riemann’ differential equations
dr+y+2=4x+5, and 6y +x = —4y

at all points, where f is differentiable. The system of equations is ful-
filled only at x = —30, y = 3, therefore the function is not differentiable
at any other points.

11.9.
0 0 0 0
%(:ﬂy) =Y, 87/(3/) =1, @(xy) =z, %(y) =0

Therefore Cauchy-Riemann’ differential equations are fulfilled only at
the point z = .
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11.10. | Cauchy-Riemann’s differential equations:

ou v
or o 4 y
if and only if y = 2z, and
ou ov
e l= 2=
dy * ox

1
if and only if x = 5 Therefore, the function is differentiable only at

1
the point 3 + 1.

11.11. | From Cauchy-Riemann’s differential equations

2
y
vy (z,y) = u(z,y) = 2z-+y, v(z,y) = /(2x+y) dy = 2fvy+5+g(x)

vy (2,y) = 2y + ¢'(x) = —uy(z,y) = 2y — ,
X

J@) =z  ga)=-5+C

2 2
f(Z):(x2_y2+xy)+i<2xy_x2+y2+c>.

Since f(0) = 0, therefore C =0

f(Z)—(w2—y2+wy)+i<2wy—x;+y;>-

11.15. | lim Vn2=1,so R=1
n—oo
11.20. | Applying the root test:
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> z
11.21. n— =
I
n=1
11.22. | Applying the root test: lim {/]i?| = 1, therefore R = 1.
n—oo

[e) oo 1
nn P\

E i"z —E (iz) =15

n=0 n=0

e} i
IURSIEIY (E 8 RN S
n=0
oo . 1 " 1
S0 = () = gt R=
n=0

Apply the formula: e**% =% . ¢ = € - (cosy + isiny).
J fx+iy)dz =im J fx+iy)dz = -
r r

11.33. | [ f(x +1iy)dz = 2im 11.34. | [ f(z+iy)dz =0
r r
. it . dz . .,
11.35. | Parameterizing the curve: z(t) = e, ¢ € [0, 2n]. In this case i e,

So
27 i+ 27
1 e’
/fdz:/’ef dt:i/dt:2m’.
z e’
r 0 0
11.36.
27T it 27
1 e’ it 12w
/;dz:/emdtz/ze dt = [—e "] =-1-(-1)=0
r 0 0
37/2

/ ’e_it’ (fi)e_it dt =—i+1
0 1
/|t| dt+/|z’t\ dt =0
—1 0
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(3.2)

.CUS (372) 7
11.39. / ($2 - y2) dr —2zxydy = | — — xyz = ——
3 (1.1) 3
(1,1) ’
342 3+42i 3 3
11.40. / (22 —y?) dz—2xy dy = Re / 2?dz = Re <(3 +32Z) _a —g ) > =
14 1%
7
3
9 311+i .
11.41. /3z dz=[*]" = -3+ 2
r
1+i
1 14 1 T
11.42. / ;dz: [Log z]; :511124—11

11.43. /ez dz = [e*]; T

144 27 Lt
11.44. / ze® dz = lez}
1

11.65. | Apply the residue theorem: 7{ f(z)dz =27 -i-Res (e coszﬁ) =

Zz—T
|z|=4
2w -4 -€e" cosT.

3 144 N\ 3
11.67. /z2 ds — [Z} _(d+9°

3, 3
144

11.68. / e*dz = [ez](l)_‘—i = el+i -1
0

11.78. | Let g(z) = 10 — 62, f(2) = 2% — 62 + 10. If 2 is an arbitrary point of
the unit circle line, that is |z| = 1, then

[f(z2) —g(2)| = || =1, |g(2)| = [10 - 62[ > 10— 6 =4,

the conditions of Rouché’s theorem are fulfilled. Since the function
g(z) = 10 — 6z has no root on the unit circle, therefore the function
(2) = 25 — 62 + 10 has no root either.
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T
11.75. | The integral/i
(x2+1

5 dx is convergent, therefore
)

[eis) R
1

1
/ﬁdxz lim [ —— du.
(a2 + 1) R ) (a2 + 1)

Let T'r = ®r + ¥y be a closed curve such that & is the segment
[—R, R] of the real axis, and Wg is such the part of the circle with

radius R and center origin which lies in the upper halfplane. If f(z) =
1 . .
then according to the residue theorem

(2 + 1)
dz . , dz
§r = | i R = ) o -
I'r T'r lz—il=1
1 dz N o1 _r
:\ ]{1 Grip Goip W= TgE =y

Here we applied Cauchy’s integral formula for the function g(z) =

which is regular at .

(z+1i)%
1
On the upper half circle |f(2)] < B if R is large enough, therefore
li _ dz=0
i [ g de=

YR

T ! dz i dz 4 dz
— = lim ———— = lim — im —_— =
2 R—o0 (22 —+ 1)2 R— o0 (2’2 —+ 1)2 R—o0 (22 + 1)2

I'r dr YR
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