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Introduction

Quantum walks are the quantized version of the classical random walks, a degree of freedom

of a quantum system describes the position of the walker, i.e. a quantum state corresponds to a

discretized position. In the case of quantum walks usually the „random” term is not used, since

until we measure the system, the time evolution is deterministic. Quantum walks have two main

types according to the time evolution: the discrete- and the continuous-time quantum walks. In

the classical case, there is no significant difference between the two types (the two walks can

be embedded into each other), but for quantum walks such straightforward connection is not

known yet.

For the description of both classical and quantum walks, we need a graph, that mirrors the

structure of the possible states of the walk. This graph completely determines the dynamics

of the walk. For example, in continuous-time quantum walks the matrix representation of the

Hamilton-operator is the Laplacian matrix of the graph. Even small changes in the graph can

lead to significant differences in the dynamics of the walk, this shows the importance of the

underlying graph. We can change the graph during the walk, for example at given time steps

we can delete edges with a given probability. We call this process dynamical percolation. The

effect of some sources of noise has already been considered in the literature of quantum walks,

dynamical percolation can be interpreted as a special kind of noise. For discrete-time quantum

walks on a percolation lattice, after many steps various asymptotic states can arise. The long

time density may not tend to its equipartition value, oscillations can occur in the system. In

the discrete-time case a large number of steps is equivalent to the long time limit. In contrast,

in the continuous-time case, the dynamics of the walk allows for considering the state after a

lot of steps within a finite time interval. I have considered the effect of percolation in this fast

changing limit to the dynamics of the walk. I summarize my related results in thesis points 1.

and 2.

The classical and quantum walks serve as a possible model for transport and diffusion pro-

cesses, for example one can think of the Brownian-motion. The efficiency of the transport can be

characterized by the probability that the walker ever returns to its initial position, which is called

return probability. For classical random walks, for euclidean systems the time-dependency of
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the return probability can be described with the embedding dimension of the graph. For self-

similar systems, for example for fractals, classical random walks show a different behavior, the

embedding dimension is replaced by the spectral dimension. For quantum walks, the spectral

dimension which is used in the classical case will not characterize the time evolution, the tran-

sport and the dynamical properties of the walk have to be considered with different methods. In

my thesis I present these methods, and apply them for quantum walks on the Sierpiński-gasket

and the Sierpiński-carpet, and on the duals of these graphs. I summarize my related results in

the 3. thesis point.

Nowadays, the experimental technologies have reached a level, where one can manipulate

not only single quantum systems, but by coupling different degrees of freedom one can examine

so-called hybrid quantum systems. These experiments are based on the detailed understanding

of the components of the system, and on the fact, that the components are independently well

controllable in experiments. For example, with nanoscale oscillators it is possible to measure

atomic masses. We can couple the mechanical oscillator to a mode of an optical resonator (such

as a membrane with a reflection coating), and create optomechanical coupling between the

systems. One possible application of such optomechanichal systems is for example when by

coupling a membrane to a ultracold atoms the membrane can be cooled. It is also possible to

couple systems with magnetic interaction, for example coupling a mechanical oscillator to a

spin in a vacancy in diamond.

In the case of magnetic coupling, Bose-Einstein condensates are widely used in hybrid sys-

tems, because the condensate is very sensitive to external magnetic fields, and we can tune the

parameters of the system with it. Magnetomechanical coupling has already been examined both

experimentally and theoretically between a Bose-Einstein condensate and a magnetized cantile-

ver. Instead of permanent magnets, we can use an oscillating current carrying carbon nanotube.

With this system by measuring the statistics of the number of the excited atoms from the con-

densate, one can infer the characteristic properties of the quantized current in the nanotube. In

this galvanometer scheme the back-action of the condensate to the nanotube has been neglec-

ted. In my thesis I examined the case when this back-action and its effect to the dynamics of the

nanotube is relevant. My related results are summarized in thesis points 4. and 5.
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Applied methods

For continuous-time quantum walks on dynamical percolation lattices I counted the contri-

bution of one edge to the product of random unitary matrices using the Zassenhaus-exponents. I

took the average over the possible trajectories using superoperators, calculating the average after

every step for the possible realizations. For examining the transport properties of continuous-

time quantum walks on the Sierpiński-gasket, on the Sierpiński-carpet and their dual graphs, I

calculated the eigenvalues and their multiplicities by calculating numerically the spectrum of

the Laplacian matrices of the graphs.

In the description of the hybrid quantum system, I modeled the nanowire as a harmonic

oscillator, and the Bose-Einstein condensate as a reservoir, that can be described with its wave

function, that satisfies the Gross-Pitaevskii-equation in the Thomas-Fermi approximation. The

threshold value of the collective coupling strength can be calculated with the analysis of the

Fourier-Laplace transform of the Green-function which satisfies the homogeneous part of the

Heisenberg-Langevin equations. If inside the condensate we neglect the spatial dependence of

the induced magnetic field by the nanowire, then the threshold can be calculated analytically.

By using realistic parameters and the exact spatial dependence of the magnetic field I have

numerically determined the threshold values of the collective coupling strength which leading

to parametric amplification.
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Thesis points

1. For continuous-time quantum walks on dynamical percolation graphs I have analytically

showed that in the limit when the time between two consecutive changes of the graph

tends to zero, then the effect of the percolation is a time rescaling in the dynamics of the

walk. This rescaling is determined by the probability that we used for describing how we

keep the edges in the graph. Both for one trajectory and for the averaged properties using

a superoperator formalism this time evolution describes the system correctly [I].

2. With numerical methods I have examined the time evolution of continuous-time quantum

walks on dynamical percolation graphs, if the time between two consecutive changes of

the graph is small, but finite. In this case, the rescaled dynamics describes the initial stage

of the time evolution. For large times, the evolution shows a random unitary dynamics.

Taking the average over the possible trajectories by using the superoperator formalism,

the initial stage of the evolution can be described with the rescaled time, and for large

times the probabilities to measure the walker at a given state tends to the equipartition

value [I].

3. I have considered the transport properties of continuous-time quantum walks on the

Sierpiński-gasket, on the Sierpiński-carpet and on the duals of these graphs. For quantum

walks, the return probabilities cannot be described with the spectral dimension which was

defined in the theory of classical random walks: for the Sierpiński-gasket and its dual the

return probability does not tend to the equipartition value. Due to the localization in the

system even for the exact infinite fractal it tends to a finite value, which is – unlike to the

spectral dimension – different for the two graphs. For the Sierpiński-carpet and its dual

the return probabilities show a much faster decay (in contrast to the Sierpiński-gasket

these graphs are infinitely ramified), therefore the transport is more efficient. For these

graphs localization could not be proven exactly as in the case of the Sierpiński-gasket and

its dual, but my numerical results suggest that it is possible that there is localization in the

system [II].
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4. In the hybrid quantum mechanical system of a Bose-Einstein condensate and an oscillat-

ing, current carrying nanowire I showed that the magnetomechanical coupling leads to

parametric amplification of the mechanical motion of the nanowire. Modeling the con-

densate as a reservoir and the nanowire as a quantized harmonic oscillator, I deduced the

Hamilton operator of the system. The interaction term in the Hamiltonian shows similari-

ties to the interaction term in the optical parametric amplification with the difference, that

in my model the nanowire is coupled to an inhomogeneously broadened continuum, not

to another single oscillator [III].

5. The parametric amplification in a magnetomechanically coupled Bose-Einstein conden-

sate and a current-carrying nanowire occurs only above a critical collective coupling

strength, because the losses of the excitations of the condensate and the damping of the

nanowire should be compensated. Neglecting the spatial dependence of the induced mag-

netic field inside the condensate the threshold value of the collective coupling strength

can be determined analytically, and the derivation shows that the detuning of the nano-

wire can be significant. Using realistic parameters and the exact magnetic field inside the

condensate, I numerically showed, that the results are consistent with the analytical re-

sults, and with the used parameters the value of the collective coupling strength can be

above the threshold [III].
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