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Abstract

Recent successes in optical resolution of chiral fullerenes and single-walled carbon

nanotubes (SWCNT) have increased the interest in chiroptical characterization of chiral

carbon nanostructures (CCNS). So far only electronical optical activity has been mea-

sured for CCNS samples, vibrational OA experiments are yet to be performed. Preceding

forthcoming experiments we present the first theoretical vibrational Raman optical ac-

tivity (ROA) spectra of chiral fullerenes and SWCNT.

High complexity of chiroptical spectra necessitates quantum chemical modeling for

interpretation and assignation. Two main steps of ROA simulation are the calculation of

spectral line positions and intensities. We obtained harmonic vibrational frequencies and

normal modes by density functional theory (DFT). However, state of the art ab initio

implementations for ROA intensities can not be applied for systems accommodating hun-

dreds of carbon atoms. Additionally, these algorithms rely on that the incident frequency

is not in resonance with an electronic transition, which fails for CCNS systems.

For this reason, cost-effective, one-particle π-electron methods were developed to

compute spectral intensities of CCNS systems. In the tight-binding (TB) or Hückel-

model, only first neighbour interactions are considered. The TB method, applied to

fullerenes with low curvature, captures Raman spectra remarkably well based on com-

parison with DFT calculations for C76 and C84. TB shows considerably worse quality for

ROA, it can only be applied for identification of absolute configurations.

In order to improve on ROA intensities, a generalized π-model (all-π) is introduced

in which parameters describing interaction between all carbon atoms are derived from

data computed with the Hartree–Fock (HF) method, in a system-specific manner. We

found, that the all-π ROA spectra recovers the HF with more than 90% spectral overlap

and provides balanced description for fullerenes with both low and high curvature.

For modeling carbon nanotubes, spatial symmetry is included into the TB model

in terms of symmetry adapted basis functions. For periodic systems, multipole opera-

tors describing light-matter interaction have to exhibit periodic symmetry, which is not

fulfilled for the conventional multipole operators. Based on the well known formula for

the periodic electric dipole moment, formulae for periodic magnetic dipole and electric

quadrupole moments are introduced and applied in the TB model.

ROA spectra of SWCNT as well as those of C76 and C84 fullerenes are presented in

experimentally relevant, resonance conditions, in order to assist enantiomer identification

in prospective experiments. We found that ROA intensity of CCNS is approximately five

to six orders of magnitude stronger than the intensity of commonly measured organic

molecules, which is an encouragement for the perspective of experiments.

viii



Chapter 1

Introduction

We study vibrational Raman optical activity (ROA), i.e. optically active inelastic

light scattering accompanied by vibrational transitions, of chiral fullerenes and single-

walled carbon nanotubes (SWCNT). Chiral carbon nanostructures (CCNS) are constantly

in the focus of cutting edge nanoscience [1, 2] due to unique interactions between chiral

three dimensional building blocks, unprecedented in achiral systems. Although, these

applications require precise control over the molecular structure, especially, over absolute

configuration, the first successful optical resolution of racemic fullerene[3] and SWNT[4]

samples has been reported only recently.

In spite of being highly symmetrical, certain fullerenes and SWCNT are inherently

chiral, which results merely from the lack of mirror symmetry in their structure. Thus

CCNS do not contain classic stereogenic centers. Chemists often think of chiral molecules

as asymmetric, but in fact, structures belonging to the chiral point groups: Cn, Dn, O, T

or I are also chiral[5]. Optical activity, however, is only observed in macroscopic quantities

of these chiral molecules, if the transition between enantiomeric pairs is hindered (e.g.

H2O2 is optically inactive). The targets of our study are conformers of C28, C76 and C84

with D2 symmetry and chiral SWCNT, which possess translational and helical symmetry.

For characterization of chiral structures, chiroptical spectroscopy is the standard

tool, which exists in many variants[5, 6]. So far only electronic circular dichroism (ECD)[7]

and optical rotation[8] has been applied for studying CCNS. However, these measurements

contain information about only electronic transitions. Since the electronic structure of dif-

ferent fullerenes, different SWCNT and derivatives thereof are often similar, information

shortage can be a serious limitation.

Compared to electronic spectroscopies, studying transition between vibrational sta-

tes reveals a wealth of structural information, due to the high number of molecular vibra-

tions. Two forms of vibrational optical activity[5, 9, 10] (VOA) have been established so

far, vibrational circular dichroism[11] (VCD) and vibrational Raman optical activity[12]
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Chapter 1 Introduction

(ROA).1 VCD and ROA can be considered the chirality sensitive analogues of the rou-

tinely applied infrared and Raman spectroscopy. Naturally, when their application is

possible and meaningful, X-ray crystallography and nuclear magnetic resonance (NMR)

spectroscopy can yield atomic resolution of (chiral) three dimensional molecular struc-

tures. The advantages and disadvantages of the above mentioned structure determination

methods has been comprehensively reviewed in numerous occasions[5, 6, 9, 14]. Only one

conclusion is highlighted here, namely that none of the chiroptical experiments can pro-

vide absolute configurations with complete certainty. Consequently, employing multiple

techniques to obtain complementary information is always advised[15, 16].

ROA is frequently used to determine absolute configuration from solvent samples,

without relying on any prior investigation or manipulation of the unknown sample[9, 17,

18]. Water, being weak Raman scatterer, is an excellent solvent in ROA experiments,

which permits the measurement of biochemically interesting systems in their native sol-

vent states, ranging from carbohydrates and small peptides to DNA or viruses[9, 17, 18].

(Since the absolute configuration of naturally occurring biochemical molecules is specified

by homochirality, usually higher order structural elements and conformational changes

are of interest in these cases.) Generally, both forms of VOA exhibit exceptional sen-

sitivity to three dimensional structure, which is often exploited for identifying confor-

mations or conformational distributions[9, 17, 18]. Sensitivity to small structural dif-

ferences is beneficial when studying close to identical carbon cages and tubes in case of

chiral fullerenes and SWCNT, because minor distinctions could appear amplified in the

VOA signal. Additionally, Raman spectroscopy is a basic experimental tool for SWCNT

characterization[19, 20], therefore ROA might have a special significance in this context.

The subject of this dissertation is quantum chemical computation of ROA. From the

theoretical point of view, Raman and ROA scattering of conventional samples measured

at room temperature can be described assuming transition between harmonic vibrational

states of the electronic ground state, if the energy of the incident photon is small compared

to the first excitation energy of the molecule. The modeling of this basic ROA process

is less problematic than ECD and OR, where electronically excited states and their vi-

brational states have to be determined. In case of CCNS, the experimentally favored

incident light wavelength of 532 nm is close to many electronic transitions, resonance

occurs, which has to be taken into account in the theoretical model.

1 It this dissertation we use the simpler ROA abbreviation instead of VROA, because it will not be
necessary to distinguish VROA and rotational ROA[13].
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Chapter 1 Introduction

Structure of the dissertation

This general introduction is followed by a detailed discussion of the theoretical back-

ground behind the computation of Raman and ROA intensities in Chapter 2. Assuming

only introductory knowledge of quantum chemistry, light-matter interaction is quantified

using both time-dependent perturbation theory and linear response theory. Expressions

are derived for the polarizabilities and their derivatives required to evaluate the ROA

intensity formula. Chapter 2 concludes with the review of current state of the art of ROA

computational methodologies.

Chapter 3 reports our studies on ROA of chiral fullerenes. The methodological part

in Section 3.2 presents the TB and generalized π-electron models in the field-independent

case which is followed by a discussion on the evaluation of ROA polarizability derivatives

within these π-models. In Section 3.3.2 a thorough analysis is given on the accuracy of

the π-models applied for fullerenes, compared to experiments in case of Raman and to

benchmark DFT spectra in case of ROA. Employing the generalized π-electron model,

resonance ROA spectra of C76 and C84 are reported in Section 3.3.3, computed with

experimentally relevant incident light frequency. Sections 3.2, 3.3.1, 3.3.2 and 3.3.4 are

based on, but significantly extended compared to our publication, Ref. [21].

Chapter 4 is devoted to SWCNT. A detailed introduction on the structure and

symmetry of carbon nanotubes is given in Section 4.1. Basic concepts on the electronic

structure computation of periodic systems with the methodologies of solid state physics

are reviewed in Section 4.2. Light-matter interaction in periodic systems, including the

derivation of multipole operators compatible with periodic symmetry is discussed in Sec-

tion 4.3. Based on the above, working formulae for the computation of ROA intensities

for semiconducting SWCNT are derived in Section 4.4. Resonance Raman and ROA

spectra of selected SWCNT are reported in Section 4.5. Parts of Sections 4.4 and 4.5 are

based on our publication[22] and a second manuscript, that is in preparation[23].

A considerable part of the material is presented in Appendices in a way, that they

provide proofs and derivations or rather technical information compared to the main

text. The main Chapters are intended to be understood without careful reading of the

Appendices. It has to be noted though, that Appendices A-E contain our original results

and comprise a significant part of the efforts behind the work presented in the main text.

How to cite this dissertation:

Péter R. Nagy, Theoretical developments and computational studies in chiroptical spec-

troscopies, Ph.D. dissertation, doi:10.15476/ELTE.2015.010, 2015.
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Chapter 2

Theoretical background

2.1 Raman and ROA spectroscopies

ROA is measured as a difference in the Raman scattering intensity of right and

left circularly polarized light. In principle both the incident and scattered light can be

circularly polarized individually, which gives four different possibilities for measurement.

The only commercially available instrument to date[24] works with the scattered circular

polarization (SCP) setup, that means linearly polarized or unpolarized incident laser

radiation and circularly polarized scattered light[9, 25].

A schematic representation of the SCP-ROA process is given in Figure 2.1 using

molecular quantum levels.

}ev

g0

g1

IR

IL

Figure 2.1: Illustration of the SCP-ROA scattering on a molecular energy-level
diagram. For discussion of the figure see the text.

The most common scenario for Raman and ROA scattering (in the Stokes process) starts

from the ground electronic and vibrational (g0) state of the sample. The interaction of

the incident light and the molecule can be described in a time-dependent manner, where

virtual states of the system, ev are involved[9, 26]. As a result of the interaction, one

vibrational degree of freedom is excited to state g1. In return, the energy of the scattered

4



Section 2.1 Theory of Raman and ROA

light is decreased by the energy of the vibrational transition. Explicitly, the SCP-ROA

intensity is defined as:

∆(IU)Qa

g1,g0 = (IUR )Qa

g1,g0 − (IUL )Qa

g1,g0 , (2.1.1)

where Qa refers to the vibrational mode affected by the transition, while IUR and IUL de-

notes the Raman scattering intensity with unpolarized incident and right or left polarized

scattered light.

Scattered light can be detected in any direction (with different intensity) regardless

of the direction specified by the incident light. This freedom of choice can be exploited

to conduct measurements yielding independent spectral information. The commercial

instrument is set up to measure the backscattered light[9, 24], therefore this dissertation

and most of the computational studies focus on the simulation of the backscattered SCP

ROA spectra, denoted by SCPU(180◦). The scattering intensity also depends on the fre-

quency of the incident light, for which 532 nm is the common choice. For the introduction

of the alternative experimental arrangements, we refer to the literature[9, 25].

Classical theory of Raman scattering

The most simple way to introduce the Raman phenomena is the description of light

scattering in the framework of classical electrodynamics. Let us write the oscillating

electric field of the monochromatic incident light, E(t)1 as

E(t) = E0 cosωt , (2.1.2)

where E0 is the amplitude and ω is the frequency2. The effect of the oscillating external

electric field on a system consisting of classical charges (e.g. a molecule) is an induced

electric dipole moment:

d(t) = αE(t) = αE0 cosωt , (2.1.3)

where α is the electric dipole polarizability tensor.

According to classical scattering theory[9, 26], the intensity of the scattered light,

Is is proportional to the fourth power of ω and to the induced dipole moment squared:

Is ∼ ω4d2. In order to compute the intensity stemming from a harmonic vibration,

Qa we need to investigate the effect of the vibration on the dipole moment and on the

polarizability. The vibration is parametrized as follows: Qa = q0a cosωat, where q0a is the

amplitude and ωa is the frequency of vibration a. The first order effect of the vibration on

1Electric field related quantities will be denoted by E throughout this dissertation to avoid confusion
with the energy related quantities, denoted by E or ǫ.

2More precisely, the angular frequency, ω = 2π · ν is introduced, with ν being the frequency of the
oscillation. It is common terminology in the field to refer to ω simply as frequency, which we will adopt.

5



Section 2.1 Theory of Raman and ROA

the polarizability can be derived via Taylor expansion around the equilibrium structure:

α = α0 +

(
∂α

∂Qa

)

0

Qa + O(Q2
a) . (2.1.4)

Substitution into Eq.(2.1.3) yields the description of the well-known scattering processes,

the Rayleigh scattering and the Stokes and anti-Stokes Raman scattering:

d(t) = E0 cosωt

[

α0 +

(
∂α

∂Qa

)

0

q0a cosωat

]

= E0 α0 cosωt
︸ ︷︷ ︸

Rayleigh

+E0

(
∂α

∂Qa

)

0

q0a
1

2

[

cos
(

(ω + ωa)t
)

︸ ︷︷ ︸

anti-Stokes

+ cos
(

(ω − ωa)t
)

︸ ︷︷ ︸

Stokes

]

. (2.1.5)

The above classical consideration can qualitatively account for the main scattering

events, but has shortcomings too. For instance, this formulation can not explain the

ROA scattering, since all quantities in Eq.(2.1.5) are mirror symmetric. Secondly, the

model in Eq.(2.1.5) has to be extended with the quantitative description of the ROA

polarizabilities and their derivatives.

Quantum mechanics offers a more adequate description of the phenomena, which

we now turn to. The quantum mechanical introduction of the scattering process follows

steps analogous to the classical picture. First, the properties of the electromagnetic

field and the molecular system are separated like in Eq.(2.1.3). Then, polarizabilities

and their derivatives are derived using time-dependent perturbation theory for the light-

matter interaction. In the final step, scattering intensities are obtained by inserting the

molecular properties into the explicit expression of the electromagnetic field corresponding

to the given experimental configuration.

2.1.1 Quasi-classical Hamiltonian

It is common to adopt a quasi-classical approach[5, 9] for the theoretical character-

ization of the ROA phenomenon. This means the description of the molecular system by

quantum mechanics and the treatment of the electromagnetic field by classical electro-

dynamics.3 The starting-point of the quasi-classical approach is the formulation of the

classical Hamiltonian function of a set of charges in an external electromagnetic field.

Then the quasi-classical Hamiltonian is obtained according to the rules of quantization.

Since excellent textbooks are available covering this subject in detail[5, 28], our intro-

duction will be limited to the basic nomenclature, notations and relations between key

quantities.

3The complete quantum mechanical description of the light-matter interaction is also established
using Quantum Electrodynamics [27]. However, typical light sources in ROA experiments are orders of
magnitude less intensive, than the regime which would necessitate a quantum mechanical description of
the electromagnetic field. In the weak field limit Quantum Electrodynamics and semi-classical theory
lead to equivalent scattering models[27].

6



Section 2.1 Theory of Raman and ROA

Hamiltonian in electromagnetic field: classical approach

Classical electric and magnetic fields fulfill Maxwell’s equations and can be quan-

tified by the three-dimensional, time-dependent electric field, E(r, t) and magnetic field,

B(r, t) vectors. A description equivalent with the pair of E and B can be given using

the scalar and vector potential, φ(r, t) and A(r, t). The electric and magnetic fields are

expressed with φ and A as follows:

E(r, t) = −∇φ(r, t) − ∂A(r, t)

∂t
, (2.1.6)

B(r, t) = ∇×A(r, t) . (2.1.7)

The scalar and vector potential are not defined uniquely by Eqs. (2.1.6) and (2.1.7), they

can be subjected to a so-called gauge transformation, written as

φ′(r, t) = φ(r, t) +
∂f(r, t)

∂t
, (2.1.8)

A′(r, t) = A(r, t) −∇f(r, t) , (2.1.9)

where the gauge function, f(r, t) is an arbitrary function of the spatial coordinates and

time. Any observable, such as the electric or magnetic field, is independent of the choice of

the gauge function. This gauge-freedom is often employed for simplification of formulae.

Let us utilize the scalar and vector potential to define the Hamiltonian of charged

particles in electromagnetic field as

H =
P∑

j=1

[
1

2mj

(

pj − qjA(rj, t)
)2

+ qjφ(rj, t) + V (rj)

]

, (2.1.10)

where mj and qj are the mass and charge of particle j and P designates the total number

of particles.

Hamiltonian in electromagnetic field: quantum mechanical treatment

The Hamilton operator describing light-matter interactions is obtained from the

classical expression of Eq.(2.1.10) by quantization according to the coordinate represen-

tation. (For the sake of simplicity, we omit hats of operators.) The derivation proceeds

by expanding (pj + qjA(rj, t))
2 to get

H =
P∑

j=1

[
1

2mj

(

p2
j − qjpjA(rj, t) − qjA(rj, t)pj + q2jA

2(rj, t)
)

− qjφ(rj, t) + V (rj)

]

.

(2.1.11)

It is common to choose the Coulomb gauge, where pjA(rj, t) = 0. Moreover, the term

proportional to A2(rj, t) is omitted in cases, where the low intensity of the external field

allows a perturbative treatment of the light-matter interaction[5]. By these assumptions

7



Section 2.1 Theory of Raman and ROA

the Hamiltonian takes the form

H = H(0) + V int =
P∑

j=1

[

1

2mj

p2
j + V (rj)

]

︸ ︷︷ ︸

H(0)

+
P∑

j=1

[

− 1

2mj

qjA(rj, t)pj + qjφ(rj, t)

]

︸ ︷︷ ︸

V int

.

(2.1.12)

where field-independent and the interaction terms are separated. The above general

field-dependent Hamiltonian can be applied to describe various kinds of spectroscopic

properties, including ROA scattering cross sections.4

Electromagnetic field of monochromatic light

In order to obtain spectroscopic properties from Eq.(2.1.12), we specify the external

electromagnetic field and substitute it into V int. The electromagnetic field of monochro-

matic light is described by the following scalar and vector potentials[28]:

φ(r, t) = 0 (2.1.13)

A(r, t) = −A0Π cos(λ̃r− ωt) , (2.1.14)

where λ̃ = ω
c
n is the wave vector, that points to the direction of the propagation vector,

n; c is the speed of light and A0 is a real amplitude. Moreover, Π, the polarization

vector[5] is a unit vector, perpendicular to n. From Eqs. (2.1.13) and (2.1.14) follows

the condition of the Coulomb gauge, ∇A = 0. The corresponding electric and magnetic

field can be obtained by substitution of Eqs. (2.1.13) and (2.1.14) into Eqs. (2.1.6) and

(2.1.7):

E(r, t) = −A0 ωΠ sin(λ̃r− ωt) = E0 sin(λ̃r− ωt) (2.1.15)

B(r, t) = A0(λ̃×Π) sin(λ̃r− ωt) = B0 sin(λ̃r− ωt) . (2.1.16)

Assuming that n is parallel with the z axis of the Cartesian coordinate system, the

components of the electromagnetic field can be expressed with the x and y components

of the polarization vector, Πx and Πy. A light wave is called linearly polarized, if Πx = Πy,

while it is called left or right circularly polarized, if (Πx,Πy) = (1, eiπ/2)/
√

2 or (Πx,Πy) =

(1, e−iπ/2)/
√

2.

Multipole approximation

The next step is to express the elements of V int with the components of the scalar

and vector potential. For this end the electric and magnetic field of Eqs. (2.1.15) and

4 For the sake of completeness, we note, that not all spectroscopic properties can be derived from
the non-relativistic Hamiltonian of Eq.(2.1.11). For instance, interaction of the external field with the
electron or nuclear spin can be derived from the Pauli equation[29]. In fact, spin originating from
unpaired electrons interacts with the external magnetic field and gives a paramagnetic contribution to
ROA scattering[30]. This contribution is not considered here, since we study closed-shell systems.
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Section 2.1 Theory of Raman and ROA

(2.1.16) are usually expanded in a Taylor series around origin r0, according to

Eα(r, t) = Eα(r0, t) + rβ(∇βEα)(r0, t) + . . . (2.1.17)

Bα(r, t) = Bα(r0, t) + rβ(∇βBα)(r0, t) + . . . (2.1.18)

To specify the Hamiltonian, we need an expression of the potentials φ and A in increasing

orders of rα that lie behind Eqs. (2.1.17) and (2.1.18). There are several options for

specifying such φ and A, which are still consistent with the Coulomb gauge[31–34].5 We

follow here the choice by Barron and Gray[5, 35], in which the potentials φ(r, t) and

A(r, t) can be written in the following form:

φ(r, t) = Φ(r0, t) − rαEα(r0, t) −
1

2
rαrβ(∇αEβ)(r0, t) + . . . (2.1.19)

Aα(r, t) =
1

2
ǫαβγBβ(r0, t)rγ +

1

3
ǫαγδrβ(∇βBγ)(r0, t)rδ + . . . , (2.1.20)

where the Einstein summation convention is introduced, that we will employ throughout

this dissertation. Note, that Eqs. (2.1.19) and (2.1.20) implicitly fix the gauge freedom,

but the gauge function relating Eqs. (2.1.19) and (2.1.20) to Eqs. (2.1.13) and (2.1.14)

is not given explicitly. However, one can substitute Eqs. (2.1.19) and (2.1.20) into Eqs.

(2.1.6) and (2.1.7) and recognize, that the result is equivalent to the electromagnetic field

defined in Eqs. (2.1.17) and (2.1.18)[5, 35].

Let us turn our attention to the interaction term, V int and substitute φ(r, t) and

A(r, t) of Eqs. (2.1.19) and (2.1.20) into Eq.(2.1.12) to get6

V int =
P∑

j=1

{

−qjrjαEα(r0, t) −
qj
2
rjαrjβ(∇αEβ)(r0, t) −

qj
2mj

(B(r0, t) × rj)α pjα + . . .

}

=

−d tot
α Eα(r0, t) − Ξtot

αβ(∇αEβ)(r0, t) −m tot
α Bα(r0, t) + . . . , (2.1.21)

where we have introduced three multipole moments, namely the electric dipole, the mag-

netic dipole and the electric quadrupole, defined as

d tot
α =

P∑

j=1

qjrjα (2.1.22)

mtot
α =

P∑

j=1

qj
2mj

ǫαβγrjβpjγ (2.1.23)

Ξtot
αβ =

1

2

P∑

j=1

qjrjαrjβ (2.1.24)

5 Performing a gauge transformation with function f satisfying ∆f = 0 conserves ∇A = 0.

6 Note, that term Φ(r0, t)
P∑

j=1

qi is dropped as the overall system charge is assumed to be zero.
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Section 2.1 Theory of Raman and ROA

Quadrupole moment, Ξtot is often replaced by its traceless form[36]:

Θtot
αβ =

1

2

P∑

j=1

qj(3rjαrjβ − r2j δαβ) , (2.1.25)

which is justifiable, because the diagonal elements of the quadrupole moment multiply the

components of ∇ · E in Eq.(2.1.21), that is 0 according to the first Maxwell equation[5].

The additional factor of 3 appearing in the definition of Eq.(2.1.25) is compensated by a

factor of 1
3

introduced to the perturbation operator later in Eq.(2.1.28).

Note, that the parameters of the electromagnetic field and the quantities related

to molecular properties, the multipole moments are successfully separated in the V int of

Eq.(2.1.21). Such a V int can be interpreted as an operator, that describes an interaction

with a special electromagnetic field, given as follows:

Eα(r0, t) = Eα sin(λ̃r0 − ωt)

(∇αEβ)(r0, t) = ∇αEβ sin(λ̃r0 − ωt)

Bα(r0, t) = Bα sin(λ̃r0 − ωt) . (2.1.26)

The multipole expansion in Eq.(2.1.21) is usually truncated after the first few

terms. For instance, the electric dipole approximation, i.e. keeping only the first term

of Eq.(2.1.21), is often sufficient for properties of optical spectroscopies, such as IR or

Raman. Taylor expansion is still justified in the case of ROA, where the wavelength of

the incident light is typically 532 nm, two orders of magnitude larger than the size of

a typical molecular system. However, OA vanishes in the electric dipole approximation,

hence the electric quadrupole and the magnetic dipole terms give the first non-vanishing

contribution to ROA. Generally, the three terms of V int are sufficient if the spatial di-

mensions of the investigated molecule are negligible compared to the wavelength of the

incident light.7

2.1.2 Field-dependent wavefunction with perturbation theory

Using the multipole expansion, we now wish to compute the quantum mechanical

induced dipole moment, which determines the Raman scattering intensity. The external

electromagnetic field, hence the Hamiltonian is time-dependent. For this reason we seek

the time-dependent wavefunction of the interacting system and compute the transition

7 It is necessary to take into account higher order terms, when the size of the molecular system
is comparable to the wavelength. This situation occurs for instance in X-ray absorption spectroscopy,
where the wavelength of the electronic transition is in the range of 0.1-1 nm. In this case contributions
of the magnetic quadrupole and electric octupole moments are also important[37, 38]. Alternatively,
higher order terms might become important, if the size of the molecule is extended so much that it is
comparable to the wavelength in the visible region[39].
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dipole moment with this wavefunction. If the intensity of the incident light is small,

time-dependent perturbation theory (TDPT)[40–43] can be utilized.

Let us start from the time-dependent Schrödinger equation (TDSE) of the interact-

ing system:

i
∂

∂t
|Ψ(t)〉 = (H(0) + V int

H )|Ψ(t)〉 . (2.1.27)

In the development of PT the field free Hamiltonian, H(0) is assumed as zero order, and

a Hermitian form of V int of Eq.(2.1.21), V int
H plays the role of perturbation. Utilizing

cos(ωt) = sin(ωt+
π

2
) =

1

2
(eiωt + e−iωt) ,

the perturbation operator can be expressed in the following form:

V int
H =

1

2

∑

I

(

V I
ᾱ e

−iωt + (V I)†ᾱ e
iωt
)

zIᾱ , (2.1.28)

where V 1
α = d tot

α , V 2
ᾱ = 1

3
Θtot

αβ and V 3
α = mtot

α , moreover, z1α = Eα, z2ᾱ = ∇αEβ and

z3α = Bα for I = 1, 2, 3. Let us also introduce the notation ᾱ, that is αβ hyperindex

in the electric quadrupole interaction term and simply α otherwise. It is appropriate to

note here that polychromatic light or alternative external fields can be treated with this

model by summing for their Fourier components.

Let us assume, that the solutions of the Schrödinger equation for the field-independent

Hamiltonian is known, i.e. H(0)|n〉 = En|n〉. The first-order wavefunction of state n, |n[1]〉
can be expanded on the basis of the zero-order states as follows[5, 40]:

|n[1]〉 =
(
|n〉 + |n(1)〉

)
e−iEnt =

[

|n〉 +
∑

j 6=n

∑

I

zIᾱ

(

c
V I
ᾱ

jn e
−iωt + c

(V I)†ᾱ
jn eiωt

)

|j〉
]

e−iEnt .

(2.1.29)

We introduce En = ~ωn, that becomes simply ωn in atomic units. Proceeding with the

steps of conventional TDPT, we substitute Eq.(2.1.29) and Eq.(2.1.28) into the TDSE

in Eq.(2.1.27). After simple manipulations, one can collect the terms proportional to zIᾱ,

which yields the following expression for the unknown coefficients:

c
V I
ᾱ

jn =
1

2

〈j|V I
ᾱ |n〉

ωjn − ω
and c

(V I)†ᾱ
jn =

1

2

〈j|(V I)†ᾱ|n〉
ωjn + ω

, (2.1.30)

where the energy difference of ωjn = ωj − ωn is introduced in the denominators. With

the first-order wavefunction of Eq.(2.1.29) at hand, various molecular properties can be

computed. We will focus on the transition dipole moment in the next section, since it

is the quantum mechanical analogue of the induced dipole moment of Eq.(2.1.3), that

determines the Raman and ROA scattering.
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2.1.3 The induced dipole and dipole polarizability

Let us consider a scattering event that transfers the molecule from the initial state

|i〉 to the final state |f〉. The associated transition dipole reads[26, 44]:

〈Ψf (t)|d tot|Ψi(t)〉 = (d tot)fi(t) =
(

〈f |d tot|i〉+ 〈f (1)|d tot|i〉+ 〈f |d tot|i(1)〉
)

e−iωfit +O(E2)

(2.1.31)

where the expansion of Eq.(2.1.29) has been utilized and only terms at most linear in

the electromagnetic field are kept. The first term on the right hand side of Eq.(2.1.31)

corresponds to spontaneous emission of a photon with energy ~ωfi = Ef − Ei.

The second and third term of Eq.(2.1.31) constitute the induced dipole associated

with light scattering, commonly written as

(d̃ ind)fi(t) =
(

〈f (1)|d tot|i〉 + 〈f |d tot|i(1)〉
)

e−iωfit . (2.1.32)

Following the convention of the literature[26], the derivation proceeds with twice the real

part of Eq.(2.1.32), i.e. with

(d ind)fi(t) = (d̃ ind)fi(t) + (d̃ ind)∗fi(t) . (2.1.33)

Let us now substitute Eq.(2.1.29) for the first order wave function, assuming a

homogeneous external electric field (i.e. ∇E = 0 and B = 0). With that, the real

induced electric dipole takes the form

(dindα )fi(t) =
1

2

[
∑

j 6=i

〈f |d tot
α |j〉〈j|d tot

β |i〉
ωji − ω

+
∑

j 6=f

〈f |d tot
β |j〉〈j|d tot

α |i〉
ωjf + ω

]

Eβ e
−i[ω−ωfi]t +

+
1

2

[
∑

j 6=i

〈i|d tot
β |j〉〈j|d tot

α |f〉
ωji − ω

+
∑

j 6=f

〈i|d tot
α |j〉〈j|d tot

β |f〉
ωjf + ω

]

Eβ e
i[ω−ωfi]t + . . . .

In the above expression, terms proportional to e−i[ω−ωfi]t describe Raman scattering[26,

45], namely terms with ωfi > 0 or ωfi < 0 belong to Stokes or anti-Stokes processes,

respectively. Accordingly, the frequency of the Raman scattered light is

ωR = ω − ωfi . (2.1.34)

Finally, Rayleigh-scattering corresponds to the case of ωfi = 0.

At this point it is practical to introduce the quantum mechanical polarizability

tensor, αfi [25, 46], which is essentially the field independent (still, frequency dependent)

part of (dind)fi(t):

(ααβ)fi =
∑

j 6=f,i

[〈f |d tot
α |j〉〈j|d tot

β |i〉
ωji − ω

+
〈f |d tot

β |j〉〈j|d tot
α |i〉

ωjf + ω

]

. (2.1.35)

With the polarizability tensor, the dipole induced upon a Raman process is given by

(dindα )fi(t) =
1

2

[
(ααβ)fi e

−i[ω−ωfi]t + (ααβ)∗fi e
i[ω−ωfi]t

]
Eβ . (2.1.36)
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Note, that the two terms of (ααβ)fi are written under a common summation in

Eq.(2.1.35), which means the omission of cases i = j and f = j from the first and second

term, respectively. This is a generally accepted approximation, which is justified by the

observation that these terms are negligible as compared to the others[5, 47]. Additionally,

it will be apparent later, that none of these terms need to be excluded within the Born-

Oppenheimer approximation, that is usually applied in the implementations.

Based on Eq.(2.1.34), the frequency of the scattered light can be introduced in

(ααβ)fi to get:

(ααβ)fi =
∑

j 6=f,i

[〈f |d tot
α |j〉〈j|d tot

β |i〉
ωji − ω

+
〈f |d tot

β |j〉〈j|d tot
α |i〉

ωji + ωR

]

. (2.1.37)

At this point, we deviate from the conventional introduction of Raman (and ROA)

scattering[5, 9, 26] and introduce some assumptions at this relatively early stage of the

derivation. Doing so we bypass some complicated aspects of the general theory, that are

usually simplified or neglected at a later stage of the derivation.

Approximations to the general theory

First, we assume that ωR ≈ ω. From the conservation of energy, we know, that

ωR+ωfi = ω for Stokes processes, where ωfi is the frequency of a vibration of the molecule.

The energy of fundamental harmonic vibrations falls in the range of 10− 400 meV, while

the experimentally relevant incident laser frequency is 2.33 eV. We can therefore assume,

that ωR ≈ ω. Furthermore, the relative error when substituting ωji + ωR with ωji + ω is

even smaller, since ωji is also in the range of eVs if electronic transitions are involved.

The second assumption states, that the eigenstates of a field-independent, (finite)

molecular system, |n〉 can be chosen as a real function. With that,

〈f |d tot
α |j〉〈j|d tot

β |i〉 = 〈i|d tot
β |j〉〈j|d tot

α |f〉

and consequently (ααβ)fi = (α∗
αβ)fi. This leads to a more simple form of the induced

dipole moment:

(dindα )fi(t) =
1

2
(ααβ)fiEβ

[
e−i(ω−ωfi)t + ei(ω−ωfi)t

]
(2.1.38)

2.1.4 ROA polarizability tensors

Let us turn our attention to ROA. In order to describe optically active Raman

scattering we have to include the interaction with the homogeneous magnetic field and

the electric field gradient when writing Eq.(2.1.38). As a consequence, two further terms

13



Section 2.1 Theory of Raman and ROA

contribute to the induced dipole. One involves the electric dipole-magnetic dipole polar-

izability:

(Gαβ)fi =
∑

j 6=f,i

[〈f |d tot
α |j〉〈j|mtot

β |i〉
ωji − ω

+
〈f |mtot

β |j〉〈j|d tot
α |i〉

ωji + ω

]

(2.1.39)

and gets multiplied by the homogeneous magnetic field. The other term, proportional to

the gradient of the electric field, contains the electric dipole-electric quadrupole polariz-

ability:

(Aα,βγ)fi =
∑

j 6=f,i

[〈f |d tot
α |j〉〈j|Θtot

βγ |i〉
ωji − ω

+
〈f |Θtot

βγ |j〉〈j|d tot
α |i〉

ωji + ω

]

. (2.1.40)

We note, that two other polarizabilities appear in the general theory of ROA, that

are conventionally referred to as script tensors, G and A[5, 9]. Tensors G and A are

related to G and A tensors above by interchanging the d tot
α with mtot

β or d tot
α with Θtot

βγ in

the corresponding numerators. The script tensors give independent contributions to the

ROA effect from G and A. However, when approximations to the general theory (such

as ω ≈ ωR) are introduced, the contribution of G and A can be expressed with G and

A. Thus, we omit the introduction of G and A and for a detailed discussion, we refer to

the literature[5, 9].

In order to simplify further discussions, let us introduce a general notation, τ for

the three polarizabilities:

(ταβ̄)fi =
∑

j 6=f,i

〈f |d tot
α |j〉〈j|Vβ̄|i〉
ωji − ω

+
〈f |Vβ̄|j〉〈j|d tot

α |i〉
ωji + ω

, (2.1.41)

where τ refers to α,G or A, if d tot
β , m tot

β or Θtot
βγ = Θtot

β̄
takes the place of Vβ̄. Further-

more, for the sake of simplicity, ταβ̄ will be denoted shortly as ταβ, bearing in mind the

alternative meaning of the second index in case of A.

2.1.5 Intensity expressions

Once the polarizability tensors are evaluated, the Raman and ROA intensities can

be determined for any experimental arrangement. Naturally, the measured intensity

depends on many factors, such as the polarization of the incident and scattered light, the

relative position of the light source and the detector or the orientation of the molecules

in the sample. The above factors can be taken into consideration by standard techniques

of classical electrodynamics[5, 28]. As our method development focuses on the evaluation

of the molecular properties, here we simply collect the necessary formulae and refer to

the literature for the explicit derivations[5, 26].
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Assuming, that the source of the scattered electromagnetic field is the periodically

oscillating induced dipole moment, the Raman intensity formula becomes as follows:

IRaman(Πi, Πs) = 90K

〈∣
∣
∣Πi∗

αααβΠs
β

∣
∣
∣

2
〉

, (2.1.42)

where Πi and Πs are the polarization vectors of the incident and scattered light, and

notation 〈.〉 refers to averaging for all possible spatial orientations. The constant K reads

as

K =
1

90

(
ω2
R µ0 E0

4πR

)2

, (2.1.43)

where µ0 stands for the permeability of vacuum and R is the distance of the sample and

the detector. The intensity formula for ROA is analogous[9, 25, 48]:

IROA(Πi, Πs) = 90K

〈∣
∣
∣Πi∗

α aαβΠs
β

∣
∣
∣

2
〉

, (2.1.44)

with the dipole polarizability tensor is substituted with the so-called general scattering

tensor:

aαβ = ααβ +
iω

3c

(

ni
γAα,βγ − ns

γAβ,γα

)

+
1

c

(

ǫγδβn
i
δGαγ + ǫγδαn

s
δGγβ

)

. (2.1.45)

It is apparent from the above, that both IRaman and IROA are quadratic functions

of the polarizability tensors. The leading term of IROA, proportional to ααβααβ describes

the Raman intensity. This is followed by the leading contributions to the optically active

scattering, being products of ααβ with one of the ROA tensors. Since the ROA tensors are

approximately three orders of magnitude smaller than α, the rest of terms in Eq.(2.1.44),

which do not contain ααβ, are neglected[5, 9].

The polarizability tensors depend on the orientation of the coordinate system chosen

to describe the scattering centers (the so-called molecular coordinate frame). Moreover,

the orientation of the molecular coordinate frame and the laboratory frame, in which the

experimental setup is discussed, may also differ for every sample molecules. Therefore, it is

beneficial to introduce certain combinations of the polarizabilities, that do not depend on

the choice of the molecular coordinate frame. These are the so-called invariants[9, 26, 48].

It can be shown, that every Raman and ROA scattering process can be described with

invariants[5, 49, 50]. In the general Raman theory, three independent invariants can be

formulated[9, 26]:

α2 =
1

9
(ααα)S(αββ)S∗ =

1

9
Tr(|αS|)2 (2.1.46)

βS(α)2 =
3

2
(ααβ)S(ααβ)S∗ − 1

2
Tr(|αS|)2 (2.1.47)

βA(α)2 =
3

2
(ααβ)A(ααβ)A∗ , (2.1.48)
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where we have introduced the symmetric and anti-symmetric combinations,

τSαβ =
1

2
(ταβ + τβα) (2.1.49)

τAαβ =
1

2
(ταβ − τβα) , (2.1.50)

of the general polarizability tensor, τ . Of the ten independent invariants of the general

ROA theory[9, 25], only the following three contribute to the SCPU(180◦) ROA intensity

within our approximations:

βS(G)2 = Im

{
3

2
(ααβ)S(Gαβ)S∗ − 1

2
Tr(αS)Tr(GS∗)

}

(2.1.51)

βS(A)2 =
1

2
ωRe

{

(ααβ)S(ǫαγδAγ,δβ)S∗
}

(2.1.52)

βA(A)2 =
1

2
ωRe

{

(ααβ)A
[

(ǫαγδAγ,δβ)A∗ + (ǫαβγAδ,γδ)
A∗
]}

(2.1.53)

The definition of the rest of the invariants can be found in the literature[5, 9, 25].

Finally, the expressions for the SCPU(180◦) Raman and ROA intensity with the

above invariants are as follows[5, 9, 25]:

IRaman
SCPU(180◦) = K

[
90α2 + 14 βS(α)2 + 10βA(α)2

]
, (2.1.54)

IROA
SCPU(180◦) =

4K

c

[
12 βS(G)2 + 4 βS(A)2 + 2 βA(A)2

]
. (2.1.55)

2.1.6 Far from resonance approximation of polarizabilities

The computation of ROA spectra based on Eq.(2.1.41) is not feasible, even with the

two assumptions of Section 2.1.3 since formally all exact states of the molecular system are

involved in the sum over states (SOS). Introduction of additional approximations leads

to the far from resonance (FFR) approximation of the Raman and ROA polarizability

tensors[5, 44, 45], attributed to Placzek[45] and Born and Huang[44].8

Altogether, our third assumption is, that the eigenstates of our system (|j〉) can be

written in a product form:

|j〉 = |ejvjRj〉 = |ej〉|vj〉|Rj〉 , (2.1.56)

where |ej〉, |vj〉 and |Rj〉 are electronic, vibrational and rotational functions, respectively.

This assumption is fulfilled in the Born-Oppenheimer (BO) approximation[44, 52, 53].

As a fourth approximation the explicit treatment of rotations is omitted, because the

rotational fine structure is only apparent in the gas phase spectra[54]. The probability

of the anti-Stokes scattering at room temperature is much smaller, then the probability

8 Let us note, that one can formulate several intermediate level of theories between the general and
the FFR ROA theory by introducing approximations one by one. Such theories, namely the vibronic
and the near resonance formulation were published by Nafie[9, 51]. These levels of theory are presently
too complicated for a computational implementation and are not discussed in this dissertation.
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of Stokes scattering, hence it is conventional to simulate only the intensity of the Stokes

process[26]. The most common scattering scenario starts from and leaves the molecular

system in its ground electronic state (|ei〉 = |ef〉 = |e0〉).
Taking into account the above approximations, the polarizability of Eq.(2.1.41) is

written as:

(ταβ) e0e0
vf vi

=
∑

ej 6=e0
vj 6=vf ,vi

[
〈

vf
∣
∣〈e0|dtotα

∣
∣ej〉|vj

〉〈

vj
∣
∣〈ej|Vβ|e0〉

∣
∣vi

〉

ωeje0 + ωvjvi − ω

+

〈

vf
∣
∣〈e0|Vβ|ej〉

∣
∣vj

〉〈

vj
∣
∣〈ej|dtotα |e0〉

∣
∣vi

〉

ωeje0 + ωvjvi + ω

]

, (2.1.57)

where we have introduced (~)ωeje0 = Ej − E0 for the difference of the electronic energy

levels and (~)ωvjvi = Evj − Evi for the difference of the vibrational levels. Note, that

only those terms are excluded in Eq.(2.1.57) for which ej = e0 and vj ∈ {vf , vi} fulfills

simultaneously.

Assumption five exploits the FFR condition, i.e. assumes that the incident light

is not in resonance with any electronic transition. With this condition it is plausible

to suppose that ωvjvi ≪ ωeje0 − ω in words: the energy scale of vibrations is negligible

compared to ωeje0 − ω. With this assumption, vibrational frequencies can be omitted

from the denominators of Eq.(2.1.57), leading to9

(ταβ) e0e0
vf vi

=
∑

ej 6=e0

[〈

vf

∣
∣
∣
〈e0|dtotα |ej〉〈ej|Vβ|e0〉

ωeje0 − ω

∣
∣
∣vi

〉

+

〈

vf

∣
∣
∣
〈e0|Vβ|ej〉〈ej|dtotα |e0〉

ωeje0 + ω

∣
∣
∣vi

〉]

(2.1.58)

=

〈

vf

∣
∣
∣

∑

ej 6=e0

[〈e0|dtotα |ej〉〈ej|Vβ|e0〉
ωeje0 − ω

+
〈e0|Vβ|ej〉〈ej|dtotα |e0〉

ωeje0 + ω

]∣
∣
∣vi

〉

= 〈vf |ταβ(Q)|vi〉 .

The quantity ταβ(Q) in last part of Eq.(2.1.58) is commonly called as the adiabatic polar-

izability. It depends on the coordinates of the nuclei, but incorporates all the electronic

details of the system.

Assumption six introduces the (vibrational) harmonic approximation[55] for the

wavefunctions of the nuclei. Accordingly, ταβ(Q) is expressed using the complete set

of Qa normal coordinates, Q. The adiabatic polarizability surface, i.e. the adiabatic

polarizability as a function of the coordinates of the nuclei is not known generally, except

for small molecules with a few vibrational degrees of freedom. Therefore, we seek ταβ(Q)

9 Since the operator of unity in the space of vibrational functions involves all vibrational states, i.e.
Î =

∑

i |vi〉〈vi|, omission of the ej = e0 terms are imperative in Eq.(2.1.58). Stepping to Eq.(2.1.58),

terms of the form
∑

vj 6=vf ,vi

〈vf |〈e0|d
tot
α |e0〉vj〉〈vj |〈e0|d

tot
α |e0〉vi〉

ωvjvi
−ω

are also dropped. These are expected to be

small if the dipole surface of the ground electronic state (〈e0|dtotα |e0〉) couples states vj with vf and vi
weakly.
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Section 2.1 Theory of Raman and ROA

in a Taylor expansion around the equilibrium geometry of the ground electronic state:

ταβ(Q) = (ταβ)0 +
∑

a

(
∂ταβ
∂Qa

)

0

Qa + . . . = ταβ +
∑

a

τQa

αβ Qa + . . . , (2.1.59)

where ταβ(0) is denoted by (ταβ)0 and shorthands are introduced: ταβ = (ταβ)0 and

τQa

αβ =
(

∂ταβ

∂Qa

)

0
. Following the work of Herzberg and Teller[56] the series is usually

truncated after the first order term. This is the seventh approximation of the FFR

treatment, called the electrical harmonic approximation[5, 26].10

At room temperature, vi is most commonly the vibrational ground state, v0 and both

v0 and vf can be approximated well with harmonic oscillator (HO) eigenfunctions. At

most cases vf is a harmonic oscillator eigenfunction corresponding to the first fundamental

vibration, va with normal coordinate, Qa, that can be obtained utilizing the standard

GF method[55]. Diagonalization of the Hessian, H yields the matrix of the normal

coordinates, L:

GHL = ΛL , (2.1.60)

where Gij = m−1
C δij for fullerenes using Cartesian coordinates. Vibrational frequencies, ωa

are given by the eigenvalues, ωa =
√

Λaa

2π
, while the expansion of the normal coordinates

using the coordinates of the nuclei reads:

Qa =
∑

µ,α

La,µαR
α
µ . (2.1.61)

Let us now take the transition matrix element of the polarizability linearised in Q with

v0 and va:

〈va|ταβ(Q)|v0〉 = ταβ 〈va|v0〉
︸ ︷︷ ︸

δa0=0

+
∑

b

τQb

αβ 〈va|Qb|v0〉
︸ ︷︷ ︸

δab

√

ℏ

2ωa

=

√

ℏ

2ωa

τQa

αβ , (2.1.62)

where we substituted standard integrals with HO eigenfunctions[55].

The final result of this derivation, the right hand side of Eq.(2.1.62) is the so-called

FFR-ROA polarizability formula. It still involves a sum for all electronic states, which is

however manageable with current computational algorithms. Section 2.2 deals with the

techniques applied for computing τQa

αβ in detail.

Analyzing Eq.(2.1.58), let us recognize, that multipole moments stemming from

positive point charges do not contribute to the FFR polarizabilities. For dnucl and Θnucl

this is a trivial consequence of the fact, that these operators are multiplicative and do

not involve any of the electronic coordinates. In case of mnucl the matrix element 〈ej|R×
∇R|ek〉 is to be studied. Writing the integral involved in the diagonal element of the

10 The simultaneous application of the electrical and the vibrational harmonic approximation is referred
to as the double harmonic approximation in the literature.
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Section 2.1 Theory of Raman and ROA

gradient, one gets zero due to normalization:

〈ej|∇R|ej〉 =

∫

dr e∗j(r;R)∇Rej(r;R) =
1

2
∇R

∫

dr|ej(r;R)|2 =
1

2
∇R 1 = 0 . (2.1.63)

This does not hold for the off-diagonal elements, however, those do not appear within the

BO approximation[44, 52, 53].

Since the electronic eigenstates and the dipole moment operator is real, one can

write for the numerator of the terms of ταβ that

〈e0|dtotα |ej〉〈ej|dtotβ |e0〉 = 〈e0|dtotβ |ej〉〈ej|dtotα |e0〉 . (2.1.64)

For this reason, the electric-dipole polarizability tensor and its derivatives are symmetric,

i.e. αQa

αβ = αQa

βα , thus (αQa

αβ )S = αQa

αβ and (αQa

αβ )A = 0. Due to (αQa

αβ )A = 0, the asymmetric

invariants also vanish, explicitly βA(αQa)2 = 0 and βA(AQa)2 = 0.

As a consequence, anti-symmetric invariants do not figure in the normal mode spe-

cific FFR scattering cross sections, which for the SCPU(180◦) arrangement read[57]:

dσRaman
u (180o) = Ka

[
90 (αQa)2 + 14 β(αQa)2

]
(2.1.65)

∆dσROA
u (180o) =

4Ka

c

[
12 β(GQa)2 + 4 β(AQa)2

]
, (2.1.66)

with Ka = (1/90) (µ0/(4π))2 (ω − ωa)
3 ω and ωa referring to the harmonic frequency as-

sociated to normal mode Qa. The scattering cross sections are preferred to the intensities

of Eqs. (2.1.54) and (2.1.55), since they are found to be less sensitive to experimental

conditions and provide more reliable basis of comparison with computed spectra than

intensities [5, 57].

2.1.7 Resonance Raman and ROA

Compared to the well-established and frequently applied FFR scenario, much less

is known about resonance ROA (RROA). We speak of resonance Raman and ROA when

the incident (or scattered) light frequency is close to an electronic transition of the un-

perturbed system. There are two typical experimental conditions, where resonance can

occur. Either the sample (e.g. certain transition metal complexes [58, 59]) exhibits

an electronic transition around 532 nm in the conventional setting, or a special ROA

instrument, equipped with a UV light source[18] is applied.11 RROA experiments are

11 Resonance or enhancement in the spectral intensity can be achieved indirectly as well, i.e. in cases,
when the investigated chiral molecule does not have electronic transitions close to ω. For instance,
in the induced RROA effect[60, 61] such molecules interact with an (achiral) ’antenna’ system, like a
heavy metal ion and resonance ROA may occur with the participation of the electronic states of the
metal ion via the transfer of chirality. Another example would be the surface enhanced ROA (SEROA)
effect[62, 63], where the ROA signal of the chiral system increases significantly when it interacts with
noble metal surfaces. We mention an other interesting study, where amplification in the VCD signal was
achieved by external manipulation of the sample’s electronic structure via electrochemical manipulation,
e.g. electron attachment[64].
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Section 2.1 Theory of Raman and ROA

more complicated to carry out than conventional measurements for several reasons. For

instance, fluorescence might become competitive with the inelastic scattering and the

sample may be damaged due to enhanced energy absorption[9, 18, 57]. The advantage

of a resonance experiment is the increased scattering intensity which may be of several

orders of magnitude[18]. To illustrate the potential in the resonance effect, we mention,

that enhancement of the RRaman intensity by over the factor of 1010 and ’single molecule

detection’ with RRaman spectroscopy have also been demonstrated[65, 66].

Despite these benefits, only handful of RROA experiments have been reported so

far[58–60, 67, 68]. This can be explained partly by the fact, that the resonance effect

can only be utilized for systems with an electronic structure capable of exhibiting the

resonance effect. In this dissertation, we are interested in fullerenes and SWCNT. Both

systems have many electronic transitions in resonance with the 532 nm incident light.

The quantum mechanical background of the resonance effect is generally well un-

derstood [69, 70]. The essence of the phenomenon is not different from conventional

Raman or ROA scattering, the theoretical approach is however to be revised as some of

the assumptions made previously fail if ωeje0 +ωvjvi ≈ ω holds for some state |ejvj〉 of the

field independent system. (Inspection of Eq.(2.1.57) clearly shows that the denominator

of the first term corresponding to state j tends to zero, hence (ταβ) e0e0
vf vi

tends to infinity,

in accordance with the resonance effect.)

The complications which the resonance brings with are: (i) finite lifetime of the ex-

cited state of the unperturbed system has to be dealt with; (ii) dependence of vibrational

states on the corresponding electronic state can not be neglected; (iii) ωvjvi ≪ ωeje0 − ω

can not be assumed. In return, the resonance condition can be exploited to introduce

some simplifications specific to this situation, e.g. the second term of the expression in

Eq.(2.1.57) can be neglected as compared to the first. Moreover, occasionally it is enough

to consider just that one or those few states which are, being well separated from the

rest of the excitation manifold, solely responsible for the intensity enhancement. Res-

onance ROA theories based on these grounds have been developed by Nafie[9, 71]. So

far, applications have been reported for strong resonance with a single[72] or with two

electronic states[59, 72]. This approach is however demanding to follow if many close

lying electronic states are resonant, which is the case for fullerenes and SWCNT.12

An alternative approach has been presented by Autschbach et al.[75] to handle

resonance enhancement, based on the time-dependent Raman scattering formalism of

Heller et al.[76, 77]. This so-called short time approximation (STA), i.e. when the

relaxation from an excited state of the interacting system is considered fast compared

to the time scale of the vibrational motion, leads to polarizability formula similar to the

FFR expression. Only one of the previously mentioned complications - that of finite

12 The same limitation holds for the most advanced vibronic RRaman computations[73, 74].
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lifetime - appears. The STA model for resonance properties was found to be a good

approximation for molecular systems[78–80]. Detailed derivation of the STA Raman and

ROA is provided by Refs. [75, 78] and references therein. We show here a simpler

route, a phenomenological introduction of finite lifetime[5, 70] into the time-dependent

PT expressions.

Let us start from an eigenstate, |j(t)〉 of the time-dependent Hamiltonian:

|j(t)〉 = e−iEjt|j〉 . (2.1.67)

The norm of |j(t)〉 is time-independent, i.e. its lifetime is infinite, the excited state does

not decay to any of the other states. In order to (phenomenologically) introduce a finite

lifetime, |j(t)〉 is multiplied by an exponential damping factor:

|j(t)〉 = e−Γjt |j(t)〉 = e−i(Ej−iΓj)t|j〉 . (2.1.68)

This results an exponential decay of the norm of state |j(t)〉:

〈j(t)|j(t)〉 = e−2Γjt , (2.1.69)

that can be described with the lifetime of the process, 1
2Γj

. The damped state does not

have a well-defined, real energy any more, which becomes apparent, if substituting |j(t)〉
into the TDSE:

i
∂

∂t
|j(t)〉 =

(
Ej − iΓj

)
|j(t)〉 . (2.1.70)

Based on Eq.(2.1.70), an effective, complex energy can be assigned to |j(t)〉:

Ej = Ej − iΓj , (2.1.71)

which modifies the excitation energies appearing in the denominators of the polarizability

expressions:

ωeje0 = ωeje0 − iΓj . (2.1.72)

Note that, we did not associate any damping factor to the ground state. In principal,

every excited state could have different lifetime, but it is common practice to introduce

the same lifetime for all states, i.e. Γj = Γ. Substituting this into the FFR polarizability

formula of Eq.(2.1.58) yields the resonance ROA polarizabilities in the STA13:

ταβ =
∑

ej 6=e0

[〈e0|dtotα |ej〉〈ej|Vβ|e0〉
ωeje0 − ω − iΓ

+
〈e0|Vβ|ej〉〈ej|dtotα |e0〉
ωeje0 + ω + iΓ

]

. (2.1.73)

13 According to the convention introduced in the literature[5, 26, 75], the same sign is given to ω and
Γ in the polarizability expressions, cf. the denominators of Eq.(2.1.73). Let us note, that in resonance
conditions, the denominator of the first term tends to a small number, namely iΓ and the second term
becomes negligible.
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Section 2.2 Polarizability derivatives

Let us recognize, that resonance polarizabilities are complex, but stay meaningful even

in case of exact resonance with an electronic transition, therefore can be applied to study

fullerenes and SWCNT.

Another convenient property of the STA polarizability expression is that ααβ and

its derivative, αQa

αβ are symmetric, hence their antisymmetric invariant vanish similarly to

the case of the FFR polarizability. Thus the FFR formulae of Eqs. (2.1.65) and (2.1.66)

for the Raman and ROA scattering cross sections are valid for the STA resonance case as

well. To make this more clear, let us rearrange ααβ of Eq.(2.1.73) exploiting the Hermitian

property of the electric dipole matrix elements shown in Eq.(2.1.64):

ααβ =
∑

ej 6=e0

〈e0|dtotα |ej〉〈e0|dtotβ |ej〉
[

1

ωeje0 − ω − iΓ
+

1

ωeje0 + ω + iΓ

]

. (2.1.74)

Finally, it is conventional, to decompose the complex polarizabilities (denoted usu-

ally with tildes, e.g. τ̃ ) to their real and imaginary parts:

τ̃αβ = Re[ταβ] + iIm[ταβ] = ταβ + iτ ′αβ . (2.1.75)

This notation can be beneficial, because α′
αβ = A′

α,βγ = Gαβ = 0 within the FFR approx-

imation. However, we do not adapt this notation, because within resonance conditions,

all polarizabilities are complex and both of their real and imaginary parts have to be

considered.

2.2 Computation of polarizability derivatives

In this section we derive the explicit formulae of the FFR polarizability derivatives

via TDPT. First a general electronic wavefunction is assumed, then in a second step, the

simplification of a determinantal wavefunction is introduced.

The FFR polarizability derivatives depend only on the electronic wavefunction, for

which now we adopt a simplified notation: |e0〉 → |0〉 , |eJ〉 → |J〉. One might start

the derivation, formally, with the differentiation of the polarizability in Eq.(2.1.73) with

respect to the normal coordinate Qa[9, 51]. For the sake of brevity, we focus on the

derivative of the first term, denoted by (τQa

αβ )1, for which the differentiation yields:

(τQa

αβ )1 =
∑

J 6=0

[〈0|dtotα |J〉Qa〈J |Vβ|0〉
ωJ0 − ω − iΓ

+
〈0|dtotα |J〉〈J |Vβ|0〉Qa

ωJ0 − ω − iΓ
+
∂τ 1αβ
∂ωJ0

∂ωJ0

∂Qa

]

, (2.2.1)

where τ 1αβ stands for the first term of Eq.(2.1.73). Additionally, the following shorthand

is used for the multipole matrix element derivatives:

〈0|Vα|J〉Qa =
∂

∂Qa

〈0|Vα|J〉 = 〈0Qa |Vα|J〉 + 〈0|V Qa
α |J〉 + 〈0|Vα|JQa〉 . (2.2.2)
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Section 2.2 Polarizability derivatives

We note, that the last term is not included in Refs. [9, 51], i.e. ωQa

J0 = 0 is assumed.

Time-independent PT with the perturbation operator ∂H(0)

∂Qa
= HQa provides the first

order perturbed wavefunction for any state in the form:

|JQa〉 = −
∑

L 6=J

〈L|HQa |J〉
ωLJ

|L〉 . (2.2.3)

Operator HQa might be interpreted as the component of the quantum mechanical force

acting on the molecular system in the direction of Qa. The derivatives of the multipole

operators, V Qa
α = ∂Vα

∂Qa
are introduced in Appendix A.2.

We note, that it is inconsistent with the conventional derivation strategies of pertur-

bation theory to derive a second order formula first, utilize simplifications, then differen-

tiate only the simplified results. For instance, derivatives of terms that vanish in second

order might contribute to the polarizability derivative. In the terminology of function

derivatives, from the fact, that ∂2f
∂x2 (x0) = 0 does not follow, that ∂3f

∂x3 (x0) vanishes as well.

Therefore, following the rules of TDPT, we start the derivation of τQa

αβ from the

beginning by setting up a proper, time-dependent perturbation operator. It is evident,

that the operator in Eq.(2.1.28) is insufficient for this purpose, the derivatives of the

multipole operators and the ’force’ also have to appear explicitly.

2.2.1 Polarizability derivatives with TDPT

Let us partition the Hamiltonian of the interacting system into zero order and

perturbation as follows:

H = H(0) +W (1) +W (2) = H(0) + (2.2.4)
∑

I

zIα

(

V I
α e

−iωt + (V I)†αe
iωt
)

+
∑

a

HQaQa

︸ ︷︷ ︸

W (1)

+
∑

I,a

zIαQa

(

(V I)Qa
α e−iωt + (V I,†)Qa

α eiωt
)

︸ ︷︷ ︸

W (2)

.

The first order term, W (1) contains the usual multipole operators, V I
α ∈

{

dα,mα,Θαβ

}

and also the force in the direction of Qa. As a novelty, a second order term appears,

containing the derivative of the multipole operators: (V I)Qa
α ∈

{
∂dα
∂Qa

, ∂mα

∂Qa
,
∂Θαβ

∂Qa

}

. It is

interesting to note, that Eq.(2.2.4) contains both time-dependent and time independent

terms.

Following conventional PT and TDPT, one can collect the terms proportional to

Eα z
I
β Qa and from that obtain τQa

αβ (in particular αQa

αβ for I = 1, GQa

αβ for I = 2, and AQa

αβ̄
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for I = 3,) as a result of a straightforward, but lengthy derivation:

τQa

αβ = 〈0Eα |V Qa

β |0〉 + 〈0zα |dQa

β |0〉 (2.2.5)

+ 〈0Eα |Vβ|0Qa〉 − 〈0|Vβ|0〉〈0Eα |0Qa〉 (2.2.6)

+ 〈0Qa |dα|0zβ〉 − 〈0|dα|0〉〈0Qa |0zβ〉 (2.2.7)

+ 〈0Eα |HQa |0zβ〉 − 〈0|HQa |0〉〈0Eα |0zβ〉 , (2.2.8)

where the frequency-dependent first order wavefunction, analogously to Eq.(2.2.3), reads

as follows:

|0zα(ω)〉 = −
∑

L 6=0

〈L|Vβ|0〉
ωL0 + ω + iΓ

|L〉 and |0zα(−ω)〉 = −
∑

L 6=0

〈L|Vβ|0〉
ωL0 − ω − iΓ

|L〉 . (2.2.9)

Note, that the condensed notation of Eqs. (2.2.5)-(2.2.8) does not indicate the frequency-

dependence of Eq.(2.2.9). Obviously, all eight terms in Eqs. (2.2.5)-(2.2.8) depend on

+ω and −ω analogously to the expression of Eq.(2.1.73). For illustration, one type is

expanded:

〈0Eα |Vβ|0Qa〉 =
∑

J,K 6=0

[〈0|dα|J〉〈J |Vβ|K〉〈K|HQa |0〉
(ωJ0 − ω − iΓ)ωK0

+
〈0|dα|J〉〈J |Vβ|K〉〈K|HQa |0〉

(ωJ0 + ω + iΓ)ωK0

]

,

(2.2.10)

while the rest of the terms can be written accordingly.

Let us point out here, that two types of terms appeared. Terms in row (2.2.5) are

of the first type, resemble to second order terms, but they contribute to the third order,

since they contain both W (1) and W (2) type operators. The rest of the terms, i.e. in

rows (2.2.6)-(2.2.8) are conventional third order PT terms[81–83]. In the following the

many-body expressions of the terms in (2.2.5)-(2.2.8) are derived for single-determinant

wavefunctions.

Many-body formulae with single-determinant models

Let us assume, that the eigenvalues, ǫj and the eigenvectors (i.e. molecular orbitals,

MOs), ϕj of a one-electron Hamiltonian (either semi-empirical or HF/KS) are at hand.

The ground state wavefunction, |0〉 is a determinant built of the occupied orbitals. Ex-

cited states in this model are given by substitutions of the occupied orbitals in |0〉 with

unoccupied ones, such as:

|J〉 = ϕ+
a ϕ

−
j |0〉 .

Here ϕ−
j annihilates an occupied orbital from |0〉, while ϕ+

a creates a virtual orbital.14

Generally, we refer to occupied orbitals with indices j, k, l, . . . and virtuals with a, b, c, . . . .

14 The formalism of creation and annihilation operators and generally, second quantization is utilized
in this dissertation at several points for the sake of brevity. The application of the second quantized
formalism is limited to the definition of determinantal wavefunctions and one-particle operators, to the
manipulations with one-particle functions (orbitals) and to the computation of simple matrix elements.
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Indices p, q, r, s, . . . denote general MOs.

Matrix elements of multipole operators with MOs ϕp and ϕq, in general (Vα)pq are

needed. These are denoted by

(dα)pq = −〈ϕp|rα|ϕq〉 (2.2.11)

(mα)pq = −1

2
ǫαβγ〈ϕp|rβ pγ|ϕq〉 (2.2.12)

(Θαβ)pq = −3

2
〈ϕp|rα rβ|ϕq〉 + δαβ

1

2
〈ϕp|rλ rλ|ϕq〉 (2.2.13)

where q = −1 has been utilized for electrons. In order to evaluate the polarizabilities

in Eq.(2.1.73), matrix elements of multipole operators, like
〈
0|Vα|J

〉
have to be derived.

Applying Wick’s theorem[83–85] one obtains:

〈
0|Vα|J

〉
=
∑

p,q

(Vα)pq
〈
0|ϕ+

p ϕ
−
q ϕ

+
a ϕ

−
j |0
〉

= (Vα)ja . (2.2.14)

Analogously, 〈J |Vα|0〉 = (Vα)aj. The matrix elements of the operators in Eqs. (2.2.11)-

(2.2.13) with MOs, i.e. (Vα)ja are computed in Appendix A. Substituting this into

Eq.(2.1.73) yields the many-body expression of the polarizability tensors:

ταβ = 2
occ∑

j

virt∑

a

(

(dα)ja (Vβ)aj
∆aj − ω − iΓ

+
(Vβ)ja (dα)aj
∆aj + ω + iΓ

)

, (2.2.15)

with the notation: ∆aj = ǫa − ǫj.

Polarizability derivatives in single-determinant models

The many-body expression of the first two polarizability derivative terms in row

(2.2.5) can be deduced from Eq.(2.2.15), for instance:

〈0Eα |V Qa

β |0〉 = 2
occ∑

j

virt∑

a

(

(dα)ja (V Qa

β )aj

∆aj − ω − iΓ
+

(V Qa

β )ja (dα)aj

∆aj + ω + iΓ

)

. (2.2.16)

Similarly, 〈0zα |dQa

β |0〉 can be obtained from Eq.(2.2.16), by exchanging dα with dQa
α and

V Qa

β with Vβ.

Turning to the terms in rows (2.2.6)-(2.2.8), a novel matrix elements appears:

〈J |V̂β|L〉 =
∑

p,q

(Vβ)pq
〈
0|ϕ+

l ϕ
−
b ϕ

+
p ϕ

−
q ϕ

+
a ϕ

−
j |0
〉

= (Vβ)abδjl − (Vβ)ljδab +
occ∑

i

(Vβ)iiδjlδab ,

(2.2.17)

where

|L〉 = ϕ+
b ϕ

−
l |0〉 .

The reader unfamiliar with the notation of second quantization, could think of the conventional, ’first
quantized’ notation in case of these simple concepts or consult Refs. [83–85]. For instance, the second
quantized derivation of matrix elements of operators with determinants can be considered equivalent to
the application of the Slater rules[81, 86].
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Section 2.2 Polarizability derivatives

For the sake of brevity, we proceed with manipulating only those terms, that have

∆aj − ω − iΓ type denominators, denoted by (.)1. Expressions including ∆aj + ω + iΓ

type denominators follow by simple substitution. Use of Eq.(2.2.14) and Eq.(2.2.17) in

the first term in row (2.2.6) leads to the following:

(
〈0Eα |Vβ|0Qa〉

)1
=
∑

j,l,a,b

(dα)ja

[

(Vβ)abδjl − (Vβ)ljδab +
∑

i(Vβ)iiδjlδab

]

(HQa)bl

(∆aj − ω − iΓ)∆bl

=

=
∑

j,l,a

(dα)ja(Vβ)lj(H
Qa)al

(∆aj − ω − iΓ)∆al

−
∑

j,a,b

(dα)ja(Vβ)ab(H
Qa)bj

(∆aj − ω − iΓ)∆bj

+
∑

j,a,i

(Vβ)ii
(dα)ja(H

Qa)aj
(∆aj − ω − iΓ)∆aj

.

(2.2.18)

The matrix element of the Hamiltonian derivative, HQa is given later in Eq.(3.2.4) for a

special case. Inspecting the second term in row (2.2.6),

(
〈0|Vβ|0〉〈0Eα |0Qa〉

)1
=

(
∑

i

(Vβ)ii

)(
∑

j,a,b,l

(dα)ja(H
Qa)bl δjl δab

(∆aj − ω − iΓ)∆bl

)

, (2.2.19)

we recognize, that it cancels with the third term in Eq.(2.2.18), resulting:

(
〈0Eα |Vβ|0Qa〉

)1−
(
〈0|Vβ|0〉〈0Eα |0Qa〉

)1
=
∑

j,l,a

(dα)ja(Vβ)lj(H
Qa)al

(∆aj − ω − iΓ)∆al

−
∑

j,a,b

(dα)ja(Vβ)ab(H
Qa)bj

(∆aj − ω − iΓ)∆bj

(2.2.20)

The sum of the two terms in row (2.2.7) and the two terms in row (2.2.6) can be obtained

likewise by interchanging the order of matrix elements in the numerator of Eq.(2.2.20).

With that, the working formulae of polarizability derivatives and hence Raman and

ROA spectral intensities in a single-determinantal model are given. Once the model for

the Hamiltonian is defined in Section 3, one can proceed with the implementation and

computation of the spectra.

2.2.2 Question of origin-invariance

A quantum mechanical computation should result physical observables independent

of the choice of certain auxiliary parameters, such as the origin of the coordinate system.

When studying magnetic properties, it is not evident to the ensure origin-invariance of

measurable quantities, such as ROA intensity or ROA invariants[9, 25]. For instance,

multipole moments and consequently polarizabilities may depend on the choice of the

coordinate system, in a way, that leads to origin-dependent invariants in approximate

theories.
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Section 2.2 Polarizability derivatives

The transformation of multipole moments of a charge neutral system upon shifting

the origin, O to O + g is given as follows[5]:

(
dα(O + g)

)

ja
=
(
dα(O)

)

ja
(2.2.21)

(
mα(O + g)

)

ja
=
(
mα(O)

)

ja
− 1

2

(
(g × p)α

)

ja
(2.2.22)

(
Θαβ(O + g)

)

ja
=
(
Θαβ(O)

)

ja
+ δαβ gλ

(
dλ(O)

)

ja

−3

2

[

gα
(
dβ(O)

)

ja
+ gβ

(
dα(O)

)

ja

]

(2.2.23)

It is obvious from the above, that the α tensor is origin invariant[5]:

ααβ(O + g) = ααβ(O) (2.2.24)

and consequently, all invariants depending solely on α are also origin invariant. Based

on Eqs. (2.2.21) and (2.2.23) the origin dependence of A can be obtained as follows[5]:

Aα,βγ(O + g) = Aα,βγ(O) − 3

2

(

gβααγ(O) + gγααβ(O)
)

+ gδααδ(O)δβγ . (2.2.25)

This formula can be used to show in a simple manner, that the invariants involving A do

not depend on g either.

Invariants depending on the G tensor are origin-invariant if and only if the operator

in the origin dependent term of the shifted magnetic dipole moment (e.g. the second

term in Eq.(2.2.22)) is proportional to the dipole moment[87, 88].15 In that case, when

computing βS(G)16, the origin dependent term vanishes due to the appearance of dot

product r · (g × r).

This condition for m is satisfied, if the quantum mechanical equation of motion

(EOM) is fulfilled, i.e.

p̂ = −i[̂r, Ĥ] (2.2.26)

(pα)ja = −i〈ϕj|[̂r, Ĥ]|ϕa〉 = −i∆aj(rα)ja . (2.2.27)

Eq.(2.2.26) is an identity if the potential energy commutes with the coordinate operator,

while Eq.(2.2.27) is fulfilled if the basis set in which the operators and functions are

represented is complete [89, 90]. Since a complete one-electron basis can rarely be applied

in practice, origin invariance has to be ensured alternatively in ab initio approaches. We

introduce here three different ways to achieve origin invariance.17

The first method, called velocity gauge or velocity representation of the dipole

operator relies on Eq.(2.2.27). In velocity gauge the matrix element of the coordinate

operator is replaced by the momentum matrix element according to Eq.(2.2.27). This

15 Since in approximate theories, mα is defined as the factor multiplying Bα in the expression of the
total energy, gauge-origin dependence of m may differ from Eq.(2.2.22), see e.g. Eq.(2.2.34).

16 Other invariants involving G do not contribute to the SCP-ROA cross sections (see Eq.(2.1.55)).
17 The reader interested in further approaches should consult Refs. [91–93].
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Section 2.2 Polarizability derivatives

sets all physical properties trivially origin invariant.18 In this context, the length gauge

or the length representation of the dipole operator refers to the conventional case, when

multipole operators are expressed with the coordinate operator. We note, that generally,

the length gauge is not identical with the velocity gauge. Two gauges are only equivalent

(called gauge invariance) in the complete basis limit. Otherwise the application of the

velocity form is considered as an approximation.19

In this dissertation, we will adapt an alternative velocity gauge approach. In our

semi-empirical treatment, we compute the matrix elements of the coordinate operator

with orbitals explicitly, but parametrize the matrix elements of the momentum operator

in a way, that the EOM is fulfilled. These momentum operator matrix elements can be

applied to compute magnetic dipole elements if the resolution of identity is introduced:

1

2
〈ϕj|(r × p)α|ϕa〉 =

1

2
ǫαβγ

∑

p

〈ϕj|rβ|ϕp〉〈ϕp|pγ|ϕa〉 . (2.2.28)

After the substitution of Eq.(2.2.27) into Eq.(2.2.28), the behaviour of the magnetic dipole

upon the shift of the origin can be derived:

(
mα(O + g)

)

ja
=
(
mα(O)

)

ja
+ i

1

2
ǫαβγ gβ ∆aj (dγ(O))ja (2.2.29)

Clearly, invariants computed with Eq.(2.2.29), i.e. with this alternative velocity gauge

approach, are origin independent.

A third and most commonly applied approach is based on the so-called Gauge

Including Atomic Orbitals[95] or London atomic orbitals[96]. GIAOs are defined as follows

|Xµ(B, r,RN)〉 = eiAN·r|χµ(r,RN)〉 , (2.2.30)

where |χµ(r,RN)〉 is a Gaussian atomic basis function centered on atom N at RN and

AN = 1
2
B×(RN−g). The phase factor, eiAN·r describes a gauge transformation (see Eqs.

(2.1.8) and (2.1.9)) with f = −AN[97, 98].20 This gauge choice is significant, because all

matrix elements obtained with GIAOs become independent of the gauge origin, g[53, 99]:

〈Xµ|Xν〉 = 〈χµ|ei(AN−AM)·r|χν〉 (2.2.31)

〈Xµ|V (r)|Xν〉 = 〈χµ|ei(AN−AM)·r V (r)|χν〉 (2.2.32)

〈Xµ|
[
p +

1

2
B× (r− g)

]2|Xν〉 = 〈χµ|ei(AN−AM)·r
[
p +

1

2
B× (r−RB)]2|χν〉 , (2.2.33)

18 The velocity form of the electric quadrupole operator can also be obtained from the EOM[5], but
we will not apply it in this dissertation.

19 Additionally, when computing frequency dependent spectroscopic quantities using finite basis sets,
the velocity formulae have to be modified according to the modified velocity gauge expression of Pedersen
et al.[94]

20 The effect of a general gauge transformation on a quantum system is discussed in more details in
Appendix D.1.
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Section 2.3 Spectroscopic properties in quantum chemistry

with AN−AM = 1
2
B×(RN−RM). It also can be shown, that, when GIAOs are applied,

the magnetic dipole transforms upon the shift of the origin, as follows[100]:

(
mGIAO(O + g)

)
=
(
mGIAO(O)

)
+

1

2
g × i [H, r] . (2.2.34)

Consequently, properties depending on the magnetic dipole become origin independent, if

the wavefunction is obtained by solving the eigenvalue problem of a (model) Hamiltonian,

such as in case of SCF and multiconfigurational SCF theories[87].21 Furthermore, GIAOs

represent an especially good choice for atomic basis set, because they are eigenfunctions

of H(0) + m · B[103]. For that reason, the use of GIAOs usually reduces the size of the

basis set required for computation of magnetic properties with a certain accuracy[53, 97].

On the other hand, working with GIAOs and generally with perturbation dependent basis

sets implies serious difficulties in both the derivation and implementation of molecular

properties[97, 104].

ROA implementations rely on the velocity gauge approach in ADF[75] and Turbo-

mol [88], while GIAO based implementations are available in the Dalton[87, 105] and the

Gaussian[106] program packages.

2.3 Spectroscopic properties in quantum chemistry

The TDPT based derivation of molecular properties describing light-matter interac-

tions in Section 2.2.1 assumed a field-free zero-order and knowledge of the exact solution

of this Hamiltonian. If this condition applies, spectroscopic properties can be derived

using either TDPT or energy derivatives and their correspondence can be shown compar-

ing terms in their series expansion. This correspondence also applies for the π-electron

models that are employed in Sections 3 and 4. In case of the many commonly chosen

models in quantum chemistry, however, one or both of the above conditions are not met

and spectroscopic properties are formulated via energy derivatives.

Introduction of the alternative framework based on energy derivatives is mainly of

demonstrational purpose here. Derivation of the ROA tensors for the π-electron models

in both frameworks served as cross-check in course of our work. Additionally, most of

the developments and knowledge accumulated for ROA in the literature are formulated in

terms of energy derivatives. For the interested reader excellent overviews are available[90,

107–111].

In the following sections we establish the connection between PT and energy deriva-

tives for spectroscopic properties. This is followed by the general formulation of energy

21 Nonvariational methods have to rely on the velocity approach, if origin independence is desired[101,
102].
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Section 2.3 Spectroscopic properties in quantum chemistry

derivatives for both static and dynamic properties, that is applicable for the most com-

mon models in quantum chemistry[97], such as HF, DFT, configuration interaction (CI),

coupled cluster (CC), etc. This general formalism is utilized for π-electron models later,

in Section 3.

2.3.1 Properties with PT and energy derivatives

For the sake of simplicity we assume a static, homogeneous electric field and perform

the derivation up to second order. Let us formulate first the Taylor-series of the total

energy of the field-dependent system around the zero field case,

E(E) = 〈Ψ|H(0) +W |Ψ〉 = 〈0|H(0)|0〉
︸ ︷︷ ︸

E(0)

+

(
dE

dEα

)

0
︸ ︷︷ ︸

E
(1)
α

Eα +
1

2

(
d2E

dEαdEβ

)

0
︸ ︷︷ ︸

E
(2)
αβ

EαEβ + O(E3) ,

where H(0) and E(0) are the Hamiltonian and the energy of the field independent system,

|Ψ〉 is the wavefunction of the system in electric field, E. The perturbation W = dαEα

describes light-matter interaction.

All terms proportional to the first power of E constitute the first derivative

E(1)
α = 〈0|dα|0〉 + 〈0Eα |H(0)|0〉 + c.c. , (2.3.1)

where the first derivative of the wavefunction is also introduced:

|0Eα〉 = −
∑

j 6=0

〈j|dα|0〉
ωj0

|j〉 . (2.3.2)

This form of |0Eα〉 can be simply obtained by differentiating the field-dependent Schödinger-

equation of (H(0) +W )|Ψ〉 = E|Ψ〉:
(

dH(0)

dEα

+
dW

dEα

)

|Ψ〉 + (H(0) +W )
d

dEα

|Ψ〉 =
dE

dEα

|Ψ〉 + E
d

dEα

|Ψ〉 , (2.3.3)

taking its field-independent limit, exploiting that dH(0)

dEα

vanishes in case of our π-models

dα|0〉 +H(0)|0Eα〉 = E(1)
α |0〉 + E(0)|0Eα〉 (2.3.4)

and rearrangement using standard steps of conventional PT[81–83].

Moreover, term 〈0Eα |H(0)|0〉 and its complex conjugate, 〈0|H(0)|0Eα〉 denoted by c.c.

above are zero, assuming that 〈0Eα | is orthogonal to |0〉. With that, in fact, the Hellmann-

Feynman theorem is proven for this specific case, thus the resulting first derivative, E
(1)
α =

〈0|dα|0〉 does not depend on the derivative of the wavefunction. Additionally, E
(1)
α is the

static dipole moment as it is expected from first order PT.

Analogously, the second derivative collects terms proportional to EαEβ, as follows:

E
(2)
αβ = 〈0Eα |dβ|0〉 + 〈0Eα |H(0)|0Eβ〉 + 〈0EαEβ |H(0)|0〉 + c.c. , (2.3.5)
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Section 2.3 Spectroscopic properties in quantum chemistry

with the second derivative of the wavefunction denoted as |0EαEβ〉. Let us note, that the

sum of the second and third terms on the right hand side of Eq.(2.3.5) is zero, since they

can be written as the derivative of the vanishing terms is Eq.(2.3.1):

d

dEα

(

〈0Eα |H(0)|0〉 + c.c.
)

= 〈0Eα |H(0)|0Eβ〉 + 〈0EαEβ |H(0)|0〉 + c.c. = 0 (2.3.6)

The resulting second derivative agrees with the (electric dipole-electric dipole) polariz-

ability of Eq.(2.1.35) in the static limit:

E
(2)
αβ = 〈0Eα |dβ|0〉 + 〈0|dβ|0Eα〉 (2.3.7)

Let us notice, that the second derivative of the wavefunction does not contribute

to the second derivative of the energy. Analogously, in the PT framework, the second

order energy does not necessitate knowledge of the second order wavefunction, according

to Wigner’s theorem[81]. The analogy holds for the general case as well, namely, the

2n + 1st energy derivative can be expressed with the up to nth wavefunction derivatives,

which is usually referred to as the ’2n+1’ rule[112, 113].

Relations between the nth order PT contribution and the nth energy derivative can

be found for n > 2 as well[112, 114, 115]. We do not provide this relation for the general

order here, but conclude this part with highlighting that the general order PT formulae

can be expressed as derivatives of the total, field dependent energy.

2.3.2 Energy derivatives: static properties

This section briefly introduces the general formalism of linear response theory. The

theory states, that if properties of a system at its equilibrium couple to (weak enough)

external field, the change in its properties is proportional to the strength of the external

field. These field dependent properties are computed using series expansion of quantities

related to the total energy around the zero field limit using the wavefunction of the

field independent system. In this section we focus on aspects that are relevant to the

understanding of the ROA polarizabilities in single determinantal π-electron models and

SCF theories. (Further details can be found in the literature[97, 112, 116, 117].) Let us

begin with the introduction of the main concepts on the simpler case of static properties,

which is followed by the time-dependent or dynamic properties in Sections 2.3.3.

If the chosen quantum chemical model depends only on variationally optimized

parameters, response theory can be formulated using energy derivatives. In the general

case, non-variational parameters are also allowed (e.g. in case of CC). Formulation of the

(field-independent) model may involve constraints, which need to be fulfilled in the field-

dependent case also (e.g. orthonormality condition for MOs). In this case, the energy is
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Section 2.3 Spectroscopic properties in quantum chemistry

substituted with the following Lagrangian

L(x, c(x), λ(x)) = E(x, c(x)) + λ(x)g
(
x, c(x)

)
, (2.3.8)

where x represents the external field, c(x) represents wavefunction parameters deter-

mined variationally and λ(x) is the Lagrange-multiplier used to ensure that constraints

formulated in the general form

g
(
x, c(x)

)
= 0 (2.3.9)

are fulfilled. In general, x, c(x), λ(x) and g
(
x, c(x)

)
are vector quantities as a large set

of wavefunction parameters are presented and there are usually many constrains to keep.

For the sake of simplicity, these details are not introduced into the general notation of

this Section.

The first derivative of the Lagrangian of Eq.(2.3.8) has the following form:

dL

dx
=
∂E

∂x
+
∂E

∂c

∂c

∂x
+
∂L

∂λ
+ λ(x)

dg

dx
=
∂E

∂x
+ λ(x)

dg

dx
, (2.3.10)

where the simplified expression is obtained recognizing the stationary condition for vari-

ational parameters
∂E

∂c
= 0 (2.3.11)

and the equation for the constraints

∂L

∂λ
= g
(
x, c(x)

)
= 0 . (2.3.12)

When inspecting the second derivative, let us allow an other external perturba-

tion, y, referring to a component of the electromagnetic field and extend the Lagrangian

accordingly:

L(x, c(x), λ(x)) = E(x, c(x)) + λ(x)g
(
x, c(x)

)
, (2.3.13)

with x = (x, y). The general second derivative collects many terms, of which we write

only the nonvanishing ones[108, 114]:

d2L

dxdy
=

∂2E

∂x∂y
+
∂2E

∂c∂y

∂c

∂x
+
∂2E

∂c∂x

∂c

∂y
+
∂2E

∂c2
∂c

∂x

∂c

∂y
+ +

∂L

∂λ

∂λ

∂x

∂g

∂y
+
∂L

∂λ

∂λ

∂y

∂g

∂x
. (2.3.14)

It is easy to see, that ∂E
∂c

∂2c
∂x∂y

vanishes due to Eq.(2.3.11), while ∂L
∂λ

∂2λ
∂x∂y

is zero due to

Eq.(2.3.12). The reason behind that ∂2E
∂c∂c

∂c
∂x

∂c
∂y

does not contribute to Eq.(2.3.14) is anal-

ogous to the case of 〈0Eα |H(0)|0Eβ〉 in Eq.(2.3.5). All terms proportional to ∂λ
∂x

, ∂λ
∂y

or λ(x)

cancel, because they are multiplied by

d

dx

(
∂L

∂λ

)

=
dg

dx
= 0 ,

dg

dy
= 0 or by

d2g

dxdy
= 0 . (2.3.15)

The last three terms of Eq.(2.3.14) contribute to the second derivative only if the AOs

depend on the perturbation, i.e. x and y are related to the coordinates of the nuclei or

other perturbation dependent basis sets are applied, such as GIAOs[104, 108]. We are
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interested in polarizability tensors, in which case x and y are components of the electro-

magnetic field, therefore these terms are not considered in the following. We introduce

shortly the third differentiation with respect to nuclear coordinates, when these terms,

e.g. the derivatives of ∂λ
∂x

are also kept.

Before that, let us introduce a shorthand notation frequently applied in the litera-

ture. We will use superscripts to denote partial derivatives, e.g. Ex = ∂E
∂x

. Accordingly,

the second derivative of Eq.(2.3.13) reads as follows:

d2L

dx dy
= Exy + Ecxcy + Ecycx . (2.3.16)

Inspecting Eq.(2.3.14) or Eq.(2.3.16) one can recognize, the ’2n+1’ rule holds and ad-

ditionally, the second derivative does not depend on the derivative of the Lagrange-

multiplier. According to the so-called ’2n+2 rule’, that the 2n+2nd Lagrangian derivative

can be expressed with the up to nth derivatives of the Lagrange-multiplier[112, 113].

Let us continue the discussion with the third Lagrangian derivative. This contains

20 terms in the general case[108, 114], even when one exploits the ’2n+1’ and ’2n+2’

rules and discards all terms with second or higher wavefunction and Lagrange-multiplier

derivatives:

d3L

dx dy dz
= Exyz + Exyccz + Exczcy + Ecyzcx + Excccycz + Ecyccxcz + Ecczcxcy +

Eccccxcycz + Lxyλλz + Lxλzλy + Lλyzλx +

Lxcλcyλz + Lcyλcxλz + Lcλzcxλy + Lxλcλycz + Lλycλxcz + Lλczλxcy +

Lccλcxcyλz + Lcλccxλycz + Lλccλxcycz . (2.3.17)

A third derivative of the Lagrangian will be shown later explicitly for one of our π-electron

models in Section 3.2.

The only task left to set the response expressions up to third order is to give

the equations determining the first derivatives of the wavefunction parameter and the

Lagrange-multiplier. These are usually derived from the conditions of Eq.(2.3.11) and

Eq.(2.3.12) as follows:

d

dx

∂L

∂c
= Lxc + Lcccx + Lcλλx = 0 (2.3.18)

d

dx

∂L

∂λ
= gx = Lxλ + Lcλcx = 0 . (2.3.19)

The solution of the above equations is usually the most time-consuming part of a response

calculation, because cx and λx have to be determined for all different x perturbations.

In case of single determinant models, such as our π-electron models or HF and DFT,

the effort required to solve one set of the response equations is comparable to the field-

independent SCF procedure.

33



Section 2.3 Spectroscopic properties in quantum chemistry

For single-electron models, where the Hamiltonian does not depend on the wave-

function (e.g. in case of our π-models), the solution of the response equations match

ordinary PT expressions[108, 112, 114]. The wavefunction derivative can be expressed by

the derivatives of the occupied MO coefficients, analogously to Eq.(2.3.2), which reads

Cx
µj = −

virt∑

a

(Vx)aj
ωja

Cµa , (2.3.20)

where Vx is the corresponding multipole operator to the external field component, x (e.g.

Vx could be dα and then x is Eα).22 Finally, in this case the multiplier derivative in the

MO basis is given as:

(λx)pq = (Vx)pq . (2.3.21)

In case of HF, the expression of the wavefunction first derivative is more complicated.

Since the Fockian depends on the MO coefficients, another term remains in the derivation

shown in Eq.(2.3.3). The direct derivative of the Fockian, ∂F
∂Eα

still vanishes in the E → 0

limit, but ∂F
∂c

∂c
∂Eα

contributes to the wavefunction derivative. Consequently, the derivative

of the MO coefficients can not be expressed in closed form, but have to be computed

by an SCF procedure to fulfill the so-called coupled perturbed HF (CPHF)[97, 107, 118]

equations. Analogously, coupled perturbed Kohn-Sham (CPKS) equations can be derived

in DFT methods[119, 120]. The simple physical picture behind the inclusion of MO

coefficient derivatives when constructing the Fockian or KS operator in the CPHF/CPKS

procedure, is the incorporation of relaxation of orbitals due to the external perturbation

in the effective one-electron model. When this orbital relaxation (OR) effect is neglected,

the wavefunction derivative matches the ordinary PT formula, which is often referred to

as the summation over states (SOS) approach[121, 122].

2.3.3 Dynamic properties with response functions

Following the main steps of the derivation of Christiansen et al.[112], external per-

turbations in the TDSE (see Eq.(2.1.27)) are described by a Hermitian, time-dependent

operator:

Ŵ (t) =
P∑

k=−P

e−iωkt
∑

X

ηX(ωk)X̂ , (2.3.22)

where generally non-periodic perturbations are introduced in a Fourier-series form. This

perturbation is more general than that of Eq.(2.1.28) by allowing different kinds of pertur-

bation operators (X̂) with the corresponding perturbations strength of ηX(ωk). Hermitic-

ity of W (t) is ensured with the choices of X̂† = X̂, ω−k = −ωk and ηX(ωk)∗ = ηX(ωk).

22The derivation of Eq.(2.3.20) is shown in Appendix E.1.1 for the specific case of the wavefunction
response of periodic systems.
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Properties are formulated as expectation values with the solution of the TDSE and

expanded in Taylor-series collecting terms with same order in the perturbation strength.

X(t) = 〈Ψ(t)|X̂|Ψ(t)〉 = 〈X̂〉0 +
P∑

k1=−P

e−iωk1
t
∑

Y

≪ X̂; Ŷ ≫ωk1
ηY (ωk1) +

+
1

2

P∑

k1,k2=−P

e−i(ωk1
+ωk2

)t
∑

Y,Z

≪ X̂; Ŷ , Ẑ ≫ωk1
,ωk2

ηY (ωk1)ηZ(ωk2) + . . . (2.3.23)

with the linear response function, ≪ X̂; Ŷ ≫ωk
and the quadratic response function,

≪ X̂; Ŷ , Ẑ ≫ωk1
,ωk2

. Response functions, denoted by ≪ X̂; Ŷ , Ẑ, . . .≫ωk1
,ωk2

,..., represent

the expectation value of operator X using the wavefunction perturbed by or ’responded

to’ operators Ŷ , Ẑ, . . . .

For instance, the time-dependent polarizability of Eq.(2.1.35) can be expressed with

a linear response function as follows[112]:

ααβ(ω) = − ≪ dα; dβ ≫ω , (2.3.24)

while the derivative of the ROA tensors (with the notation introduced in Section 2.2.1) can

be written with a mixed time-dependent–time-independent quadratic response function:

τQa

αβ (ω) = − ≪ dα;Vβ, H
Qa ≫ω . (2.3.25)

Dynamic properties with energy derivatives

Response functions in the static case can be expressed as derivatives of the energy,

as seen in Sections 2.3.1 and 2.3.2. The extension of this to dynamic properties is not

straightforward, because the energy in the time-dependent case also changes in time.

The above, frequency dependent response functions can be expressed as derivatives

of the so-called time-averaged quasienergy, {Q(t)}T [111, 112].

Starting from the TDSE, the (time-dependent) quasienergy is defined as follows:

Q(t) =
〈

Ψ̃
∣
∣
∣Ĥ − ∂

∂t

∣
∣
∣Ψ̃
〉

, (2.3.26)

with the time-dependent eigenfunction of the TDSE given in the following form:

|Ψ̃〉 = e−iF (t)|Ψ〉, where Ḟ (t) = Q(t) . (2.3.27)

If the perturbation in Ĥ is time-periodic, time-averaging over a period, T yields the

time-averaged quasienergy,23 being constant in time:

{Q(t)}T =
1

T

T/2∫

−T/2

Q(t) dt . (2.3.28)

23 For non-periodic perturbations, time-averaging can be carried out for the least common multiple of
the periods of all Fourier-components.
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Section 2.3 Spectroscopic properties in quantum chemistry

{Q(t)}T is analogous to the energy of the static case in many useful aspects[112].

Wavefunction parameters can be optimized, using a time-dependent variational princi-

ple built upon {Q(t)}T , explicitly δ{Q(t)}T =0. The time-dependent analogue of the

Hellmann-Feynman theorem reads:

d{Q(t)}T
dηX

=
〈

Ψ̃
∣
∣
∣

dH

dηX

∣
∣
∣Ψ̃
〉∣
∣
∣
ηX=0

. (2.3.29)

Frequency dependent response functions of any order can be written as derivatives of

{Q(t)}T , e.g.:

≪ X;Y ≫ω=
d2{Q(t)}T

dηX(−ω)dηY (ω)
, (2.3.30)

and polarizability tensor derivatives of our interest reads:

τQa

αβ = − d

dQa

d2{Q(t)}T
dEα(−ω) dEβ(ω)

. (2.3.31)

Finally, for models involving non-variational parameters or constraints, the time-averaged

quasienergy again can be substituted with the time-averaged Lagrangian:

{L}T = {Q(t)}T + λg(η, c(η), t) , (2.3.32)

in order to ensure the fulfillment of the (time-dependent) constraint equations.

2.3.4 Computational chemistry of Raman and ROA

This Section summarizes briefly the recent developments in theoretical ROA model-

ing relevant to the topic of this dissertation. For further details, we refer to comprehensive

reviews[18, 123–125]. Computation of the ROA spectrum (of a single configuration) has

two major components, obtaining the positions and intensities of spectral lines.

Vibrational frequencies and the nuclear wavefunction are obtained relying on the

harmonic oscillator model in almost all studies.24 The most time-consuming step of the

normal coordinate computation is the determination of the Hessian matrix elements,

because derivatives of the (electronic) wavefunction have to be obtained with respect

to 3N Cartesian coordinates of the N -atomic molecule. Even if exploiting linear-scaling

techniques for the computation of individual wavefunction derivatives[128–131], necessary

for a single row/column of the Hessian, the overall cost of building the matrix would be

still proportional to N2, which can not be afforded for extended systems.

In order to overcome the bottleneck of the Hessian construction, Reiher and cowork-

ers suggested an iterative matrix diagonalization technique[132, 133] similar to the David-

son method[134], in which normal modes exhibiting the highest intensity can be selectively

24 Anharmonic corrections are only possible to include for small molecules such as methyloxirane[54].
Anharmonicity effect in a vibrational spectrum can also be taken into account by evaluating time-
correlation functions on trajectories obtained from molecular-dynamics simulations[126, 127].
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Section 2.3 Spectroscopic properties in quantum chemistry

obtained without evaluation the full Hessian[135–137]. This so-called intensity-tracking

method yields exact Hessian eigenvectors and, in combination with efficient linear re-

sponse routines, can be made linear scaling. This technique is beneficial, because the

most important features of a vibrational spectra are often determined by a limited num-

ber of harmonic vibrations, thus it is not necessary to compute all 3N − 6 normal modes

of a large system for satisfactory comparison with the most prominent features of the

experimental spectra. In an independent line of development, Ochsenfeld and coworkers

presented, that perturbations due to the displacement of the coordinates of the nuclei de-

cay as r−2, which can be exploited to compute geometric derivatives of the wavefunction

with sub-linear scaling, and consequently obtain the full Hessian with linear scaling[138].

Although, the above reduced scaling methods are still in their infancy, it is expected that

normal modes of extended systems will be computable in the near future with reduced

scaling. This gives motivation for developments regarding polarizability derivatives.

Compared to the computational cost of the harmonic vibrations, ROA intensity of a

singe conformer can be computed routinely due to the remarkable theoretical development

in the recent years[123, 124, 139]. These developments were started with the first ab ini-

tio computations of Polavarapu[140] at the Hartree-Fock level for numerical geometrical

derivatives of static, i.e. frequency independent polarizabilities. The static approxima-

tion was lifted by Helgaker et al. in 1994[87], also introducing the first origin invariant

computation using GIAOs. The first computations with density functional theory (DFT)

were published in 2002[105], still relying on numerical geometrical derivatives.

Bour has presented the first results obtained with analytical geometrical derivatives

(i.e. with analytical third derivatives) at the HF level of theory[121, 122]. The approach of

Bour relied on the SOS approach (in which the CPHF equations are not solved). Orbital

relaxation effects were first included into the analytical third derivatives by Liégeois et al.

in 2007 at the HF level[141], which has been extended to DFT methods in the Dalton[124]

and Gaussian[106] program packages in the recent five years.

Most recently, Thorvaldsen et al. presented a ROA implementation based on the

so-called ’n+1 rule’ in the local version of the DALTON program[124, 142]. In previous

third derivative computations, the ’2n+1 rule’ has been applied, where ROA intensities

depend on the linear response of the wavefunction to both the distortion of the equilibrium

structure and to the components of the external electromagnetic field. In contrast to

that, polarizability derivatives in Ref. [124] are reformulated so that they depend on the

quadratic response to the field, but do not depend on geometric wavefunction derivatives.

Relying on this ’n+1 rule’ is beneficial for molecules consisting of more than 11 atoms,

because one has to solve 45 CPHF/CPKS equations irrespective of the system size, while

the application of the ’2n+1 rule’ based formulation requires the solution of 12+3N of

the same equations, where N is the number of atoms[123, 124].
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According to numerical experience[101, 143–147], HF or KS linear response ROA

intensities can be considered sufficient in most cases for reproducing experimental ROA

spectra of a single conformer. Incorporation of electron correlation effects in ROA in-

tensity calculations is affordable only for small molecules [87, 148, 149]. Basis set re-

quirements were studied for molecules of moderate size[139, 150], while Zuber and Hug

developed a small, ROA specific basis set, that can be applied for larger molecules[151].

Since ROA is especially suitable for studying biomolecules, attention also turned

towards the simulation of large systems, which are out of the scope of the most advanced

theories due to computational demand. Analytical expressions for ROA tensor derivatives

have been reformulated in the AO basis in terms of the one-particle density matrix and

its derivatives by Thorvaldsen et al.[124], utilizing advances in linear scaling response

theory[128–131]. Luber and Reiher reported an efficient ROA implementation[88, 152]

based on a density-fitting liner response module of the Turbomol package[153].

Utilizing, that long range interactions might not contribute significantly to the ROA

intensity, large systems are occasionally fragmented into parts and their vibrational spec-

tra is approximated by combining the spectral information of the fragments. The Carte-

sian coordinate tensor transfer variant of this idea introduced by Bour et al.[154] has been

applied extensively to construct ROA (and also IR, Raman and VCD) spectra of a com-

plicated systems (see Refs. [124, 155–157] and references therein). When the CTT model

is applied for ROA, polarizability derivative contributions of the fragments, computed

independently, are composed together yielding the spectrum of the whole system.

Agreement between the sign patterns of experimental and simulated chiroptical

spectra are rarely perfect, due to the approximate nature of our models. These conflicts

can be better resolved with the aid of a numerical measure, called robustness, introduced

by Magyarfalvi et al.[158] and Baerends et al.[159, 160]. Robustness of a VCD band

indicates the sensitivity of the sign of the band with respect to external effects, e.g.

conformational changes or interaction with solvents. Robustness values show the bands

that are most susceptible to numerical errors and should be discarded from the enantiomer

assignation. The concept of robustness has been recently generalized to ROA[161].

ROA and generally chiroptical spectra are sensitive to conformational changes and

solvent effects. Fullerenes and SWCNT studied in this dissertation have rigid structure

and are usually dissolved in apolar solvents. Therefore, these effects are not included in

our present computations. Most studies on chiroptical spectra of semi-rigid molecules dis-

solved in water consider the Boltzmann-weighted average of the spectra of the most rele-

vant conformers and apply continuum solvent models[18, 125, 144–146]. Models including

explicit solvent molecules and temperature effects appeared only recently[162–166].
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Chapter 3

Developments and application for

chiral fullerenes

This Chapter is devoted to the light scattering of chiral fullerenes. From the com-

putational point of view, extended size of chiral fullerenes (and SWCNT) is especially

unadvantageous. State of the art ab initio ROA implementations[75, 139, 167] are far from

being applicable for systems accommodating around a hundred or more carbon atoms.

The computation of non-resonant ROA with single-determinant models and moderate

size basis sets for fullerenes with 70-80 atoms represents the limit of the capabilities of

current quantum chemistry programs. In these computations one has to strongly rely on

spatial symmetry and efficient, parallel implementations.

Resorting to π-electrons is a straightforward way to cost-effectiveness in the case of

conjugated systems. This is the approach we presently adopt. A properly parametrized,

effective model can be highly useful for π-electron systems[168–180]. For example, exper-

imental vibrational frequencies of C76 can be reproduced within a few cm−1[178] with the

quantum chemical force field developed for π-electron systems, QCFF/PI[181].1

Among π-electron models, the first-neighbour approximation (first-neighbour tight-

binding, TB or Hückel-model) represents the simplest choice. Generally, the tight-binding

approximation refers to such approaches, when a distance based cutoff is applied to

obtain (one-particle) matrix elements. There is a variety of TB models ranging from

strictly π-electron, through all-valence to all-electron models[182, 183]. From these mod-

els, TB density functional theory (DFTB)[184] and its time-dependent extension (TD-

DFTB)[185] represent a promising, rapidly developing, low cost alternative for describing

light-molecule interactions[186]. It has been already applied for both fullerenes[187] and

nanotubes[188], but polarizability tensors necessary for the ROA spectra are not available

yet within the TD-DFTB approximation.

1 We note, that the quality of the QCFF/PI normal coordinates, which would strongly influence any
transitional probability, has not been assessed yet.
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Our contribution to this field is a systematic investigation of ROA intensities as

described by various π-electron models. The study involves derivation and implementa-

tion of π-electron models and ROA intensities of increasing complexity (see Section 3.2).

Starting from the simplest possible TB model improvements are introduced gradually

along two lines: (i) in the model Hamiltonian and (ii) in the calculation of multipole

(electric/magnetic dipole and electric quadrupole) integrals. We perform a careful eval-

uation of the performance of π-electron models against accurate references, since the

applicability of effective models can not be taken for granted in all circumstances. For

instance, the simplest first-neighbour TB π-electron model fails to describe hybridization

effects in highly curved CNS. Incorporating second and more distant neighbour terms

has been shown to correct for this effect[168]. In order to overcome such limitations of

a first-neighbour π-electron model, we developed an ab initio based effective π-electron

approximation (all-π), that takes into account interactions between all atoms. More pre-

cisely, one-particle integrals between all carbon atoms are included in the all-π model.

The parameters of the all-π effective Hamiltonian are derived from ab initio molecular

Fockians in a system specific manner, following the idea of Bloch-equation[189, 190] or

energy independent partitioning[191].

Performance of the models is compared to linear response SCF spectra. In our

studies, we were able to obtain such spectra in only a handful of cases, which results are

used as reference.2 Focus is intentionally put on spectral cross-sections. Line positions

are computed ab initio and assumed to be the same when calculating intensities by either

of the theoretical models.

Raman measurements are accessible for some of the investigated fullerenes, which

gives us information about the accuracy of our reference and π-electron methods compared

to experiments. To the best of our knowledge, neither experimental, nor theoretical ROA

spectra have been reported for chiral fullerenes yet.

The all-π model is applied to compute resonance Raman and ROA of chiral fullerenes

with the experimentally relevant 532 nm incident light. The magnitude of the fullerene

ROA intensity compared to the ROA intensity of commonly measured organic molecules

is investigated in order to estimate whether the fullerene ROA signal could reach the

measurable scale in an experiment.

3.1 Molecular structure and spectroscopy of fullerenes

Though buckminsterfullerene (C60) was discovered almost three decades ago, it was

much later that attention turned towards optical resolution of racemic mixtures of chiral

2 For large molecules, ROA spectra is often built using independent contributions of small parts of the
molecule, as discussed in Section 2.3.4. Unfortunately, approaches based on the ideas of fragmentation
are not suitable for CCNS, due to their indivisible delocalized π-electron system.
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fullerenes[3]. Enantiomer enrichment has only been achieved in a couple of studies, based

on chiral recognition[192–202] as well as by asymmetric synthesis[203–206].

We selected three chiral fullerene molecules to assess the accuracy of π-electron

models, namely C76, C84 and C28. From these three, C76 and C84 are among the most

common chiral fullerenes and would be the most possible candidates for forthcoming

ROA experiments. C28 is an excellent test case, since it is assumed to be the smallest

synthesizable chiral fullerene[207, 208] and represents a challenge for π-electron theories,

due to its highly curved molecular surface. All three fullerenes have an isomer of D2

symmetry, that are shown in Figure 3.1.

Figure 3.1: Isomers of selected fullerenes with D2 symmetry: C28 (left), C76 (middle)
and C84 (right).

The D2 isomer of C76 is one of the most commonly studied chiral fullerene[178,

180, 203, 209–216]. The other, much less abundant, achiral Td isomer of C76[217], is not

concerned in this study.

C84 has much more, namely 24 isomers, that obey the isolated pentagon rule. From

these we investigate a common and stable isomer with D2 point group symmetry[193,

218, 219], labeled as number 22, using standard nomenclature[218].

Finally, the case of C28 is the most complicated. As of yet, C28 has been charac-

terized only in its chemically stabilized derivatives, e.g. Ti@C28[208, 220]. As confirmed

by several theoretical studies[187, 207, 208, 220–225], the most stable isomer of C28

has a quintuplet ground state and a geometry of Td symmetry, with four non-adjacent

hexagons. The ground state of the less stable isomer, D2-C28 (characterized by two edge-

sharing hexagon pairs) has a singlet ground state[187, 223, 225, 226] and that one is

chosen in our computations.

Since these fullerenes are inherently chiral, have spatial symmetry and consist only

of carbon atoms, the determination of their absolute configuration is a complicated task.

The enantiomeric pairs can be distinguished using Schlegel diagrams[227], cf. Figure 3.2.

Adapting a systematic fullerene numbering scheme[230] we report spectra for the fC-D2-

C28,
fA-D2-C76 and fC-D2-C84(22) configurations. The spectra of the other enantiomer
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Figure 3.2: Schlegel diagrams of C28 (left) and C76 (right). The diagrams were
obtained utilizing the Program Fullerene of Schwerdtfeger et al.[228], using the graph

drawing scheme of Graovac et al.[229].

can be obtained by multiplying the reported spectra with -1. Considering this unam-

biguity, symmetry, constitution and configuration are not labeled explicitly later in this

dissertation, the three configurations will be referred to shortly as C28, C76 and C84.

In this brief summary, we focus on the experimental and theoretical Raman and chi-

roptical spectroscopy of the above described three structures. More detailed introduction

to the spectroscopy of fullerenes can be found in the literature[227, 231, 232].

Experimental Raman spectra of C76[233] and C84[234] has been reported, while only

theoretical results are available for C28[187]. These spectra are discussed in more detail

in Section 3.3.

Absolute configuration of chiral fullerenes has been determined based on ECD mea-

surements for the D2 isomers of C76[180, 203, 210] and C84[205, 206]. Enantiomer assig-

nation has been aided by ECD or optical rotatory dispersion computations at the semi-

empirical level[180, 212] or by the application of time dependent density functional theory

(TD-DFT)[213–215, 218, 235, 236].

Finally, we note that induced optical activity of originally achiral molecules can be

measured by magnetic circular dichroism (MCD)[237]. The MCD spectra of fullerenes

C60 and C70 have also been reported recently[238, 239].

3.2 ROA with π-electron models

The π-electron Hamiltonians applied in Chapters 3 and 4 have a common form, that

is given by their second-quantized expression:

Ĥ =
∑

µ ν

hµν
∑

σ

χ+
µσ χ

−
νσ , (3.2.1)

assuming orthogonal atomic orbitals (AO), χµ. Symbols χ+
µσ (χ−

νσ) refer to the associated

creation (annihilation) operators with spin σ. As we speak of a π-electron model, just

one basis function is considered per atom. Orthonormality of the AOs is a common

42



Section 3.2 π-electron models

assumption in semi-empirical models. Since the Hamiltonian matrix elements are given

by parametrization, one can think of the AOs as Löwdin orthogonalised[81, 240] 2p atomic

orbitals oriented perpendicular to the molecular surface. We will utilize this later, when

parametrizing the matrix elements of multipole moments.

The 2p AOs with proper orientation can be obtained by hybridization, i.e. linear

combination of the AOs in the second shell as follows:

χµ(r) = c0χ
2s
µ (r) + c1χ

2px
µ (r) + c2χ

2py
µ (r) + c3χ

2pz
µ (r) =

3∑

I=0

cI χ
I
µ(r) . (3.2.2)

Coefficients c0 − c3 are determined by the condition, that χµ(r) centered on atom A is

perpendicular to the plane defined by the three neighbour atoms of A. Such a hybrid AO

of the C28 system is illustrated in Figure 3.3. For more details, see Ref. [241].

Figure 3.3: Illustration of a 2p hybrid atomic orbital, that is oriented perpendicular
to the surface of C28.

We work with two kinds of π-electron models: TB for finite and infinite systems and

the all-πmodel. These models differ in the explicit expression for one-electron integrals,

hµν and will be discussed in Sections 3.2.1 and 3.2.2, respectively.

3.2.1 Tight-binding approximation

Starting with the TB approximation for finite systems, we take hµν nonzero only if

atoms µ and ν are first neighbour, as illustrated in Figure 3.4. One-electron (hopping)

integrals are expressed as

hµν = −β e−ζrµν , (3.2.3)

where rµν measures the distance between atoms µ and ν. This exponential parametriza-

tion has been introduced by Longuet–Higgins and Salem[242] and later by Su, Schrieffer

and Heeger[243], thus it is commonly referred to as the LHS or SSH model. Parame-

ters β = 243.50486 eV and ζ = 2.670 Å−1 are determined to match the experimental

excitation energy of ethylene and poly-acetylene as described in Refs.[174, 244].
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h
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34

Figure 3.4: Illustration of the interactions between the neighbouring 2p orbitals in
the TB approximation.

In contrast to the most common Hückel-type parametrizations [245, 246], Eq.(3.2.3)

depends explicitly on the coordinates of the nuclei. That dependence is of high impor-

tance, otherwise the derivative ∂hµν

∂Rα
σ

would vanish:

∂hµν
∂Rα

σ

= −β hµν
Rα

µ −Rα
ν

rµν
(δµσ − δνσ) , (3.2.4)

where Rα
σ is the α coordinate of atom σ.

Molecular orbitals (MO) and orbital energies (ǫ) are obtained from the Schrödinger-

equation of the TB Hamiltonian matrix in Eq.(3.2.3)

HC = ǫC , (3.2.5)

where the MOs are expanded on the basis of the hybrid 2p AOs:

ϕj =
∑

µ

Cµjχµ . (3.2.6)

The ground state TB wavefunction is constructed as a closed shell determinant of the

occupied MOs.

ROA in the TB approximation

The matrix elements of the multipole operators and their derivatives on the above

MO basis are presented in Appendix A. In order to obtain ROA cross sections, the eight

TDPT terms in Eqs. (2.2.5)-(2.2.8) are computed for all three (resonance) ROA tensors.

Analytical TB polarizability derivatives

We briefly report here on polarizability derivatives obtained based on energy deriva-

tive framework introduced in Section 2.3. Since the explicit formulation of ROA tensor

derivatives is not known from the literature for π-electron models, derivation by both

TDPT and energy derivatives is used for verification.

First of all, the static Lagrangian of the TB model is constructed, which consists of

the field-dependent energy expression extended with a constraint for the orthonormality
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of the MOs:

L = 2
AOs∑

µ,ν

hµνPµν − 2
occ∑

j,k

λjk

(
AOs∑

ν

CνjCνk − δjk

)

(3.2.7)

+2
AOs∑

µ,ν

Pµν

(

(dα)µνEα + (mα)µνBα + (Θαβ)µν∇αEβ

)

,

where the orthonormality of the AO basis is already introduced as constraint and the

density matrix is defined as:

Pµν = 2
occ∑

j

CµiCµj . (3.2.8)

The derivatives of the Lagrangian are expressed using the notation introduced

in Eq.(2.3.16), namely, the perturbations are denoted as: x = Qa, y = Eα and z ∈
{Eβ, Bβ,∇βEγ}. The general third derivative of Eq.(2.3.17) would have 20 different terms

for each types of z. The number of terms is significantly less in the TB model than in the

general case. The TB Lagrangian of Eq.(3.2.7) is linear in the components of the external

field, hence Exyz and Ecyz vanish. Lacking two-electron operators in the TB model, L

is only quadratic in the MO coefficients, yielding Eccc = 0. Finally, the constraint is

linear in λ and quadratic in the MO coefficients, therefore only Lccλ type terms survive

of those, that contain derivative with respect to λ. Employing the above, the nonzero

contributions to the TB third derivative read:

τQa

αβ = Lxyccz + Lxczcy + Lxcccycz + Lcyccxcz + Lcczcxcy +

Lccλcxcyλz + Lcλccxλycz + Lλccλxcycz . (3.2.9)

The frequency dependent case differs from the above, static one in the number of

the perturbations. For instance, y = Eα could belong to both the +ω and −ω related

term. For this reason, the +ω and −ω parts are usually denoted as derivatives with

respect to y and y∗, respectively; although the perturbation strengths are considered

real throughout the derivation. The same holds for all types of z and z∗. According to

response theory expressions introduced in Section 2.3.3, the (frequency-dependent) linear

response function contributions are expressed as first partial derivatives with respect

to both the +ω and −ω related perturbation strengths. To obtain the full frequency-

dependent third derivative of the Lagrangian, this modification has to be applied in all 8

terms of Eq.(3.2.9), e.g.:

Lxcccycz → Lxcccy
∗

cz + Lxcccycz
∗

. (3.2.10)
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Finally, we show the relation of the above terms to the TDPT expressions of Eqs.

(2.2.5)-(2.2.8):

〈0zα |dQa

β |0〉 = Lxy∗ccz + Lxyccz
∗

〈0Eα |V Qa

β |0〉 = Lxzccy
∗

+ Lxz∗ccy

〈0Eα |HQa |0zβ〉 = Lxcccy
∗

cz + Lxcccycz
∗

−〈0|HQa |0〉〈0Eα |0zβ〉 = Lλccλxcy
∗

cz + Lλccλxcycz
∗

〈0Qa |dα|0zβ〉 = Lcy∗ccxcz + Lcyccxcz
∗

−〈0|dα|0〉〈0Qa |0zβ〉 = Lcλccxλy
∗

cz + Lcλccxλycz
∗

〈0Eα |Vβ|0Qa〉 = Lcczcxcy
∗

+ Lccz∗cxcy

−〈0|HQa |0〉〈0Eα |0zβ〉 = Lccλcxcy
∗

λz + Lccλcxcyλz
∗

. (3.2.11)

3.2.2 A generalized π-electron model

Stepping beyond the first neighbour approximation, but staying within the family

of one-electron Hamiltonians, we wish to see what can be best achieved by a generalized

π-electron model, in which interactions between all orbitals are taken into account. For

this end hopping integrals between each atom are derived from more sophisticated one-

electron models, in the spirit of the Bloch-equation[189, 190, 247].

Effective Hamiltonians and the Bloch-equation

Let us begin with the brief recollection of the Bloch-equation[82, 83, 248]. First,

the wave-operator is defined for the one dimensional case (Ω̂1) as

Ω̂1 = |ψ〉〈φ| , (3.2.12)

where |ψ〉 is (an unknown) eigenfunction of the Hamiltonian, while |φ〉 is a general trial

function. Acting with Ω̂1 on the trial function yields the exact eigenfunction, i.e. Ω̂1|φ〉 =

|ψ〉. The wave-operator can be generalized to a p-dimensional case. Let us take a set

of trial functions, φ1, . . . , φp and a set of eigenfunctions of the Hamiltonian, ψ1, . . . , ψp.

Both sets are orthonormal. The interrelation matrix of the two sets is given by:

Tjk = 〈φj|ψk〉 . (3.2.13)

Using this relation, the wave-operator of the p-dimensional case can be defined as

Ω̂p = Ω̂ =

p
∑

j,k=1

|ψj〉(T−1)jk〈φk| (3.2.14)
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that projects any of the trial functions into the space spanned by {ψi}pi=1. Explicitly

Ω̂|φl〉 =
p∑

j=1

(T−1)jl|ψj〉. In that sense, assuming the knowledge of the wave-operator,

exact eigenfunctions can be determined from trial functions.

Starting from the Schrödinger-equation, it is possible to derive an equation deter-

mining the wave operator itself. This is the Bloch-equation[82, 83, 248] given as follows:

ĤΩ̂ = Ω̂ĤΩ̂ . (3.2.15)

The Bloch-equation is applied most often for the electron correlation problem, where the

solutions of Eq.(3.2.15) are obtained by many-body perturbation theory. Assuming, that

Ĥ = Ĥ(0) + V̂ , the equations of quasi-degenerate PT (QDPT) are derived starting from

(Ĥ(0) + V̂ )Ω̂ = Ω̂(Ĥ(0) + V̂ )Ω̂ . (3.2.16)

Operator Ω̂ is obtained order by order[82, 83, 248], with the zeroth order approximation

being Ω̂(0) =
p∑

j=1

|φj〉〈φj| and the trial functions satisfy H(0)|φj〉 = E
(0)
j |φj〉.

Once the wave-operator is given, the exact eigenvectors can be acquired by diago-

nalizing an effective Hamiltonian:

Heff
ij = 〈φi|ĤΩ̂|φj〉 =

p
∑

k,l=1

〈φi|Ĥ|ψk〉
︸ ︷︷ ︸

EkTik

(T−1)kl 〈φl|φj〉
︸ ︷︷ ︸

δlj

=

p
∑

k=1

EkTik(T−1)kj . (3.2.17)

The operator behind the above effective Hamiltonian can be written in a spectral form:

Ĥeff =

p
∑

k=1

Ek|ψk〉〈ψk| . (3.2.18)

Applications of effective Hamiltonians

Besides the already mentioned applications in many-body perturbation theory, effec-

tive Hamiltonian based ideas are often employed to construct model Hamiltonians having

significantly less parameters than the parent ab initio theory. It these applications, the

order of steps is turned around. As a starting point, we assume the knowledge of the

exact wavefunctions and from that, determine an effective Hamiltonian. In this ’reverse

Bloch-procedure’, an effective model is obtained including only a small number of param-

eters, which is beneficial to assist the understanding of underlying quantum mechanical

effects.

For instance, Malrieu and coworkers investigated coupling between a small number

of electronic states [249, 250] with effective Hamiltonian models and derived parameters

of spin Hamiltonians[251, 252] via the Bloch-equation. Freed and coworkers investigated

semi-empirical parametrizations by comparison with model parameters of their effec-

tive valence shell Hamiltonians (HV ) obtained with the Bloch equation technique [253].
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Pariser–Parr–Pople[254, 255] type effective π-electron models are also derived using both

the HV method[256] and QDPT formalism[257]. Furthermore, in our research group,

Szakács and Surján et al. derived an effective π-electron model based on a wave-operator

constructed with the exact eigenvectors of a semi-empirical model[168]. The π-electron

Hamiltonian of Szakács and Surján et al. is a single-electron model[168], in contrast to

the previous π-electron models involving explicit electron-electron interaction. In this

respect, the work of Szakács and Surján can be considered a forerunner of our present

all-πmodel.

All of the above applications work with orthonormal bases, using mostly deter-

minants constructed from MOs (except for Ref. [168]). If the underlying basis is not

orthogonal, Eq.(3.2.17) is not necessarily Hermitian. Originally, Des Cloizeaux[258] rec-

ommended Löwdin-symmetric orthogonalization to restore the Hermiticity of the effective

Hamiltonian, that we follow in our applications.

An alternative approach to form effective Hamiltonians is offered by the so-called

energy independent partitioning (EIP) [191, 259]. It has been shown, that the Bloch-

equation and EIP lead to the same effective Hamiltonian[191]. Moreover, it is straight-

forward to generalize the EIP technique for the case of an overlapping basis[260]. We

are not aware of any applications of the overlapping partitioning technique for chemical

problems.

Introduction of the generalized π-electron model

Turning towards the derivation of the all-πmodel, we start from an SCF Fockian

expressed in terms of the orbital energies, εp and the molecular orbitals, ψp as

F̂ =
∑

p

εp
∑

s

ψ+
p,s ψ

−
p,s , (3.2.19)

where s refers to the spin. The separation of the σ and π MOs is exact for planar

molecules in case of delocalized π-electron systems, meaning that the subspaces spanned

by the σ and π MOs are orthogonal. In case of fullerenes with high curvature, the σ and

π MOs mix extensively and it is not straightforward to choose which orbitals are best

identified as π-orbitals. A set of the MOs still exhibit π symmetry in the sense, that a

clear spherical nodal surface can be observed, as illustrated in Figure 3.5.

To select MOs constituting the π-electron system, a projector P̂ π is formulated from

the hybrid AOs defined in Eq.(3.2.2) as

P̂ π =
∑

µ

|χµ〉〈χ̃µ| . (3.2.20)

where summation runs over all orbitals, that are oriented perpendicular to the molecular

surface. Such AOs are overlapping, this is the reason for the appearance of reciprocal
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Figure 3.5: Lowest occupied molecular orbital of C28, that can be characterized as
a π-orbital due to the appearance of a spherical nodal surface.

functions χ̃µ, satisfying

〈χ̃µ|χν〉 = δµν . (3.2.21)

Among projected MOs:

ψ ′
p = P̂ πψp , (3.2.22)

those having the largest norm are selected. The original ψp MOs are orthonormal, which

property is lost for ψ ′
p due to the projection. Therefore, the projected orbitals are or-

thonormalized among themselves by Löwdin’s symmetrical procedure[81, 240], following

Des Cloizeaux[258]. This yields a set of (orthonormal) π-MOs:

ψπ
p =

′∑

q

(S−1/2)qp ψ
′
q . (3.2.23)

Prime on the sum indicates restriction to the selected projected MOs and S−1/2 refers

to the inverse square root of the overlap of functions ψ ′
p. We consider these ψπ

p the set

of ’exact’ functions as a starting point of the reverse Bloch-procedure. The effective π-

Hamiltonian is constructed according to Eq.(3.2.18), i.e. orbital energies of the original

Fockian are assigned to the π-MOs:

Ĥall-π =
′∑

p

εp
∑

s

(
ψπ
p,s

)+ (
ψπ
p,s

)−
. (3.2.24)

To conform with Eq.(3.2.1), it is practical to rewrite the all-π Hamiltonian in terms of

the Löwdin-orthogonalized atomic orbitals, denoted by

χL
µ =

∑

ν

(R−1/2)νµ χν , (3.2.25)
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with R being the overlap matrix of the normally oriented 2p AOs. In terms of χL
µ ,

operator Ĥall-π takes the form

Ĥall-π =
∑

µ ν

hall-πµν

∑

σ

(
χL
µσ

)+ (
χL
νσ

)−
, (3.2.26)

with

hall-πµν =
′∑

pqr

∑

λκ

(R1/2)µλCλq (S−1/2)qp εp (S−1/2)pr Cκr (R1/2)κν . (3.2.27)

In the above, indices p, q, r run for the selected, π-projected MOs, indices λ, κ are re-

stricted to perpendicular oriented 2p AOs and Cλq are the expansion coefficients of π-

projected MOs according to

ψ ′
q =

∑

λ

Cλq χλ . (3.2.28)

We note the similarities between the all-π model devised here and previous works

Riberio et al.[261], Popov[262], and Meyer et al.[263]. The latter study is particularly akin

in the way of generating the model Hamiltonian. Similarly to the present all-π approach,

Meyer et al. determine system-specific TB parameters from ab initio data, by projection

to a small, optimized set of basis functions[263].

Being derived from the molecular Fockian, the all-π model is applicable to π-electron

systems, built of atoms of any kind. Although systems containing exclusively carbon

atoms are tested in the present study, the all-π model is expected to remain valid when

heteroatoms also contribute to the π-system, since the derivation of the model is not

specific to carbon. The validity of Raman and ROA spectra computed with all-π essen-

tially relies on the condition, that polarizabilities can be described well if accounting for

π-electrons only.

ROA with the generalized π-model

Both the tight-binding model, given by Eqs. (3.2.1) and (3.2.3) and the all-π model,

given by Eqs. (3.2.26) and (3.2.27) are applied in the ROA calculations below. The

eigenvalues in the all-π model are given by the diagonalization of the ab initio Fockian.

The effective Hamiltonian is built in the AO basis (in Eq.(3.2.27)) in order to assist the

parametrization of the zero differential overlap (ZDO) magnetic dipole moment matrix

elements (see in Appendix A). Since the all-π model includes one-particle integrals be-

tween all basis functions in the field-independent Hamiltonian, the magnetic dipole is

improved, as compared to the TB model. Electric dipole and quadrupole matrix element

are not effected if the TB model is switched to the all-π model.

In order to improve upon the ZDO matrix elements, integrals of all three multipole

operators are also computed with Slater-type orbitals (STO). Multipole integrals with
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STOs are computed with the Dalton program package[264]. (STOs were expanded with

Gaussian type orbitals according to the STO-6G scheme of Pople et al.[265].) Multipole

integrals are expressed on such STOs, that are hybridized according to Eq.(3.2.2) and

then Löwdin-orthogonalized.

3.3 Raman and ROA spectra of chiral fullerenes

None of the fullerenes are transparent at the laser wavelength of 532 nm, applied

most commonly in ROA experiments. For the assessment of the π-models in the far-from-

resonance approximation, presented in Section 3.3.2, an incident light of less energy is

necessary. Data are reported at an incident laser wavelength of 4256 nm also, to avoid the

resonance region. Comparison of all theoretical approaches is most relevant at 4256 nm.

3.3.1 Computational details

To allow comparison with experiment, Raman spectra of C76 and C84 are also

computed at 1064 nm laser wavelength, in spite of the fact, that both B3LYP and TB

results are inappropriate within the FFR formulation due to resonance. For instance the

HOMO-LUMO gap of C76 in the TB model is 43.4 mEh, falling into the range of strong

resonance with the energy of the incident light, that is 42.8 mEh at 1064 nm. In such

cases, the denominators of the type ∆ai − ω ( see e.g. Eq.(2.2.15)) are underestimated,

which can be corrected by blue shifting the TB ∆ai energy differences. Since we find

the HF HOMO-LUMO gap more meaningful than the TB gap, level shift values are

determined for the TB model to match the HF gap. Note, that level shifted TB energy

differences are not in resonance any more at 1064 nm.

Raman and ROA scattering cross sections are also evaluated at the incident light

frequency of 532 nm, close to resonance in Section 3.3.3. Although damping parameter

Γ is generally system dependent, Γ = 0.109 eV has been applied in all computations

presented in Section 3.3.3 [75].

Polarizability tensor derivatives are computed by a local implementation using third-

order TDPT for TB and numerical differentiation with respect to nuclear coordinates for

the all-π and SOS HF methods. Numerical derivatives are evaluated adopting a step size

of 10−3 a.u. in the finite difference formula. Further details of our implementation are

discussed in Appendix B.

Fockians, necessary to parametrize the all-π model, are computed with STO-6G

basis set using the GAMESS-US package[266].
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Structure, normal coordinates and reference spectra

Spectra reported below are computed using a common set of normal coordinates

and harmonic frequencies. Equilibrium structures and vibrations of C76 and C84 are

calculated at the B3LYP/6-31G* level, while for C28 the B3LYP functional with cc-pVTZ

basis set is applied. In terms of vibrational frequencies, satisfactory agreement is found

with recently reported experimental and theoretical data for C84[219], C76[178, 216] and

C28[187].

In lack of experimental ROA data, high level computations (exploiting symmetry)

serve as reference for evaluating the performance of π-electron theories. In the case of

C28 this benchmark is provided by polarizability tensor derivatives computed by Hartree–

Fock and by the B3LYP density functional, in aug(sp)-cc-pVDZ basis set[267]. For C76

and C84, HF and B3LYP references are found computationally attainable adopting the

somewhat smaller rDSP basis set of Hug et al.[151]. Both basis sets are well-suited for

ROA computations[139, 150].3

ROA spectra: plotting and assessment

In order to monitor a gradual improvement of theoretical approaches, tensor deriva-

tives at the HF level are calculated both with and without orbital relaxation (OR), i.e.

solving or not solving the coupled-perturbed (CP) equations. The results denoted as ’HF,

noCP’ represent a step between all-π derivatives (where OR does not show up) and linear

response SCF, with OR included.

In all depicted spectra Lorentzian line shapes are assumed with 5 cm−1 line width.

Area below a Lorentz-shape band matches the cross section of Eq.(2.1.65) or Eq.(2.1.66),

calculated for the given vibrational frequency. To make visual comparison easy, normal-

ized spectra are plotted in the Figures. Adopting the notation f(ω) for a spectral curve,

this means that fn(ω) = N−1 f(ω) are displayed, with

N 2 = 〈f |f〉 =

b∫

a

f(ω)2 dω . (3.3.1)

For instance a = 200 cm−1 and b = 1800 cm−1 are typical values for a spectra displayed

in a single panel. Relative scaling factors (RSF) – i.e. N−1/N−1
ref – are shown in Figure

labels, the reference can be identified by ’x1.0’.

The spectral interval is often spit for a small wavenumber range (values a and b

correspond to limits indicated in panel A of the Figures), and a large wavenumber range

(a and b taking the values according to panel B of the Figures). Presentation of the

3Note, that one set of diffuse d-type functions makes the difference between aug-cc-pVDZ and aug(sp)-
cc-pVDZ. Moreover, the rDSP basis is identical to 3-21G+ in our case, since hydrogen atoms are not
present.
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small/large wavenumber range in separate panels allows to compare details that could

remain imperceptible if plotted in the entire wavenumber interval. One reason behind

the introduction of splitted plot is that we have found significant difference between the

Raman/ROA cross sections of the small and large wavenumber range, especially with the

TB model. This behaviour can be interpreted considering the qualitative difference in

the nature of normal coordinates in these two intervals. Analogously to the well-known

case of C60 [227], vibrations of C76 and C84 with smaller frequencies show stronger radial

character, while higher-frequency normal modes are basically tangential and contain more

stretching component. Inspecting Eq. (3.2.3), it is evident, that a TB model parametrized

based on bond lengths can describe stretching modes better and approximates coupling

between the electronic and vibrational degrees of freedom (electron–vibron coupling) for

modes with higher bond angle and torsion component worse. Accordingly, the all-πmodel,

which incorporates curvature effects, describes tangential and radial vibrations more con-

sistently.

As a numerical measure of the similarity of spectra, overlap integrals are also re-

ported, computed as

〈fn|gn〉 =

b∫

a

fn(ω) gn(ω) dω . (3.3.2)

3.3.2 Assessment of the π-electron methods

Systematic assessment of the π-electron methods are presented for two character-

istically different type of fullerenes. The accuracy of the π-models was found to be

unbalanced depending on the curvature, that is analyzed extensively on the example

of C76 with small and C28 with large curvature. Similar conclusions can be drawn for

C76 and C84, therefore detailed analysis of the results are presented for only the former.

Resonance Raman and ROA spectra of C84, however, will be analysed in more detail in

Section 3.3.3.

Raman intensities of fullerenes

First of all, experimental and computed Raman spectra (for C76 and C84 at 1064 nm)

are compared in order to assess the computational method chosen for reference, namely

CPHF/rDSP. Experimental Raman spectra of C76 and C84 - taken from Refs. [233] and

[234] - are shown in the left and right panel of Figure 3.6. (Note, that experimental

Raman spectrum for C84 is only available for a smaller wavenumber range.) Clearly, the

computed CPHF/rDSP spectra agree acceptably well with the experiments considering

both the vibrational frequencies and the relative band intensities.
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 200  400  600  800  1000  1200  1400  1600
Frequency of vibration (cm−1)

Experiment  1064 nm

CPHF/rDSP 1064 nm

 200  250  300  350  400  450  500  550
Frequency of vibration (cm−1)

Experiment  1064 nm

CPHF/rDSP 1064 nm

Figure 3.6: Experimental and computed Raman spectra of C76 (left panel) and C84

(right panel). The sources of the experimental spectra are Refs. [233] and [234].

Raman spectra computed at 1064 nm for C76 are displayed in Figure 3.7, split into

two parts. The correct shape is well preserved through the introduction of systematic

 200  300  400  500  600  700  800

Frequency of vibration (cm
−1

)

A

TB, x1.4*10
−5

all−π, ZDO, x1.1

all−π, STO, x0.86

HF, noCP, STO, x0.72

CPHF, STO, x1.7

CPHF, rDSP, x1.0

 900  1000  1100  1200  1300  1400  1500  1600

Frequency of vibration (cm
−1

)

B

TB, x2.0*10
−5

all−π, ZDO, x0.22

all−π, STO, x0.17

HF, noCP, STO, x0.21

CPHF, STO, x1.4

CPHF, rDSP, x1.0

Figure 3.7: Unpolarized backscattering Raman cross sections of C76 at 1064 nm.
Spectra of panel A are normalized over the wavenumber interval [0, 800] cm−1, panel
B over [800, 1800] cm−1. Relative scaling factors (RSF) are computed with respect to

the ’CPHF, rDSP’ curve. See text for further notations.

simplifications. The effect of the AO basis set size is small (compare CPHF/rDSP and

CPHF/STO-6G). The same holds for the OR effect (compare CPHF/rDSP and ’HF,

noCP, STO’) if inspecting Figure 3.7. It is to be noted however, that the RSF of panel

B is roughly 3 times less that the RSF of panel A in the case of the ’HF, noCP, STO’
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spectrum. This means, that the relative weight of the small/large wavenumber range gets

deteriorated when the OR effect is switched off.

Let us compare now π-electron spectra with the starting point of the derivation of

all-π models: HF/STO-6G without orbital relaxation. As Figure 3.7 demonstrates, all-π

models show a great similarity with ’HF, noCP, STO’, either when all multipole moment

integrals are taken into account (’all-π, STO’) or when the ZDO approximation is utilized

(’all-π, ZDO’). The TB result is shown only for completeness.

Overlap measures are reported in Table 3.1 at 1064 nm as well as at 4256 nm, the

latter being relevant for the TB model too. Overlaps obtained for the all-π models are

very close to 1.0 (above 0.95) reflecting the success of the derivation of all-π models. The

TB approximation falls just slightly behind, showing 0.90 overlap at 4256 nm.

spectroscopy: Raman, gn: HF, noCP, STO-6G
C76 C28

fn 4256 nm 1064 nm 4256 nm 1064 nm
all-π, STO-6G 0.954 0.996 0.993 0.993

all-π, ZDO 0.964 0.997 0.996 0.996
TB 0.899 (0.790) 0.956 (0.763)

spectroscopy: ROA, gn: HF, noCP, velocity, STO-6G
C76 C28

fn 4256 nm 1064 nm 4256 nm 1064 nm
HF, noCP, length, STO-6G 0.980 0.994 0.978 0.940

all-π, velocity, STO-6G 0.925 0.991 0.950 0.943
all-π, ZDO 0.900 0.973 0.874 0.803

TB 0.657 (-0.127) 0.008 (-0.081)

Table 3.1: Overlaps 〈fn|gn〉 of unpolarized Raman and ROA backscattering cross
sections computed by various methods. Values in round bracket refer to less relevant

data due to resonance with the incident light. For notations see text.

Raman spectra for C28 are not reported, as they lead to conclusions in accordance

with the case of C76. Overlap values with the ’HF, noCP, STO’ Raman spectra for C28,

collected in Table 3.1 support this statement. Similarity of π-electron models to ’HF,

noCP, STO’ is even better than for C76: the overlaps of all-π spectra are greater than

0.99 for both wavenumbers and the TB model is above 0.95 at 4256 nm.

While comparison with ’HF, noCP, STO’ characterizes the success of building an

effective model, overlap computed with the reference spectrum serve for judging how

good matching with experiments may be expected. The numbers reported in Table 3.2

are encouraging: overlaps with the reference at 1064 nm remain above 0.87 for all-π

models.
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spectroscopy: Raman
C76 C28

fn 4256 nm 1064 nm 4256 nm 1064 nm
CPHF, STO-6G 0.976 0.995 0.957 0.926

HF, noCP, STO-6G 0.721 0.913 0.884 0.897
all-π, STO-6G 0.494 0.882 0.840 0.872

all-π, ZDO 0.522 0.883 0.845 0.878
TB 0.405 (0.802) 0.768 (0.832)

spectroscopy: ROA
C76 C28

fn 4256 nm 1064 nm 4256 nm 1064 nm
CPHF, London, STO-6G 0.862 0.991 0.714 0.792

HF, noCP, length, STO-6G 0.526 0.718 0.070 0.293
all-π, length, STO-6G 0.403 0.699 -4.0·10−5 0.252

all-π, ZDO 0.449 0.742 -3.9·10−5 0.324
TB 0.376 (-0.184) -0.249 (-0.506 )

Table 3.2: Overlaps 〈fn|gn〉 of unpolarized Raman and ROA backscattering
cross sections computed by various methods. Reference spectra gn are as fol-
low: CPKS/B3LYP/rDSP for C76 at 4256 nm, CPHF/rDSP for C76 at 1064 nm,
CPKS/B3LYP/aug(sp)-cc-pVDZ for C28 at 4256 nm, CPHF/aug(sp)-cc-pVDZ for C28

at 1064 nm. Values in round bracket refer to less relevant data due to resonance with
the incident light. For notations see text.

 200  400  600  800

                                                  Frequency of vibration (cm
−1

)

ATB, x0.0019

TB shift, x0.039

all−π, STO, x0.31

CPHF, rDSP, x1.0

 1000  1200  1400  1600

BTB, x0.00026

TB shift, x0.0054

all−π, STO, x1.6

CPHF, rDSP, x1.0

Figure 3.8: Unpolarized backscattering Raman cross sections of C84 at 1064 nm.
Spectra of panel A are normalized over the wavenumber interval [0, 1000] cm−1, panel
B over [1000, 1800] cm−1. Relative scaling factors (RSF) are computed with respect to

the ’B3LYP, rDSP’ curve. See text for further notations.
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Raman spectra of C84 at 1064 nm are shown in Figure 3.8 only with four selected

methods. Analogously, to the case of C28 and C76, TB and ’all-π, STO’ Raman spec-

tra, especially for the higher wavenumber range agrees well with the reference of ’CPHF,

rDSP’. Absolute intensities are, again recovered well by ’all-π, STO’, but missed by three

or four orders of magnitude by TB. In order to investigate the reason behind this error,

TB virtual-occupied orbital energy differences have been blue shifted by 73 mEh so that,

the shifted TB HOMO-LUMO energy difference matches the HF value. That correction

of the underestimated HOMO-LUMO energy difference resulted in an order of magni-

tude improvement in the absolute intensity error, as shown in Figure 3.8, denoted by

’TB shift’. This observation is in accord with the TDPT formulation, since underesti-

mated denominators are expected to result in overestimated polarizability derivatives and

intensity.

Concluding our results regarding Raman scattering, it has been shown, that off-

resonance HF spectra (without OR) of various fullerenes are very well reproduced by both

π-models. As the basis set and OR effect is relatively small, spectra computed at the

π-electron level compare well with the benchmark calculation as well as with experiment.

The TB model – when it is meaningful – performs similarly to all-π methods. In terms

of overlap with the reference spectrum, TB is systematically, but just slightly worse than

all-π.

Nonresonant ROA of C76

Turning to ROA spectra, the case of C76 is plotted in Figures 3.9 and 3.10. Fig-

ure 3.9 serves to monitor the performance of effective π-model construction. Though

ROA spectra are generally more difficult to reproduce than Raman, Figure 3.9 reveals

that most of the information is again well preserved during the gradual simplification from

’HF, noCP, STO’ till ’all-π, ZDO’. With STO-6G property integrals, the dipole velocity

approach is adopted in Figure 3.9, for this compares naturally with the parametrization of

the ZDO integrals. Overlap of spectral curves with that of ’HF, noCP, velocity, STO-6G’

are collected in the bottom part of Table 3.1. While the overlap of all-π models is again

large – above 0.90 – TB is considerably poorer, giving 0.66. Inspection of Figure 3.9 also

reveals that the TB spectrum is less similar to ’HF, noCP, velocity, STO-6G’ than those

of all-π.

Another point to note is the large overestimation of ROA cross sections by the TB

model. This leads to the RSF on the order of 2·10−3, indicated in Figure 3.9. The reason

behind is the small HOMO-LUMO gap of the TB eigenvalue spectrum compared to HF

(43.4 mEh vs. 231 mEh). To prove this, TB virtual-occupied orbital energy differences

have been blue shifted again by 188 mEh, resulting an RSF value of 0.17 – already falling
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HF, noCP, STO, veloc, x1.0

Figure 3.9: Unpolarized backscattering ROA cross sections of C76 at 4256 nm.
Values RSF are computed with respect to the ’HF, noCP, STO-6G’ curve. See text for

further notations.

in the acceptable range – and overlap with ’HF, noCP, velocity, STO-6G’ increased to

0.76.

It is also interesting to observe the rough factor of 4 overestimation of spectral cross

sections by the ’all-π, ZDO’ approach, cf. RSF values in Figure 3.9. The source of this

effect is not energy denominators, but the application of ZDO property integrals.

Basis set and OR effect on ROA spectra can be studied in Figure 3.10 for C76.

Compared with Raman spectra, we see more expressed changes in ROA. This is underlined

by the overlap values reported for dipole length formulations in the bottom part of Table

3.2. Overlap with the reference spectrum drops to roughly a half by the combined effect of

elimination of orbital relaxation and resorting to minimal basis set. Similarly to Raman

spectra, orbital relaxation is responsible for setting the relative intensities of small/large

wavenumber ranges right, as reflected by the RSF values in Figure 3.10.

The starting point of effective all-π model construction, ’HF, noCP, STO’ already

compares poorly with the reference spectrum. For this reason neither all-π models resem-

ble much to the reference spectrum, as indicated by the overlap values in the bottom panel

of Table 3.2. Though the TB model is even worse in this respect, a better parametrized

semi-empirical π-model may be capable to improve upon it. Spectral overlaps computed

for the high wavenumber range ([800,1800] cm−1) give a promising indication in this line:

overlap of TB amounts only to 0.758 with ’all-π, STO’, while it is much larger with ab
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HF,   noCP, STO, length, x10

all−π, STO, length, x10
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CPHF, STO, London, x1.1

CPKS, rDSP, London, x1.0

HF, noCP, STO, length, x1.3

all−π, STO, length, x1.1

Figure 3.10: Unpolarized backscattering ROA cross sections of C76 at 4256 nm.
Spectra of panel A are normalized over the wavenumber interval [0, 600] cm−1,
panel B over [600, 1800] cm−1. Values RSF are computed with respect to the

’CPKS/B3LYP/rDSP’ curve. See text for further notations.

initio spectra, 0.959 and 0.900 with CPHF/STO-6G and CPHF/rDSP, respectively. The

same can be deduced by inspecting Figure 3.9 and 3.10.

As for gauge-invariance, dipole length and velocity formulations give almost identical

results, cf. overlap values in Table 3.1.

Apart from the TB model – suffering from resonance – results obtained at 1064 nm

lead to conclusions parallel with those drawn at 4256 nm. To support this statement,

merely overlap values are included in Table 3.1 and Table 3.2 at 1064 nm wavelength.

Nonresonant ROA of C28

The case of C28 is markedly different from C76 if looking at the ROA spectrum.

While the Raman spectrum is well captured by the TB model (cf. the overlaps 0.956 with

’HF/STO-6G’, 0.871 with ’CPHF/STO-6G’ and ’0.768 with B3LYP/aug(sp)-cc-pVDZ at

4256 nm), ROA cross sections show hardly any similarity neither to ’HF, noCP, STO,

veloc’ (cf. Figure 3.11) nor to the reference in Figure 3.12. This is a manifest curvature

effect, reflected by the fact that all-π models – which include beyond first-neighbour

interaction – are capable to reproduce ’HF, noCP, STO-6G’ spectra, cf. the overlap

values in Table 3.1. The need to introduce second and third neighbour interactions in

π-electron models to describe carbon clusters with highly curved surface has been noted
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earlier also[168]. In fact, the success of the effective π-model construction is reflected

both by Figure 3.11 and Table 3.1 for C28.

 200  300  400

Frequency of vibration (cm
−1

)

A
TB, x0.0020

all−π, ZDO,       x0.31

all−π, STO, veloc,   x0.62

HF, noCP, STO, veloc, x1.0

 500  600  700  800  900  1000  1100  1200  1300  1400  1500

Frequency of vibration (cm
−1

)

B
TB, x0.0010

all−π, ZDO, x0.26

all−π, STO, veloc, x0.77

HF, noCP, STO, veloc, x1.0

Figure 3.11: Unpolarized backscattering ROA cross sections of C28 at 4256 nm.
Spectra of panel A are normalized over the wavenumber interval [0, 490] cm−1, panel
B over [490, 1800] cm−1. Values RSF are computed with respect to the ’HF, noCP,

STO-6G’ curve. See text for further notations.

Looking at Figure 3.12, the basis set and OR effect is found to be the biggest for C28,

in agreement with the Raman studies on C28 by Witek et al[187]. While ’CPHF/STO-6G’

still shows similarity with the reference spectrum in the majority of the characteristic

band structure, switching the OR effect off diminishes the overlap to roughly 0.3. In

accordance with this, there is hardly any relation between the ’HF, noCP STO’ curve and

the reference in Figure 3.12, except for the 680-900 cm−1 range. The largest difference

appears in the most dominant (small wavenumber range) of the spectrum, giving the

reason for the exceedingly poor ROA overlaps reported in Table 3.2 for C28.
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all−π, STO, length, x5.1

Figure 3.12: Unpolarized backscattering ROA cross sections of C28 at 4256
nm. Spectra of panel A are normalized over the wavenumber interval [0, 490] cm−1,
panel B over [490, 1800] cm−1. Values RSF are computed with respect to the

’CPKS/B3LYP/aug(sp)-cc-pVDZ’ curve. See text for further notations.

Nonresonant ROA of C84

At last, the case of C84 at 1064 nm is shown in Figure 3.13 to investigate the effect

of blue shift on the TB ROA spectra in another example. In parallel with the findings in

case of the C84 Raman spectra and in case of C76, the RSF values of ’TB shift’ is again

improved by an order of magnitude, compared to ’TB’. Simultaneously, the shape of the

’TB shift’ spectra compares better to all-π and to the reference ’CPHF, rDSP’, than ’TB’.

ROA spectra of ’TB shift’ and all-π in Figure 3.13 show slightly less, but still

good agreement with the reference, compared to the case of Raman. Only three major

deviations can be found, when the sign patterns do not match with the reference, namely

in band structures around 330 − 360 cm−1, 1550 − 1590 cm−1 and 1640 − 1680 cm−1 (see

highlighted areas in Fig. 3.13.). Considering the large number of bands in the full spectra,

’TB shift’ and all-π can still be applied for enantiomer identification.

Summarizing our ROA studies with π-electron methods, the all-π model is again

found successful in reproducing pre-resonance HF spectra. In contrary to Raman, ac-

curacy of ROA intensities by the TB model falls behind all-π. However, both absolute

intensities and spectral shapes of TB spectra can be improved by taking into correction

the underestimated TB energy differences via level shifts. While the all-π approach proves

equally suitable to compute ROA cross-sections of carbon clusters with either low or high
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                                                  Frequency of vibration (cm
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ATB, x0.0019

TB shift, x0.039

all−π, STO, x0.58

CPHF, rDSP, x1.0

 1000  1200  1400  1600

BTB, x0.00026

TB shift, x0.0054

all−π, STO, x0.16

CPHF, rDSP, x1.0

Figure 3.13: Unpolarized backscattering ROA cross sections of C84 at 1064 nm.
Spectra of panel A are normalized over the wavenumber interval [0, 1000] cm−1, panel
B over [1000, 1800] cm−1. Values RSF are computed with respect to the ’B3LYP, rDSP’

curve. See text for further notations.

curvature, the first-neighbour approximation is applicable only in the former case. Nei-

ther basis set extension nor OR are meaningful concepts in the present π-electron models.

At the SCF level both effects are expected to be more pronounced in ROA than in Ra-

man, making it desirable to extend the π-electron models in this direction if aiming for

higher accuracy.

3.3.3 Resonance Raman and ROA spectra of fullerenes

In this section, we study the resonance ROA spectra of the most common chiral

fullerenes, C76 and C84, utilizing the experimentally applied 532 nm incident frequency.

The first (experimental) excitation energy of C76 is found to be around 590 nm[213], while

the same value for C84 is 357 nm[219]. Thus, neither fullerenes were expected to be in

strong resonance with the 1064 nm light wavelength in the previous section. However,

when 532 nm incident light is applied, resonance can not be neglected.

Currently, we cannot rely on any existing program suited for RROA computation,

that would be capable of treating systems of the size of C76 or C84. Thus, we utilize

the ’all-π, STO’ method, that is found to be appropriate to compute nonresonant ROA

spectra (in cases, where basis set completeness and orbital relaxation at the SCF level

are not of key importance).

62



Section 3.3 ROA of fullerenes

First of all, we study the dependence of the all-πROA spectra on the laser frequency.

 200  400  600  800

A

all−π, 532 nm, x1.0

all−π, 1064 nm, x44

all−π, 4256 nm, x8.0*10
6

 1000  1200  1400  1600

Frequency of vibration (cm
−1

)                                                             

B

all−π, 532 nm, x1.0

all−π, 1064 nm, x49

all−π, 4256 nm, x6.3*10
7

Figure 3.14: Unpolarized backscattering ROA cross sections of C76 at 532 nm,
1064 nm and 4256 nm. Spectra of panel A are normalized over the wavenumber interval
[0, 1000] cm−1, panel B over [1000, 1800] cm−1. Values RSF are computed with respect

to the ’all-π, 532 nm’ curve.

Inspecting Figure 3.14 reveals minor changes in the spectral shape when ω is varied.

Explicitly, spectral overlap of the 532 nm spectrum with the 1064 nm one is 0.998, while

the overlap of the 532 nm and 4256 nm spectra is still 0.789. On the other hand, absolute

intensity increases dramatically stepping from 4256 nm to 532 nm. From the 6-7 orders

of change in the magnitude, approximately a factor of 84 = 4096 can be attributed to the

frequency dependence of the inelastic scattering (see the definition of Ka in Eq.(2.1.66)).

The other three orders of magnitude increase is the manifestation of the resonance effect.

In Figure 3.15 we report the resonance Raman and ROA spectra of C76. The spec-

tral shape of the C76 Raman does not differ much from the spectra computed at 1064 nm

(Figure 3.7) and 4256 nm, overlap values with the resonant case are 0.999 and 0.839,

respectively. Since the overlap between the all-π and CPHF/rDSP (with GIAOs) ROA

spectra is 0.70 at 1064 nm and the shape of the all-πROA spectra does not change

stepping from 1064 nm to 532 nm, the all-πRROA spectrum is considered a good ap-

proximation of the experimental one.

Figure 3.16 shows resonance Raman and ROA spectra of C84 at 532 nm. Overlaps

of the resonance Raman and ROA spectra with their counterparts at 1064 nm are 0.999

and 0.995, respectively. This indicates, that the shape of the spectra does not change

at all when doubling the laser frequency. Note that the spectral overlap at 1064 nm

between all-π and CPHF/rDSP is significantly smaller (0.27) for C84, than for C76. Still

the agreement of the two methods in the sign patterns is satisfactory. This property
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Raman, all−π
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Figure 3.15: Unpolarized backscattering resonance Raman and ROA cross sections
of C76 at 532 nm. Spectra of panel A are normalized over the wavenumber interval

[0, 1000] cm−1, panel B over [1000, 1800] cm−1.

is probably transferable to the domain of resonance, giving a chance for enantiomer

identification based on all-πRROA spectra.
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Raman, AI−π
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Raman, AI−π
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Figure 3.16: Unpolarized backscattering resonance Raman and ROA cross sections
of C84 at 532 nm. Spectra of panel A are normalized over the wavenumber interval

[0, 1000] cm−1, panel B over [1000, 1800] cm−1.

3.3.4 Fullerene OA compared to common chiral systems

Finally, we aim to estimate whether OA in the Raman scattered light of the above

fullerenes is in effect measurable. For this end, comparative calculations have been carried

out at the linear-response SCF level, on inherently chiral molecules and two common
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chiral organic compounds, with a center of asymmetry. The comparison is carried out

using 1064 nm laser light to avoid the region of resonance, that would affect the spectra

differently, depending on the electronic structure of the systems. The analysis might be

slightly unconventional, since data obtained by different levels of theory are examined.

The approach is justified by the fact that the same (e.g. CPHF,rDSP) level of theory is

expected to yield less accurate spectra for the selected organic compounds[139], than for

fullerenes.4 For this reason, we compute intensities of the best quality accessible to us.

Maxima of Raman and ROA cross sections collected in Table 3.3 are promising.

Molecule Method Raman ROA
C28 HF1 18 1060
C76 HF2 7.3 315
C84 HF2 15 16

hexahelicene (C26H16) DFT1 6.5 54
α-pinene (C10H16) DFT2 1.5 0.7

methyloxirane (C3H4O) DFT3 1.0 1.0

Table 3.3: Absolute maxima of unpolarized Raman and ROA backscatter-
ing cross sections relative to the values of methyloxirane at 1064 nm. No-
tation ’method1/basis1//method2/basis2’ refers to the computational level of
structure optimization and normal modes analysis (method1/basis1) and Ra-
man and ROA tensors (method2/basis2). Meaning of the shorthand nota-
tions: HF1=B3LYP/cc-pVTZ//HF/aug(sp)-cc-pDVZ; HF2=B3LYP/6-31G*//HF/3-
21G+; DFT1=B3LYP/cc-pVDZ//B3LYP/aug(sp)-cc-pVDZ; DFT2=B3LYP/aug-cc-
pVDZ//B3LYP/aug-cc-pVDZ; DFT2=B3LYP/aug-cc-pVTZ//B3LYP/aug-cc-pVTZ

Comparing hexahelicene with methyloxirane or α-pinene, maximal cross-sections increase

by an order of magnitude. Interestingly, maximal ROA intensity for C84 is found to be

comparable to hexahelicene (in spite of the two to three times more atoms in C84) and an

order of magnitude smaller, than C76. This (unexpected) behaviour might be explained by

the structure of C84, which is much closer to a sphere, than the structure of C76. However,

fullerenes C28 and C76 exhibit an order of magnitude stronger ROA than hexahelicene.

This phenomenon is not present in the ECD spectra, the ECD band maximum of C76

is ∼320 M−1 cm−1[180], while that of hexahelicene is ∼250 M−1 cm−1[268]. It is a task

of further studies to decide whether the increased intensity of the ROA signal of the

fullerenes compared with other inherently chiral structures may be attributed to the

small HOMO-LUMO gap, their doubly helical structure[203, 209] or both.

4 On the precision of the reference ROA spectra for the smaller systems, we note, that B3LYP/aug-cc-
pVTZ//B3LYP/aug-cc-pVTZ results compare to B3LYP/aug-cc-pVQZ//B3LYP/aug-cc-pVQZ intensi-
ties around 1 % RMS for methyloxirane, while for α-pinene the B3LYP/aug-cc-pVDZ//B3LYP/aug-cc-
pVDZ spectrum compares to B3LYP/aug-cc-pVTZ//B3LYP/aug-cc-pVTZ around 10 % RMS, according
to Ref. [139]. Additionally, results in [148] indicate a factor of 2 difference between SCF and CCSD ROA
intensities for methyloxirane.
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As it is shown in Figure 3.14, there is another factor of 50 increase in the ROA

spectra of C76 at 532 nm, compared to the value of 315 in Table 3.3. The resulting ap-

proximately four orders of magnitude intensity difference between fullerenes and routinely

measured compounds is more than promising. We find that, fullerene ROA is possibly

measurable even if experimental difficulties, such as small sample quantity and small

enantiomeric excess is considered. We note, that besides experimental conditions, many

effects could contribute to the experimental intensities, such as the size of the measured

molecule or its solubility. Compared to common organic molecules, a single fullerene

molecule contains approximately ten times more atoms, but has several orders of magni-

tude smaller solubility, therefore these two effects compensate each other. All the above

factors could be included into the simulation if the intention is to estimate the outcome

of a specific experiment.
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Chapter 4

Spectroscopy of periodic systems:

ROA of carbon nanotubes

In this Chapter we extend our ROA studies to chiral single-wall carbon nanotubes.

SWCNT are usually modeled as a periodically symmetric, defectless, infinitely long quasi-

one-dimensional systems utilizing the band theory of solids. Due to their chiral structure

SWCNT contain hundreds of atoms in their translationally repeating unit cell. For this

reason we adapt only the simplest TB approximation to compute SWCNT spectral in-

tensities. Besides the necessity to treat infinite systems in case of SWCNT, one more

complication rises compared to the case of finite molecules. Namely, the multipole oper-

ators describing light-matter interaction are unbounded and unperiodic in case of infinite

systems and have to be modified to match the symmetry properties of SWCNT. The full

symmetry group of SWCNT is a helical line group. The translational operations that are

present in periodic systems form the translational line group, that is only a subgroup of

the helical group of SWCNT. The theoretical description of the SWCNT can be based

on symmetry adaptation according to any groups, e.g. both the helical and translational

group.

Symmetry adaptation is much more simple using only the translational group, al-

though one has to face the disadvantage, that the number of carbon atoms in a transla-

tional unit cell of a chiral SWCNT is usually several hundreds. If translational symmetry

is applied, all quantities of a computation (both measurable and non-measurable) can be

made translationally periodic, but only the physical quantities will exhibit the full sym-

metry of the group of the SWCNT. On the other hand, working with helical symmetry

is more involving on the theoretical side, but the number of atoms in a helical unit cell

can be reduced to two. Naturally, all quantities exhibit the full symmetry in this case.

Our long term intention is to exploit all benefits of helical symmetry adaptation. Yet we

are at the stage of working in the translational unit cell, with utilizing helical symmetry

only occasionally.

67



Section 4.1 Introduction of carbon nanotubes

Section 4.1 introduces the basic properties of SWCNT necessary to understand

the symmetry based considerations for the derivation of the translational and helical

periodicity matching multipole operators in Section 4.3. Derivation of the Raman and

ROA intensity formulae within band theory and the corresponding numerical results can

be found in Sections 4.4 and 4.5, respectively.

4.1 Introduction of carbon nanotubes

Properties of SWCNT vary significantly with their geometrical structure, but ap-

plications often require SWCNT samples with well defined isomers or even configuration.

Large scale SWCNT preparation techniques, however, provide only the mixture of dif-

ferent isomers[269]. In order to reach length, diameter or even isomer specific samples

advanced separation methodologies had to be established. Among others ultracentrifu-

gation, extraction and chromatography is mentioned[270].

Only recently has attention turned towards optical resolution of racemic mixtures of

left- or right-handed SWCNT samples[4] to obtain single enantiomer of a certain SWCNT

isomer. Most of these methods rely on enantiomer specific π-π interactions between a

SWCNT and a carefully designed chiral bonding agent[193, 271]. Chiral complexation

were carried out with DNA strands[272], chiral polymers[198], nanotweezers[194, 195]

and a chiral surfactant[201] and then standard separation ideas, chromatography[272],

extraction[194, 195, 198] and ultracentrifugation[201] yielded SWCNT samples enriched

in one enantiomer.

Additionally, chemical synthesis[273] and specific SWCNT templeted selective nan-

otube growth[274, 275] represent promising bottom-up alternatives to gain ultimate con-

trol over SWCNT production.

For characterization of SWCNT, Raman spectroscopy has become a standard tool,but

much less is known about their chiroptical properties. Only a limited number of studies

have been performed on the ECD spectra of SWCNT by experiment[4, 194–198, 201,

202] and by theory[215, 276–278]. Naturally, handedness of an individual SWCNT can

also be investigated by scanning probe microscopy[279, 280] and transmission electron

microscopy[281].

4.1.1 Structure of SWCNT

The structural properties of SWCNT can be derived from graphene, a regular hexag-

onal lattice of carbon atoms, since an elementary translational unit of a SWCNT can be

obtained by rolling up an appropriate piece of graphene flake[282–284].
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The graphene lattice can be defined using two lattice vectors, denoted a1 and a2 in

Figure 4.1. Linear combinations of the lattice vectors are the so-called chiral vectors:

Ch = n1 a1 + n2 a2, with n1, n2 ∈ N . (4.1.1)

The components of the chiral vector (n1, n2) or alternatively (n,m) are often used to label

SWCNT. The zigzag and armchair tubes with (n, 0) and (n, n) types of chiral vector are

distinguished from the rest of the tubes, called chiral SWCNT. These three variants are

illustrated in Figure 4.2.

Figure 4.1: Derivation of SWCNT structures from a graphene sheet. Indices n and
m of the Figure are equivalent to indices n1 and n2 of Eq.(4.1.1). Source of the figure

is Ref. [285].

The SWCNT translation vector, T has the following form:

T =
2n2 + n1

NR
a1 +

2n1 + n2

NR
a2 (4.1.2)

with

N = gcd(n1, n2) (4.1.3)

and

R =
gcd(2n1 + n2, n1 + 2n2)

N
(4.1.4)

In Eq.(4.1.3) gcd is the greatest common divisor function. Vector T also lies within

the graphene plane and it is the smallest graphene lattice vector perpendicular to Ch.

Therefore T defines the translational period of the SWCNT:

|T| = a =

√

3(n2
1 + n1n2 + n2

2)

N R
a0 , (4.1.5)

with a0 being the C-C bond length. Vector T is parallel to the z axis of the coordinate

system, that is chosen to be the symmetry axis of the SWCNT. The rectangular area

defined by Ch and T is rolled up to form a cylinder with z axis, |Ch| circumference and
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|T| height. The carbon atoms in this cylinder form the smallest translationally repeating

unit of the SWCNT, i.e. the translational unit cell (TUC). With pure translations, the

infinite, periodic SWCNT can be constructed from the atoms of the TUC.

The very same infinite SWCNT can be build from only too atoms, if the helical sym-

metry is also exploited[286]. Therefore a single helical unit cell (HUC) is much smaller,

it consists of only two atoms. In order to understand the concept of the HUC, let us go

back to the hexagonal graphene lattice. It can be seen easily, that there are two types of

atoms, A and B. All A atoms have only B neighbours and vice versa. Starting from an

A type atom, the A sublattice can be constructed by moving along all of the following

vectors:

vA = v1 a1 + v2 a2 , (4.1.6)

where v1 ∈ Z and v2 are even integers. The B sublattice consists of the rest of the atoms.

It can be shown, that all possible pairs of an A and a B atom can be considered a suitable

helical unit cell. From that HUC the whole SWCNT can be built using proper symmetry

operations, which will be introduced in Section 4.1.2.

Finally, we introduce two more integer parameters, p and q. These parameters

will be required for the description of the helical symmetry operations in Eq.(4.1.12).

Additionally, q gives the half of the number of carbon atoms in a TUC[284]:

q = 2
n2
1 + n1n2 + n2

2

N R
. (4.1.7)

Parameter p can be obtained from the chiral indices in the following way[284]:

p

N
= rϕ( q

N )−1 mod
( q

N

)

, (4.1.8)

where ϕ(x) denotes Euler’s totient function, which gives the number of relative primes

to x, that are smaller than x. Finally, r of Eq.(4.1.8) reads:

r =
n1 + 2n2 − qR

(
n2

N

)ϕ(n1
N )

n1R
mod

( q

N

)

. (4.1.9)

It is noted, that p
N
, q
N

and r are all natural numbers due to the special structure of

SWCNT[284].

4.1.2 Symmetry of SWCNT

In order to identify the full symmetry group of SWCNT two types of symmetry

operations have to be considered. First, both a single TUC and HUC have point group

symmetries. Secondly, we introduce two periodic symmetry operations, that transfer

one TUC or one HUC into an other[286]. Line group theory[287] provides the unified

mathematical description of the geometrical objects exhibiting periodicity in a single

direction. This periodicity is not restricted to the pure translational symmetry, helical
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and glide plane groups are also taken into account. Additionally, line group theory

describes the cases when the periodically repeating unit (the monomer) exhibits inner

point group symmetry. In our studies of chiral SWCNT, only translational and helical

periodicity will be relevant.

Point group symmetry elements

Let us begin with the identification of the point group symmetry elements within

a TUC. If N = gcd(n1, n2) 6= 1, then the unit cell exhibits CN rotational symmetry

around axis z. CN symmetry is not utilized explicitly in our numerical computations,

which allows us to work in a simpler line group later. The second symmetry element is

a C2 rotation with an axis perpendicular to the z axis (see Figure 4.2). This C2 axis is

often denoted as U and can be defined in two equivalent ways. The first variant, U goes

through the center of two carbon hexagons, while U ′ lies on two midpoints of two opposing

C-C bonds. Digirs U and U ′ are connected by a screw-axis operation[286], therefore they

are not independent and our symmetry analysis can be limited to only one of them, say

U . Both CN and U are universal to all three types of SWCNT.1 At this point, the all

symmetry elements of a single TUC of a chiral SWCNT is explored.

Figure 4.2: Point group symmetries of the different single-wall carbon nanotubes
variants: chiral, zigzag and armchair. U and U ′ are C2 rotational axes perpendicular
to z. The symmetry planes are defined in the text. Source of the figure is Ref. [286].

Let us now proceed by identifying the point group symmetry elements of a helical

unit cell. Axis U , that is perpendicular to the graphene sheet and goes through the

midpoint of the section forming the HUC, is a valid C2 rotational symmetry axis. Together

with the unit operation, these two operations form the symmetry point group of the helical

unit cell.

1Note, that armchair and zigzag types have additional symmetry planes (see Figure 4.2.), σv and σh

mirror planes, σ′
h rotoreflection plane and σ′

v glide plane.
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Section 4.1 Introduction of carbon nanotubes

Translational operators

We proceed with the translational group. A quasi-one-dimensional system, like a

SWCNT, is an ideally simple example to introduce the basic concepts of pure translations.

A set of unique points of each TUC (e.g. the middle of the cell) defines a lattice, in which

vectors Rm point to cell m. Neighbouring units are related by elementary translations:

Rm = Rm−1 + a (4.1.10)

where in our case a = (0, 0, a) and consequently |a| = a is the length of the unit cell.

Translations along the symmetry axis (z in our case) are defined by the translation

operator T̂ (a), which translates the coordinate vector of atom i in cell m, Rm,i to the

corresponding one in the neighbouring unit cell:

T̂ (a)Rm,i = Rm+1,i. (4.1.11)

The set of operators T̂ t(a) with t ∈ Z form the translational group T.

Symmetry elements of the helical group

The helical group is the only nontrivial line group we consider. Among its elements

are operators that are products of point group and translational operators. Two elemen-

tary operators (so-called generators) can be used to define the general elements of the

helical group. One is a pure translational and the other is a roto-translational operator,

expressed as:

l̂(1, 0) = T̂ (a) and l̂(0, 1) = Cq T̂

(
p

q
a

)

. (4.1.12)

Apparently, l̂(1, 0) is a pure translation with the length of the TUC and l̂(0, 1) is a

combination of a rotation around the z axis with Ĉq and fractional translation along z

with p
q
a. Parameters p and q are defined in Eqs. (4.1.8) and (4.1.7). Using l̂(1, 0) and

l̂(0, 1), all elements of the helical group, L can be defined:

l̂(t, j) = l̂t(1, 0) l̂j(0, 1) = Ĉ j
q T̂

(

(Fr

[
jp

q

]

+ t) a

)

, t ∈ Z , j ∈ [0, q − 1] ∩ Z , (4.1.13)

where Fr[x] takes the fractional part of x.

We note, that it is possible to obtain the same helical group L with a different set

of symmetry operators[287, 288]. In other words, it can be shown that the same helically

periodic structure can be constructed from HUC using an alternative set of symmetry

operations. Our study applies only the operators defined in Eq.(4.1.12).

When the TUC shows higher then C1 symmetry, the full line group is more compli-

cated, e.g. there are more generators, then the two defined in Eq.(4.1.12). The highest

symmetry utilized in our study is the helical group presented above. For this reason, we

stop the discussion of symmetry at this point. A precise, general and rather involving

72



Section 4.2 Electronic structure of periodic systems

introduction to line groups can be found in Ref. [287]. We revisit and apply line groups

T and L in Section 4.2 in order to introduce Bloch theorem and to reduce computational

complexity of modeling SWCNT.

4.2 Electronic structure of periodic systems

4.2.1 Translational periodicity and the Bloch theorem

Powers of T̂ (a) (defined in Eq.(4.1.11)) form an infinite dimensional, Abelian group,

T. The character table of the translational group is as follows[287]:

T̂ 0(a) T̂±1(a) T̂±2(a) . . .

k = 0 1 1 1

k 1 e±ika e±i2ka . . .

where k ∈ (−π
a
, π
a
] is a continuous variable, used for indexing the irreducible representa-

tions. Variable k is often referred to as the quasi-momentum and the (−π
a
, π
a
] interval is

called the Brillouin zone (BZ)[289, 290]. Orthogonality relations for the rows and columns

of the character table reads as[289, 290]:

∞∑

n=−∞

e−inkaeink
′a =

2π

a
δ(k − k′) , (4.2.1)

where δ(k − k′) is the Dirac delta function, and

π/a∫

−π/a

e−inkaeimka dk =

∫

BZ

e−inkaeimka dk =
2π

a
δmn . (4.2.2)

The last equation expresses the orthogonality of plane waves. Since SWCNT show peri-

odicity in only one dimension of the three-dimensional space, it is sufficient to introduce

one dimensional translational symmetry. The same considerations can be extended to

three-dimensional periodicity easily[289, 290].

The conventional way to work with an infinite lattice in solid state physics is to

carry out the derivations for finite systems first. Then, in the final step, the infinite

limit is taken in order to arrive to the infinite solid. This method is called taking the

thermodynamic limit and explained more precisely in Appendix C.1.2 For that, first of

all, we introduce the finite analogue of group T, Tf . The group elements in Tf have the

same formulae as the elements in T. The only difference is that, at a certain M number,

we impose, that T̂M(a) = T̂ 0(a) = Î, cf. Born-Kármán boundary condition[289–291].

2 Note that, in a real solid, the number of unit cells are not infinite, just sufficiently large, that the
infinite limit can be taken without any loss of accuracy. Additionally, the numerical implementations are
also sample the BZ in finite points. Therefore, derivations for finite systems are sufficient.
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Section 4.2 Electronic structure of periodic systems

We will need the orthogonality relation corresponding to Eq.(4.2.1) in the finite periodic

case[289–291]:

1

2M + 1

M∑

n=−M

e−inkaeink
′a = δk,k′ . (4.2.3)

Bloch’s theorem

Let us investigate now the Hamiltonian of a periodic system. Since the kinetic

energy operator is homogeneous in space, it is trivially periodic. Additionally, any power

of T̂ (a) leaves the potential energy of a periodic system intact:

T̂ t(a) V (r) = V (r + t a) = V (r) , t ∈ Z , (4.2.4)

therefore the potential energy operator of a SWCNT is also lattice periodic. Conse-

quently, the field-independent Hamiltonian of a periodic system (Ĥ) commutes with all

lattice translation operators. From this follows, that any ψj(r) functions satisfying the

Schrödinger equation of Ĥ ψj(r) = Ej ψj(r) is eigenfunction of T̂ t(a) operators too:

T̂ t(a)ψj(r) = λt ψj(r) = ψj(r + t a) ∀j, (4.2.5)

where λt = eikta eigenvalues are the characters of the translational group. From the second

identity in Eq.(4.2.5) follows Bloch’s theorem. The theorem states, that all eigenfunctions

ψj(r) of T̂ t(a) can be formulated as a product of a lattice periodic function, u(r) and a

phase factor of eikz:

ψk
j (r) = eikz ukj (r) . (4.2.6)

Lattice periodicity is defined as ukj (r) = T̂ t(a) ukj (r) = ukj (r + ta). Functions ψk
j (r) are

called Bloch functions. Note that both ψk
j (r) and ukj (r) are labeled by the symmetry

index, k. In case of three dimensional periodicity, the Bloch function has analogous form:

ψk
j (r) = eikr ukj (r) ,

where r is the coordinate operator in Cartesian coordinates and k = (kx, ky, kz). In case

of SWCNT, we will utilize that k = (0, 0, k).

Computation of Bloch functions of solids

According to group theory[287], Bloch type functions, i.e. functions that trans-

form like the irreducible representations can be obtained using the following projection

operator:

P̂ (k) =
1

2M + 1

M∑

t=−M

eikta T̂ t(a) , (4.2.7)
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where the factor of 1
2M+1

is the order of the group before the limit in M is taken to

infinity. It can be shown, that P̂ (k) is idempotent, i.e.
(

P̂ (k)
)2

= P̂ (k).

The operator in Eq.(4.2.7) can be used to construct a symmetry adapted basis

based on the 2p orbitals, χµ(r) of Eq.(3.2.2) located in a single TUC. The dimension of

the AO basis for a large enough M in SWCNT is obviously unmanageable and infinite

for the infinitely long SWCNT. The number of basis functions transferring according to

irreducible representation ’k’ is however finite. They can be generated by the action of

P̂ (k) on χµ(r), with µ = 1, . . . , 2q where 2q is the number of atoms in the TUC. The

precise expression of the symmetry adapted functions reads

ζkµ(r) =

√

1

2M + 1

M∑

t=−M

eikta T̂ t(a)χµ(r) , (4.2.8)

where the factor of
√

1
2M+1

ensures that ζkµ(r) are normalized[289, 290].3 Functions

ζkµ(r) span the translational symmetry adapted atomic basis (TSAB). In the following,

argument r of the orbitals will be omitted for clarity, whenever it is possible.

An important consequence of the symmetry adaptation is that the matrix repre-

sentation of any translationally periodic operator, e.g. the TB Hamiltonian of an infinite

SWCNT, is block diagonal on the basis of TSAB functions. Derivation of the matrix

representation of the TB Hamiltonian in the TSAB and the proof of its block diagonal

form is shown in Appendix C.1. The block-diagonal form of matrix H is advantageous, as

this allows to solve the eigenvalue problem block-by-block. Otherwise one would face an

infinite-dimensional matrix eigenvalue problem. Eigenvectors of the one-electron Hamil-

tonian, the so-called crystal orbitals (CO) are usually expressed as a linear combination

of the corresponding TSAB functions, as follows

ϕk
i =

2q
∑

µ=1

Cζ
µi(k) ζkµ , (4.2.9)

Coefficients Cζ
µi(k) arise as the solution of the eigenvalue equation for block ’k’, given by

Hζ(k)Cζ(k) = ǫ(k)Cζ(k) . (4.2.10)

The eigenvalues, ǫ(k) as the function of k constitute the so-called energy bands. The

ground state wavefunction is the determinant of all occupied crystal orbitals. As a con-

sequence of time-reversal symmetry ǫi(k) = ǫi(−k) and ϕk
i = (ϕ−k

i )∗ [289, 291].

4.2.2 Helical periodicity

We apply helically symmetry adapted basis functions too, the analogues of Eq.(4.2.8).

Using these, helical symmetry is not exploited completely when solving the eigenvalue

3The orthonormality of TSAB is proved in Eq.(C.1.1).
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problem of the field-independent Hamiltonian, because the dimension of the blocks of

the Hamiltonian remains 2q. To construct the symmetry adapted functions, group el-

ements - as presented in Section 4.1.2 - and the corresponding characters are needed,

for each irreducible representation. Irreducibles can be indexed by the quasi-momentum,

k ∈
(
−π

a
, π
a

]
, the irreducible representation index of the translational group Tf, forming

a subgroup of the finite helical group Lf.
4 Apart from the quasi-momentum k, another

index, m appears, that can be associated with roto-translations l̂(0, j). For further in-

sight see Refs. [287, 288]. For a given k and m ∈
(
− q

2
, q
2

]
∩Z the characters of the group

elements read

Ak
m

(

l̂(t, 0)
)

= eikta , Ak
m

(

l̂(0, j)
)

= eikFr[
jp
q ]a eimj 2π

q , (4.2.11)

where j ∈ [0, q − 1] ∩ Z. In accord with the fact, that Tf ⊂ Lf, Bloch’s theorem holds.

With the use of the characters above, helical symmetry adapted basis (HSAB) functions

are given as:

ξkmµ =

√
1

q

√

1

2M + 1

M∑

t=−M

q−1
∑

j=0

eikta eikFr[
jp
q ]a eimj 2π

q l̂(t, j)χµ , (4.2.12)

where the additional factor of
√

1
q

is responsible for the normalization.5 Since the helical

unit cell consists of two carbon atoms, index µ in Eq.(4.2.12) can only take two values,

µ ∈ {1, 2} . Correspondingly, the full helical symmetry adaptation of the electronic prob-

lem would mean the solution of 2 by 2 matrix eigenvalue problems for each irreducible

representation of L. Instead of following this route, we work only with translational peri-

odicity, hence we regard each function ξkmµ for m ∈
(
− q

2
, q
2

]
∩ Z and µ ∈ {1, 2} a distinct

basis vector. This gives a 2q-dimensional space for a given translational irreducible rep-

resentation index k. (It is interesting to note here, that index m is not a proper quantum

number for the helical group[287, 288]. This does not represent any problem for us, since

it is only quantum number k, which must - and indeed does - reflect proper symmetry

in our approach.) The advantage of the 2q-dimensional basis (for a given k) defined in

Eq.(4.2.12) over the 2q-dimensional TSAB of Eq.(4.2.8) is that HSAB functions depend

on k in a way which reflects proper helical symmetry, thus non-measurable quantities,

such as AO matrix elements exhibit helical symmetry as well.

Since both TSAB and HSAB are orthonormal bases, they are related by a unitary

transformation, denoted by D(k).6 Consequently, the matrix of the TB Hamiltonian in

the HSAB (Hξ(k)) is also related to the matrix on TSAB (Hζ(k)) by the same unitary

transform. Therefore, ǫ(k) bands are eigenvalues of both Hξ(k) and Hζ(k). Finally,

4
Lf consists of all combinations of the elements of Tf with the roto-translational generators of

Eq.(4.1.13). Note, that the same relation holds for the finite groups, i.e. T ⊂ L.
5Orthonormality of the HSAB is shown in Appendix C.2.
6The explicit formula of D(k) is given in Appendix C.2.
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Section 4.3 Light-matter interaction in periodic systems

eigenvectors Cξ(k) can be obtained by the same unitary transformation, D(k) starting

from Cζ(k).

Helical symmetry is rarely employed in programs suitable for modeling periodic

systems. Helical symmetry adaptation has been recently implemented into the Crystal

package[292, 293], but it is not available in any non-commercial package. Application of

screw symmetry has been reported by Popov et al. for computing various properties of

SWCNT[262], such as the Raman intensity of a selected nanotube vibration[294, 295].

Helical symmetry was also applied extensively for investigating CD spectra of helical

molecular motifs, polymers, etc.[296–299].

4.3 Light-matter interaction in periodic systems

In order to illustrate the complications in the generalization of the quasi-classical

theory of light-matter interaction for the case of periodic systems, let us investigate again

the field-dependent Hamiltonian:

Ĥ = ĤFI + d̂αEα + m̂αBα + Θ̂αβ∇βǫα . (4.3.1)

As discussed previously, the field-independent term ĤFI exhibits the full-symmetry of the

structure of the periodic system. In contrast to this, the coordinate operator appears

explicitly in the field dependent terms, which breaks the periodic symmetry and it is

unbounded. To see this, let us imagine, that the origin of the coordinate system is in

the reference unit cell. Evaluation of the matrix elements of d̂ using the TSAB functions

necessitates to build a lattice sum analogous to Eq.(C.1.4).7 Evaluating the summation

for the AOs in the bra, that are shifted more and more further away from the AO in

the ket located in the reference unit cell, the value of the given term grows linearly and

tends to infinity. This results in an artificially strong light-matter interaction outside the

reference cell and obviously breaks symmetry. Different scientific communities recognized

and solved this problem multiple times, sometimes independently.

Regarding the electric dipole operator a from conforming with periodic symme-

try was introduced in the solid state quantum chemistry literature by Otto[300]. This

approach is presented in Section 4.3.1. The form of Otto has been adapted and ap-

plied extensively in the last 20 years by several groups, for instance by Champagne and

coworkers[301, 302], Ladik and coworkers[303, 304], Scuseria and coworkers[305, 306],

Kirtman and coworkers[307, 308] and Dovesi and coworkers[309–311]. A rigorous deriva-

tion of the same operator using the vector potential gauge[312, 313] is shown in Ap-

pendix D.1. An independent line of thought by Resta and coworkers[314] resulted the

7For the explicit lattice sum of the electric dipole moment, see Eq.(E.1.6) of Appendix E.
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Berry phase[315, 316] formulation of the same electric dipole moment in the framework

of the modern theory of polarization (MTP) (see Appendix D.2).

Formulation of magnetic properties for periodic systems proved to be much more

complicated than for electronic properties. The main difficulties are illustrated in Sec-

tion 4.3.2. The modern theory of orbital magnetization (MTOM) is the only rigorous

and practically applicable approach in the literature, developed by Resta, Vanderbilt

and coworkers since 2005[317, 318]. MTOM can be considered as the extension of the

MTP approach, presented for the electric dipole, for the magnetic case.8 Unfortunately,

MTOM does not give an explicit expression for the periodic magnetic moment operator,

which is needed for deriving spectroscopic properties via linear response theory. In order

to obtain an explicit expression, a fourth approach is introduced to obtain the periodic

electric dipole operator. This approach of Gajdos et al.[319] and Dovesi et al.[320] is

based on a Taylor series expansion of the plane wave describing the electromagnetic field

of the incident light and it has been extended to the magnetic case. It is shown in Ap-

pendix D.3, that the Taylor expansion based method leads to a periodic magnetic dipole

operator, which gives equivalent description of the magnetic moment with MTOM for

insulators.

This section is concluded by the introduction of the periodic formula for the electric

quadrupole moment operator. This formula is not available in the literature, but it is

derived by us in analogy with the magnetic dipole operator.

Before turning to the derivation of the translationally invariant multipole operator,

it has to be noted, that a velocity based formulation allows a trivial periodic symmetry

adaptation due to the translational invariance of the momentum operator. The simplicity

of this approach to avoid the problem associated with the coordinate operator has moti-

vated many implementations[321–323]. For instance, the CD spectra of periodic systems

in the SIESTA[324, 325] package is implemented based on the velocity formulation of

all coordinate operators. However, the application of the EOM that lies behind dipole

velocity could have drawbacks too. First, the EOM for periodic systems[321]:

p̂ = i[Ĥ, R̂] = i[Ĥ, ieikr∇ke
−ikr] , (4.3.2)

is only fulfilled in the complete basis set limit[321]. (In Eq.(4.3.2), R̂ = ieikr∇ke
−ikr is the

periodic electric dipole operator, that will be introduced in Section 4.3.1.) Secondly, the

potential operator of the field-independent Hamiltonian does not always commute with

the coordinate operator. Unfortunately, this is the case for HF and DFT functionals with

exact exchange[326, 327]. In these cases, an additional term proportional to [V (r), R̂] rises

in the velocity form[327]. This term is either omitted, which leads to serious differences in

results using the length and velocity forms[321] (even in the complete basis limit), or it is

8MTOM is introduced in more details in Appendix D.3.
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taken into consideration and a modified dipole velocity operation is utilized: p̂−i[V̂ (r), R̂].

However, in this second alternative we can not avoid the problem associated with the

unperiodic coordinate operator. In conclusion, circumventing the periodic symmetry

adaptation of the coordinate operator with the use of the velocity form is discouraged.

4.3.1 Periodic systems in electric field

The periodic form of the electric dipole operator has been introduced to ab initio

quantum chemistry by Otto[300] in the following form:9

R̂ = ieikr̂∇̂ke
−ikr̂ = r̂ + i∇̂k , (4.3.3)

where ∇̂k = ( ∂
∂kx
, ∂
∂ky
, ∂
∂kz

). This result was obtained from the following identity:

ieikr̂∇̂ke
−ikr̂ψk

j = ieikr̂
(

−îre−ikr̂ + e−ikr̂∇̂k

)

ψk
j = (r̂ + i∇̂k)ψk

j , (4.3.4)

where ψk
j are Bloch functions (see Eq.(4.2.6)). It is also utilized, that r̂ commutes with

eikr̂. Upon rearrangement

r̂ = ieikr̂∇̂ke
−ikr̂ − i∇̂k (4.3.5)

can be obtained. Otto argued, that the part −i∇̂k breaks translational symmetry, i.e.

it does not commute with T̂ t(a) translational operators and its matrix on TSAB is not

block diagonal in the quasi-momentum index. Therefore, Otto discarded the −i∇̂k term

from r̂, leading to R̂. A simple illustration of the translational invariance of R̂ can be

shown here.10 Let us inspect the act of R̂ on a TSAB function:

(r̂ + i∇̂k)
∑

t

eitka T̂ t(a)χµ(r) =
∑

t

(r− ta)eitka T̂ t(a)χµ(r) . (4.3.6)

A result of the above consideration can be interpreted by introducing a set of modified

coordinate vectors, r̄t = r − ta. These r̄t vectors can be considered as local coordinate

vectors assigned to each TUC. Evidently, the effect of r̄t is equivalent in each TUC, i.e.

R̂ is periodic in that sense. Finally, it has to be noted, that the same formula appeared

in the solid state literature much earlier, the introduction of Eq.(4.3.3) is attributed

independently to Blount[328], Wannier[329] and Kittel[330]. Unfortunately, considering

only the above line of thought, it is only ensured, that R̂ is a translationally invariant

operator11, but we have not gained enough insight to be able extend the definition of R̂

9Translationally invariant operators will be denoted by script fonts in order to distinguish them from
their conventional counterparts, e.g. r̂ → R̂.

10It is proven in Eq.(E.1.6) of Appendix E.1, that R̂ is indeed translationally symmetric.
11 One could imagine alternative approaches to ensure translational invariance. For instance, we could

add the block diagonal elements of the matrix of i∇̂k to the matrix of R̂. The resulting matrix with
elements of 〈ϕk

j |i∇̂k|ϕk
l 〉 + 〈ϕk

j |R̂|ϕk
l 〉 in its k = k′ blocks and with zeros in its k 6= k′ blocks would be

translationally invariant too. In that case, only the 〈ϕk
j |i∇̂k|ϕk′

l 〉 elements are discarded. Otto’s way of
thinking can not prove, that one should choose Eq.(4.3.3).

79



Section 4.3 Light-matter interaction in periodic systems

for the magnetic dipole or the electric quadrupole operators. Therefore, we investigate

alternative approaches to obtain Eq.(4.3.3).

The first alternative derivation of Eq.(4.3.3) in the literature was a vector poten-

tial based consideration, which provides a solid theoretical foundation of the intuitively

obtained formula of Eq.(4.3.3). The vector potential based derivation is shown in Ap-

pendix D.1. The derivation assumes homogeneous, static electric field and can not be

generalized neither for magnetic fields nor for inhomogeneous electric fields.

A third approach was introduced by Gajdos et al.[319] and Dovesi et al.[320] not

long ago. The consideration starts from the potential of a monochromatic light wave in

an arbitrary dimension, say z:

φ(z) = φ0 e
iλ̃z , (4.3.7)

with λ̃ being the (angular) wavenumber in the z direction. (The following line of thought

can be easily generalized to three dimensions.) The z coordinate can be formally obtained

in the following form:

z = −i lim
λ̃→0

1

λ̃
eiλ̃z , (4.3.8)

which can be applied to describe light-matter interaction, e.g. with the static electric

field. Transition matrix elements of Eq.(4.3.8) taken with Bloch functions reads:

zkk
′

j,j′ = −i lim
λ̃→0

1

λ̃
〈ϕk

j | eiλ̃z |ϕk′

j′ 〉 . (4.3.9)

The resulting matrix element is only nonzero, if the quasi-momentum is conserved, i.e.

k − k′ = λ̃ since

〈ϕk
j | eiλ̃z |ϕk′

j′ 〉 = 〈eikzuj| eiλ̃z |eik
′zuj′〉 = 〈eikzuj| ei(k

′+λ̃)zuj′〉 = 〈ϕk
j |ϕk′+λ̃

j′ 〉 . (4.3.10)

Utilizing the Taylor expansion of eiλ̃z = 1 + iλ̃z + O(λ̃2) we recognize, that terms O(λ̃2)

or higher do not contribute, because of the limit λ̃→ 0, hence we continue with only the

first two terms. Since the λ̃ → 0 limit has to be taken, k ≈ k′ and ϕk′

j can be Taylor

expanded around k:

ϕk′

j = ϕk
j + ∂kϕ

k
j (k′ − k) + O

(
(k′ − k)2

)
= ϕk

j − λ̃∂kϕ
k
j + O(λ̃2) . (4.3.11)

Substituting Eq.(4.3.11) into Eq.(4.3.9), we get:

zkk
′

j,j′ = −i lim
λ̃→0

1

λ̃
〈ϕk

j |(1 + iλ̃z)|(ϕk
j′ − λ̃∂kϕ

k
j′)〉

= −i lim
λ̃→0

〈ϕk
j |1|ϕk

j′〉
λ̃

δk,k′ + 〈ϕk
j |z + i∂k|ϕk

j′〉δk,k′ . (4.3.12)

The authors of the original derivation argue[319, 320], that in charge neutral systems the

first, divergent term cancels with the corresponding divergent term of the nuclear dipole

moment, if Rz = −i lim
λ̃→0

1
λ̃
eiλ̃Rz is utilized. This can be easily seen, since the z component

80



Section 4.3 Light-matter interaction in periodic systems

of the corresponding terms of the total dipole moment reads:

− i lim
λ̃→0

( electrons∑

b

(−e)
〈ϕk

j |1|ϕk
j′〉

λ̃
+

nuclei∑

A

ZAe
〈ϕk

j |1|ϕk
j′〉

λ̃

)

+ . . . . (4.3.13)

Therefore, the z component of the periodic dipole matrix element is recovered in the first

term. This type of approach is beneficial to us, since it can be easily extended for the

periodic magnetic dipole and electric quadrupole operators in Section 4.3.2.

A fourth approach computes the electric dipole moment according to MTP[314, 331]

and it is often applied in the solid state physics literature. It is shown in the end of the

derivation of the MTP electric dipole formula in Appendix D.2, that the MTP dipole

moment is equivalent with the translationally invariant electric dipole in Eq.(4.3.3).

4.3.2 Periodic systems in magnetic field

Finding the solution of the Schrödinger equation for a periodic system in homoge-

neous magnetic field is more complicated than the case of homogeneous electric field. It

was possible to utilize all benefits of Bloch’s theorem in the vector potential gauge in

case of the electric field, however, the magnetic perturbation depends explicitly on the

coordinate operator in any gauge.

The first attempts[329, 332, 333] to solve this problem tried to generalize Bloch’s

theorem for

ĤM =
1

2m
(p̂− qÂ(r))2 + V̂ (r) + qφ(r) , (4.3.14)

where A(r) = 1
2
B × r and φ(r) = 0. One can easily see, that operator T̂ (a) does not

commute with ĤM:

T̂ (a)ĤM =
1

2m
(p̂− qÂ(r + a))2 + V̂ (r + a) =

1

2m
(p̂− qÂ(r + a))2 + V̂ (r) 6= ĤM .

However, it could be possible to give a new translational operator, that commutes with

ĤM. Based on the studies of Peierls[334], the magnetic analogue of the translation oper-

ator, Ĵ(a) was formulated[329, 332, 333], which fulfills [ĤM, Ĵ(a)] = 0. The form of the

magnetic translation operator, Ĵ(a) can be understood by combining the parametriza-

tion of T̂ (a) with the momentum operator and our experience with GIAOs. Let us note

first, that the magnetic field is unaffected by the translation of the vector potential, since

∇×A(r) and ∇×A(r+a) give the same magnetic field. A proper magnetic translational

operator should, however, translate the origin of the magnetic field, for which purpose

the gauge factor in the GIAOs can be utilized. Evoking the exponential parametrization

of T̂ (a) = eiap̂, the magnetic translational operator is defined as follows:

Ĵ(a) = eia·p̂ei(qB×a)·̂r/2 = eia·(p̂+qr̂×B/2) = eia·(p̂−qÂ(r)) . (4.3.15)
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Let us note that, the identity eia·(p̂+qr̂×B/2) = eia·p̂ei(qB×a)·̂r/2 fulfills due to the fact,

that only different components of p̂ and r̂ are involved in (p̂ + qr̂ × B/2) and hence

[eia·p̂, ei(qB×a)·̂r/2] = 0. It can be shown, that [Ĵ(a), ĤM] = 0, however [Ĵ t1(a), Ĵ t2(a)] 6= 0

[333, 335]. Therefore, Ĵ(a) is a good choice to describe translation in the presence of a

homogeneous magnetic field, but the algebra of these operators is so complicated, that it

prohibited any possibility of an efficient application.

Later, motivated by the aim of computing NMR spectra, the solid state quantum

chemistry community had to turn towards alternative strategies[336–338]. Still lacking a

theory, that could have been suitable for implementation, these early attempts introduced

various approximations to take into account the periodic nature of the solids. For instance,

conventional quantum chemical methods were applied for a cluster with atomic positions

characteristic for the crystal structure and an environment approximating the crystal

field[339]. Working with periodic crystalline systems, Sebastiani and Parrinello exploited

the localized nature of Wannier functions and modulated the coordinate operator with

a sawtooth function[340]. They assumed, that those Wannier functions give nonzero

multipole matrix elements, that are centered to the same unit cell. This assumption fails,

if the Wannier functions become delocalized, e.g. when the solid is a conductor.

Unfortunately, the above approximate treatments do not provide any help to find

a proper way to handle the multipole operators in periodic systems. The long awaited

breakthrough came in 2005[317, 318], when it was shown, that the formulation of the

MTP, based on the locality of the Wannier functions (see Eq.(D.2.2)) can be extended

for the magnetic dipole moment. The resulting MTOM is introduced in detail in Ap-

pendix D.3. MTOM has been applied for the computation of G tensors[341, 342] and

NMR shielding tensors[343, 344], but the theory does not give an explicit form of the

periodic magnetic interaction operator. This prevents the use of modern, efficient linear

response techniques available for the periodic electric dipole related properties[311].

An alternative derivation of the magnetic dipole of periodic systems, that could

provide an explicit formula for the operator itself is derived following the idea of Gajdos,

Dovesi et al[319, 320] introduced in Eqs. (4.3.7)-(4.3.12). The key idea is the plane

wave based definition of the coordinate operator, which can be extended to the magnetic

dipole.12 One can utilize again the identity for the coordinate operator in Eq.(4.3.8) and

the Taylor expansion of the Bloch function, ϕk′

j around k (see Eq.(4.3.11)) and substitute

12In fact, a similar idea was proposed by Mauri and Louie for the computation of magnetic
susceptibilities[345].
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these into the expression of the magnetic dipole (r × p)α:

−iǫαβγ lim
λ̃β→0

(

1

λ̃β

〈

ϕk
j | eiλ̃βrβ pγ |ϕk′

j′

〉
)

=−iǫαβγ lim
λ̃β→0

1

λ̃β

〈

ϕk
j |(1 + iλ̃βrβ) pγ|(1 − λ̃β∇kβ)ϕk

j′

〉

=−iǫαβγ lim
λ̃β→0

1

λ̃β

〈
ϕk
j |pγ|ϕk

j′

〉
+ ǫαβγ

〈
ϕk
j |(rβ + i∇kβ) pγ|ϕk

j′

〉
, (4.3.16)

where contribution of the first divergent term should cancel in analogy with the case of

the electric dipole moment in Eqs. (4.3.12) and (4.3.13). The resulting magnetic dipole

operator,

M̂ =
1

2
(r̂ + i∇̂k) × p̂ =

1

2
R̂× p̂ (4.3.17)

is clearly periodic, since both R̂ and the momentum operator commute with T t(a) op-

erators individually. It is interesting to investigate the relation of M̂ to the MTOM

formulation. We show in Appendix D.3, that the MTOM magnetic moment is equivalent

to the matrix element of 1
2
(r̂+i∇̂k)×p̂ for nonmetallic systems. This gives an independent

verification, that M̂ is a correct periodic interaction operator. Up to our best knowledge,

this connection between M̂ and the MTOM is not established in the literature.

Analyzing the properties of the periodic magnetic dipole moment, let us note, that

both Eq.(4.3.16) and Eq.(D.3.4) are origin-independent, since they are equivalent and the

origin-independency is proven for the MTOM form[346]. If the EOM is utilized to obtain

the momentum, the origin-invariance is the straight consequence of the gauge-invariance,

as it is discussed in Section 2.2.2.

Periodic electric quadrupole operator

The periodic form of the electric quadrupole operator has not been in the focus of

any previous studies. However, it is evident from what we have learned in the previous

sections, that

T̂αβ = −3

2
(rα + i∇kα)(rβ + i∇kβ) + δαβ

1

2

∑

λ

(rλ + i∇kλ)(rλ + i∇kλ) (4.3.18)

is a periodic operator and can be considered as the periodic analogue of Θ̂αβ. We have two

options at hand to show, that Eq.(4.3.18) is correct, the Taylor expansion type approach

and the argument of Otto. Starting with the former, we follow the derivation which has
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led to Eq.(4.3.12) by utilizing Eq.(4.3.8) expression for both rα and rβ:

〈ϕk
j |rαrβ|ϕk′

j′ 〉 = (4.3.19)

− lim
λ̃α,λ̃β→0

1

λ̃αλ̃β

〈

ϕk
j |(1 + iλ̃αrα) (1 + iλ̃βrβ) |

(
1 − λ̃α∇kα − λ̃β∇kβ + λ̃αλ̃β∇kα∇kβ

)
ϕk
j′

〉

=

− lim
λ̃α,λ̃β→0

1

λ̃αλ̃β

〈
ϕk
j |1 + iλ̃αrα + iλ̃βrβ − λ̃α∇kα − λ̃β∇kβ |ϕk

j′

〉

+
〈
ϕk
j |rαrβ + irα∇kβ + irβ∇kα −∇kα∇kβ |ϕk

j′

〉
, (4.3.20)

where we again omit the divergent terms and recognize, that the finite term has the

following form:

〈
ϕk
j |rαrβ + irα∇kβ + irβ∇kα −∇kα∇kβ |ϕk

j′

〉
=
〈
ϕk
j |(rα + i∇kα)(rβ + i∇kβ)|ϕk

j′

〉
.

Finally, it is also possible to utilize the manipulations of Eq.(4.3.4) introduced by Otto

to get an alternative, but equivalent form of the terms in Eq.(4.3.18), e.g.:

R̂α R̂β = (rα + i∇kα)(rβ + i∇kβ) = −e−ikαrα∇kαe
ikαrαe−ikβrβ∇kβe

ikβrβ . (4.3.21)

4.4 Raman and ROA scattering of SWCNT

Theoretical description of the dynamic response properties of SWCNT is special in

two main respects. Periodicity of the system - which has been addressed in the preceding

Sections - is one of these. Comparability of the magnitude of electronic excitation energies

with the energy of the incident light (ω) is the second aspect to consider. The fact that

the first excitation energy typical for SWCNT of our interest lies close to commonly

applied experimental incident light frequencies calls for the application of the resonance

theory, introduced in Section 2.1.7. We apply the short time approximation (STA) for

the treatment of resonance The application of the STA seems so for the only possible

choice, since in π-electronic structures of large CCNS, many vibronic state could be in

resonance, which hinders the explicit treatment of vibronic transitions.

Looking at the energy scales more closely, the average excitation energy of the

semiconductor SWCNT of our interest is around 1 eV[347, 348], which is much closer

to the energy scale of the vibrations, than the electronic excitation energies of finite

molecules. Among first order Raman active vibronic transitions of SWCNT, the G+

mode has the largest frequency, ωG+ ≈ 1600 cm−1. This necessitates a revision of the

approximation introduced in the FFR theory (see Section 2.1.6), namely that ω ≈ ωR,

where ωR is the frequency of the scattered light. To assess the error committed when using

ω ≈ ωR, let us take the typical values of ωe1e0 = 1 eV for the first electronic excitation

energy, ω=532 nm=2.33 eV and ωG+=1600 cm−1=0.198 eV. With that, denominators
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appearing in response properties take the values

f1 =
1

ωe1e0 + ωR

= 0.319 eV−1 and f2 =
1

ωe1e0 + ω
= 0.300 eV−1 , (4.4.1)

differing only by 6%. (Note, that term Γ falling in the 0.03-0.05 eV range is negligible

compared to the other terms in the denominator.) This difference is expected to be even

smaller for other electronic transitions appearing in the sum over states formula. Since

we are interested in the order of magnitude of the scattering intensity we consider the

inaccuracy stemming from ω 6= ωR negligible and stay with the assumption of ω ≈ ωR.

In the following we focus on the consequence of the translational symmetry adapted

nature of the wavefunction on the polarizabilities. Section 4.4.1 deals with the ROA cross-

section expressions which are altered due to the complex nature of the wavefunction.

In Section 4.4.2 expression of a general polarizability tensor ταβ is derived in terms of

COs. Section 4.4.3 addresses the derivative of polarizabilities with respect to nuclear

displacements, τQa

αβ . Computer implementation and summary of computational details is

given in Section 4.4.4.

4.4.1 Cross sections with complex invariants

The symmetry adapted wavefunction of a periodic system is a genuine complex val-

ued function. Polarizabilities and spectroscopic invariants evaluated with such functions

are in general complex quantities. This situation was not dealt with in the FFR approx-

imation, where real ααβ and Aα,βγ and purely imaginary Gαβ is assumed. Although the

polarizabilities are complex in the STA resonance expressions due to the introduction of

the imaginary broadening term, iΓ, it was shown in Eq.(2.1.74) that the antisymmetric

combination of the polarizabilities remain zero and do not contribute to the Raman and

ROA invariants.

The situation is different if the complex nature of the polarizabilities stem from a

complex wavefunction. Let us study in this case the symmetry of the dipole polarizability.

For simplicity, the resonance term, iΓ is neglected. Using the Hermitian property of the

electric dipole matrix elements, it is easy to show, that ααβ = α∗
αβ, since

ααβ =−2
∑

j,a

[

(dα)ja (dβ)aj
∆k

aj − ω
+

(dβ)ja (dα)aj
∆k

aj + ω

]

αβα =−2
∑

j,a

[

(dβ)ja (dα)aj
∆k

aj − ω
+

(dα)ja (dβ)aj
∆k

aj + ω

]

=−2
∑

j,a

[

(dα)∗ja (dβ)∗aj
∆k

aj − ω
+

(dβ)∗ja (dα)∗aj
∆k

aj + ω

]

=α∗
αβ.

As a consequence, the antisymmetric combination for the complex α tensor, αA
αβ =

0.5(ααβ − αβα) is nonzero and does contribute to the inelastic scattering. Thus the cross

85



Section 4.4 Raman and ROA of periodic systems

section formulae of Eqs. (2.1.54) and (2.1.55) that include the antisymmetric invariant

have to be utilized in case of solids.

The appearance of the antisymmetric invariants13 complicates the theory, but at the

same time, offers an enrichment of experimental observables. So far, relying on the FFR

or STA approximations, the general cross section expressions did not depend on any of

the antisymmetric invariants. Due to the complex nature of the wavefunction of periodic

systems, nonzero contribution of antisymmetric invariants to the ROA scattering might

be observed for the first time in solid samples. Such experiments could also yield further

verification of the so far only theorized levels of ROA description.

4.4.2 Polarizabilities of periodic systems

We now work out the many-body formulae of the general polarizability tensor τ ,

for a periodic system. For this end, let us evoke the TDPT formula of the first term, τ 1:

τ 1αβ = −
∑

J 6=0

〈0|d̂α|J〉〈J |V̂β|0〉
∆J0 − ω − iΓ

, (4.4.2)

where functions J denote singly excited determinants of the periodic system:

|J〉 = (ϕka
a )+(ϕ

kj
j )−|0〉 (4.4.3)

where ϕ
kj
j (ϕka

a ) are occupied (virtual) COs and |0〉 is the ground state of the system in

the absence of the electromagnetic field. Substituting Eq.(4.4.3) into Eq.(4.4.2) gives:

τ 1αβ = −2
occ∑

j

virt∑

a

∑

kj ,ka

(dα)
kjka
ja (Vβ)

kakj
aj

∆
kakj
aj − ω − iΓ

, (4.4.4)

where ∆
kakj
aj = ǫa(ka) − ǫj(kj) and ǫ denotes crystal orbital energies.

The following step is the evaluation of the matrix elements of the (periodic) electric

dipole and generally, all three (periodic) multipole operators with COs. The explicit,

programmable formulae for all three multipole operator matrix elements are derived in

Appendix E.1 within the TB approximation. It is also proven there, that the matrix of

V̂α is block diagonal in the quasi-momentum index, i.e.:

(Vα)
kjka
aj = δkjka(Vα)

kj
aj . (4.4.5)

This relation allows us to write the τ polarizability in the form:

ταβ = −2
∑

k

occ∑

j

virt∑

a

(

(dα)kja (Vβ)kaj
∆k

aj − ω − iΓ
+

(Vβ)kja (dα)kaj
∆k

aj + ω + iΓ

)

(4.4.6)

13 Note, that only βA(α)
2 and βA(A)

2 contributes to the cross section formulae of Eqs. (2.1.54) and
(2.1.55). The antisymmetric invariant corresponding to the G tensor, βA(G)2 still does not appear, if
the relation of ω ≈ ωR between the incident and scattered light frequency is assumed[9, 25].
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Finally, taking the thermodynamic limit we arrive at:

ταβ = −2

∫

BZ

dk
occ∑

j

virt∑

a

(

(dα)kja (Vβ)kaj
∆k

aj − ω − iΓ
+

(Vβ)kja (dα)kaj
∆k

aj + ω + iΓ

)

(4.4.7)

4.4.3 Polarizability derivatives of periodic systems

According to TDPT in Section 2.2.1, there are two types of polarizability derivative

terms. The first kind contains a first-order perturbation operator (the photon-electron

coupling14) and a second order perturbation operator (the photon-phonon coupling). The

generalization of this term to the solid state form follows from Eq.(4.4.6). In the numer-

ator of the second kind of polarizability term (cf. Eq.(2.2.10)) we find three first order

perturbation operators (both photon-electron and phonon-electron coupling), for exam-

ple:

(τQa

αβ )1 =
∑

J,L 6=0

〈0|d̂α|J〉〈J |V̂β|L〉〈L|ĤQa |0〉
(∆J0 − ω − iΓ)∆L0

, (4.4.8)

with |L〉 = (ϕkb
b )+(ϕkl

l )−|0〉 . This requires the evaluation of the matrix element:

〈J |V̂β|L〉=
∑

k

∑

m,c

(Vβ)kmc

〈
0|(ϕkl

l )+ (ϕkb
b )−(ϕk

c )+ (ϕk
m)−(ϕka

a )+ (ϕ
kj
j )−|0

〉

=

(

(Vβ)kaabδjlδk,ka − (Vβ)
kj
lj δabδk,kj + δjlδab

∑

k

∑

c

(Vβ)kccδjlδab

)

δka,kbδkj ,kl (4.4.9)

The third term in Eq.(4.4.9) cancels with the corresponding 〈V̂β〉〈0Eα |0Qa〉 type third

order PT term. Substituting the first two remaining terms of 〈J |V̂β|L〉 into Eq.(4.4.8)

yields:

(τQa

αβ )1 −
(

〈V̂β〉〈0Eα |0Qa〉
)1

=

=
∑

kl,kj
kakb

∑

j,l,a,b

(dα)kaja

[

(Vβ)kaabδjl − (Vβ)
kj
lj δab

]

(HQa)kbbl

(∆ka
aj − ω − iΓ)∆kb

bl

δka,kjδkj ,klδka,kb =

=
∑

k

[
∑

j,l,a

(dα)kja(Vβ)klj(H
Qa)kal

(∆k
aj − ω − iΓ)∆k

al

−
∑

j,a,b

(dα)kja(Vβ)kab(H
Qa)kbj

(∆k
aj − ω − iΓ)∆k

bj

]

(4.4.10)

Finally, the thermodynamic limit reads as follows:

∫

BZ

dk

[
∑

j,l,a

(dα)kja(Vβ)klj(H
Qa)kal

(∆k
aj − ω − iΓ)∆k

al

−
∑

j,a,b

(dα)kja(Vβ)kab(H
Qa)kbj

(∆k
aj − ω − iΓ)∆k

bj

]

(4.4.11)

This result means, that all second and third order terms can be evaluated by sum-

ming up contributions from independent k points. This simplicity is the consequence

14Phonons are quasiparticles corresponding to vibrational excited states in condensed matter physics
terminology.
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of the fact, that all perturbations are one-electron operators. Assuming, that the CO

matrix elements of all first-order operators (see Appendix E.1) and their derivatives (see

Appendix E.2) are available, one question remains for consideration.

We need the normal coordinates of the periodic system expanded in the coordinates

of the atomic displacements of the TUC. This is provided by our colleagues, János Koltai

and László Biró (Eötvös University, Department of Biological Physics). The theoretical

background of their work is briefly discussed in Appendix F.1, which part deals with

the harmonic oscillator problem for periodic systems. Once the normal coordinates of a

single TUC are at hand, one has to carry out numerical differentiation with respect to

an infinite dimensional normal mode expanded in the atomic coordinates of an infinite

system. This problem is addressed in Appendix F.2.

4.4.4 Implementation and computational details

The above presented Raman and ROA theory applicable for semiconductors is im-

plemented in our local program. Separate pieces of the necessary modules are present

in various solid state program packages, but none of them contains all the ingredients

needed for ROA in their spectroscopic property computing modules.

One of the most advanced program in this field of research is the CRYSTAL[311]

package, which applies line-group symmetry and has efficient linear response algorithms

using mean-field methods for a wide range of electric dipole dependent properties, e.g. an-

alytical derivative formulation for electric dipole (hyper-) polarizability[309, 310], IR[349]

and Raman[350] intensities. Berry phase based Raman intensities can be also computed

by the CPMD[351] and Quantum Espresso[352–354] programs. In the latest version of the

Gaussian package Berry phase based IR intensities are available [355]. Berry phase po-

larization can be computed by the VASP[356], ABINIT[357] and SIESTA[325] packages.

Solid state magnetic properties are not so widely available for computation. Genuine

solid state NMR spectrum simulation (i.e. excluding supercell methods and the sawtooth

function based modulation of the coordinate operator) is implemented only in Quantum

Espresso[343, 344] and in Wien2K[358].

Details of our periodic ROA implementation

We discuss here the most important parts of our implementation and present more

details in Appendix B.2, including strategies for testing the program.

Integration over the (half of the) Brillouin zone ([0, π
a
]) is carried out numerically,

utilizing the Monkhorst-Pack scheme[359]. Explicit expression of the quadrature integra-

tion reads
∫

BZ

dkf(k) =
2

Nk

Nk∑

j=0

w(kj)f(kj) , (4.4.12)
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with weights w(0) = w(π
a
) = 0.5 and w(kj) = 1 otherwise. In addition, kj = π

Nka
j and

Nk is the number of sampling points. According to our numerical test, Raman and ROA

cross sections converge relatively fast with Nk, but not the polarizabilities. In all of our

examples Nk = 10 was applied. Spectra obtained with Nk = 10 can not be distinguished

form spectra obtained with Nk = 30.

Polarizability derivatives are computed by numerical differentiation with respect

to the normal coordinates, since this is the most cost effective approach, if one does not

utilize the helical symmetry in the electronic structure problem.15 Due to the helical sym-

metry of the nanotubes, there are only 26 Raman active vibrations[286, 360–362].16 Four

of them belong to the totally symmetric irreducible representation (A), denoted by RBM,

G−, G+ and oTO, a fourth, less intensive, both IR and Raman active mode[286, 363].

Additionally, there are 11 pairs of doubly degenerate modes (usually denoted by E1

and E2), which span 11 two dimensional representations in the full line group of chiral

SWCNT[286, 287]. Based on the previous work of Rusznyák et al[363], together with

László Biró, we have determined the list of Raman active modes, prior to the polarizabil-

ity computations. This information can only be exploited effectively with the numerical

derivative scheme, since in that case we have to compute all three polarizabilities only

26 · 2 + 1 = 53 times.17 This 53 polarizability evaluation have to be compared to the

computational cost of the analytical derivative scheme. In the latter, all three τRi

αβ polar-

izability derivatives have to be obtained for all 6q Cartesian coordinates (Ri) of the 2q

atoms in the TUC. Additionally, there are eight times more terms in τRi

αβ than in ταβ, all

scaling cubically with q. As we can see from Table 4.1, 6q is usually 20-50 times bigger,

than 53 for chiral SWCNT. Thus the choice of the numerical derivative scheme yields two

to three orders of magnitude saving in the total computational cost.

Computational details

Six SWCNT were selected to illustrate the computation of Raman and ROA spec-

tra. Table 4.1 summarizes the main parameters of these tubes. All of them are semi-

conducting nanotubes with gcd(n1, n2) = 1. The diameters of the SWCNT vary in the

range of 7.5-11.0 Å. The curvature of all of these tubes is comparable to or smaller than

the curvature of C76.

Geometry optimization and the computation of normal coordinates were carried out

by János Koltai[365, 366] with the VASP program package[356], applying the LDA density

15 Analytical third derivatives were computed for test purposes, discussed in more detail in Ap-
pendix B.2.

16 The important features of SWCNT vibrations are discussed in Section 4.5.
17 We do not even compute the intensity of the Raman inactive modes, since their Raman and ROA

intensity were found to be at least 8 magnitude smaller in test calculation, than the intensity of the
Raman active modes.
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SWCNT Diameter [Å] 2q RBM freq [cm−1] gap [eV]
(6,5) 7.5 364 314.8 1.27
(7,5) 8.2 436 288.1 1.21
(11,1) 9.0 532 259.9 0.98
(9,5) 9.6 604 244.2 1.00
(11,4) 10.5 724 222.7 0.90
(13,2) 11.0 796 211.3 0.95

Table 4.1: Important parameters of selected SWCNT. The number of carbon atoms
in the translational unit cell is 2q. Geometrical parameters and RBM frequency are
cited from the database of Rusznyák et al[364], experimental first optical excitation

energies (gap) are taken from Ref. [347].

functional and 400 eV plane wave energy cutoff. Additional technical details can be found

in Ref. [365]. In order to reduce computational effort, normal modes of carbon nanotubes

are calculated with imposing helical symmetry. As a result of the computations of János

Koltai, a 6 × 6q block of the Hessian is available to us, which describes the interaction

of the two atoms in the reference HUC with all atoms in the TUC[363, 366, 367]. Roto-

translational operations (described in Section 4.1.2) can be applied to construct the 6q×6q

Hessian matrix of the TUC[363, 366, 367] (cf. Eq.(F.1.6)). Normal modes (quantified in

Eq.(F.1.7)) in the translational picture are obtained by the diagonalization of the Hessian

matrix of the TUC.

Scattering cross sections are evaluated at the incident light frequency of 532 nm,

close to resonance in the case of SWCNT. A system independent damping parameter,

Γ = 40.8 meV = 1.5 mEh has been applied in all presented computations. This choice

is close both to the experimentally and computationally obtained value of 30 − 50 meV

broadening[368–370] for SWCNT, that lie in the same diameter range as our examples.

Similarly to the TB ROA computations for fullerenes in Section 3.3, the TB HOMO-

LUMO energies were shifted to the DFT highest occupied-lowest unoccupied energy dif-

ference (∆LH(k)). In case of solids, this level shift is k dependent, therefore the final

denominator reads for all terms in the SOS as

∆ja(k) + (1.3∆DFT
LH (k) − ∆TB

LH(k)) ± ω ± iΓ .

The electronic band structures
(
∆DFT

LH (k)
)

were computed by János Koltai with the same

method that is applied for the geometry optimization[365]. The 1.3 multiplicative factor

in front of ∆DFT
LH (k) is introduced, as this yields very good agreement with experimental

excitation energies for a wide range of SWCNT[371].
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4.5 Raman and ROA spectra of SWCNT: numerical

results

We begin the analysis with the comparison of TB and experimental SWCNT Raman

spectra to assess the accuracy of our computational method. Then ROA spectra for

six SWCNT are introduced and finally the magnitude of the ROA effect in SWCNT is

compared to the case of fullerenes and common organic molecules.

Figure 4.3 introduces the most common features of a SWCNT vibrational spectrum

[19, 20, 372–374] using a recent measurement[375] as illustration.

Figure 4.3: Experimental coherent phonon spectrum[376] of the (6,5) SWCNT ob-
tained with 985 nm incident light wavelength shown in a semilogarithmic plot. The
source of the data and the figure is Ref. [375]. For the explanation of the notations,

see Ref. [375] and the text.

The spectrum of the (6,5) SWCNT is plotted in a semilogarithmic fashion showing also

the less intense bands. Generally, the most characteristic bands in a SWCNT Raman

spectrum are the radial breathing mode (RBM), the G− and G+ modes and the D and

2D modes (denoted by blue text in Figure 4.3). Note, that Figure 4.3 shows a coherent

phonon spectrum[376], in which the relative intensity of the G− mode compared to the

G+ mode is much smaller than in case of the Raman signal. This recent measurement is

chosen for illustration, because it shows those modes with smaller intensity clearly, which

are far less transparent in a usual Raman spectrum.

The RBM mainly consists of radial movement of the carbon atoms perpendicular to

the SWCNT cylinder. The G− and G+ modes originate from the in plane vibrations of
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graphene and consist mainly of in plane stretching perpendicular and parallel, respectively

to the axis of the SWCNT. These three are the most important Raman active fundamental

vibrations of a perfect SWCNT. The D and 2D modes are attributed to defects and will

be omitted in our computational studies. Due to their high intensity, these bands were

extensively studied in the literature of SWCNT vibrational spectroscopy[19, 20, 372–

374]. Looking at only the computed and experimental band positions, our results for the

(RBM, G−, G+) vibrations being (316, 1549, 1594) cm−1 compare well with the recent

experiment of Ref. [375]: (309, 1528, 1589) cm−1. Computed band intensities are also in

accord with experiments, in the sense that RBM, G− and G+ are found to be the most

intense, cf. Figure 4.4.

As it is apparent in Figure 4.3, many other bands appear besides those, that belong

to the above five vibrations. These are commonly referred to as intermediate frequency

modes (IFM) in the literature[377–380]. There are two different type of modes rated as

IFM, the rest of the fundamental modes that belong to the E1 and E2 representations

(22 altogether) with the 4th total symmetric oTO mode (out-of-plane tangential optical)

and overtones or combinational modes of the above. We consider only the fundamental

modes in our theoretical studies, which leads to significant simplification considering the

full complexity of an experimental spectrum. Since the intensity of the fundamental IFM

bands (which will be referred to later as IFM bands) is much smaller compared to RBM

or the G modes, much less information is available about them in the literature[377–

380]. One of the fundamental IFM bands is visible in Figure 4.3, which is denoted as

’iTA’ (in-plane tangential acoustic) at 86 cm−1. The frequency of this vibration is 79

cm−1, according to our computations. Comparison of the IFM vibrational frequencies of

our DFT computation with the extended tight-binding (ETB)[381] results of Ref. [375]

reveals agreement within 30-40 cm−1 (see Table 4.2), while according to Ref. [375], the

ETB results match the experimental frequencies within 20-30 cm−1, when both data are

available.

ETB E1 ETB E2 LDA E1 LDA E2

1st - 86 - 79
2nd 213 397 189 355
3rd 407 616 429 650
4th 881 874 861 846
5th 1568 1521 1563 1525
6th 1570 1548 1600 1592

Table 4.2: Vibrational frequencies of the doubly degenerate fundamental vibrational
modes of the (6,5) SWCNT in cm−1 units computed with the extended tight-binding

(ETB)[381] method of Ref. [375] and our LDA model discussed in Section 4.4.4.
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Raman spectra of selected SWCNT

Turning to the analysis of computed intensities, Figure 4.4 shows Raman spectra of

the six selected SWCNT. The three most intense vibrational transitions can be observed

at first sight, which are the strongly diameter dependent RBM in panel A and the G−

and G+ modes in panel B, the latter around 1600 cm−1. (The intensity of the IFM are

at least an order of magnitude smaller compared to the above.)

 200  220  240  260  280  300  320

                                                                                          Frequency of vibration (cm
−1

)                                                  

A

(11,1) x2.3

(7,5) x1.1

(6,5) x6.7

(13,2) x4.2

(11,4) x1.0

(9,5) x1.7

 1540  1560  1580  1600

B

(11,1) x1.2

(7,5) x3.1

(6,5) x8.3

(13,2) x12.0

(11,4) x1.0

(9,5) x3.0

Figure 4.4: Unpolarized backscattering Raman cross sections of selected SWCNT at
532 nm. Spectra of panel A are normalized over the wavenumber interval [0, 800] cm−1,
panel B over [800, 1800] cm−1. Values RSF are computed with respect to the spectrum

of (11,4). See text for further notations.

We have found a significant difference in the relative intensities of these three most

intense Raman active modes, similarly to the case of Raman and ROA spectra of fullerenes

(see Section 3.3). Since C76 and C84 have comparable diameters to the selected SWCNT,

curvature of the graphene sheet in SWCNT is expected to have a similar effect on the

Raman and ROA spectra. The RBM shows the biggest dependence on the tube radius,

due to the radial nature of the vibration. The G− and G+ are tangential and mostly

stretching modes, hence they are less affected by tube geometry than RBM. Comparing

G− and G+, the G− intensity is more affected by curvature, which is explained by the

fact that G+ is almost parallel to the tube axis, while G− is practically perpendicular to

it. Since our TB model is the most suitable to describe the electron-phonon coupling of

stretching vibrations, we consider G+ intensities the most reliable. This also explains our

observation, that the intensity of G− - containing more bending component than G+ -

compared to G+ deviates from the experimental value. When we plot SWCNT spectra,

we take into account the unbalanced quality of TB intensities of radial and tangential

vibrations and apply separate scaling for ranges [0, 800] cm−1 and [800, 1800] cm−1.

93



Section 4.5 Raman and ROA spectra of SWCNT

Inspecting Figure 4.4 and Table 4.3, one can observe that the intensity of the G+

band varies strongly with the nanotube types. This has two evident reasons besides

the structural differences of the nanotubes. The first reason is that the intensity is

proportional to the number of atoms in the TUC. Secondly, the excitation energies of the

selected SWCNT differ which translates into stronger or weaker intensity amplification

due to resonance. The amplification is stronger for nanotubes with bigger diameter, since

the diameter is inverse proportional to the first excitation energy[282] (cf. Table 4.1).

SWCNT Diameter [Å] 2q Raman ROA
(6,5) 7.5 364 2.1·107 1.3·109

(7,5) 8.2 436 4.6·107 7.7·108

(11,1) 9.0 532 1.5·108 9.0·107

(9,5) 9.6 604 5.6·107 4.2·108

(11,4) 10.5 724 2.0·108 1.4·109

(13,2) 11.0 796 7.9·108 4.2·108

C76 7.0-8.6 76 4.4·105 3.9·106

Table 4.3: Relative maxima of Raman and ROA intensities of the G+ band with
respect to methyloxirane. SWCNT Raman and ROA are computed with TB method,
at 532 nm incident light frequency and with Γ = 41 meV broadening parameter. See

text for further details.

Naturally, the magnitude of amplification by resonance depends strongly on the

incident light frequency too. Therefore, we investigate, how the intensity of the RBM,

G+ and G− modes depend on ω.
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Figure 4.5: Resonance Raman profile of SWCNT (6,5) using TB approximation.

This, so-called resonance profile of the (6,5) nanotube is depicted in Figure 4.5. The

RBM intensity is scaled by a factor of 300, while G− is multiplied by 2 to match the

magnitude of G+. The largest intensity increase due to resonance is observed around
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1.22-1.24 eV - indicating the value of the first electronic excitation energy -, which is

in good agreement with the experimental value of 1.26 eV [348]. This means that an

ω′ ≈ 1000 nm laser frequency would be the optimal choice if the highest amplification

by resonance is desired. Incident light with shorter wavelength go away from resonance

rapidly, the Raman intensity at 532 nm is already more than 100 times less intense, than

the intensity around 1000 nm. Of course, this factor strongly depends on the choice of

the broadening parameter.

As a short conclusion of the above, TB Raman spectra is found to be qualitatively

reliable based on agreement with experiments and theoretical data from the literature.

ROA spectra of selected SWCNT

Let us continue with the ROA spectra. It is apparent from Figure 4.6, that not only

the RBM, G+ and G− modes, but also the IFM contribute significantly to the ROA.

 150  200  250  300  350  400  450  500  550  600  650

                                                                                          Frequency of vibration (cm
−1

)                                                  
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(11,1) x4.0
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(6,5)  x2.9

(13,2) x14.2

(11,4) x1.0

(9,5) x1.3
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(6,5) x1.2
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(9,5) x1.6

Figure 4.6: Unpolarized backscattering ROA cross sections of selected SWCNT at
532 nm. Spectra of panel A are normalized over the wavenumber interval [0, 800] cm−1,
panel B over [800, 1800] cm−1. Values RSF are computed with respect to the spectrum

of (11,4). See text for further notations.

The investigation of bands corresponding to IFM are particularly complicated in Raman

due to their small intensity. Figure 4.6 suggests, that ROA might be more suitable than

Raman for studying IFM. A further promising observation is that the sign of ROA bands

vary when comparing different bands of the same nanotube or same bands of different

nanotubes. This is a useful property requirement if our intention is to identify SWCNT

based on their ROA spectra.18

18 For instance, the G+ in the Raman spectra is insufficient for characterization, since its position and
magnitude does not vary much for the different nanotubes.
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It is also apparent from the RSF values of Figure 4.6 and from Table 4.3, that the

highest ROA intensity of different nanotubes might differ by an order of magnitude. This

is unfavorable, since nanotubes exhibiting stronger scattering might completely cover the

weaker ROA signal of other tubes. The appearance of relatively strong bands belonging

to IFM might resolve this problem too, since their frequency is much more characteristic

to a certain SWCNT, than the frequency of the G bands. The unfavorable overlap of

IFM are therefore much less probable, than that of G bands.

Inspecting Table 4.3, we can see that the maximal ROA intensity does not follow

the tendencies observable for the Raman spectra. The G+ intensity does not correlate

any more with the diameter and the number of atoms per unit cell. It is to be noted

additionally, that the relative ROA intensities of SWCNT compared to methyloxirane is

one or two magnitudes higher than the same quantities for Raman. Both effects can be

explained with the structure of chiral SWCNT. The long helical motif in the arrangement

of the carbon atoms can give large contribution to the ROA signal, while the Raman

scattering – correlating mostly with the diameter and q – is relatively indifferent to

the (chiral or achiral) internal structure of SWCNT of similar size. This is in accord

with previous findings on hexahelicene derivatives, where increased ROA signal has been

attributed to collective carbon skeleton vibrational motions[382, 383].

In analogy with Raman, ROA intensities depend strongly on ω too. However, the

resonance ROA profile of the (6,5) tube in Figure 4.7 reveals a much more interesting

behavior. The sign of all three major peaks change as ω goes through the first excitation
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Figure 4.7: Resonance ROA profile of SWCNT (6,5) using TB approximation.

energy. This opens a possibility to distinguish overlapping bands of different SWCNT in

a mixture sample (for instance in the region of the most intense G+ mode) using a well

chosen incident light frequency.
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Finally, we are interested in the measurability of SWCNT ROA in spite of experi-

mental difficulties, such as small sample quantity and small enantiomeric excess. Looking

at Table 4.7, the relative ROA intensity compared to methyloxirane is seen to be even as

large as 109 at 532 nm. Several (independent) factors add up to reach this nine orders

of magnitude is signal strength. One source is evidently the TB method, which even

with the level shift correction (introduced in Eq.(4.4.1)), overestimates realistic intensi-

ties. We would like to approximate the magnitude of this artificial increase by analyzing

the reference data collected in Table 4.4. Comparing the methyloxirane B3LYP/aug-cc-

pVTZ maximum with the C76 maximum using HF/3-21G+ and HF/STO-6G one can see

that, the magnitude of the ROA for C76 can be estimated well even at HF/STO-6G level

of theory in non-resonant conditions. Moving to the domain of resonance with 532 nm

incident light wavelength, the HF/STO-6G intensity increases by a factor of 300, from

which a factor of 100 originates from switching the polarizability expressions from FFR

to STA resonance (i.e. changing N to Y in the STA column of Table 4.4). Under the

same circumstances (ω = 532 nm, STA=Y), TB overestimates the C76 ROA by around

a factor of 100. This factor can be attributed to the artificial underestimation of orbital

energy differences by TB.

Molecule method STA ω [nm] Raman ROA
SWCNT (6,5) TB Y 532 2.1·107 1.3·109

C76 TB Y 532 4.4·105 3.9·106

C76 HF Y 532 2935 44531
C76 HF Y 1064 2265 19346
C76 HF N 1064 2.2 194
C76 HF2 N 1064 7.2 315

hexahelicene DFT1 N 1064 6.5 54
methyloxirane DFT2 N 1064 1.0 1.0

Table 4.4: Maxima of relative Raman and ROA intensities with respect to methyloxi-
rane. Notations: HF=HF/STO-6G, HF2=HF/3-21G+, DFT2=B3LYP/aug-cc-pVTZ,
DFT1=B3LYP/aug-cc-pVDZ; STA: Yes/No denotes the application of the STA/FFR
polarizabilities and ω is the wavelength of the incident light. See text for further details.

Taking into account this rough factor of 100 overestimation, the TB intensities of

Table 4.3 could be translated into a rough five to six orders of magnitude difference

between the ROA intensity of SWCNT and measurable small organic molecules. For

comparison, the same intensity ratio in case of chiral fullerenes is only three to four orders

of magnitude. The incredibly strong signal of SWCNT can be attributed both to the

close to resonance laser frequency and to the uniquely long helical structure of SWCNT.

Moreover, as it has been discussed earlier, this intensity could further be amplified by

at least a factor of a rough 100 if tuning the laser frequency precisely to an electronic

transition.
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Summary and outlook

In this dissertation, Raman optical activity (ROA) of chiral fullerenes and single-

walled carbon nanotubes (SWCNT) are computed relying on π-electron models.

Analytical expressions are derived and implemented for the geometric derivatives

of ROA polarizability tensors in first-neighbour π-electron model (tight-binding, TB)

using both TDPT and linear response theory. Resonance between the incident photon

and electronic transitions is treated by adopting the short lifetime approximation for the

excited states.

Resonance ROA polarizability tensors and their numerical geometric derivatives

are derived and implemented for a generalized π-electron model (all-π). Beyond first

neighbour interactions and curvature effects, missing from the TB model, are taken into

account in the all-π model with a parametrization derived from ab initio Fock matrix

elements in a system specific manner.

The accuracy of a protocol combining DFT molecular structures and harmonic

vibrations with π-electron polarizability derivatives is investigated extensively in case of

chiral fullerenes. Raman and ROA spectra computed with all-electron models, such as

HF or DFT, have been reproduced by the generalized π-model with significant reduction

in computational time and only minor loss in accuracy. The accuracy of the TB ROA

spectra is found to be inferior to all-π, allowing only for enantiomer identification of

CCNS with high curvature of the molecular surface.

Resonance ROA intensity expressions are derived and implemented at the TB level

for SWCNT. One-dimensional periodicity of the nanotubes is taken into account using a

translationally symmetry adapted basis. Magnetic dipole and electric quadrupole opera-

tors compatible with the translational symmetry of the system are introduced.

Resonance ROA of C76, C84 and selected SWCNT are reported for the first time,

applicable for enantiomer identification. Compared to the signal of commonly measured

organic molecules, ROA of fullerenes is up to five orders of magnitude stronger, according

to our estimation. The same quantity is at least five-to-six orders for SWCNT.
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Outlook

We briefly mention here several topics and studies related to the dissertation but

not included in the main chapters. These involve ongoing projects which have not been

carried to completion yet. It appears justified to give a short account on these studies

since they were performed as part of the PhD work and show ways of possible continuation

of the subjects reported in the main text.

Semi-empirical methods, such as the parametric method X (PMX; X=3,6)[384, 385]

were used for the first time to compute ROA spectra. PMX Hamiltonians are used for the

field-independent part, multipole integrals are computed with STO-6G AOs or relying on

the neglect of diatomic differential overlap (NDDO) approximation[386] and ROA cross

sections are obtained via numerical geometric differentiation. PMX ROA spectra com-

puted for a handful of chiral organic molecules ([4]triangulane, 1,3-dimethylcyclopropene,

3-methylcyclobuthene, methyloxirane, α-pinene, hexahelicene) show that PMX cross sec-

tions (using both STO and NDDO integrals) recover HF/STO-6G spectra very well. This

conclusion holds for more extended systems, such as C76, but needs further investigation

in a larger test set, using statistical methods.

There is an increasing interest in studying proteins, in particular their secondary

structural motifs and conformations with ROA[17, 18, 387–389], where semi-empirical

simulations can be of assistance. For such applications, general purpose semi-empirical

parametrizations, including dispersion and hydrogen bond corrections seem to be the best

choice[390].

Computational cost can be reduced by dividing the system into an important and

accurately treated active part and to an environment computed with less rigor. For

instance, this idea of fragmentation has been applied recently to compute Raman spectra

of the crambin protein by Nakata et al.[391]. The all-π method of this dissertation

represents another example of fragmentation, in which the π-MOs constitute the active

part and the rest of the orbitals belong to the environment. The elements of the all-π

Hamiltonian are computed numerically according to Eq.(3.2.27), but still depend on the

MO coefficients, hence it is subjected to orbital relaxation (OR). As we have also seen,

OR gives an important contribution to chiroptical properties, but its computation can

not be carried out in the all-π model cost-effectively.

To overcome this limitation, we have applied the frozen localized molecular orbital

(FLMO) approach, introduced in our laboratory[392]. In the FLMO method, first, the

molecule is fragmented into active and environment parts. In the following step, a one-

electron effective operator of the active fragment(s) – similar to the Fockian of the original

system – is constructed, using techniques familiar from frozen core approaches[53, 85].

The FLMO model is closely related to the frozen density embedding (FDE)[393, 394]

method, in which the active density is optimized taking into account interactions with
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density of the environment, using the framework of Kohn-Sham DFT. FDE is a widely

used method[395] and it has also been applied successfully to compute CD spectra of the

active part of fragmented systems[396].

We applied the FLMO method to derive OR contributions by solving the CPHF

equations for the active part. Our implementation is tested for the three ROA polarizabil-

ity tensors and planned to be extended to compute numerical polarizability derivatives

and Raman and ROA spectra. A similar algorithm with different fragmentation can be

applied to describe solvent effects in ROA, which is problematic without using explicit

solvent molecules[162–166]. The OR contribution of the achiral (water) solvent molecules,

neglected in such an approach is expected to be minor compared to the chiroptical signal

of the chiral solute. Studies on modeling solvent effects on molecular properties conducted

using FDE are promising[397–399].

Fragmentation based method arise also in the context of vibrational spectroscopies,

considering the Cartesian coordinate tensor transfer method (CTT) (see also Section 2.3.4).

There has been some discussion in the literature recently, questioning the accuracy of the

CTT method[156, 157]. With a fragmentation based embedding techniques, such as the

FLMO, one could consider CTT fragments interacting with each other, instead of com-

puting their polarizability contribution independently. We find it interesting to study the

effect of coupling with the environment to improve the reliability of the CTT approach.

We have already mentioned in Chapter 4, that we are planning to exploit full helical

symmetry for SWCNT in the TB model. As two carbon atoms per unit cell suffice in

such an approach, ROA polarizabilities and their Cartesian derivatives can be obtained

analytically. For SWCNT, even normal modes corresponding to the total symmetric

representation can be approximated by simple geometric considerations. This allows to

derive ROA cross sections of SWCNT as a function of the components of the chiral vector,

(n1 and n2), the C-C bond length and the three external parameters of the TB-ROA

model: β and ζ of Eq.(3.2.3) and the 2p Slater-exponent. Polarizabilities and scattering

cross sections could be analyzed as a function of SWCNT parameters this way.
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Appendix A

Multipole matrix elements

A.1 Matrix elements with ZDO approximation

We apply the zero differential overlap (ZDO) approximation[400] when computing

integrals of multipole moments for the TB polarizability derivatives. As the nearest-

neighbour π-electron approximation picks up only the most dominant effects in the elec-

tronic structure computation, ZDO represents the simplest meaningful approximation for

the multipole matrix elements. The matrix element of a general, multiplicative operator,

Â has the following form in ZDO:

〈χµ|Â|χν〉 = δµνAµµ , (A.1.1)

where nondiagonal elements are zero due to the neglected differential overlap of noniden-

tical AOs.

Electric dipole moment

Let us take the coordinate operator, r (measured from origin O) and rewrite it using

the position of atom A, RA (measured from O) as a new origin: r = RA +ρA, where ρA

is a relative coordinate measured from the new origin. The dipole moment then can be

evaluated on the basis of the hybrid orbitals defined in Eq.(3.2.2) as:

dµν =
3∑

I,J=0

cIcJ〈χI
µ| − r̂|χJ

ν 〉 =
3∑

I,J=0

c2I〈χI
µ| − (Rµ + ρµ)|χJ

ν 〉 = −
3∑

I=0

c2I Rµδµν = −Rµδµν

(A.1.2)

where the orthonormality of the AO basis and Eq.(A.1.1) is utilized. The one-center

integral 〈χI
µ|ρµ|χI

µ〉 vanishes, because ρµ is an odd, while (χI
µ)2 is an even function of the

variables ρµ,x, ρµ,y and ρµ,z.
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Magnetic dipole moment

Magnetic dipole moment integrals are obtained according to the alternative ve-

locity representation described in Section 2.2.2. Following Linderberg[401], momentum

integrals, are derived based on the equation of motion in Eq.(2.2.26):

∇µν = hµν(Rµ −Rν) , for µ 6= ν . (A.1.3)

Substituting r = Rµ + ρµ into the expression of the magnetic dipole moment yields:

〈χµ|m̂α|χν〉 = −
[

1

2
〈χµ|(Rµ − g) × p|χν〉 +

1

2
〈χµ|ρµ × p|χν〉

]

α

, (A.1.4)

where g is the gauge-origin introduced in Section 2.2.2. The second term vanishes again

in the ZDO approximation, which can be recognized if utilizing the resolution of identity:

〈χµ|ρµ × p|χν〉 =
∑

λ〈χµ|ρµ|χλ〉 × 〈χλ|p|χν〉. The remaining, first term of Eq.(A.1.4)

can be simplified by exploiting Eq.(A.1.3):

(mα)µν = − i

2
ǫαβγ(Rβ

µ − gβ)(∇γ)µν =
i

2
ǫαβγ(Rβ

µ − gβ)hµν(Rγ
ν −Rγ

µ)

=
i

2
hµν

(

(Rβ
µ − gβ)Rγ

ν − (Rγ
µ − gγ)Rβ

ν + gβR
γ
µ − gγR

β
µ

)

, (A.1.5)

where in the final formula, indices β and γ follow α in a cyclic order.

Electric quadrupole moment

Let us introduce the relative coordinate, ρA into the expression of the traceless

quadrupole moment matrix elements:

(Θαβ)µν = −1

2

(

3〈χµ|rαrβ|χν〉 − δαβ
∑

λ

〈χµ|rλrλ|χν〉
)

=

= −1

2

(

〈χµ|Rα
µR

β
µ|χν〉

︸ ︷︷ ︸

δµνRα
µR

β
µ

+3 〈χµ|ραµRβ
µ +Rα

µρ
β
µ|χν〉

︸ ︷︷ ︸
0

+3 〈χµ|ραµρβµ|χν〉
︸ ︷︷ ︸

δµνδαβ〈χµ|(ραµ)
2|χµ〉

−δαβδµν
∑

λ

[
(Rλ

µ)2 + 〈χµ|(ρλµ)2|χµ〉
︸ ︷︷ ︸

Tλ

])

=

= −1

2
δµν

(

3Rα
µR

β
µ + 3δαβTα − δαβ

∑

λ

[
(Rλ

µ)2 + Tλ
]

)

. (A.1.6)

In the second step, the orthonormality of the AO basis and the ZDO approximation is

utilized. Note, that δαβ appears in the expression of 〈χµ|ραµρβµ|χν〉, because the integral is

nonzero, only if ραµρ
β
µ is an even function of the variables ρµ,x, ρµ,y and ρµ,z. Additionally,

the notation Tα = 〈χµ|(ραµ)2|χµ〉 has been introduced. Considering the hybrid expansion
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Section A.2 Multipole matrix elements

T I
α x y z

2s 2.5 2.5 2.5
2px 4.5 1.5 1.5
2py 1.5 4.5 1.5
2pz 1.5 1.5 4.5

Table A.1: Values of one center integrals, T I
α defined in Eq.(A.1.7) in (ζ2,C)

−2 units,
where ζ2,C is the Slater-exponent in the second shell for carbon and ζ2,C = 1.625 bohr−1.

at Eq.(3.2.2), Tα can be computed as follows:

Tα =
3∑

I,J=0

cIcJ〈χI
µ|(ραµ)2|χJ

µ〉 =
3∑

I=0

c2I〈χI
µ|(ραµ)2|χI

µ〉 =
3∑

I=0

c2I T
I
α , (A.1.7)

that has been simplified according to the ZDO approximation. One center integrals, T I
α

are evaluated with Slater-type atomic orbitals and collected in Table A.1.

Transformation of the AO matrix elements to the MO basis reads:

(Vα)ja =
∑

µν

Cµj(Vα)µνCνa . (A.1.8)

A.2 Derivatives with respect to normal coordinates

Derivatives of the multipole matrix elements, ∂Vµν

∂Rβ
σ

within the ZDO approximation

have fairly simple form. One of the reasons behind this simplicity, is that the matrix

elements are obtained by parametrization, thus the derivatives of the AOs with respect

to the nuclei, the so-called Pulay forces[402, 403] do not appear.

Electric dipole derivatives

Utilizing the ZDO result for the electric dipole in Eq.(A.1.2), the derivative reads:

∂(dα)µν

∂Rβ
σ

= −δµνδαβδµσ . (A.2.1)

Magnetic dipole derivatives

Derivative of the ZDO magnetic dipole is obtained by differentiating Eq.(A.1.5):

∂(mα)µν
∂Rδ

σ

=
i

2

[
∂hµν
∂Rδ

σ

(

(Rβ
µ − gβ)Rγ

ν − (Rγ
µ − gγ)Rβ

ν

)

+ hµν

(

gβδσµδδγ − gγδσµδδβ +

δµσ[Rγ
νδδβ −Rβ

ν δδγ ] + δνσ[(Rβ
µ − gβ)δδγ − (Rγ

µ − gγ)δδβ]
)]

, (A.2.2)

where ∂hµν

∂Rδ
σ

is given in Eq.(3.2.4).
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Section A.2 Multipole matrix elements

Electric quadrupole derivatives

The electric quadrupole derivative is given by differentiation of Eq.(A.1.6):

∂(Θαβ)µν
∂Rγ

σ
= −1

2
δµνδµσ

(
3Rα

µδβγ + 3Rβ
µδαγ − 2δαβδαγR

α
µ

)
, (A.2.3)

Derivatives with respect to normal coordinates

Given the above multipole moment derivatives, (V Qa
α )ja matrix elements are ob-

tained by utilizing the chain rule:

∂(Vα)µν
∂Qa

=
∑

σ,β

∂(Vα)µν

∂Rβ
σ

∂Rβ
σ

∂Qa

=
∑

σ,β

∂(Vα)µν

∂Rβ
σ

Lσβ,a , (A.2.4)

where ∂Rβ
σ

∂Qa
has been expressed with the GF eigenvectors based on Eq.(2.1.61). Transfor-

mation of Eq.(A.2.4) to the MO basis yields (V Qa
α )ja analogously to Eq.(A.1.8).

The MO matrix elements can be simplified exploiting the Kronecker deltas in the

electric dipole and quadrupole moment related formulae and the sparsity of the TB Hamil-

tonian when the magnetic dipole and its derivative are computed. These simplifications

are utilized in our implementation, but not discussed here explicitly.
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Details of our ROA implementation

The TB and all-π models for ROA are implemented in a local, FORTRAN pro-

gram. Two main parts, computing polarizability derivatives of finite and periodic systems,

share common functions/routines for reading input data, communication with external

programs, and post processing the polarizability derivatives. The computation of the

polarizability derivatives is discussed in the following sections.

Both parts start with reading Cartesian coordinates and normal mode vectors from

input files. Then the Schrödinger-equation of the field independent π-electron model is

solved. This is followed by the computation or reading of the multipole integrals, their

geometric derivatives and the geometric derivative of the field independent Hamiltonian

in the AO basis; and integral transformation to the MO basis. Terms of the polarizability

derivatives are obtained independently either using the TDPT or the response function

based intermediates and numerical or analytical derivatives. Finally, the spectroscopic

invariants, ROA intensities and scattering cross sections are constructed from the (gen-

erally complex) polarizability derivatives. Lorentzian line broadening of the peak spectra

is also performed by this local program.

All parts can be operated using both atomic and SI units.1 Unit changes are neces-

sary, because the code is interfaced with different programs (Gaussian[106], Dalton[142],

GAMESS-US[266], VASP[356], Pyvib2[405]), having various input and output conven-

tions.

All parts of the implementation is tested extensively, because the final π-electron

ROA results can not be obtained by any other program package for comparison. The

origin-independence of all physical quantities is tested via shifting the origin of the co-

ordinate system manually. Analytical and numerical geometric derivatives are found in

agreement for both finite and periodic systems. ROA tensors are computed with both

complex and if possible, with real arithmetic. In cases, when all intermediate quantities

1The non-trivial unit convention of the polarizability derivatives is explained in Ref. [404].
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Appendix B.2 ROA implementation

can be considered real2, i.e. when Γ = 0 for finite systems and both Γ = 0 and k = 0 for

the periodic systems, the limits of all complex intermediates tends to the corresponding

real values. The rest of the testing procedure is discussed in detail in what follows.

Altogether, our program consists of approximately 15000 lines of FORTRAN code

and an 1000 lines of linux shell script for interfacing and controlling tasks.

B.1 ROA implementation for molecules

The models available for Raman and ROA spectra computation in our code are

summarized in Table B.1. The columns and rows of Table B.1 represent the choices of

field-independent model and multipole integrals, respectively. Combinations denoted by

’X’ are less meaningful and not implemented. The rest of the field names are applied

to label the models, e.g. in figures. Besides notations and abbreviations introduced in

Section 3, ’STO-hybr’ refers to multipole integrals computed with the STO-6G basis set

and transformed to the hybrid 2p basis according to Eq.(3.2.2). Notation ’noCP’ refers

to the SOS approach, when the coupled-perturbed equations are not solved.

TB all-π HF/SOS CPHF
ZDO TB all-π, ZDO X X

STO-hybr. X all-π, STO X X
STO-6G X X HF, noCP, STO CPHF, STO

Table B.1: Model combinations available in our local implementation for finite
system. For notations, see the text of this section or Section 3.

The implementation of the above five methods are tested extensively. Besides the

test for origin-invariance, selection rules for Raman spectra are tested on the examples of

small, aromatic molecules, such as benzene. Agreement is found between all four alter-

natives for TB polarizability derivatives, using TDPT or response theory with analytical

or numerical geometric differentiation.

The CPHF ROA code is tested against the implementations in the Gaussian[106]

and Dalton[142] packages. HF with SOS expressions are not available via standard option

in any publicly or commercially available packages. For testing purposes, we obtained

the SOS approach for HF ROA polarizability derivatives by omitting (i.e. bypassing) the

OR routine of standard CPHF implementations of the GAMESS-US[406, 407] and the

Dalton[112, 408, 409] package.

The all-π model is not available in any other programs. Since the ’TB’, ’all-π, STO’

and ’HF, noCP, STO’ are close to identical for C76 (see Figures 3.7 and 3.9 and Table 3.1),

and the ’HF, noCP, STO’ ROA spectra are very well reproduced in all cases presented in

Section 3.3.2, we consider the code part computing the all-π spectra tested.

2 The magnetic quantities are purely imaginary if Γ = 0, hence only their imaginary parts are stored.
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B.2 ROA implementation for periodic systems

This Section collects strategies we followed to test our ROA implementation im-

plying periodic symmetry. Since there was not any implementation for periodic ROA

available for us, all features that differ from the modules of our ROA program for finite

size molecules are tested carefully.

Besides the tests for the origin-invariance, agreement of the analytical and numerical

geometric derivatives, spectroscopic selection rules are considered. We found that only

the 26 symmetry allowed vibrations exhibit nonzero ROA intensity.

The derivative of COs with respect to k is also a novel part. It has been tested

against the numerical derivative with respect to k, using the two point symmetric finite

difference formula:

C
[k]
µj (k) =

Cµj(k + ∆k) − Cµj(k − ∆k)

2∆k

(B.2.1)

At this point, it is necessary to discuss the difference between the diagonalization of a

real, symmetric matrix and a complex, Hermitian matrix. The former has well defined

eigenvectors after normalization, while the eigenvectors of the latter are only given up

to a complex phase factor[410]. In other words, Cµj(k) and eiφj(k)Cµj(k) define equally

valid COs of the complex Hamiltonian with arbitrary φj(k) ∈ R. Consequently, spe-

cial care has to be taken to fix the phase factors as a function of k, φj(k) when the

finite difference of Eq.(B.2.1) is evaluated with coefficients coming from two independent

diagonalizations[300, 411, 412].

Test for the periodic multipole operators: supercell method

We conclude this series of verifications by a numerical test of the periodic multipole

operators. For that purpose, we compare spectra obtained from a single TUC and from

a supercell containing two TUCs. In case of the supercell computation, all quantities are

normalized for a single TUC. Obviously, if the periodicity of the multipole operator is

broken, the values of physical quantities normalized to a single TUC are not the same

if computed from a single unit cell or from a supercell. However, if the implementation

of the periodic multipole operators is correct, the supercell and the single TUC based

method give the same result for all physical quantities. The comparison of non-physical

quantities is more complicated. First, the Bloch functions of a supercell are expressed

with the Bloch functions of the reference TUC. Let us recognize, that the number of

states are the same in both systems constructed from a single TUC or from two TUCs,

but the Brillouin zone of the supercell is only half of the original:
[
− π

2a
, π
2a

]
. Therefore

the number of COs in the supercell are twice of the original, namely 4q.
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Now let us investigate the relation between the single TUC and the supercell COs.

For a selected CO of the TUC:

ϕ
[1]
j (k) =

2q
∑

µ=1

C
[1]
µ,j(k)

∞∑

t=−∞

eiktaT̂ t(a)χµ

=

2q
∑

µ=1

C
[1]
µ,j(k)

( even∑

t

eiktaT̂ t(a)χµ +
odd∑

t

eiktaT̂ t(a)χµ

)

=

2q
∑

µ=1

even∑

t

eiktaT̂ t(a)
(

C
[1]
µ,j(k) + eikaC

[1]
µ,j(k)T (a)

)

χµ . (B.2.2)

The corresponding CO of the supercell is also a Bloch function:

ϕ
[2]
j (K) =

4q
∑

µ=1

C
[2]
µ,j(K)

∞∑

T=−∞

eiKTaT̂ T (2a)χµ , (B.2.3)

where indices K and T are capitalized to stress, that K ∈
[
− π

2a
, π
2a

]
and T̂ T (2a) translates

with T ·2a. From Eqs. (B.2.2) and (B.2.3) follows, that ϕ
[2]
j (K) can be constructed using

solely the CO coefficients of ϕ
[1]
j (k):

ϕ
[2]
j (K) =

∞∑

T

eiKTaT̂ T (2a)
( 2q
∑

µ=1

C
[1]
µ,j(K) +

4q
∑

µ=2q+1

eiKaC
[1]
µ−2q,j(K)

)

χµ . (B.2.4)

In the construction of ϕ
[2]
j (K) of Eq.(B.2.4) all j = 1, . . . , 2q coefficients, C

[1]
µ,j(K) are

utilized for a given K ∈
[
− π

2a
, π
2a

]
. The second set of the supercell COs can be constructed

using the rest of the TUC COs, namely using C
[1]
µ,j(K − π

a
) coefficients:

ϕ
[2]
j′ (K) =

∞∑

T

eiKTaT̂ T (2a)
( 2q
∑

µ=1

C
[1]
µ,j(K − π

a
) +

4q
∑

µ=2q+1

eiKaC
[1]
µ−2q,j(K − π

a
)
)

χµ . (B.2.5)

Additionally, it follows from zone folding considerations[289, 291], that ǫ
[2]
j (K) = ǫ

[1]
j (K)

and ǫ
[2]
j′ (K) = ǫ

[1]
j (K − π

a
). Based on the above relation between ϕ

[2]
j , ϕ

[2]
j′ and ϕ

[1]
j all

supercell properties can be expressed with the properties of a single TUC. For instance,

as a result of a lengthy derivation, one finds the following relation for polarizabilities:

τ
[2]
αβ(K) = τ

[1]
αβ(K) + τ

[1]
αβ(K − π

a
) , (B.2.6)

where

ταβ(K) = −2
occ∑

j

virt∑

a

(

(dα)Kja (V β)Kaj
∆K

aj − ω − iΓ
+

(V β)Kja (dα)Kaj
∆K

aj + ω + iΓ

)

. (B.2.7)

Based on the above identities, we have tested the implementation of all periodic multipole

operators and polarizabilities.
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Derivations connected to the

electronic structure of periodic

systems

C.1 Translational periodicity

Let us start with the proof of the orthonormality of the TSAB. Assuming orthonor-

mality of the 2q ·M dimensional set of AOs corresponding to the whole periodic system,

we can write the following:

〈ζkµ|ζk
′

ν 〉 =
1

2M + 1

M∑

t,t′=−M

ei(tk−t′k′)a 〈T̂ t′(a)χµ | T̂ t(a)χν〉
︸ ︷︷ ︸

δµνδtt′

(C.1.1)

=
1

2M + 1

M∑

t=−M

eit(k−k′)aδµν = δµνδk,k′ ,

where first the ZDO approximation, then the identity in Eq.(4.2.3) have been utilized in

the last transformation.

Using the above TSAB, the second quantized one-particle Hamiltonian (for instance

in the TB model) has the following form:

ˆ̂
H =

2q
∑

µ,ν=1

∑

k,k′

〈ζkµ|Ĥ|ζk′ν 〉 (ζkµ)+ (ζk
′

ν )− , (C.1.2)

where (ζkµ)+ and (ζkµ)− are the creation and annihilation operators of TSAB functions

ζkµ. As a consequence of symmetry-adaptation, the matrix of Ĥ with TSAB functions is
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indeed block diagonal in the quasi-momentum indices:

〈ζkµ|Ĥ|ζk′ν 〉 =
1

2M + 1

M∑

t,t′=−M

e−ikta eit
′k′a〈T̂ t(a)χµ|Ĥ|T̂ t′(a)χν〉 (C.1.3)

=
1

2M + 1

M∑

t,t′=−M

e−i(t+t′)K′a ei(t
′−t)Ka〈χµ|Ĥ|T̂ (t′−t)(a)χν〉

where notations K = (k+ k′)/2 and K ′ = (k− k′)/2 have been introduced. Additionally,

the translational periodicity of Ĥ has been utilized in the following identity:

〈T̂ t(a)χµ|Ĥ|T̂ t′(a)χν〉 = 〈χµ|Ĥ|T̂ (t′−t)(a)χν〉 ,

which follows directly from the unitary nature of T̂ (a), i.e. T̂+(a) = T̂−1(a). Introducing

Q = t+ t′ and P = t′ − t, the derivation in Eq.(C.1.3) can be continued:

〈ζkµ|Ĥ|ζk′ν 〉 =
1

2M + 1

M∑

Q=−M

e−iQK′a

︸ ︷︷ ︸

δk,k′

M∑

P=−M

eiPKa 〈χµ|Ĥ|T̂ P (a)χν〉

=
M∑

P=−M

eiPka 〈χµ|Ĥ|T̂ P (a)χν〉δk,k′ , (C.1.4)

where the identity in Eq.(4.2.3) has been applied again, resulting in Q = 0, i.e. k = k′.

To obtain the matrix elements of Ĥ in Eq.(C.1.4), the so-called lattice sum has to

be evaluated. Due to the nearest-neighbour approximation in our TB model, the only

nonzero terms in the lattice sum are obtained with functions located in the reference unit

cell and in its neighbour cells:

〈ζkµ|Ĥ|ζk′ν 〉 =
(
e−ikahµ,ν−2q + hµν + eikahµ,ν+2q

)

︸ ︷︷ ︸

Hζ
µν(k)

δk,k′ , (C.1.5)

with hµν = 〈χµ|Ĥ|χν〉, hµ,ν−2q = 〈χµ|Ĥ|T̂−1(a)χν〉 and hµ,ν+2q = 〈χµ|Ĥ|T̂+1(a)χν〉.1
Substituting Eq.(C.1.4) into Eq.(C.1.2) yields the the second quantized TB Hamiltonian:

ˆ̂
H =

2q
∑

µ,ν=1

∑

k

〈ζkµ|Ĥ|ζkν 〉(ζkµ)+ (ζkν )− =

2q
∑

µ,ν=1

∑

k

Hζ
µν(k)(ζkµ)+ (ζkν )− . (C.1.6)

Let us note, for the sake of completeness, that an analogous derivation can be carried

out for two-electron operators [413]. Since we do not make use of any translational

symmetry-adapted two-electron operator, that derivation is not presented here.

1 Note, that hµ,ν−2q and hµ,ν+2q are only nonzero, if atom µ is in the border of the reference TUC
and atom ν − 2q or ν + 2q is its direct neighbour.
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Finally, we introduce, how to take the thermodynamic limit of a physical quantity

taking the example of the total energy. First, let us note that introducing the Born-

Kármán boundary condition in a finite and periodic system leads to the quantization of

the quasi-momentum: kj = π
a(2M+1)

j with j ∈ [−M,M ]∩Z. As a result of Eq.(C.1.5), the

Schrödinger equation of Eq.(4.2.10) can be solved for all k values and the energy bands,

ǫl(k) can be obtained. Then the total energy of the finite periodic system reads as

ETB =
2

2M + 1

M∑

j=−M

occ∑

l

ǫl(kj) =
1

2M + 1

M∑

j=−M

E(kj) , (C.1.7)

where the notation E(kj) = 2
occ∑

l

ǫl(kj) is introduced and the factor of 1
2M+1

ensures, that

ETB is normalized to a single TUC. Then the total energy in the thermodynamic limit

reads:

ETB = lim
M→∞

1

2M + 1

M∑

j=−M

E(kj) . (C.1.8)

In the limiting case of M → ∞, we can exploit the following identity:

E(kj) =

kj+
π

a(2M+1)∫

kj−
π

a(2M+1)

dk E(k)

2π
a(2M+1)

=
a(2M + 1)

2π

kj+
π

a(2M+1)∫

kj−
π

a(2M+1)

dk E(k) , (C.1.9)

that is the simple rearrangement of the definition of the definite integral in the numerator.

Substitution of Eq.(C.1.9) into Eq.(C.1.8) leads to the following result:

ETB = lim
M→∞

1

2M + 1

M∑

j=−M

a(2M + 1)

2π

kj+
π

a(2M+1)∫

kj−
π

a(2M+1)

dk E(k) (C.1.10)

=
a

2π
lim

M→∞

M∑

j=−M

kj+
π

a(2M+1)∫

kj−
π

a(2M+1)

dk E(k) =
a

2π
lim

M→∞

π
a∫

−π
a

dk E(k) =
a

2π

∫

BZ

dk E(k) ,

where the final integration interval is a result of the following identity:

[

−π
a
,
π

a

]

=
M⋃

j=−M

[

kj −
π

a(2M + 1)
, kj +

π

a(2M + 1)

]

.

Consequently, the value of a general physical quantity, F normalized to a single unit

cell in the infinite limit can be obtained form the finite result based on the following

transformation[289–291]:

1

2M + 1

∑

k

F (k) → a

2π

∫

BZ

dk F (k) . (C.1.11)
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C.2 Helical periodicity

Since the Hamiltonian is already given in the TSAB, let us first establish the relation

between the 2q-dimensional TSAB and HSAB in Eqs. (4.2.8) and (4.2.12). We recognize,

that 2q distinct AOs necessary for the TSAB can be generated starting from the 2 distinct

AOs necessary for HSAB with the aid of roto-translational generators, as follows:

χµ·m = l̂(0,m) χµ , µ ∈ {1, 2} ;m ∈
]

− q

2
,
q

2

]

∩ Z . (C.2.1)

Consequently, TSAB functions can be generated from the two distinct AOs in the HUC

as follows:

ζkµ·m =

√

1

2M + 1

M∑

t=−M

eikta l̂(t,m) χµ , (C.2.2)

where µ·m denotes the product of indices µ andm. Comparing the above with Eq.(4.2.12),

the relation between ζkµ·m and ξkmµ can be deduced:

ξkmµ =

√
1

q

q−1
∑

j=0

eimj 2π
q eikFr[

pj
q ]aζkµ·j . (C.2.3)

Therefore the transformation between HSAB and TSAB is governed by matrix D:

Dmn(k) = 〈ξkmµ | ζkν·n〉 =
δµν√
q
e−imn 2π

q e−ikFr[ pnq ]a . (C.2.4)

From the facts, that D is unitary and TSAB is orthonormal follows, that HSAB is or-

thonormal too.

Following the line of thought of the previous section, the matrix representation of

the TB Hamiltonian in the HSAB should be derived next. Since the TB Hamiltonian is

already given in TSAB, we exploit the unitary connection between TSAB and HSAB:

(Hξ)mm′

µν (k) = 〈ξkmµ |Ĥ|ξkm′

ν 〉 =

q
∑

o,s=1

Dmo(k) (Hζ)osµν(k) D∗
m′s(k) , (C.2.5)

where we adapt the notation of Eq.(C.2.2) to the matrix elements of the TB Hamiltonian

in the TSAB:

(Hζ)osµν(k) = 〈ζkµ·o|Ĥ|ζkν·s〉 .
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Periodic multipole operators

D.1 Vector potential method

The vector potential method (VPM) for the derivation of the periodic dipole opera-

tor appeared in the literature several times in different forms. The main idea is attributed

to Houston[414], Kittel[330] and Genkin and Mednis[415]. VPM was applied later in solid

state physics in order to study the long lasting problem of the Bloch electron in static

electric field[416–418] by Krieger and Iafrate[312]. It was Kirtman et al.[313] who adapted

VPM for ab initio quantum chemistry in 2000. Detailed derivation can be found in several

literature sources[419–421]. Below we briefly introduce the main ideas of the VPM.

Let us start again from the Hamiltonian in the electromagnetic field:
[

(p− qA(r, t))2

2m
− V (r) + qφ(r, t)

]

Ψj(r) = Ej Ψj(r) , (D.1.1)

A change of gauge, i.e. A′(r, t) = A(r, t) +∇f(r) and simultaneously φ′(r, t) = φ(r)− ∂f
∂t

does not effect the observables, e.g. Ej eigenvalues, but transforms the Hamiltonian and

its eigenvectors:

H ′ = UHU−1 and Ψ′
j(r) = U Ψj(r) , (D.1.2)

with U = e−if(r) unitary transformation[335, 422]. We are already familiar with the

scalar potential gauge, for homogeneous electric field, E; where A(r, t) = 0, φ(r, t) =

−Er and q = −1 as a charge of an electron. Performing a gauge transformation with

f(r) = −E r t = A(r, t)t gets us another special case, the vector potential gauge, where

A(r, t) = −Et and φ(r, t) = 0. Choosing the vector potential gauge, one can immediately

realize, that the resulting field-dependent Hamiltonian is translationally invariant, since

A(t) = −Et is homogeneous in space. Utilizing Bloch’s theorem, the unitary transformed

crystal orbitals, can be obtained:

ϕk′

j (r, t) = e−iA(t)rϕk
j (r) = e−iA(t)reikrvj(r) = ei(k−A(t))rvj(r) , (D.1.3)
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Appendix D.1 Vector potential method

and consequently k′(t) = k − A(t). We now wish to follow the time evolution of the

system starting from the initial state ϕ(r, t = 0) = eikrvn(r). To solve the time-dependent

Schrödinger equation (TDSE):

i
∂Ψj(r, t)

∂t
=

[
(p + A(t))2

2m
− V (r)

]

Ψj(r, t) (D.1.4)

we formulate the Ansatz:

Ψj(r, t) =
∑

n,k′

ak
′

n (t) eik
′rvn(r) (D.1.5)

with ak
′

j (t = 0) = 1 and ak
′

l (t = 0) = 0 for l 6= j. As a result of a rather lengthy derivation,

one arrives at the following differential equation for the expansion coefficients:

iȧk
′

n (t) = En(k′) ak
′

n (t) − E

∑

n′

Ωk′

nn′ ak
′

n′(t) , (D.1.6)

with the following coupling matrix element:

Ωk′

nn′ = 〈eik′ruk
′

n (r)| (r + i∇k′)
︸ ︷︷ ︸

ieik
′r∇k′e

−ik′r

|eik′ruk
′

n′(r)〉 = i

∫

dr uk
′

n (r)∇k′ u
k′

n′(r) (D.1.7)

The operator appears in the coupling term is in agreement with the dipole operator of

Otto in Eq.(4.3.3).1

We know from the TDSE in the scalar potential gauge, that the coupling of the

coefficients is governed by the electric dipole matrix elements, therefore we can associate

the periodic r + i∇k operator with the dipole moment of the system. Let us illustrate

the derivation in the scalar potential gauge briefly. Starting from the field-dependent

Hamiltonian

Ĥ =
p̂2

2m
+ V̂ (r) − E r̂ , (D.1.8)

we solve the TDSE with the Ansatz expanded on the solutions of p2

2m
+ V (r):

Ψj(r, t) =
∑

n,k

bkn(t)φk
n(r) , (D.1.9)

with bkj (t = 0) = 1 and bkl (t = 0) = 0 for l 6= j. Substituting this into the TDSE the

resulting differential equation for the expansion coefficients reads:

iḃkn(t) = En(k) bkn(t) − E

∑

n′,k′

〈φk
n |̂r|φk′

n′〉 bk′n′(t) . (D.1.10)

Let us highlight the key difference between Eq.(D.1.6) and Eq.(D.1.10). The coupling

operator is translationally invariant in the VPM, therefore the time evolutions of akj is

independent of ak
′

j for all k 6= k′. However, the coupling in governed by the unperiodic

1 Note, that the time dependence of k′(t) is significant during the derivation of R̂. One can return to
the time-independent formulation once the proper dipole operator is obtained[313].
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coordinate operator in the scalar potential gauge and consequently the time evolution of

all bkn coefficients are coupled to the infinitely many bk
′

n′ coefficients.

D.2 Electric dipole according to the modern theory

of polarization

The microscopic definition of the polarization of a solid, i.e. the electric dipole

moment per unit volume was problematic for a long time[316], until the modern theory

of polarization (MTP) was established in 1992[314, 331]. Conceptual difficulties partly

originate from the unperiodic nature of the coordinate operator mentioned before. The

definition of the polarization is simply:

P = − 1

Ω

∫

Ω

drΨ∗(r) rΨ(r) , (D.2.1)

where Ω is the unit cell volume. Based on Eq.(D.2.1) it is obvious, that P depends

on the choice of the unit cell. This paradoxical situation is resolved, that P itself has

no experimental relevance, only its change can be measured for a solid. Introductory

treatment of the subject as well as reviews of the solution of these problems are available

for the interested reader[316, 423]. The focus of this section is the formulation of the

electric dipole moment in the framework of the MTP. We note, that the conventional

formulation of the MTP involves advanced concepts from solid state physics[314, 331].

To keep to discussion as simple as possible, we choose an alternative approach motivated

by the derivation of Resta et al.[317] for the magnetic dipole moment within the MTOM.

To get rid of the unit cell dependence of P in Eq.(D.2.1) one could imagine that the

integration extends over the entire solid and the normalization factor changes accordingly.

The existence of such an improper integral is doubtful, as the Bloch functions are delocal-

ized for the entire, infinite system and the coordinate operator grows monotonically. In

analogy with the case of finite systems, one could benefit from a localized representation.

For localization in solids, Wannier functions[328, 424] are the most common choice:

wl
j(r−Rl) =

Ω

(2π)3

∫

BZ

dk eik(r−Rl)ukj (r) , (D.2.2)

where Rl points to the center of unit cell l and ukj (r) are lattice periodic functions.2 Since

the Wannier functions are unitary transforms of the Bloch functions, the wavefunction of

2Let us recognize, that Eq.(D.2.2) is the Fourier-transformation of the Bloch functions. The Wannier
function wl

j(r −Rl) is localized in the sense, that the oscillation of the exponential, eik(r−Rl) increases
with increasing r−Rl and eventually cancels the rest of the integrand.
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the system can be written as follows:

|Ψ〉 =
occ∏

j

∏

l

(wl
j)

+|vac〉 . (D.2.3)

Accordingly, the polarization reads with this wavefunction:

P = − lim
L→∞

1

Ω

occ∑

j,j′

L∑

l,l′

〈wl
j |̂r|wl′

j′〉 . (D.2.4)

If we exploit the locality of the Wannier functions, we can assume, that 〈wl′

j′ |̂r|wl
j〉 =

〈wl
j′ |̂r|wl

j〉δl,l′ . Substituting this approximation into the polarization, we get:

P = − lim
L→∞

1

Ω

occ∑

j,j′

L∑

l

〈wl
j |̂r|wl

j′〉 . (D.2.5)

Note that, the polarization of Eq.(D.2.5) is finite unlike the Bloch function based formu-

lation in Eq.(D.2.1).

Let us continue with the comparison of Eq.(D.2.5) with the definition of Otto in

Eq.(4.3.3). In order to do that, we need to express the contribution of wl
j to the dipole

moment in terms of Bloch functions, using the following identity[317, 328]:

r̂wl
j(r−Rl) =

Ω

(2π)3

∫

BZ

dk eik(r−Rl) i∇k u
k
j (r) . (D.2.6)

After multiplication of Eq.(D.2.6) by (wl
j)

∗ and integration, the polarization reads:

P = − lim
L→∞

occ∑

j,j′

iΩ

(2π)6

∫

dr

∫

BZ

dk

∫

BZ

dk′

(
L∑

l

ei(k−k′)Rl

)

︸ ︷︷ ︸

δ(k−k′)
(2π)3

Ω

ei(k−k′)r uk
′

j (r)∇ku
k
j′(r)

=
−i

(2π)3

occ∑

j,j′

∫

dr

∫

BZ

dk ukj (r)∇k u
k
j′(r) (D.2.7)

where the orthogonality condition of Eq.(4.2.1) is exploited. We also recognized, that

the resulting expression become independent of l, hence the limit was evaluated trivially.

Finally, we note that the polarization can be expressed with the so-called Berry potential

(A(k)) and its Berry phase
∫

BZ
dk A(k)[315, 316]:

∫

BZ

dk ukj (r)∇k u
k
j (r) =

∫

BZ

dkA(k) . (D.2.8)

Looking at Eq.(D.2.7), the agreement of the Wannier-function based formula with

the result of the VPM (Eq.(D.1.7)) and hence with Otto’s definition (Eq.(4.3.3)) is obvi-

ous. Therefore, using localized Wannier-functions is beneficial, since the resulting polar-

ization is finite. Moreover, it was shown, that the Wannier function based polarization is

in accord with previous derivations using Bloch functions.
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D.3 Magnetic dipole according to the modern theory

of orbital magnetization

The modern theory of orbital magnetization (MTOM) studies the magnetization,

i.e. the magnetic dipole moment per unit volume, originated solely form the orbital angu-

lar momentum of the solid. Since the spin magnetization is often an order of magnitude

stronger in solids that the orbital magnetization, computations on magnetic properties

of solids were focused on the spin magnetization. The development of a rigorous theory

of orbital magnetization started only in 2005 with the seminal papers of Resta, Vander-

bilt and coworkers[317, 318]. In this section, we focus on the Wannier function based

formulation of MTOM. The derivation presented below follows the line of thought in-

troduced for the periodic electric dipole in Section D.2 and essentially identical with the

approach of Ref. [317]. We rely again on the locality of the Wannier functions, therefore

the derivation is limited to nonmetallic systems. More recent formulations of MTOM are

better suited for metallic systems[346, 425]. For more insight we refer to the following

reviews[426–428].

The formulation of the orbital magnetization on the Wannier basis is analogous to

the polarizations in Eq.(D.2.5):

M = − lim
L→∞

1

2Ω

occ∑

j,j′

L∑

l

〈wl
j |̂r× p̂|wl

j′〉 , (D.3.1)

where the locality of the Wannier functions is already exploited. The matrix element of

r̂× p̂ can be simplified by utilizing the EOM of Eq.(2.2.26):3

〈wl
j| r̂× p̂|wl

j′〉 = i〈wl
j| r̂× [Ĥ, r̂] |wl

j′〉 = i〈wl
j| r̂× Ĥ r̂ |wl

j′〉 , (D.3.2)

where we have introduced the following notation:

〈wl
j| (r̂× Ĥ r̂)α |wl

j′〉 = ǫαβγ〈wl
j| r̂β Ĥ r̂γ |wl

j′〉 (D.3.3)

and exploited that the second term of the commutator cancels, since 〈wl
j| r̂× r̂Ĥ |wl

j〉 = 0.

Let us proceed by substituting Eq.(D.2.6) and Eq.(D.3.2) into Eq.(D.3.1) to obtain the

orbital magnetization:

Mα =−i lim
L→∞

ǫαβγΩ

2(2π)6

occ∑

j,j′

∫ ∫

BZ

dk dk′

(
L∑

l

ei(k−k′)Rl

)

︸ ︷︷ ︸

δ(k−k′)
(2π)3

Ω

〈

∂k′
β
uk

′

j |e−ik′rHeikr|∂kγukj′
〉

=−i ǫαβγ
2(2π)3

occ∑

j,j′

∫

BZ

dk
〈
∂kβu

k
j |e−ikrHeikr|∂kγukj′

〉
. (D.3.4)

3 Note, that due to locality of the Wannier functions, we substituted the EOM valid for finite systems.
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The final expression of for the orbital magnetization is usually written in the following

notation:

M =
−i

2(2π)3

occ∑

j,j′

∫

BZ

dk
〈
∇ku

k
j | × H̄(k)|∇ku

k
j′

〉
, (D.3.5)

where H̄(k) = e−ikrHeikr and the following shorthand for the cross product is introduced:

ǫαβγ

∫

dr (∂kβu
k
j )∗ (e−ikrH eikr) ∂kγu

k
j′ =

∫

dr
(

(∇ku
k
j )∗ × H̄(k)∇ku

k
j′

)

α
.

Having the MTOM magnetization formula at hand, it is not obvious, how the

MTOM and the periodic magnetic dipole moment of Eq.(4.3.17), M̂ are related. To

investigate this question, let us take the matrix elements of M̂ with COs:

M
k
jj′ =

1

2

〈

ukj e
ikr| (r + i∇k)

︸ ︷︷ ︸

ieikr∇ke−ikr

×p |eikrukj′
〉

, (D.3.6)

Let us proceed with the substitution of the EOM of periodic systems (see Eq.(4.3.2)) into

the above magnetic dipole formula:

M
k
jj′ = − i

2

{
〈

ukj |(∇ke
−ikr) × (Heikr∇k)|ukj′

〉

−
〈

ukj |(∇ke
−ikr) × (eikr∇ke

−ikrH)|eikrukj′
︸ ︷︷ ︸

ǫj(k)eikruk
j′

〉
}

, (D.3.7)

where we utilized, that eikrukj is an eigenfunction ofH. Finally, after trivial manipulations,

we recover the MTOM magnetic dipole formula of Eq.(D.3.5):

M =
−i

2(2π)3

occ∑

j,j′

∫

BZ

dkMk
jj′ =

−i
2(2π)3

occ∑

j,j′

∫

BZ

dk
〈

∇ku
k
j | × (H̄(k) − ǫj(k))|∇ku

k
j′

〉

,

(D.3.8)

since ǫj(k)〈∇ku
k
j | × |∇ku

k
j 〉 = 0.
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Periodic multipole matrix elements

This chapter collects derivations of the matrix elements of periodic multipole op-

erators on the basis of COs. These are necessary for the implementation of TB ROA

cross sections of periodic systems. In Section E.1 we provide matrix elements of periodic

multipole operators with HSAB as well as TSAB functions. The derivative of the TB

Hamiltonian is discussed in the end of Section E.1.1 supporting the implementation of

the band polarization terms. This chapter concludes with the derivatives of the periodic

multipole operator matrix elements with respect to the coordinates of the nuclei.

E.1 Multipole matrix elements

E.1.1 Periodic electric dipole

Our aim here is to derive the matrix element of the periodic coordinate operator

introduced in Eq.(4.3.3):

R̂ = ieikr̂∇̂ke
−ikr̂ = r̂ + i∇̂k

on the basis of COs, ϕk within the ZDO approximation. COs can be expanded either on

TSAB functions (see Eqs. (C.2.2) and (4.2.9)):

ϕk
i =

∑

µ

∑

m

C ζ
µ·m,i(k) ζkµ·m (E.1.1)

or on HSAB functions (see Eq.(C.2.3))

ϕk
i =

∑

µ

∑

m

C ξ
µm,i(k) ξkmµ . (E.1.2)

The two representations are in principle equivalent and can be related by inserting the

unit matrix expressed with Dmn(k) of Eq.(C.2.4) as

δmo =
∑

n

Dmn(k)D∗
no(k) . (E.1.3)
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Starting from Eq.(E.1.1) and utilizing Eqs. (E.1.3), (E.1.2) and the following relation

C ξ
µn,i(k) =

∑

o

D∗
no(k)C ζ

µ·o,i(k) , (E.1.4)

we get

ϕk
i =

∑

µ

∑

m,n,o

ζkµ·mDmn(k)D∗
no(k)C ζ

µ·o,i(k) =
∑

µ

∑

n

C ξ
µn,i(k) ξknµ . (E.1.5)

At this point it is important to note, that even with the appearance of ∇k in the

periodic coordinate operator, its matrix element with COs, (R̂α)kja is the same, if evaluated

using Eq.(E.1.1) or Eq.(E.1.2). The reason behind this is simply that the derivative of

Eq.(E.1.3) with respect to k is zero.

With that in mind, we evaluate multipole moment integrals in the symmetry adapted

AO basis and transform the resulting matrix elements to the CO basis in a second step.

Let us begin with the simplest case, the matrix of R̂ taken on the TSAB. The derivation

is analogous to the derivation of the TB Hamiltonian in Appendix C.1.

〈ζk′µ |r + i∇k|ζkν 〉 = (Rζ)kµν =

=
1

2M + 1

M∑

t,t′=−M

〈eik′t′aT̂ t′(a)χµ|r + i∇k|eiktaT̂ t(a)χν〉

=
1

2M + 1

M∑

t,t′=−M

ei(kt−k′t′)a〈T̂ t′(a)χµ|r− ta|T̂ t(a)χν〉

=
1

2M + 1

M∑

P=−M

eikPa〈χµ|r− Pa|T̂ P (a)χν〉 (E.1.6)

In the third step, we recognized, that

〈T̂ t′(a)χµ|r− ta|T̂ t(a)χν〉 = 〈T̂ 0(a)χµ|r− (t− t′)a|T̂ t−t′(a)χν〉 ,

since the origin is fixed in the zeroth TUC and shifting the matrix element of r̂ gives

the same value with translated basis functions only if the origin is translated with the

same amount. Looking at the general form of (Rζ)kµν in the last line of Eq.(E.1.6), the

periodicity of the matrix element simply follows from the fact, that the integral of a

periodic expression, r − Pa is taken. Finally, the general lattice sum can be simplified

assuming the ZDO approximation:

(Rζ)kµν = Rµ δµν . (E.1.7)

Let us investigate the same periodic electric dipole matrix element, but using HSAB

functions. Since we are adapting line group considerations, the derivation is restricted to

one dimensional periodicity along coordinate α. For the sake of brevity, we utilize the

result of Eq.(E.1.6), and adapt the notation of Eq.(C.2.2) for the TSAB functions:
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〈ξk′m′

µ |rα + i∂k|ξkmν 〉 = (Rξ
α)k,mm′

µν =

=
1

q

q−1
∑

j,j′=0

〈

e
ik′Fr

[

j′p
q

]

a
eim

′j′ 2π
q ζk

′

µ·j′

∣
∣
∣rα + i∂k

∣
∣
∣e

ikFr[ jpq ]a eimj 2π
q ζkν·j

〉

=
1

q

q−1
∑

j,j′=0

e
i
(
kFr[ jpq ]−k′Fr

[

j′p
q

]
)
a
ei
(
mj−m′j′

)
2π
q

(

〈ζk′µ·j′ |rα + i∂k|ζkνj〉 −〈ζk
′

µ·j′ |ζkν·j〉
︸ ︷︷ ︸

δµν δjj′ δk,k′

Fr

[
jp

q

]

a

)

=
1

q

q−1
∑

j,j′=0

ei
(
mj−m′j′

)
2π
q

(

(Rζ
α)k,jj

′

µν − Fr

[
jp

q

]

a δµν δjj′

)

. (E.1.8)

Finally, the identity based on the ZDO approximation

(Rζ
α)k,jj

′

µν = Rα
µ·j δµν δjj′

(where Rα
µ·j denotes the α coordinate of the position vector corresponding to atom µ of the

HUC roto-translated by l̂(0, j)) can be substituted into the general result of Eq.(E.1.8):

(Rξ
α)k,mm′

µν =
1

q

q−1
∑

j=0

ei(m−m′)j 2π
q

(

Rα
µ·j − Fr

[
jp

q

]

a

)

δµν . (E.1.9)

It is interesting to note, that Rα
µ·j − Fr

[
jp
q

]

a = Rα
µ for all j value. Thus Eq.(E.1.9) can

be further simplified:

(Rξ
α)k,mm′

µν =
δµν
q
Rα

µ

q−1
∑

j=0

ei(m−m′)j 2π
q =

δµν
q







q−1∑

j=0

Rα
µδµν = Rα

µ if m = m′

Rα
µ

1 − ei(m−m′) 2π
q
q

1 − ei(m−m′) 2π
q

= 0 if m 6= m′







=Rα
µδmm′δµν ,

(E.1.10)

i.e. the final ZDO electric dipole matrix element depends only on the coordinates of the

two nuclei in the reference HUC.

Before we can proceed with the transformation of the AO dipole matrix elements to

the basis of the COs, the derivative of the CO coefficients with respect to k are derived.

Derivative of the crystal orbitals with respect to the quasi-momentum

Differentiation of the COs with respect to k can be carried out numerically and

analytically. Mostly the analytical CPHF or CPKS methods are chosen in current pro-

gram packages[306, 309], since the implementation into an existing CPHF/CPKS code is

straightforward and the analytical derivative is more accurate, than a few-point numerical

derivative.1 Following the notation of Barbier et al.[429, 430] the CO matrix element of

1Kirtman et al. argue, that if the band structure of the fieldless Hamiltonian is at hand in sufficiently
large number of k points, advanced numerical derivative techniques can give accurate CO derivatives at
basically no extra cost[412]. However, this method is not widely used due to technical difficulties.
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the periodic coordinate operator reads for the z component:

(ẑ + i∂k)kpq =
∑

µν

C∗
µp(k)

(

(z + i∂k)kµν + iSk
µν∂k

)

Cνq(k) , (E.1.11)

where (z+ i∂k)kµν matrix element is known from the above derivations and for the overlap

matrix, Sk
µν = δµν holds in both the orthonormal TSAB and HSAB. In the following, we

determine ∂kCνq(k) starting from the field-independent equation2:
∑

ν

Hµν(k)Cνl(k) = ǫl(k)Cµl(k) . (E.1.12)

and taking its derivative with respect to k. In order to avoid confusion with k as a

continuous index, the derivative of X with respect to k is denoted as X [k]:
∑

ν

H [k]
µν (k)Cνl(k) +Hµν(k)C

[k]
νl (k) = ǫ

[k]
l (k)Cµl(k) + ǫl(k)C

[k]
µl (k) . (E.1.13)

Let us substitute the usual parametrization for the response of the orbitals[309, 429, 430],

C
[k]
µl (k) =

∑

m 6=l

Uml(k)Cµm(k) , (E.1.14)

into Eq.(E.1.13). Then, as a result of simple manipulations, multiplication of Eq.(E.1.13)

with C∗
µn(k) and summation over µ yields:

Unj(k) =
H

[k]
nj (k) − ǫ

[k]
n (k)δnj

ǫj(k) − ǫn(k)
=

H
[k]
nj (k)

ǫj(k) − ǫn(k)
, (E.1.15)

for n 6= j.

The CO matrix element of H
[k]
nj(k) is derived in the following part. Let us note,

finally, that the above expressions defining C
[k]
µl (k), namely Eq.(E.1.14) and Eq.(E.1.15),

are valid if using either TSAB or HSAB.

Derivatives of HSAB matrix elements with respect to k

In order to obtain the derivative of the Hamiltonian, we start from its matrix element

in the HSAB (see Eq.(C.2.5)) and differentiate:

∂

∂k
(Hξ)k,mm′

µν =
∑

o,s

( ∂

∂k
Dmo(k) (Hζ)k,osµν D∗

m′s(k) + (E.1.16)

Dmo(k)
∂

∂k
(Hζ)k,osµν D∗

m′s(k) +Dmo(k) (Hζ)k,osµν

∂

∂k
D∗

m′s(k)
)

,

where the derivative of the unitary matrix D reads:

∂

∂k
Dmo(k) = −iFr

[
op

q

]

aDmo(k) , (E.1.17)

2 Working with an orthonormal basis, the overlap does not contribute to the derivative of Eq.(E.1.12).
The derivation assuming an overlapping basis can be found in Refs.[305, 309].
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and the derivative of (Hζ)k,osµν of Eq.(C.1.4) is as follows:

∂

∂k
(Hζ)k,osµν =

∞∑

P=−∞

iPa eiPka 〈 l̂(0, o)χµ |Ĥ | l̂(P, s)χν〉 . (E.1.18)

Substitution of Eqs.(E.1.17) and (E.1.18) into Eq.(E.1.16) yields the derivative of the

Hamiltonian:

H
[k]
nj (k) =

∑

µ,ν

mm′

C∗
µm,n(k)

∂

∂k
(Hξ)k,mm′

µν Cνm′,j(k) , (E.1.19)

while substitution Eq.(E.1.19) into Eq.(E.1.15) yields ∂kC.

Periodic electric dipole in the CO basis

Substituting the matrix element of the coordinate on HSAB (Eq.(E.1.10)) and the

derivatives of the HSAB CO coefficients, ∂kC
ξ = UξCξ into Eq.(E.1.11) yields the CO

matrix element of the periodic electric dipole moment:

(dα)kja = −
∑

µ,ν

m,m′

Cξ∗
µm,j(k)

[

(Rξ
α)k,mm′

µν Cξ
νm′,a(k) + i

∑

b

U ξ
ba(k)Cξ

νm′,b(k)
]

= −
∑

µ,ν

m,m′

Cξ∗
µm,j(k)(Rξ

α)k,mm′

µν Cξ
νm′,a(k) + i

∑

b

U ξ
ba(k)

∑

µ,ν

m,m′

Cξ∗
µm,j(k)Cξ

νm′,b(k)

︸ ︷︷ ︸

δjb

= −
∑

µ,ν

m,m′

Cξ∗
µm,j(k) (Rξ

α)k,mm′

µν Cξ
νm′,a(k) + iU ξ

ja(k) (E.1.20)

E.1.2 Periodic magnetic dipole

Following the line of thought in Appendix A, we evaluate the matrix elements of

the momentum operator, in order to obtain the periodic magnetic dipole matrix elements

in the subsequent step. Let us first substitute the second quantized form of Ĥ and R̂α on

HSAB into the EOM:

i〈ξk′m′

µ |
[

Ĥ, R̂α

]

|ξkmν 〉 = (pξα)k,mm′

µν =

= i
〈

ξk
′m′

µ

∣
∣
∣

[(∑

K

∑

λ,σ

n,n′

(Hξ)K,nn′

λσ (ξnKλ )+ (ξn
′K

σ )−
)

,

(∑

K′

∑

τ,κ

o,o′

(Rξ
α)K

′, oo′

τκ (ξoK
′

τ )+ (ξo
′K′

κ )−
)]∣
∣
∣ξkmν

〉

=
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= i
∑

K,K′

∑

λ,σ

n,n′

∑

τ,κ

o,o′

(Hξ)K,nn′

λσ (Rξ
α)K

′, oo′

τκ

〈

0
∣
∣
∣(ξk

′m′

µ )−
[

(ξnKλ )+(ξn
′K

σ )−, (ξoK
′

τ )+(ξo
′K′

κ )−
]

(ξkmν )+
∣
∣
∣0
〉

=

= i
∑

σ,n

(

(Hξ)k,m
′n

µσ (Rξ
α)k,nmσν − (Rξ

α)k,m
′n

µσ (Hξ)k,nmσν

)

(E.1.21)

Now we transform (pξα)k,mm′

µν into the CO basis:

(pα)kja = i
∑

µ,ν

m,m′

∑

σ,n

Cξ∗
µm′,j(k)

(

(Hξ)k,m
′n

µσ (Rξ
α)k,nmσν − (Rξ

α)k,m
′n

µσ (Hξ)k,nmσν

)

Cξ
νm,a(k)

= i
(
ǫj(k) − ǫa(k)

)
(dα)kja , (E.1.22)

where we exploited the Schrödinger equation, e.g.
∑

ν,m

(Hξ)k,nmσν Cξ∗
νm,a(k) = ǫa(k)Cξ∗

νm,a(k) .

Having the CO matrix element of both R and p at hand, the periodic magnetic

dipole can be derived directly in the CO basis:

(mα)kja =
1

2
〈ϕk

j |(R× p)α|ϕk
a〉 =

ǫαβγ
2

∑

r,s,t,u

(dβ)krs (pγ)ktu

〈

ϕk
j

∣
∣
∣(ϕr

j)
+(ϕs

j)
−(ϕt

j)
+(ϕu

j )−
∣
∣
∣ϕk

a

〉

=
ǫαβγ

2

∑

s

(dβ)kjs(pγ)ksa , (E.1.23)

where the resolution of identity is introduced between R and p in the second step.

E.1.3 Periodic electric quadrupole

Analogously to the derivation of (mα)kja in Eq.(E.1.23), the CO matrix elements of

the electric quadrupole operator read:

(θαβ)kja =
1

2

∑

s

(

3(dα)kjs(dβ)ksa − δαβ
∑

λ

(dλ)kjs(dλ)ksa

)

(E.1.24)

E.2 Derivatives with respect to nuclear coordinates

Analytical derivatives with respect to the normal coordinates are obtained analo-

gously to the case of finite systems. There are two differences to note. First, in theory,

one has to differentiate with respect to an infinite expansion of the normal coordinate

over an infinite number of displacements. Expression of the derivative with respect to the

infinite normal coordinate with derivatives with respect to the coordinates of the nuclei

located in the reference TUC is discussed in Appendix F. Secondly, it is computationally

more demanding to work with analytical derivatives than to carry out numerical differen-

tiation in case of SWCNT, due to the fact, that only a small portion of the normal modes

are Raman active. However, it is advantageous to test a numerical and an analytical
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derivative implementation against each other. Since the numerical derivation does not

depend on the differentiated polarizability, it is sufficient to test only one, e.g. the Raman

spectrum with both methods. For this reason, we evaluate only the quantities, necessary

to obtain αQa

αβ .

Let us begin with the derivative of the TB Hamiltonian in the TSAB, which will

be transformed to the CO basis via the HSAB in a second step. This can be obtained

analogously to the result of the finite case in Eq.(3.2.4):

∂(Hζ)k,osµν

∂(Rα
σ·r)

= −β
∞∑

P=−∞

eiPka hosµ,ν+2qP

Rα
µ·o −Rα

ν·s − Pa

rµ·o,ν·s

(
δµσδro − δνσδrs

)
, (E.2.1)

where hosµ,ν+2Pq = 〈l̂(0, o)χµ|Ĥ|l̂(P, s)χν〉 and rµo,νs is the bond length between atoms

µ · o and ν · s. Since the TSAB to HSAB transformation, D(k) does not depend on the

coordinates, we can write:

∂(Hξ)k,mm′

µν

∂(Rα
σ·r)

=
∑

o,s

Dmo(k)
∂(Hζ)k,osµν

∂(Rα
σ·r)

D∗
m′s(k) , (E.2.2)

which can be simply transformed to the CO basis:
(
∂H

∂Rα
σ·r

)k

jb

=
∑

µ,ν

m,m′

Cξ∗
µm′,j(k)

∂(Hξ)k,mm′

µν

∂(Rα
σ·r)

Cξ
νm′,b(k) . (E.2.3)

Finally the derivative with respect to normal mode Qa, according to Eq.(F.2.4) reads:

(HQa)kjb =
∑

σ,r,α

(
∂H

∂Rα
σ·r

)k

jb

Lσrα,a . (E.2.4)

There is only one operator derivative still to be computed for the analytical Raman

spectra, namely the derivative of the periodic electric dipole moment. Following the same

transformations as in the previous derivation, we arrive to a surprisingly transparent

result, due to the simplicity of the HSAB matrix element (see Eq.(E.1.10)):

(dα)kjb =
∑

µ,m

Cξ∗
µm,j(k)Rα

µ C
ξ
µm,b(k) . (E.2.5)

The derivative reads:

∂(dα)kjb

∂(Rβ
σ·r)

=
∑

m

Cξ∗
σm,j(k)Cξ

σm,b(k) δαβ δr0 , (E.2.6)

and finally the derivative with respect to Qa has the following form:

∂(dα)kjb
∂Qa

=
∑

σ,m

Cξ∗
σm,j(k)Cξ

σm,b(k)Lσ0α,a . (E.2.7)
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Harmonic oscillator problem of

periodic systems

In this section, we briefly introduce the GF method for periodic systems[367, 431], in

order to gain insight into the structure of normal coordinates. Then we proceed to study

derivatives with respect to normal coordinates expanded over infinitely many atomic

displacements.

F.1 Harmonic vibrations of periodic systems

The potential energy of the infinite solid in the harmonic oscillator approximation

has the following form:

V (x) = V0 +
1

2

3N∑

I,J=1

∂2V (x)

∂xI ∂xJ

∣
∣
∣
∣
∣
x=x0

xTI xJ = V0 +
1

2

3N∑

I,J=1

HIJx
T
I xJ , (F.1.1)

where xI is the Ith component of the conventional Cartesian displacement vector, xTI is

the same component of x transposed, N is the number of atoms, that is infinite and HIJ

is the formally infinite dimensional Hessian matrix. The linear term, ∂V (x)
∂xI

∣
∣
x=x0

vanishes

in the equilibrium structure. With trivial rearrangement of the numbering scheme, one

can indicate the translational periodicity of the Hessian:

xI = xt1i and HIJ = H t1,t2
ij (F.1.2)

where lowercase indices now run only in the reference TUC, while t1 and t2 label the

unit cells. Furthermore, we introduce the notation X for the vector of the displacement

coordinates in the reference TUC. We know from group theory, that changing to symmetry

adapted coordinates block diagonalizes the Hessian. In order to formulate the symmetry

adapted displacement vector (X), we act on X with P̂ of Eq.(4.2.7), which gives the
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following for the coordinates of X:

X t
j = eiKta Xj . (F.1.3)

Note, that basis corresponding to the coordinates in Eq.(F.1.3) is
{

T̂ t(a)X
}∞

t=−∞
and

X0
j = Xj. Furthermore, the quasi-momentum K, indexing the irreducible representations,

is capitalized to avoid confusion with k used in the electronic structure part.

Let us introduce X into the potential energy formula in Eq.(F.1.1):

V (X) − V0 =
1

2

6q
∑

j,l=1

∞∑

t1,t2=−∞

H t1,t2
jl e−iKt1a Xj e

iKt2a Xl. (F.1.4)

Note, that the complex conjugate of X t
j is taken, since this is a coordinate of XT. The

derivation follows with the recognition, that the expression depends only on t = t2 − t1,

since H t1,t2
jl = H0,t

jl due to periodic symmetry:

V (X) − V0 =
1

2

6q
∑

j,l=1

∞∑

t=−∞

eitKaH0,t
jl

︸ ︷︷ ︸

Hjl(K)

XjXl . (F.1.5)

At this point, we arrive to a block diagonal Hessian, H(K)1 with which the periodic GF

eigenvalue problem can be written:

GH(K)L(K) = Λ(K)L(K) , (F.1.6)

where Gij = m−1
C δij for SWCNT, with mC being the mass of a carbon atom. Vibrational

frequencies ωa(K) are related to Λ(K) as follows:

ωa(K) =

√

Λaa(K)

2π
,

and normal coordinates Qa of the infinite system can be obtained from L as:

Qa(K) =
∞∑

t=−∞

2q
∑

j=1

Lja(K)X t
j =

∞∑

t=1

2q
∑

j=1

eitKaLja(K)Xj . (F.1.7)

We are interested in first order scattering processes, i.e. we proceed with the Qa(0) normal

coordinates. Moreover, we introduce the following simplified notations: Qa(0) = Qa and

Lja(0) = Lja.

F.2 Derivatives with respect to normal coordinates

Derivative of the matrix elements of a general operator, Ô with respect toQa(K)

can be expressed with derivatives with respect to the coordinates of the nuclei in the first

1
H(K) is called the dynamic matrix in the solid state literature.
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TUC, via the chain rule:

∂Oµν

∂Qa(K)
=

6q
∑

j=1

∞∑

t=−∞

∂Oµν

∂X t
j

∂X t
j

∂Qa(K)
(F.2.1)

The second factor can be obtained by inverting Eq.(F.1.7):

X t
j =

∫

dKe−itKa
∑

a

Lja(K)Qa(K) , (F.2.2)

and differentiating both sides with respect to Qa(K):

∂X t
j

∂Qa(K)
= e−itKaLja(K) . (F.2.3)

(Note, that here Lja(K) is considered unitary, thus it still contains the six vectors de-

scribing pure translations and rotatios.) Finally, we substitute Eq.(F.2.3) into Eq.(F.2.1)

at K = 0 to get:

∂Oµν

∂Qa

=

6q
∑

j=1

∂Oµν

∂Xj

Lja , (F.2.4)

since for K = 0, X t
j = Xj and the phase factor, e−itKa is 1.
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Kivonat

Az utóbbi években sikerült először szétválasztani királis fullerének és egyfalú szén

nanocsövek (SWCNT) enantiomereit. Ezzel párhuzamosan nőtt az érdeklődés ezen királis

szén nanoszerkezetek (CCNS) kiroptikai spektroszkópiás vizsgálatai iránt. Jelenleg csak

elektronikus optikai aktivitás spektrumok érhetők el CCNS-re, Raman optikai aktivitás

(ROA) vizsgáltok még nem ismertek. ROA spektrum számı́tásokat CCNS-re a ku-

tatócsoportunk végzett először, melyet a dolgozatban ismertetünk.

A kiroptikai spektrumok legtöbbször csak kvantumkémiai modellezés seǵıtségével

értelmezhetők. A ROA számı́tás két fő lépése a spektrumvonalak helyének és inten-

zitásának meghatározása. Az előbbit közismert kvantumkémiai programok seǵıtségével

sűrűségfunkcionál (DFT) módszerrel, harmonikus közeĺıtésben kaptuk. Léteznek progra-

mok ROA intenzitás számı́tására is, azonban ezek egyelőre nem alkalmazhatók több száz

atomos rendszerekre. További nehézséget jelent, hogy a beeső fény frekvenciája CCNS

esetén közel egyezik a molekula elektronikus átmeneteivel, rezonancia lép fel.

A ROA intenzitás modellezését a számı́tási költség szempontjából hatékony π-

elektron modellekre alapoztuk. A legegyszerűbb Hückel t́ıpusú modell csak szomszédos

atomok elektronjainak kölcsönhatását veszi figyelembe, de ı́gy is nagyon jól visszaadja kis

görbületű fullerének (C76 és C84) DFT módszerrel kapott Raman spektrumát. A Hückel

ROA spektrumok ehhez képest rosszabb minőségűek, de alkalmazhatók, ha pusztán az

enantiomer azonośıtás a cél.

Pontosabb ROA számı́tásokhoz egy általánosabb π-modellt (all-π) vezettünk be,

amelyben már minden atom π-rendszerbe tartozó elektronja kölcsönhat az összes többi

atoméval. A kölcsönhatási paramétereket rendszerfüggően, Hartree–Fock (HF) módszerből

származtatjuk. Az all-π ROA spektrumok – tekintet nélkül a fullerének görbületére –

pontosan visszaadják a paraméterezéshez használt HF módszerrel kapott spektrumokat.

Nanocsövek spektrumainak számı́tásánál kihasználtuk a rendszer periodikus szim-

metriáját. Periodikus rendszereknél a fény-anyag kölcsönhatást léıró multipólus operáto-

roknak is tükrözniük kell az eltolási szimmetriát, ami a hagyományos dipólus operátorra

nem teljesül. Az ismert periodikus dipólus operátor mintájára bevezettük a periodikus

mágneses dipólus és elektromos kvadrupólus operátorokat.

Ki számı́tottuk a C76 és C84 fullerének valamint SWCNT rezonancia ROA spektru-

mát, melyhez az esetleges ḱısérletek legvalósźınűbb körülményeit alkalmaztuk. Összevetve

fullerénekre számı́tott DFT referencia spektrumokkal, azt találtuk, hogy a π-modellekkel

kapott ROA spektrumok enantiomer azonośıtáshoz kellően pontosak. Becsléseink szerint

a CCNS ROA intenzitás öt-hat nagyságrenddel is meghaladja rutinszerűen mérhető kis,

szerves molekulák intenzitását, ami ḱısérleti szempontból nagyon ı́géretes.
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I am most grateful to my supervisor, Ágnes Szabados for her patience and support

in many aspects of research and life. She shows us her exceptional attitude towards work,

sets the highest standards achievable and manages her human connections in a way, that

is worth to follow. I am lucky, that I could spend this time with her in the past six years.
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[238] Petr Štěpánek, Michal Straka, Valery Andrushchenko, and Petr Bouř. The Journal
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[302] Benôıt Champagne and David M. Bishop. Calculations of nonlinear optical proper-

ties for the solid state. In Advances in Chemical Physics, pages 41–92. John Wiley

& Sons, Inc., 2003.

[303] Peter Otto, Feng Long Gu, and Janos Ladik. The Journal of Chemical Physics,

110:2717, 1999.

[304] P. Otto, A. Martinez, A. Czaja, and J. Ladik. The Journal of Chemical Physics,

117:1908, 2002.

[305] Konstantin N. Kudin and Gustavo E. Scuseria. The Journal of Chemical Physics,

113:7779, 2000.

[306] Artur F Izmaylov, Edward N Brothers, and Gustavo E Scuseria. The Journal of

Chemical Physics, 125:224105, 2006.

[307] David M. Bishop, Feng Long Gu, and Bernard Kirtman. The Journal of Chemical

Physics, 114(17):7633, 2001.

[308] Michael Springborg and Bernard Kirtman. Physical Review B, 77:045102, 2008.

148



Bibliography
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