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Abstrat

An asymptoti theory is developed for general non-integrable boundary quantum �eld

theory in 1+1 dimensions based on the Langrangean desription. Re�etion matries are

de�ned to onnet asymptoti states and are shown to be related to the Green funtions

via the boundary redution formula derived. The de�nition of the R-matrix for integrable

theories due to Ghoshal and Zamolodhikov and the one used in the perturbative approahes

are shown to be related.

Introdution

Two dimensional boundary quantum �eld theories have been analysed from two di�erent points

of view, the bootstrap and the perturbative, respetively.

The former was initiated by Ghoshal and Zamolodhikov in [1℄ and an be applied to inte-

grable theories. In suh theories there is an in�nite number of onserved quantities, whih give

severe restritions on the allowed physial proesses: Besides the usual onstraints suh as fator-

ization and purely elasti bulk sattering there is also fatorization and purely elasti re�etion

on the boundary. The sattering theory developed in [1℄ is analogous to axiomati sattering

theory [15℄: in the in state the partiles travel towards the boundary with dereasingly ordered

momenta, while in the out state, where all the satterings and re�etions have been terminated,

they travel away from the boundary with dereasingly ordered momenta again. The R-matrix

whih onnets the in and out states is the omposition of the individual re�etion and the pair-

wise sattering matries. The one partile re�etion matries have to obey unitarity, boundary

Yang-Baxter and boundary rossing relations. Using these relations together with the bootstrap

ondition ([1℄,[2℄) the model an be solved modulo CDD type ambiguities. We emphasise that in

the bulk ase the axioms of the sattering theory suh as unitarity, rossing symmetry [15℄ were

motivated by relativisti �eld theoreti results based on the perturbative, Lagrangean desrip-

tion. In the boundary ase, however, to our knowledge, no suh bakground is available. In [3℄

the non-linear Shrödinger model with linear boundary ondition on the half line is onsidered
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and the assumptions of the axiomati sattering theory are rigorously heked. This model is,

however, non-relativisti and integrable.

The perturbative approah to boundary quantum �eld theories an be applied without the

assumption of integrability. It was started with the analysis of bulk perturbation [4, 5℄ with

Neumann boundary ondition, then extended to boundary perturbations in [6℄-[12℄. Most of

these papers deal with omparing exat results, obtained in the aforementioned way for the

re�etion matries in integrable theories, on one hand, and perturbative results on the other.

They de�ned the re�etion matrix R(k) through the asymptoti behaviour of the two point

funtion of the �eld Φ - reating the partiles - far away from the boundary:

〈0|T (Φ(x, t)Φ(x′, t′))|0〉 =
∫

dω

2π

e−iω(t−t′)

2k(ω)
(eik(ω)|x−x′| +R(k)e−ik(ω)(x+x′)) + . . . (1)

No detailed justi�ation has been given for this quantity being the same as the axiomati R-
matrix.

In this paper we develop the asymptoti theory for a salar �eld with the most general bulk

and boundary self-interation. We derive the boundary redution formula, whih onnets the

re�etion matrix to the two point funtion. As a onsequene we an the �ll the gap mentioned

above, that is we are able to onnet the R-matrix of the axiomati theory to (1).

The paper is organized as follows: We apply the anonial quantization proedure to the free

theory, in whih ase the boundary ondition is Neumann. The interating theory is de�ned

by means of the adiabati hypothesis. Asymptoti states and re�etion matries are introdued

and the simplest physial proess of one inoming partile is demonstrated. As the main result

we derive the boundary redution formula. Having developed the boundary perturbation theory

we are able to onnet the earlier de�nitions of the R-matrix, and �nally we onlude on their

equivalene. The brief explanation of the Feynman rules is plaed in Appendix A, while the

struture of the two point funtion is analysed in Appendix B.

The free theory

The system we are dealing with ontains a real salar �eld Φ(x, t), living on the half spae x ≤ 0.
The bulk and boundary interations are desribed by the ation:

S =

∫ ∞

−∞

dt

∫ 0

−∞

dx

[

1

2
((∂tΦ)

2 − (∂xΦ)
2 −m2Φ2)− V (Φ)

]

−
∫ ∞

−∞

dtU(Φ(0, t)) . (2)

The free theory an be obtained by swithing o� the bulk and the boundary interations: V (Φ) =
U(Φ) = 0. The equation of motion is the usual bulk free equation, the boundary ondition is,

however, the Neumann one:

(

�+m2
)

Φ(x, t) = 0 ; ∂xΦ(x, t)|x=0 = 0 .

In solving these equations by Fourier transformation we have to use the omplete system of

funtions with this boundary ondition:

Φ(x, t) =

∫ ∞

−∞

dk

2π
cos(kx)Φ̃(k, t) ; Φ̃(k, t) = Φ̃(−k, t) .
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The onjugate momentum also satis�es Neumann boundary ondition so the anonial ommu-

tation relation reads as follows:

[Φ(x, t),Π(x′, t)] = iδN (x, x
′) ≡ iδ(x− x′) + iδ(x+ x′) .

The reation and annihilation operators whih diagonalise the Hamiltonian are

a(k, t) = iΠ̃(k, t) + ω(k)Φ̃(k, t) ; a+(k, t) = −iΠ̃(k, t) + ω(k)Φ̃(k, t) ,

where ω(k) =
√
k2 +m2

. Their ommutation relations are

[a(k, t), a+(k′, t)] = 2π2ω(k) (δ(k − k′) + δ(k + k′)) .

Normal ordering is de�ned as usual: reation operators a+(k, t) are to the left of annihilation

operators a(k′, t). Sine the normal ordered Hamiltonian is

H =
1

2

∫ ∞

−∞

dk̃ω(k)a+(k, t)a(k, t) ; dk̃ =
dk

2π2ω(k)

the time dependene an be determined exatly: a+(k, t) = a+(k)eiω(k)t and a(k, t) = a(k)e−iω(k)t
.

Putting it bak into the expansion of Φ gives rise to

Φ(x, t) =

∫ ∞

−∞

dk̃ cos(kx)(a+(k)eiω(k)t + a(k)e−iω(k)t) . (3)

The Fok Hilbert spae H an be built up by ating by the reation operators on the vauum:

a(k)|0〉 = 0 ; ∀k

|k1, k2, . . . , kn〉 = a+(k1)a
+(k2) . . . a

+(kn)|0〉 ; k1 ≥ k2 ≥ . . . ≥ kn ≥ 0 .

Note that in labelling the states, k is always positive.

1

For tehnial reasons in some formulas

we also allow k to take negative values, but we always mean a symmetri extension, that is

a(k) = a(−k). The vauum expetation value of the time ordered produt

〈0|T (Φ(x, t)Φ(x′, t′))|0〉 =
∫ ∞

−∞

d2k

(2π)2
ie−ik0(t−t′)

k2 −m2 + iǫ
(eik1(x−x′) + eik1(x+x′)) (4)

solves the inhomogeneous equation:

(

�+m2
)

〈0|T (Φ(x, t)Φ(x′, t′))|0〉 = −iδN (x, x
′)δ(t− t′) .

Besides the usual bulk propagator, whih desribes how the �eld propagates from (x, t) to (x′, t′),
(4) also ontains another ontribution, whih an be interpreted as a bulk propagation of the

�eld from (−x, t) to (x′, t′). Thus the free boundary theory (Neumann boundary ondition) an

be realized by the mirror trik: We ompute every quantity in the usual bulk theory, but any

time we insert a �eld at (x, t) we insert the same type of �eld also at the mirror point (−x, t).
Sine the interating theory is de�ned in terms of the free quantities, (in the alulations we use

the free propagator) we have the following interpretational onsequene: The partiles interat

not only with themselves but also with their mirror partners.

1

atually k provides only a di�erent parametrisation of the energy by the relation k =

√
ω2 −m2

, sine in the

presene of a boundary the momentum is not onserved.
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Interating theory, asymptoti states

Non trivial interation is desribed by (2) when U(Φ),V (Φ) or both are non zero. To handle this

ase we use the adiabati hypothesis. That is the interation is swithed on adiabatially in the

remote past and swithed o� in the remote future. Moreover, we also suppose that the partile

spetrum does not hange during this adiabati proedure: Only the masses are renormalised.

In a real sattering experiment the prepared state is one of the free theory (in state) and the

deteted state is also a free state (out state). Both the in and the out states provide a basis for

the Hilbert spae H, and the R-matrix is a unitary transformation onneting the two:

|final〉out = R|initial〉in .

The unitarity of the R-matrix expresses the fat that the transition probabilities sum up to one.

The simplest proess we an imagine is in whih a single partile travels toward the boundary,

re�ets on it and then returns as a multi-partile on�guration. The naive bulk analogue of this

proess is trivial sine asymptoti partiles are stable by assumption. In the presene of the

boundary we an interpret this proess in terms of the mirror transformation. In this language

the in state ontains not only the inoming partile but also its mirror image w.r.t. the boundary

x = 0. The sattering of the inoming partile on the boundary has a ontribution desribing

its sattering on its mirror image, a proess analogous to the two partile sattering in the bulk.

To be onrete: In the initial state of this proess we have a wave-paket of the form

|initial〉in =

∫ ∞

−∞

dk̃′f(k′)|k′〉in , (5)

where we suppose that f(k′) is well loalised around k. The spae time dependene of suh a

on�guration is

f̃(x, t) =

∫ ∞

−∞

d̃k′f(k′) cos(k′x)e−iω(k′)t .

It desribes a wave paket travelling with momentum k towards the boundary. It also ontains

however, the mirror image of the paket whih is on the other side of the wall (so is not in the

real spae-time) and travels with momentum −k as shown on the �gure:

k −k

If there is no interation (free ase) then this state (5) is the eigenstate of the free Hamiltonian.

Sine the time evolution is trivial the piture in the remote future looks like

k−k

4



Now the real and re�eted partile travels away from the boundary with momentum | − k|
and the mirror image with momentum k.

In the interating ase the �nal state may ontain partiles (or just one partile in the inte-

grable ase) travelling bakward from the boundary. This oinides with the idea of [1℄ where

the in state ontains a partile with rapidity θ while the out state with rapidity −θ.

Boundary redution formula

We are interested in the ase when both the in and out state ontain a single partile with

de�nite energy. The energy onservation an be fatored out:

in〈k′|R|k〉in = 2π(δ(k − k′) + δ(k + k′))ω(k)R(|k|) .

Our aim is to make orrespondene with the other de�nitions of the re�etion matrix. For this

reason we express the re�etion matrix R in terms of the orrelation funtions. In the bulk

theory this is done using the redution formula [14℄. In the following we derive an analogous

formula for boundary theories. The steps of the derivation are similar to the ones in [14℄.

The in �eld is a free �eld so we an use the deomposition (3). The inverse of this relation is

ain(k) = 2i

∫ 0

−∞

dx cos(kx)eiω(k)t
↔

∂ tΦin(x, t) (6)

a+in(k) = −2i

∫ 0

−∞

dx cos(kx)e−iω(k)t
↔

∂ tΦin(x, t) .

Using the de�nition of the in state we have

out〈p1, . . . , pk|q1, . . . , ql〉in =: 〈 〉 =out 〈p1, . . . , pk|a+in(q1)|q2, . . . , ql〉in . (7)

Now apply formulas (6) to obtain

〈 〉 = −2i

∫ 0

−∞

dx cos(q1x)e
−iω(q1)t

↔

∂ t out〈p1, . . . , pk|Φin(x, t)|q2, . . . , ql〉in .

We suppose that the in �eld an be expressed in terms of the interating �eld as Φ(x, t) →
Z1/2Φin(x, t) as t → −∞. As a onsequene

〈 〉 = −i lim
t→−∞

Z−1/22

∫ 0

−∞

dx cos(q1x)e
−iω(q1)t

↔

∂ t out〈p1, . . . , pk|Φ(x, t)|q2, . . . , ql〉in .

Sine lim
t→∞

Φ(x, t) = lim
t→∞

Z1/2Φout(x, t) we also have

〈 〉 = out〈p1, . . . , pk|a+out(q1)|q2, . . . , ql〉in +

iZ−1/22

∫ 0

−∞

dx

∫ ∞

−∞

dt∂t{cos(q1x)e−iω(q1)t
↔

∂ t out〈p1, . . . , pk|Φ(x, t)|q2, . . . , ql〉in} ,

from whih the onneted part is

iZ−1/22

∫ 0

−∞

dx

∫ ∞

−∞

dte−iω(q1)t{cos(q1x)〈out|∂2
tΦ(x, t)|in〉 + 〈out|Φ(x, t)|in〉(−∂2

x +m2) cos(q1x)} ,
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where 〈out|, (|in〉) is the shorthand form for 〈p1, . . . , pk|, (|q2, . . . , ql〉), respetively. Performing

the partial integration, (whih is legitimate if momenta are smeared with wave pakets of the

form of (5)), we have to be areful to keep the surfae term. The onneted part turns out to be

iZ−1/22

∫

d2xe−iω(q1)t cos(q1x){�+m2 + δ(x)∂x}〈out|Φ(x, t)|in〉 ,

where

∫

d2x =
∫ 0

−∞
dx

∫∞

−∞
dt is the integral over the entire physial spae-time. This is the

�rst stage of the redution formula. In the seond step we eliminate an outgoing partile. The

derivation straightforwardly follows the ombination of the previous omputation and the usual

bulk derivation. The onneted part of the result is

out〈p1, . . . , pk|q1, . . . , ql〉in = −4Z−1

∫

d2xd2x′ei(ω(p1)t
′

−ω(q1)t) cos(q1x) cos(p1x
′

)
{

�+m2 + δ(x)∂x

}{

�
′ +m2 + δ(x

′

)∂x′

}

〈p2, . . . , pn|T (Φ(x, t)Φ(x
′

, t
′

))|in〉 .

Iterating the steps above the general matrix element (7) an be expressed in terms of the k + l
point funtion.

In partiular for the re�etion matrix we have

out < k
′ |k >in −out < k

′ |k >out= 2π(δ(k − k′) + δ(k + k′))ω(k)(R(|k|)− 1) = (8)

−4Z−1

∫

d2xd2x′ei(ω(p1)t
′

−ω(q1)t)
{

�+m2 + δ(x)∂x

}{

�
′ +m2 + δ(x

′

)∂x′

}

G(x, x
′

, t− t
′

) ,

where

G(x, x
′

, t− t
′

) = 〈0|T (Φ(x, t)Φ(x′

, t
′

))|0〉 . (9)

Perturbation theory

Let us turn to the desription of the interating theory as a perturbation of the free one. In

doing so we use the interation representation. That is the time evolution operator is given by

the time ordered (T ) produt as

U(t) = T exp

{

−i

∫ t

−∞

dt
′

Hint(t
′

)

}

.

This Hamiltonian ontains the in �elds and ats on the in Hilbert spae by onstrution. Clearly

the R-matrix an be expressed as

R = U(∞) = T exp

{

−i

∫ ∞

−∞

dt
′

Hint(t
′

)

}

,

whih also gives a diret alulation of this quantity. The interating �eld is built up from the

free �eld as

Φ(x, t) = U−1(t)Φin(x, t)U(t) .
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Putting this expression into the two-point funtion (9) and using the usual heuristi derivation

we obtain

〈0|T (Φ(x, t)Φ(x′

, t
′

))|0〉 = 〈0|T (Φin(x, t)Φin(x
′

, t
′

) exp
{

i
∫

d2xLint[Φin(x, t)]
}

)|0〉
〈0|T (exp

{

i
∫

d2xLint[Φin(x, t)]
}

)|0〉 .

Making an expansion of the exponential we arrive at the perturbative series

=

∑∞
n=0

in

n!
〈0|T (Φin(x, t)Φin(x

′

, t
′

)
∫

d2x1Lint[Φin(x1, t1)] . . .
∫

d2xnLint[Φin(xn, tn)])|0〉
∑∞

n=0
in

n!
〈0|T (

∫

d2x1Lint[Φin(x1, t1)] . . .
∫

d2xnLint[Φin(xn, tn)])|0〉
. (10)

In omputing the vauum expetation values of the produt of the �elds we an use Wik's

theorem. The results are enoded in the Feynman rules whih are given in Appendix A.

From areful analysis of the perturbative series (see Appendix B) one an dedue that the

momentum spae Green funtion has the following form:

G(p, p′, ω) = 2π(δ(p+ p′) + δ(p− p′))Gbulk(p, ω) +Gbulk(p, ω)B(p, p′, ω)Gbulk(p
′, ω) . (11)

Here Gbulk(p, ω) is the propagator of the bulk theory, whih in terms of the spetral funtion

σ(m2) has the usual Källen-Lehmann representation [14℄:

Gbulk(p, ω) =
iZ

ω2 − p2 −m2 + iǫ
+

∫ ∞

4m2

dm′2 iσ(m′2)

ω2 − p2 −m′2 + iǫ
. (12)

We also have the deomposition

B(p, p′, ω) = B1(p, p
′, ω) +B2(p, ω) +B2(p

′, ω) +B3(ω). (13)

The interpretation of the terms in (11) is the following: The �rst term desribes the propagation

in the presene of the boundary without hitting the boundary. In the seond term Gbulk(p, ω) is
the propagator to the boundary, B(p, p′, ω) is the re�etion on the boundary, while Gbulk(p

′, ω)
desribes the propagation bak from the boundary. In the re�etion matrix B1(p, p

′, ω) really
depends on both momenta and omes from the purely bulk interations, B3(ω) is the purely

boundary ontribution and B2 represents the ross terms.

Now we are able to relate the two di�erent de�nitions of the R-matrix. Performing both

inverse Fourier transformations of (11) in the momentum variables, but keeping only the ontri-

butions of the poles of the �rst term in propagators (12):

G(x, x′, t− t′) =

∫

dω

2π

Ze−iω(t−t′)

2k(ω)
(eik(ω)|x−x′| + (1 +

ZB(k(ω), k(ω), ω)

2k(ω)
)e−ik(ω)(x+x′)) ,

where k(ω) =
√
ω2 −m2

. Comparing the re�eted wave with the unre�eted one the re�etion

matrix was de�ned to be

R(k) = 1 +
ZB(k(ω), k(ω), ω)

2k(ω)
.

We will reover the same result from our boundary redution formula (8). First we reall that

the redution formula desribes the way how the matrix elements are related to the orrelation

7



funtions. Considering the orrelation funtions in momentum spae the operator �+m2
gives

a fator of −k2 + m2
for eah external leg. The spae-time integrations, as inverse Fourier

transformations, put all the momenta on shell. Sine all of the outer legs in the orrelation

funtions are dressed up in the perturbation theory to ontain the exat bulk propagators (12)

with poles of the form

iZ
k2−m2 , the redution formula merely amputates the legs and gives the

residue of this multi-pole pole. In the boundary ase we have an analogous interpretation.

Similarly to the bulk ase the momentum onserving part of (11) does not give any ontribution

to the R-matrix so it is enough to onsider the other term. A areful analysis shows that

(� +m2) is the operator whih amputates the legs starting with a bulk vertex, while δ(x)∂x is

responsible for amputation of the legs starting with a boundary vertex. As a onsequene the

(� +m2)(�′ +m2) term gives B1(k, k
′, ω(k)), the terms (� +m2)δ(x′)∂x′

and (�′ +m2)δ(x)∂x
together give B2(k, ω(k)) + B2(k

′, ω(k)), �nally δ(x)∂xδ(x
′)∂x′

gives B3(ω(k)). We also have an

overall fator 2πZδ(ω(k)−ω(k′)) expressing energy onservation. Colleting all these terms and

using the identity 2πδ(ω(k)− ω(k′)) = ω(k)
k
2π(δ(k − k′) + δ(k + k′)), we obtain that

R(k) = 1 +
ZB(k, k, ω(k))

2k
,

whih shows that the re�etion fator de�ned with use of the asymptoti states and the one

de�ned using the two-point funtion are idential.

Conlusion

The boundary redution formula, derived in the paper for a boson with the most general (possibly

non-integrable) boundary and bulk self-interation, showed the equivalene of the previously used

de�nitions for the R-matrix, and supports the orretness of the formalism. This formulation

enables one to derive the main properties of the R-matrix suh as analytiity, unitarity, rossing

symmetry and analyse its pole struture diretly without referring to the rossed hannel piture

used in [1℄. The analysis of the perturbative series, Landau equations, Cutkosky rules, the

derivation of the boundary Coleman-Thun mehanism and of the analytiity properties of the

R-matrix are the subjets of our next paper.
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Appendix A

The Feynman rules of the boundary theory an be obtained by expanding the interation La-

grangean as

Lint(x, t) =

∞
∑

N=0

αN

N !
Φ(x, t)N + δ(x)

∞
∑

M=0

βM

M !
Φ(0, t)M (14)
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and putting (14) into (10). In ontrast to the perturbative approahes developed so far we

formulate the resulting Feynman rules in momentum spae. That is we ompute

G̃(p1, ω1, . . . pn, ωn) =

∫ ∞

−∞

dx1 . . .

∫ ∞

−∞

dxn

∫ ∞

−∞

dt1 . . .

∫ ∞

−∞

dtne
i
∑n

j=1
(pjxj−ωjtj)G(x1, t1 . . . xn, tn)

aording to the Feynman rules:

• Draw all possible oriented graphs with n external legs suh that the external legs point

inside the graph. The lines (both external and internal) an be of two types: straight and

dashed. The verties an be two types: blak and white. Label the external legs by the

2-momenta (p1, ω1) . . . (pn, ωn), and the internal lines by new momentum variables (k1, k0).

• To a blak vertex with N inident lines attahe the ontribution

iαN2πδ(
∑

i∈in

k0
i −

∑

i∈out

k0
i )πδ(

str
∑

i∈in

k1
i −

dsh
∑

i∈in

k1
i −

∑

i∈out

k1
i ) (15)

...

...

...

1 N

• To a white vertex with M inident lines attah the ontribution

iβM2πδ(
∑

i∈in

k0
i −

∑

i∈out

k0
i ) (16)

...

...

...

1 M

• To a line of any type labelled by (k1, k0) attahe the ontribution

i

k2 −m2 + iǫ
(17)

If the line is internal then integrate over k:
∫

d2k
(2π)2

.

• Sum over all topologially distint diagrams.
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The notation i ∈ in/out means that the line labelled by (k1
i , k

0
i ) is in-oming/out-going at

the given vertex. The label str/dsh on the sum means that the summation goes only over

straight/dashed lines.

These Feynman rules need some explanation. The derivation is fairly standard: One derives

the graph rules �rst in oordinate spae. This is done by writing G(x1, t1 . . . xn, tn) as a pertur-

bative series. Eah term of the series is represented by a graph by assoiating the various parts

of the ontribution to the verties and lines of the graph. In partiular, there is a spae-time

integration assoiated to eah vertex. Aording to the two terms in (14), there are two kinds

of verties: blak (bulk) ones orresponding to the �rst term and white (boundary) ones orre-

sponding to the seond term. Owing to the presene of the fator δ(x) in the seond term of (14)

at the boundary verties the spae integration an be performed. There is only a single type of

graph lines at this stage.

Converting to momentum spae (Fourier transformation of G(x1, t1 . . . xn, tn)), all the remain-

ing spae-time integrations an be performed resulting δ funtions at eah vertex on the momenta

of the lines inident to the vertex. At the boundary vertex there is only a time integration left,

hene we obtain a δ funtion involving only the time-like omponent of the momenta. At the

bulk vertex there are both time and spae integrations resulting in two δ funtions. The presene
of both xi − xj and xi + xj dependent terms in the free propagator (4) implies that we have a

sum of δ funtions on the spae-like omponent of the momenta. The δ's in this sum di�er in

the signs of some momenta in the argument. The two types of lines are introdued in order to

assoiate di�erent graphs to the individual terms: a line is straight if it orresponds to the term

oming from the xi − xj dependent part of the free propagator assoiated to the given line, and

dashed if it omes from the xi + xj dependent part.

Appendix B

In this appendix we analyse the properties of the two point funtion in momentum spae. A

systemati investigation of the orrelation funtions an be ahieved by generalising the para-

metri representation ([14℄ setion 6.2.3 ) to the boundary ase. Sine the introdution of all the

mahinery is quite lengthy and we need the result only for the two point funtion, instead of the

detailed presentation we summarise how the formula (11) an be obtained by the diret analysis

of the perturbative series.

Energy is onserved at eah vertex so we have

G̃(p1, ω1, p2, ω2) = 2πδ(ω1 − ω2)G(p1, p2, ω1) .

Momentum is not onserved in general. There are graphs whose ontribution spoils momentum

onservation: suh is any graph ontaining a boundary vertex. On the other hand a graph

with only bulk verties and straight lines gives rise to a ontribution proportional to δ(p1 − p2).
Furthermore, the ontribution is proportional to the ontribution of the same graph omputed

in the bulk theory. This an be veri�ed by omparing the appropriate graph rules with the bulk

theory rules, and one �nds that the only di�erene is a fator 1/2 in the bulk vertex ontribution.

That is the ontribution of a graph with Nb bulk verties, no boundary verties and only straight

lines is 2−Nb
times the ontribution of the same graph was in the bulk theory.

On the other hand there is a symmetry operation on the graphs that leaves the ontribution

invariant. Namely, at eah bulk vertex we an hange the types of all inident lines and also

10



the signs of the momenta labelling the out-going lines. One heks that this transformation �

performed independently at eah of the Nb bulk verties � does not a�et the graph ontribution

and gives rise to a symmetry fator 2Nb
. This symmetry fator just ompensates the fator 2−Nb

.

Hene the sum of the ontributions of the graphs with only bulk verties and straight lines plus

the ones related to them by the symmetry transformation desribed gives the propagator of the

bulk theory. It is not di�ult to see that no other graph gives ontribution respeting momentum

onservation.

Summing then the ontributions of the graphs with only bulk verties and straight internal

lines (and arbitrary external ones) plus the graphs related to them by symmetry transformation

we obtain the �momentum-preserving� part of the propagator

2π (δ(p1 + p2) + δ(p1 − p2))Gbulk(p1, ω1).

Now we onentrate on the momentum non-preserving part. A diagram whih remains on-

neted when any of its internal line is ut is alled one partile irreduible. Any diagram with two

external legs an be built by attahing one partile irreduible diagrams after eah other. For the

momentum non-preserving diagrams we an separate the onseutive momentum preserving one

partile irreduible subdiagrams adjaent to a given external line. This gives subgraphs that are

idential to the graphs in the series of the bulk propagator, so they give fators Gbulk(p1, ω1) and
Gbulk(p2, ω2) at the external lines, respetively. The ontributions of the remaining momentum

non-preserving subgraphs are olleted in B(p1, p2, ω1). As a onsequene we have the following

form for the propagator:

G(p1, p2, ω1) = 2π(δ(p1 + p2) + δ(p1 − p2))Gbulk(p1, ω1) +Gbulk(p1, ω1)B(p1, p2, ω1)Gbulk(p2, ω1) .

If in a Feynman graph, ontributing to B(p1, p2, ω1), both external lines are inident to a bound-

ary vertex, then it does not depend on any of the momenta. Its ontribution is olleted in

B3(ω). Terms depending on one momentum only are olleted in B2(p1, ω1), these are the graphs
in whih one of the external lines ends in a boundary vertex. The ontribution of a diagram

starting with bulk verties on both ends depends both on p1 and p2. Suh ontributions are

olleted in B1(p1, p2, ω1). Summing up all these terms we have (13).
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