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Introduction

The dissertation is concerned with the renormalization methods of the truncated

conformal space approach (TCSA). The bases of the dissertation are the two works [1]

and [2].

TCSA is a variational method which was developed by Yurov and Zamolodchikov

to the investigation of the spectrum of the scaling Lee–Yang model. Since then, it has

been applied in various perturbed conformal field theories to the examination of the

spectrum and form factors as well.

The basis of the approach is that the conformal Hilbert space can be constructed and

operator matrix elements can be determined in the conformal basis. In finite volume

the spectrum becomes discrete and introducing an ultraviolet cut-off makes the Hilbert

space finite dimensional and the Hamilton operator can be diagonalized numerically.

The TCSA results depend on the cut-off. The speed of convergence depends on the

conformal dimensions of the perturbing operators. In case of irrelevant perturbation

the results diverge. The aim of the renormalization is to cancel the cut-off dependence,

speed-up the convergence and deal with the divergences. With the renormalization

procedure the TCSA is a very efficient non-perturbative method to study perturbed

conformal field theories.

The research was motivated by observation made in [3]. The authors found discrep-

ancy in the two particle phase shift between theoretical and density matrix renormal-

ization group results from the spin-chain and the scaling field theory predictions. They

also performed TCSA analysis but the raw TCSA data showed strong cut-off depen-

dence therefore the application of renormalization of the TCSA was necessary. In my

thesis I present improved version of the counterterm method developed in [4]. Using the

counterterm method we get excellent results for the spectrum of low-lying states and

the two-particle phase shift. The TCSA results are compared to thermodynamic Bethe

ansatz (TBA) calculations. From the details of the renormalization method the cut-off

dependence can be understood. It is caused by the presence of an irrelevant operator

in the operator product expansion of the perturbing operator with itself generating the

feature of the phase-shift observed on the spin-chain.

The following aim was to apply the method to cases with more perturbations and

non-integrable models. For this reason the confinement phenomenon is examined which

is recently studied by various authors [5, 6, 7, 8, 9, 10, 11, 12]. The drawback of

the counterterm method is that for the higher part of the spectrum it becomes very

involved. Other method is the renormalization group (RG) introduced in [13, 4]. In



the RG approach one can write equations governing the running of the couplings in the

leading order of the inverse cut-off. Solving the RG equations with initial conditions

fixed at infinite cut-off, one gets cut-off dependent effective couplings which are used in

the TCSA program. The remaining cut-off dependence can be dealt with extrapolation.

Recently proposed meson and baryon masses are verified using the improved version of

[13, 4] based on discussions in [14, 15].

Thesis statements

1. Cut-off dependence by means of the Schrieffer–Wolff transformation

As the first step of the renormalization I derive the cut-off dependence of the TCSA

energy levels by applying the Schrieffer–Wolff (SW) transformation [16] in section 2.2.

In the general formalism I construct the effective Hamiltonian which takes into account

the contribution of a shell in the Hilbert space above the cut-off. Based on this result,

an explicit formula can be written to the contribution of a given descendant level to

energy levels. The formula can be approximated by an asymptotic series for large cut-

offs. The level contributions are necessary for constructing the counterterms and the RG

equations. Numerical checks and the examination of the behaviour of the asymptotic

series are tested against the TCSA in section 4.3.

2. Improving the counterterm renormalization

Using the truncated conformal space as the basis in the low energy subspace in the

SW formalism one gets the formula used in [4] for level contributions to energy levels.

In contrast with [4] in my dissertation I calculate higher order terms in the inverse

cut-off, the number of the kept terms depends on the state and based on the numerical

examination of the asymptotic series. The level contributions can be constructed from

conformal four point functions using a combined series expansion, and the counterterm

itself can be calculated as an infinite sum. In case of higher energy states the conformal

space is degenerate thus such states form linear combinations. The leading order term

in the inverse cut-off is universal for all states. The general construction can be found

in section 2.3, examples are carried out in the three-state Potts model in section 4.2.



3. Deriving the high energy limit of the thermodynamic Bethe ansatz in

the thermally perturbed three-state Potts model

To construct the counterterms, limiting ultraviolet state of the certain state is nec-

essary. The limiting states can be reconstructed from TBA equations proposed in [1].

Based on the works [17, 18, 19, 20] I derive a general formula to the effective central

charge of states with any particle configuration. Knowing these the conformal limit of

a certain state can be identified. The general calculation is presented in section 3.2.3

and examples are shown in section 4.1.

4. Application of the counterterm renormalized TCSA in the thermally

perturbed three-state Potts model

After identifying the conformal states and verifying the level contributions I con-

struct the corresponding counterterms. After subtracting the counterterms a very good

agreement is found with the TBA. The examination of the level contributions show that

the cut-off dependent two-particle phase shifts are in correspondence with the results

in [21]. This behaviour cancels after the renormalization. The universal leading order

contribution is absent since the phase-shift is calculated from relative energy levels. The

next correction comes from an irrelevant operator in the operator product expansion of

the perturbing operator with itself. This indicates that the same irrelevant operator is

responsible for the effect found in the spin chain with finite lattice spacing. The corres-

ponding results can be found in section 4.3, further numerical checks are relegated to

Appendix C.

5. Application of the renormalization group in the q-state Potts model

For higher states, I use the combination of the improved version of RG method [13, 4]

based on [14, 15], and extrapolation. The spectrum of the Ising and the three-state

Potts model are examined by this combined method in presence of magnetic field. The

Ising model is used for validating the method and it turns out that for larger magnetic

fields, the mesonic spectrum can be described by the WKB approximation [7] . In the

three-state case the renormalized TCSA data gave back the WKB predictions to the

mesonic spectrum given in [11], and the recently proposed baryon masses calculated

from a three-body quantum mechanical approach [12]. It turns out that for mesons

spatial and charge parity are correlated, while for baryons the two can occur in any

combination.



References

[1] M. Lencsés and G. Takács, “Excited state TBA and renormalized TCSA in the

scaling Potts model,” Journal of High Energy Physics, vol. 9, p. 52, Sept. 2014.

[2] M. Lencses and G. Takacs, “Confinement in the q-state Potts model: an RG-TCSA

study,” Journal of High Energy Physics, vol. 2015, no. 9, 2015.

[3] A. Rapp and G. Zaránd, “Dynamical correlations and quantum phase transition

in the quantum Potts model,” "Phys. Rev. b", vol. 74, p. 014433, July 2006.

[4] P. Giokas and G. Watts, “The renormalisation group for the truncated conformal

space approach on the cylinder,” ArXiv e-prints, June 2011.

[5] P. Fonseca and A. Zamolodchikov, “Ising Field Theory in a Magnetic Field: An-

alytic Properties of the Free Energy,” Journal of Statistical Physics, vol. 110,

pp. 527–590, 2003.

[6] S. B. Rutkevich, “Large-n Excitations in the Ferromagnetic Ising Field Theory

in a Weak Magnetic Field: Mass Spectrum and Decay Widths,” Physical Review

Letters, vol. 95, p. 250601, Dec. 2005.

[7] P. Fonseca and A. Zamolodchikov, “Ising Spectroscopy I: Mesons at T < T_c,”

ArXiv High Energy Physics - Theory e-prints, Dec. 2006.

[8] G. Delfino and P. Grinza, “Confinement in the q-state Potts field theory,” Nuclear

Physics B, vol. 791, pp. 265–283, Mar. 2008.

[9] S. B. Rutkevich, “Formfactor perturbation expansions and confinement in the Ising

field theory,” Journal of Physics A Mathematical General, vol. 42, p. D4025, July

2009.

[10] Rutkevich, S., “Confinement in Ising field theory and Ising spin chain: Bethe-

Salpeter equation approach,” Talk presented at the Workshop on Quantum Matter

in Low Dimensions: Opportunities and Challenge, Stockholm, 30 Aug - 24 Sep

2010, 2010.

[11] S. B. Rutkevich, “Two-kink bound states in the magnetically perturbed Potts field

theory at T < Tc,” Journal of Physics A Mathematical General, vol. 43, p. 235004,

June 2010.



[12] S. B. Rutkevich, “Baryon masses in the three-state Potts field theory in a weak

magnetic field,” Journal of Statistical Mechanics: Theory and Experiment, vol. 1,

p. 10, Jan. 2015.

[13] G. Feverati, K. Graham, P. A. Pearce, G. Z. Tóth, and G. M. T. Watts, “A

renormalization group for the truncated conformal space approach,” Journal of

Statistical Mechanics: Theory and Experiment, vol. 3, p. 11, Mar. 2008.

[14] M. Hogervorst, S. Rychkov, and B. C. van Rees, “Truncated conformal space ap-

proach in d dimensions: A cheap alternative to lattice field theory?,” Phys. Rev.

D, vol. 91, p. 025005, Jan. 2015.

[15] S. Rychkov and L. G. Vitale, “Hamiltonian truncation study of the φ4 theory in

two dimensions,” Phys. Rev. D, vol. 91, p. 085011, Apr. 2015.

[16] J. R. Schrieffer and P. A. Wolff, “Relation between the Anderson and Kondo Hamil-

tonians,” Physical Review, vol. 149, pp. 491–492, Sept. 1966.

[17] A. B. Zamolodchikov, “Thermodynamic Bethe ansatz in relativistic models: Scal-

ing 3-state potts and Lee-Yang models,” Nuclear Physics B, vol. 342, pp. 695–720,

Oct. 1990.

[18] P. Dorey and R. Tateo, “Excited states by analytic continuation of TBA equations,”

Nuclear Physics B, vol. 482, pp. 639–659, Feb. 1996.

[19] P. Dorey and R. Tateo, “Excited states in some simple perturbed conformal field

theories,” Nuclear Physics B, vol. 515, pp. 575–623, Apr. 1998.

[20] P. Fendley, “Excited-state thermodynamics,” Nuclear Physics B, vol. 374, pp. 667–

691, May 1992.

[21] Á. Rapp, P. Schmitteckert, G. Takács, and G. Zaránd, “Asymptotic scattering and

duality in the one-dimensional three-state quantum Potts model on a lattice,” New

Journal of Physics, vol. 15, p. 013058, Jan. 2013.


