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Abstrat

Form fator axioms are derived in two dimensional integrable defet theories for matrix

elements of operators loalized both in the bulk and on the defet. The form fators of bulk

operators are expressed in terms of the bulk form fators and the transmission fator. The

struture of the form fators of defet operators is established in general, and expliitly

alulated in partiular, for the free boson and for some operator of the Lee-Yang model.

Fusion method is also presented to generate boundary form fator solutions for a fused

boundary from the known unfused ones.

1 Introdution

The bootstrap program aims to lassify and explitly solve 1+1 dimensional integrable quantum

�eld theories by onstruting all of their Wightman funtions (see [3℄ for a reent review and

referenes therein). In the �rst step, alled the S-matrix bootstrap, the sattering matrix,

onneting asymptoti in and out states, is determined from its properties suh as fatorizability,

unitarity, rossing symmetry and Yang-Baxter equation (YBE) supplemented by the maximal

analytiity assumption [4℄. In the seond step, alled the form fator bootstrap, matrix elements

of loal operators between asymptoti states are omputed using their analytiity properties

originating from the already omputed S-matrix. Supposing maximal analytiity leads to a set

of solutions eah of whih orresponds to a loal operator of the theory [1℄. In the third step

these bulk form fators are used to build up the orrelation (Wightman) funtions via their

spetral representations and desribe the theory ompletely o� mass shell. This program has

been implemented for a wide range of theories (see [3℄). .

The analogous bootstrap program for 1+1 dimensional integrable boundary quantum �eld

theories has been already developed. The �rst step is alled the R-matrix bootstrap [5℄: In

boundary theories the asymptoti states are onneted by the re�etion (R)-matrix, whih, as

a onsequene of integrability, fatorizes and satis�es the unitarity, boundary rossing unitarity

and the boundary YBE (BYBE) requirements. These equations supplemented by the maximal
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analytiity assumptions make possible to determine the re�etion matries and provide the

omplete information about the theory on mass shell. In the seond step we are interested in

the matrix elements of loal operators loalized both in the bulk and also at the boundary.

Due to the absene of translational invariane the bulk operators' one point funtions aquire

nontrivial spae dependene whih an be alulated in the rossed hannel using the knowledge

of the boundary state together with the bulk form fators [22℄. For the matrix elements of loal

boundary operators axioms an be derived from their analytial properties originating from

the already omputed R-matrix [9℄. Supposing maximal analytiity leads to a set of solutions

eah of whih orresponds to a loal boundary operator of the theory and is uniquely related

to a vetor in the ultraviolet Hilbert spae. The expliit form of the boundary form fators

determine the boundary orrelation funtions via their spetral representation. This provides a

partial desription of the theory o� the mass shell as a full desription would inlude orrelation

funtions of operators loalized in the bulk as well, but this ompliated problem has not been

addressed yet.

Sine any two dimensional defet theory an be mapped to a boundary theory [13℄ the de-

velopment of a separate bootstrap program for their solution seems to be redundant. However,

integrable defet theories are severely restrited and one an go muh beyond the boundary

bootstrap program explained above: We an determine the form fators of both types of op-

erators, those loalized in the bulk and also the ones loalized on the defet. With the help

of these form fators we are able to derive spetral representation for any orrelation funtion

and in priniple fully solve the theory o� the mass shell as we will show in the present paper.

In developing a defet form fator progam the �rst step is the T-matrix bootstrap. In-

terating integrable defet theories are purely transmitting [10, 11, 12℄ and topologial. As

a onsequene a momentum like quantity is onserved [14, 15℄ and the loation of the defet

an be hanged without a�eting the spetrum of the theory [16, 17℄. This fat, together with

integrability leads to the fatorization of sattering amplitudes into the produt of pairwise

satterings and individual transmissions and enables one to determine the transmission fators

from defet YBE (DYBE), unitarity and defet rossing unitarity [18, 20, 19℄. The seond step

is the defet form fator bootstrap: One the transmission fators are known we an formulate

the axioms that have to be satis�ed by the matrix elements of loal defet operators. We will

analyze operators loalized both in the bulk and also on the defet. By �nding their solutions

the spetral representation of any orrelator an be determined and the theory an be solved

ompletely. For simpliity we restrited our interest in the paper for theories with a single

partile type.

The paper is organized as follows: In setion 2 we introdue asymptoti states in defet

theories and the notion of the transmission matrix. Then the oordinate dependene of defet

form fators is determined. By speifying the boundary form fator axioms we postulate the

axioms for diagonal defet theories. In setion 3 we determine the form fators of any operator

loalized in the bulk in terms of the transmission fator and the bulk form fators. For operators

loalized on the defet a proedure to alulate the general form fator solution is outlined. In

setion 4 we apply this tehnology to determine the defet form fators of the free boson and

the Lee-Yang model. Finally we present how the fusion method an be adapted to generate

boundary form fator solutions for a fused boundary from the known unfused ones.
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2 Defet form fators

In this setion we present the axioms for the matrix elements of loal operators between asymp-

toti states. To shorthen the disussion we introdue Zamolodhikov-Faddeev (ZF) operators

in order to desribe both the multipartile transmission proess as well as the properties of the

form fators.

2.1 Asymptoti states and transmission matrix

Multi-partile asymptoti states in integrable bulk theories an be formulated in terms of the

ZF operators as

|θ1, . . . , θn〉 = A+(θ1) . . . A
+(θn)|0〉

All partiles have di�erent momenta pi = m sinh θi, thus in the remote past they are not

interating and form an initial state θ1 > . . . > θn. When time evolves they approah eah

other and after the onsequtive satterings they rearrange themselves into the opposite order:

|θ1, . . . , θn〉 =
∏

i<j

S(θi − θj)|θn, . . . , θ1〉

Here S(θ) is the two partile sattering matrix whih satis�es unitarity and rossing symmetry

S(−θ) = S−1(θ) ; S(iπ − θ) = S(θ)

This multi-partile sattering proess easily formulated with the ZF algebra:

A+(θ1)A
+(θ2) = S(θ1 − θ2)A

+(θ2)A
+(θ1) + 2πδ(θ1 − θ2 − iπ) (1)

where we extended their de�nition for imaginary θ by postulating the rossing property

A(θ) = A+(θ + iπ) (2)

see [9℄ for the details.

One defets are introdued we have to make a distintion whether the partile arrives from

the left (A) or from the right (B) to the defet. These partiles an be even di�erent from eah

other as they live in di�erent subsystems. A multipartile state is then desribed by

|θ1, . . . , θn; θn+1, . . . , θm〉 = A+(θ1) . . .A
+(θn)D

+B+(θn+1) . . . B
+(θm)|0〉

where the ZF operators B+
reate partiles on the right of the defet and satisfy similar de�ning

relations to (1) with a possibly di�erent sattering matrix. Yet, for simpliity, we restrit our

disussion to the ase when the two subsystems are idential with the same sattering matrix.

Observe however, that this does not imply spae parity invariane, sine the defet may break

it. In the initial state rapidities are ordered as θ1 > . . . > θn > 0 > θn+1 > . . . > θm. The �nal
state, in whih all satterings and transmissions are already terminated, an be expressed in

terms of the initial state via the multipartile transmission matrix.

|θ1, . . . , θn; θn+1, . . . , θm〉 =
∏

i<j

S(θi − θj)
n
∏

i=1

T−(θi)
m
∏

i=n+1

T+(−θi)|θm, . . . , θn+1; θn, . . . , θ1〉

3



Due to integrability it fatorizes into pairwise satterings and individual transmissions: T−(θ)
and T+(−θ). We parametrize T+ suh a way that for its physial domain (θ < 0) its argument

is always positive. Transmission fators satisfy unitarity and defet rossing symmetry [13℄

T+(−θ) = T−1
− (θ) ; T−(θ) = T+(iπ − θ) (3)

The multipartile transition amplitude an be derived by introduing the defet operator D+

and the following relations in the ZF algebra:

A+(θ)D+ = T−(θ)D
+B+(θ) ; D+B+(−θ) = T+(θ)A

+(−θ)D+

A defet is parity symmetri if T−(θ) = T+(θ). Clearly A+(θ = 0) satis�es the properties of

D+
with T−(θ) = S(θ) = T+(θ) . Thus a standing partile an be onsidered as the prototype

of a parity symmetri defet.

2.2 Coordinate dependene of the form fators

The form fator of a loal operator O(x, t) is its matrix element between asymptoti states:

〈θ′

m
′ , . . . , θ

′

n
′+1; θ

′

n
′ , . . . , θ

′

1|O(x, t)|θ1, . . . , θn; θn+1, . . . , θm〉

where the adjoint state is de�ned to be

〈θ′

m
′ , . . . , θ

′

n
′+1; θ

′

n
′ , . . . , θ

′

1| = 〈0|B(θ
′

m
′ ) . . . B(θ

′

n
′+1)DA(θ

′

n
′ ) . . .A(θ

′

1)

Stritly speaking the form fator is de�ned only for initial/�nal states (i.e. for dereas-

ingly/inreasingly ordered arguments) but using the ZF algebra we an generalize them for

any values and orders of the rapidities.

The multipartile asymptoti states are eigenstates of the onserved energy. This fat an

be formulated in the language of the ZF algebra as

[H,A+(θ)] = m cosh θ A+(θ) ; [H,D+] = eDD
+

In the seond equation we supposed that the vauum ontaining the defet has energy eD.
Classial onsiderations together with the topologial nature of the defet suggest the existene

of a onserved momentum with properties

[P,A+(θ)] = m sinh θ A+(θ) ; [P,D+] = pDD
+

Thus, opposed to a general boundary theory, the defet breaks translation invariane by having

a nonzero momentum eigenvalue pD and not by destroying the existene of the momentum

itself. As a onsequene the time and spae dependene of the form fator an be obtained as

〈θ′m′ , . . . , θ′n′+1; θ
′
n′ , . . . , θ′1|O(x, t)|θ1, . . . , θn; θn+1, . . . , θm〉 =

eit∆E−ix∆PFO
(n′,m′)(n,m)(θ

′
n′+m′, ..., θ

′
n′+1; θ

′
n′, ..., θ

′
1|θ1, . . . , θn; θn+1, ..., θn+m)

where ∆E = m(
∑

j cosh θj −
∑

j′ cosh θ
′
j′) and ∆P = m(

∑

j sinh θj −
∑

j′ sinh θ
′
j′). The very

same simple spae and time dependene an be seen also in a theory without the defet and

it is substantially di�erent from what we would expet from a general boundary theory where

even the one point funtion has a nontrivial spae-dependene. These onsiderations remain

valid for operators inserted at the defet O(t) = O(0, t), too.
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2.3 Crossing transformation of defet form fators

The properties and analytial struture of the form fator F(n′m′),(nm) an be derived via the

redution formula from the orrelation funtions similarly to the boundary ase [9℄. Instead of

going to the details of the alulation of [9℄ we note that all equations follow from the de�ning

relations of the ZF algebra and the loality of the operator [O(0, 0), A+(θ)] = 0 exept the

rossing relation. This missing relation reads as

FO
(n′,m′)(n,m)(θ

′
n′+m′, ..., θ

′
n′+1; θ

′
n′, ..., θ

′
1|θ1, . . . , θn; θn+1, ..., θn+m) =

FO
(n′,m′+1)(n,m−1)(θn+m + iπ, θ′n′+m′, ..., θ

′
n′+1; θ

′
n′, ..., θ

′
1|θ1, . . . , θn; θn+1, ..., θn+m−1)

and an be obtained as follows: We fold the system [13℄ to a boundary one: B+(θ) ↔ B̃+(−θ),
and onsider A+

and B̃+
as reation operators of two di�erent type of partiles whih satter

trivially on eah other. Now we apply the rossing equation of B̃+
for the resulting boundary

form fator [9℄. If we fold bak the system to the original defet theory we obtain the defet

rossing equation above.

By analyzing the rossing equation of the partile A+
instead of B+

we obtain

FO
(n′,m′)(n,m)(θ

′
n′+m′, ..., θ

′
n′+1; θ

′
n′, ..., θ

′
1|θ1, . . . , θn; θn+1, ..., θn+m) =

FO
(n′+1,m′)(n−1,m)(θ

′
n′+m′, ..., θ

′
n′+1; θ

′
n′, ..., θ

′
1, θ1 − iπ|θ2, . . . , θn; θn+1, ..., θn+m)

This rossing equation an also be obtained from (2). Using any of the rossing equations above

we an express all form fators in terms of the one-sided form fators:

FO
(n,m)(θ1, . . . , θn; θn+1, ..., θn+m) := FO

(0,0)(n,m)(; |θ1, . . . , θn; θn+1, ..., θn+m)

on whih we fous in the rest of the paper. The properties of this form fator follows from

the ZF algebra relations and from the rossing relations and we postulate them in the next

subsetion as axioms.

2.4 Defet form fator axioms

The matrix elements of loal operators satisfy the following axioms:

I. Transmission:

FO
(n,m)(θ1, . . . , θn; θn+1, ..., θn+m) = T−(θn)F

O
(n−1,m+1)(θ1, . . . , θn−1; θn, θn+1, ..., θn+m)

θn

θ

θ

i

θ1

Fn

i+1

θ

θ

i

θ
1

i+1 θ n

n−1
F

1

By means of this axiom we an express every form fator in terms of the elementary one

FO
n (θ1, . . . , θn) = FO

(n,0)(θ1, . . . , θn; )
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It satis�es the further axioms:

II. Permutation:

FO
n (θ1, . . . θi, θi+1, . . . , θn) = S(θi − θi+1)F

O
n (θ1, . . . θi+1, θi, . . . , θn)

θn

θ

θ

i

θ1

Fn

i+1

θn

θ

θ

i

θ
1

Fn

i+1

III. Periodiity:

FO
n (θ1, θ2, . . . , θn) = FO

n (θ2, . . . θn, . . . , θ1 − 2iπ)

θn

θ

θ

i

θ1

Fn

i+1

nF

θ

θ i

θ
i+1

n
θ

1

The physial singularities an be formulated as follows.

IV. Kinematial singularity:

−iResθ=θ′F
O
n+2(θ + iπ, θ′, θ1, ..., θn) =



1−
n
∏

j=1

S(θ − θj)



FO
n (θ1, ..., θn)

F
n+2

n
θ1θ

θ ’

θ

−i Res F

n
θ1θ

θ

θ ’

n F

n
θ1θ

θ

θ ’

n

V. Dynamial bulk singularity:

−iResθ′=θF
O
n+2(θ

′ +
iπ

3
, θ − iπ

3
, θ1, . . . , θn) = ΓFO

n+1(θ, θ1, . . . , θn)

θn

θ+ιυ

θ−ιυ

θ
1

F
n+2

−i Res

θn

θ+ιυ

θ−ιυ
θ

1

F
n+1 Γ

θ
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where Γ is the 3 partile on-shell oupling.

VI. Dynamial defet singularity:

−iResθ=iuF
O
n+1(θ1, . . . , θn, θ) = igF̃O

n (θ1, . . . , θn)

θ
1

θ
n

ιυ

F
n+1−i Res θ

1

θ
n

ιυ

n
F
~

where g is the defet bound-state oupling.

A few remarks are in order: Although the form fator axioms (II-V) are the same as the

axioms of the form fators in a theory without the defet [1℄, the axioms (I,VI) are di�erent

and in general defet theories will have di�erent solutions. An exeption is the invisible defet

T−(θ) = 1 when we reover the usual form fator equation providing a onsisteny hek for

our axioms. Another onsisteny hek an be obtained by onsidering a standing partile as

the defet. Then T±(θ) = S(θ) and the two additional axioms beome part of the old ones:

(I,VI) will be speial ases of (II,V), respetively.

3 Form fator solutions, two point funtions

In this setion we determine the solutions of the form fator equations for operators loalized

in the bulk and at the defet. For operators loalized in the bulk the solutions an be built up

form the bulk form fators and from the transmission fators. Using these form fator solutions

we determine the spetral representation of the two point funtion for the situations when the

operators are loalized on the same or on the opposite sides of the defet. Finally, for operators

loalized on the defet we outline the strategy for the general solution.

3.1 Bulk operators

The form fator axioms for Fn are the same as in the bulk so we expet to use the bulk form

fator solutions. Clearly we have to make a distintion whether the operator are loalized on

the left, or on the right of the defet. If the operator is loalized on the left then partiles

arriving from the left an reah the operator without rossing the defet. Sine the defet is

topologial we an hange its loation without altering the form fator (as far as we do not

ross the insertion point of the operator). Shifting then the defet far away we expet to obtain

the form fators of the bulk theory.

F
n

θ 1

n−1
θ

n
θ

F
n

θ 1

n−1
θ

n
θ
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Thus we an onlude that for the initial state θ1 > . . . > θn > 0 the defet form fator

oinides with the bulk form fator. Let us denote the solutions of the bulk form fator equations

by Bn(θ1, . . . , θn). Then we laim that for an operator loalized on the left (O<
for short) we

have

F<
n (θ1, . . . , θn) = Bn(θ1, . . . , θn) = F<

(n,0)(θ1, . . . , θn; ) (4)

By using the transmission axiom and the rossing relation we an express all other matrix

elements in terms of the bulk matrix element and the transmission fator. If the operator is

loalized on the right of the defet (O>
) then, by similar argumentations, we expet the defet

form fator to oinide with the bulk form fator for partiles oming from the right. Those

initial states have the ordering 0 > θ1 > . . . > θn and the form fator is then

F>
(0,n)(; θ1, . . . , θn) = Bn(θ1, . . . , θn)

The solution for the elementary defet form fator for operators loalized on the right thus

turns out to be

F>
n (θ1, . . . , θn) =

∏

i

T−(θi)Bn(θ1, . . . , θn) (5)

whih satis�es all the bulk form fator axioms but does not oinide with the bulk form fator

solution.

Having alulated the form fator solutions we use them to onstrut the two point funtions,

whih, for operators loalized on the opposite side of the defet, will be intrinsially di�erent

from the one without the defet. We analyze the following two point funtion

〈; |O1(x1, t1)O2(x2, t2)|; 〉

where we denote by |; 〉 the vauum of the defet theory. Formally |; 〉 = D+|0〉. Now we

insert the resolution of the identity. It an be omposed both from initial and from �nal states

and for de�niteness we hoose initial states. It is instrutive to list the possible states. If

we have no partiles we have only the vauum: |; 〉. One partile states an be of two types,

depending on whether the partile arrives from the left or from the right: |θ; 〉 for θ > 0
and |; θ〉 for θ < 0. A general N = n + m partile state |θ1, . . . , θn; θn+1, . . . , θn+m〉 with

θ1 > . . . > θn > 0 > θn+1 > . . . > θm has to over all possible ases ranging from n = 0 to

n = N . The two point funtion then an be written formally as

〈; |O1(x1, t1)O2(x2, t2)|; 〉 =
∞
∑

N=0

〈; |O1(0, 0)|N〉〈; |O∗
2(0, 0)|N〉∗eiE(N)(t1−t2)−iP (N)(x1−x2)

We have to speify the integration ranges for the multipartile state N . Originally we have

to integrate only for the multipartile momentum range of the initial states. If we exhange

the order from θ1 > θ2 to the nonphysial θ2 > θ1then the form fator of O1 piks up a fator

S(θ1 − θ2) while that of O∗
the inverse fator S∗(θ1 − θ2), so the integrand is a symmetri

funtion. For eah integration with θ1 > 0 we also have an analogous integration for θ1 < 0 .

Their ontributions di�er by a fator T+(θ1) for the form fator of O1 and by the inverse T ∗
+(θ1)

for O2. As a onsequene we an express the orrelator in terms of the elementary form fators

Fn as:

〈; |O1(x1, t1)O2(x2, t2)|; 〉 =
∞
∑

n=0

1

n!

� ∞

−∞

dθ1
2π

. . .

� ∞

−∞

dθn
2π

FO1

n (θ1, . . . , θn)F
O∗

2
n (θ1, . . . , θn)

∗eiE(n)(t1−t2)−iP (n)(x1−x2)
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Although we transported the operators O1 and O2 into the origin, the form fator solutions

remember whether the operators are loalized on the left or on the right of the defet.

If both operators are loalized on the left, (x1 < 0, x2 < 0) then the elementary form fators

are the same as the bulk form fators (4) and we an onlude that the two point funtion is

exatly the same as the bulk two point funtion

〈; |O1(x1, t1)O2(x2, t2)|; 〉 =
∞
∑

n=0

1

n!

� ∞

−∞

dθ1
2π

. . .

� ∞

−∞

dθn
2π

BO1

n (θ1, . . . , θn)B
O∗

2
n (θ1, . . . , θn)

∗eiE(n)(t1−t2)−iP (n)(x1−x2)

This is intuitively lear: we an transport the defet to in�nity without rossing any of the

insertion points thus leaving invariant the two point funtion. When the defet is at in�nity it

does not in�uenes the two point funtion whih then has to be the same as in the bulk. The

same result an be obtained when both operators are loalized on the right of the defet.

If the operators are loalized on di�erent sides of the defet (x1 < 0, x2 > 0) then additinally
to (4) we also have to use (5). As a result the two point funtion is expressed in terms of the

bulk form fators Bn and the transmission matrix T−(θ) as

〈; |O1(x1, t1)O2(x2, t2)|; 〉 =
∞
∑

n=0

1

n!

� ∞

−∞

dθ1
2π

T−(θ1) . . .

� ∞

−∞

dθn
2π

T−(θn)B
O1

n (θ1, . . . , θn)B
O∗

2
n (θ1, . . . , θn)

∗eiE(n)(t1−t2)−iP (n)(x1−x2)

This is the main result of this setion. This formula shows how the orrelation funtion an

be alulated in the presene of an integrable defet in terms of the transmission fator and

the bulk form fators. It an be generalized to any orrelators loalized in the bulk using the

resolution of the identity together with the exat form fators (4) and (5). It annot be applied,

however, for operators loalized on the defet, whih is the subjet of the next subsetion.

3.2 Defet operators

We have seen that although the minimal form fators Fn are subjet to the same requirement

as the bulk form fators they are not neessarily the same. In this subsetion we develop a

general methodology to determine the defet form fators. Let us analyze them for inreasing

partile numbers:

The �rst form fator is the vauum expetation value of a defet �eld

〈; |O(t)|; 〉 = F0

The one partile form fator is de�ned to be

〈; |O(t)|θ; 〉 = F1(θ) ; 〈; |O(t)|; θ〉 = T−(θ)F1(θ)

Contrary to the bulk ase it has a nontrivial rapidity dependene: it is not natural to take F1

to be onstant. In a parity invariant theory for a parity symmetri operators, for example, we

have F1(θ) = T−(−θ)F1(−θ). If parity is broken then F1(θ) an be an arbitrary defet ondition
dependent 2πi periodi funtion. The only restrition ame from the defet bound-state axiom

(VI): it must have a pole at iv whenever T−(θ) has a pole orrespondig to a bound-state. Let

9



us denote the minimal funtion whih satis�es this requirement by d(θ). The general form of

the one partile form fator is then

〈; |O(t)|θ; 〉 = d(θ)QO
1 (u) ; u = eθ

where d(θ) depends on the defet ondition, while Q1(u) depends on the operator we are dealing
with.

The two partile form fator must also have a singularity at iν and additionally it satis�es

the bulk form fator axioms so we expet it to be written into the form

F2(θ1, θ2) = d(θ1)d(θ2)fmin(θ1 − θ2)
QO

2 (u1, u2)

u1 + u2

where fmin(θ) is the minimal solution of the bulk two partile form fator equations

fmin(θ) = S(θ)fmin(−θ) ; fmin(iπ − θ) = fmin(iπ + θ)

Here Q2 is a symmetri funtion in ui = eθi , ontaining a fator (u1+u2) to kill the denominator,

what we introdued to onform with the kinematial singularity appearing at higher levels only.

Taking into aount the general paramterization of the bulk and boundary form fators together

with the dynamial and kinematial singularity axioms we parametrize our minimal defet form

fators as

Fn(θ1, . . . , θn) =
∏

i

d(θi)
∏

i<j

fmin(θi − θj)

ui + uj

Qn(u1, . . . , un) (6)

where Qn(u1, . . . , un) is a symmetri funtion expeted to be a polynomial, if there is no bulk

dynamial singularity. If there is suh a singularity we have to inlude the orresponding

singularity into fmin . The dependene on the defet ondition is ontained in d(θ) with possible
defet bound-state singularities, while the dependene on the operator in Q. If for instane the
defet is the invisible defet with T± = 1 then d = 1 and we reover the solution of the bulk

form fator equation as it should be. From the kinematial singularity equations reursion

relations an be obtained among the polynomials Qn+2 and Qn.

4 Model studies

In this setion we analyze the solutions of the defet form fator axioms for the free boson and

for the Lee-Yang models.

4.1 Free boson

The purely transmitting free bosoni theory was analyzed in [16℄ as the limiting ase of the

sinh-Gordon theory. Let us reall its solution. The Lagrangian of the model reads as

L = Θ(−x)

[

1

2
(∂µΦ−)

2 − m2

2
Φ2

−

]

+Θ(x)

[

1

2
(∂µΦ+)

2 − m2

2
Φ2

+

]

−δ(x)

2

(

Φ+Φ̇− − Φ−Φ̇+ +m
[

(cosh µ)
(

Φ2
+ + Φ2

−

)

+ 2(sinh µ) Φ+Φ−

])

10



where Φ± are the �elds living on the right/left part of the defet and µ is a free parameter. By

varying the ation we obtain the free equation of motion in the bulk

(∂2
x − ∂2

t )Φ± = m2Φ± (7)

and the defet ondtions:

± ∂tΦ± ∓ ∂xΦ∓ = m(sinh µ) Φ± +m(cosh µ) Φ∓ (8)

Sine Φ± are free �elds they have an expansion in terms of plane waves and reation/annihilation

operators

Φ±(x, t) =

� ∞

−∞

dk

2π

1

2ω(k)

(

a±(k)e
ikx−iω(k)t + a+±(k)e

−ikx+iω(k)t
)

; ω(k) =
√
k2 +m2

where the a, a+ operators are adjoint of eah other with ommutators:

[a±(k), a
+
±(k

′

)] = 2π2ω(k)δ(k − k
′

)

They are not independent, the defet ondition onnets them as

a±(±k) = T∓(k)a∓(±k) ; T∓(k) = −m sinh µ∓ iω(k)

m cosh µ− ik
; k > 0

This shows that the defet is purely transmitting, that is we do not have any re�eted wave.

The transmission fator in the rapidity parametrization (k = mcl sinh θ) an be written also in

the following form:

T−(θ) = −i
sinh( θ

2
− iπ

4
+ µ

2
)

sinh( θ
2
+ iπ

4
+ µ

2
)
=

1 + wu

1− wu

where w = ieµ and u = eθ. Sometimes we also use w̄ = w−1
and ū = u−1

. In the next

subsetion we will set m = 1 and use dimensionless quantities.

4.1.1 Form fators

In the free boson model, we have the advantage that we an expliitly alulate the form fators

of all the operators, and then hek that they satisfy the defet form fator axioms. Additionally

we an also on�rm that we have as many polynomial solutions of the axioms as many loal

operators exist in the theory.

We work with the Eulidien version of the theory (t = iy) and introdue omplex oordinates

2z = y + ix , 2z̄ = y − ix . Using the expliit expressions of Φ±(z, z̄) we are able to alulate

the form fators. We analyze them for inreasing partile number and ompare to the form

fator solution.

The one partile form fators turn out to be:

F
Φ−

1 = 〈0|Φ−(z, z̄)|a−(θ)〉 = ezu+z̄ū

F
Φ+

1 = 〈0|Φ+(z, z̄)|a−(θ)〉 = ezu+z̄ūT−(θ)

from whih it is easy to alulate the defet form fators of the derivative of the elementary

�elds:

11



〈0|∂nΦ−(0)|a−(θ)〉 = un ; 〈0|∂̄nΦ−(0)|a−(θ)〉 = ūn

〈0|∂nΦ+(0)|a−(θ)〉 = unT−(θ) ; 〈0|∂̄nΦ+(0)|a−(θ)〉 = ūnT−(θ)

where ∂ = ∂z and ∂̄ = ∂z̄. We an unify this notation by ∂−n = ∂̄n
. It is instrutive to see

how we an reover these form fators from the solution of the form fator axioms. Using the

parametrization of the form fators in terms of d(θ) see equation (6), we know that at level 1

the solutions of the form fator axioms have the form:

F1(θ) = d(θ).Q1(θ)

Thus if we hoose

d(θ) =
1

1− wu

we obtain

Q
∂nΦ−

1 (θ) = un(1− wu) ; Q
∂nΦ+

1 (θ) = un(1 + wu)

Naively it seems we have less polynomial solutions of the form fator equations than operators.

We have extra relations among the form fators and they originate from

∂∂̄Φ± = Φ± ; ∂̄Φ+ − ∂̄Φ− = w(Φ+ + Φ−) ; ∂Φ− + ∂Φ+ = w̄(Φ+ − Φ−)

However, these relations are satis�ed due to the bulk equation of motion (7) and the defet

onditions (8). Note that the form fator solutions are even more simple in terms of φ = Φ++Φ−

and φ̄ = Φ+ − Φ−. Atually φ̄ is not idependent sine φ̄ = 2w∂φ. Their form fators read as:

Q∂nφ
1 = un ;Q∂nφ̄

1 = wun+1

Observe also that by hanging the sign of the exponential oupling eµ → −eµ the left right

�elds are interhanged Φ± ↔ Φ∓, as follows from the disrete symmetries of the Lagrangian.

In the form fator boostrap the general parametrization without kinematial singularity is

Fn(θ1, . . . , θN) =
N
∏

i=1

d(θi)QN (x1, . . . , xN )

Thus we an read o� the orresponding form fator solution diretly

QN = un1

1 . . . unN

N (1− wu1) . . . (1− wuk)(1 + wuk+1) . . . (1 + wuN) + permutations

Sine the sattering matrix in the free boson theory is trivial S = 1, the form fators of di�erent

levels are not onnneted to eah other, and in this way we solved the theory ompletely.

In terms of the �eld φ the form fator solutions are exatly the same as in the bulk free

bosoni theory:

QN = un1

1 . . . unN

N + permutations

thus we obtain exatly the same number of polynomial solution of the form fator axioms as

many independent loal operator exists in the theory.
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4.2 Defet saling Lee-Yang model

The saling Lee-Yang model an be de�ned as a perturbation of the M(2,5) onformal minimal

model with entral harge c = −22
5
. It ontains two hiral representations of the Virasoro

algebra, V0, V1 with highest weights 0 and −1
5
, respetively. The fusion rules an be summarized

as: N i
0i = N i

i0 = 1 and N i
11 = 1 for i = 0, 1 and all others are zero. The Hilbert spae on the

torus orresponds to the (diagonal) modular invariant partition funtion and ontains modules

orresponding to the Id and the Φ(z, z̄) primary �elds with weights (0, 0) and (−1
5
,−1

5
):

H = V0 ⊗ V̄0 + V1 ⊗ V̄1 (9)

The only relevant perturbation by the �eld Φ results in the simplest sattering theory with one

neutral partile of mass m and sattering matrix [21℄

S(θ) =
sinh θ + i sin π

3

sinh θ − i sin π
3

The pole at θ = iπ
3
(with residue Γ2

) shows that the partile an form a bound-state. The

relation

S(θ + i
π

3
)S(θ − i

π

3
) = S(θ)

however, implies that the bound-state is the original partile itself and the bulk bootstrap is

losed.

4.3 Integrable defets

Two types of topologial defets an be introdued in the M(2,5) minimal model [28, 27℄. They

an be onsidered as operators ating on the bulk Hilbert spae (9) ommuting with the ation

of the left and right Virasoro generators. They have to at diagonally on eah fator in (9) and

satisfy a Cardy type ondition. This leads to two hoies whih an be labelled by the same

way as the bulk �elds: (0, 0) and (1, 1). After making a modular transformation the defet is

inserted in spae. The operators living on the defet an be desribed as [26℄

H(a,a) =
∑

i,j

(Vi ⊗ V̄j)
⊕(
∑

c∈{0,1}
Nc

ia
Na

cj
)

For the topologial defet labeled by (0, 0) the operator spae turns out to be

H(0.0) = V0 ⊗ V̄0 + V1 ⊗ V̄1

and oinides with the bulk Hilbert spae. This defet is the trivial (invisible) defet.

For the other defet labeled by (1, 1) we obtain

H(1,1) = V0 ⊗ V̄0 + V1 ⊗ V̄0 + V0 ⊗ V̄1 + 2 V1 ⊗ V̄1

For eah of the representation spaes we assoiate a primary �eld Id, ϕ(z), ϕ̄(z̄), Φ−(z, z̄), Φ+(z, z̄)
with highest weights (0, 0), (−1/5, 0), (0,−1/5), (−1/5,−1/5), (−1/5,−1/5), respetively. The
nonhiral �elds Φ±(z, z̄) an be onsidered as the left/right limits of the bulk �eld Φ(z, z̄) on
the defet.
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The bulk perturbation by Φ in the defet onformal �eld theory does not break integrability.

In the ase of the trivial defet the transmission fator is simply the identity T = 1. In the ase

of the defet labeled by (1, 1) we an introdue a one parameter family of defet perturbations

as well by properly harmonizing the oe�ients of the ϕ(z), ϕ̄(z̄) and Φ(z, z̄) terms. We plan

to analyze this issue in a forthoming publiation. Related investigations with only defet

perturbations an be found in [23℄. The bulk and defet perturbed theory is integrable and an

be solved by exploiting how the defet ats on integrable boundaries, see [16℄ for the details.

To summarize, in the alulation the bootstrap relation

T−(θ +
iπ

3
)T−(θ −

iπ

3
) = T−(θ) (10)

was used together with defet unitarity and defet rossing symmetry (3) to �x the transmission

fator as

T−(θ) = [b+ 1][b− 1] ; [x] = i
sinh( θ

2
+ iπx

12
)

sinh( θ
2
+ iπx

12
− iπ

2
)

(11)

(Atually the inverse of the solution is also a solution but the two are related by the b → 6 + b
transformation).

We also note that the defet with parameter b = 3 behaves as a standing partile both from

the energy and from the sattering point of view.

4.4 Defet form fators

In this subsetion we apply the general method developed in Setion 3 to determine the form

fators of the defet Lee-Yang model. The form fator an be written as

Fn(θ1, . . . , θn) = Hn

∏

i

d(θi)
∏

i<j

fmin(θi − θj)

ui + uj

Qn(u1, . . . , un) (12)

The minimal solution of the two partile form fator equation is well-known and reads as [24℄:

fmin(θ) =
u+ u−1 − 2

u+ u−1 + 1
v(iπ − θ) v(−iπ + θ)

where

v(θ) = exp

{

2

� ∞

0

dx

x
e

iθx
π
sinh x

2
sinh x

3
sinh x

6

sinh2 x

}

We also inluded the pole orresponding to the dynamial singularity equation by the denomi-

nator. We hoose the normalization of the form fators as in the bulk

Hn = −πm2

4
√
3





3
1

4

2
1

2v(0)





n

Qn(u1, . . . , un) is expeted to be a symmetri polynomial in ui and ūi.

Let us turn to the determination of d(θ). Due to the defet dynamial singularity for

Fn(θ1, . . . , θn) the defet dependent term d(θ) must have a pole whenever T−(θ) has a pole.

Similar equation is valid for F0,n(; θ1, . . . , θn) =
∏

T−1
− (θi)Fn(θ1, . . . , θn) at the defet bound-

states poles of T+(θ) . We will take into aount that the transformation b ↔ 6− b exhanges
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T−(θ) with T+(θ) and we expet that it ats in a similar way on the form fators. (For parity

invariant operators). The minimal solution with these requirements turns out to be:

d(θ) =
1

4 sinh( θ
2
+ iπ

12
(b− 5)) sinh( θ

2
+ iπ

12
(b− 7))

=
1√

3 + 2 cos( bπ
6
− iθ)

=
1√

3 + uν + u−1ν̄
(13)

where we introdued ν = ei
πb
6
and ν̄ = ν−1

. This funtion satis�es two relevant relations:

d(θ + iπ)d(θ) =
1

1− 2 cos( bπ
3
− 2iθ)

=
1

1− u2ν2 − u−2ν̄2

and

d(θ +
iπ

3
)d(θ − iπ

3
) =

1

2 cos( bπ
6
− iθ)

d(θ) =
1

uν + u−1ν̄
d(θ)

Singularity axioms generate reursive relations between the polynomials. The kinemetial

reursion relation is given by:

Qn+2(−u, u, u1, ..., un) = Dn(u, u1, ..., un)Qn(u1, ..., un)

with

Dn(u, u1, ..., un) = (−1)n+1(u2ν2 − 1 + u−2ν−2)

u

2(ω − ω̄)

(

n
∏

i=1

(uω + uiω̄)(uω̄ − uiω)−
n
∏

i=1

(uω − uiω̄)(uω̄ + uiω)

)

where we introdued ω = e
iπ
3
, ω̄ = ω−1

, while the bound state reursion relation is :

Qn+1(uω, uω̄, u1, ..., un−1) = (νu+ ν−1u−1)u
n−1
∏

i=1

(u+ ui)Qn(u, u1, ..., un−1)

Now let us try to solve these reursions.

4.4.1 Solutions

Sine Qn(u1, ..., un) is supposed to be a symmetri polynomial, it is useful to introdue the

elementary symmetri polynomials σ
(n)
k (u1, ..., un) whih are de�ned through the generating

funtion:

n
∏

i=1

(u+ ui) =
n
∑

k=0

un−kσ
(n)
k (u1, ..., un)

By means of these funtions the kinemetial reursive relation for Qn reads as:

(−1)n+1Qn+2(−u, u, u1, ..., un) = (u2ν2 − 1 + u−2ν−2)u2D̃n(u, u1, ...un)Qn(u1, ..., un)

with

D̃n(u, u1, ...un) =
n
∑

k=1

k
∑

m=1,odd

sin(2π
3
m)

sin(2π
3
)
u2(n−k)+mσ

(n)
k σ

(n)
k−m(−1)k+1
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We are going to �nd the form fators of the operators Φ±(z, z̄), ϕ(z), ϕ̄(z̄) and their desendants.
We an hoose Φ± as the defet limits of the right/left bulk �elds, thus we know already all of

their form fators. Taking into aount the expliit form of d(θ) together with T−(θ) we �nd

Q
Φ−

1 = νσ1 + ν̄σ̄1 +
√
3 ; Q

Φ+

1 = νσ1 + ν̄σ̄1 −
√
3

For the two partile form fators we get

Q
Φ−

2 = σ1(v
2σ2 +

√
3vσ1 + σ1σ̄1 + 1 +

√
3ν̄σ̄1 + ν̄2σ̄2)

and

Q
Φ+

2 = σ1(v
2σ2 −

√
3vσ1 + σ1σ̄1 + 1−

√
3ν̄σ̄1 + ν̄2σ̄2)

where we used the solution of the bulk form-fator equation QΦ
2 = σ1. They both satisfy

the dynamial reursion relations. The asymptotis of the solutions for x → ±∞ re�et the

dimensions of the �elds (−1
5
,−1

5
).

In order to alulate the general form fator Qn of the �elds Φ∓ we an take their bulk form

fators BΦ
n from [24, 25℄ and rewrite it into the form (12) with the defet part given by (13).

The resulting form fators Qn are all polynomials and have the right asymptoti properties.

Similar onsiderations hold for the desendants of the identity operator. However, alulating

the left and right limits they an di�er. This is due to the defet perturbation and the relation

between the two must be expressed in terms of the form fators of other �elds whih follows

from the fat that in the UV these operators have the same limit. The relation between the

left and right limits of the energy momentum tensor is the analogue of the defet ondition we

have seen already in the ase of the free boson.

Now we would like to desribe the two hiral �elds ϕ(z) and ϕ̄(z̄) whih have dimensions

(−1
5
, 0) and (0,−1

5
). The orresponding solutions at level one with the right asymptotis have

to form

Qϕ
1 = σ1 ; Qϕ̄

1 = σ̄1

They are related by the u ↔ u−1
transformation. Using our reursion relations we �nd the

related solutions at level 2

Qϕ
2 = σ1(vσ2 + ν̄) ; Qϕ̄

2 = σ̄1(ν̄σ̄2 + v)

Those solution are not unique as they might mix with the kernel solutions

K1 = σ1(σ1σ̄1 − 1), K2 = σ1(σ
2
1 − σ2), K3 = σ1(σ̄

2
1 − σ̄2)

and their desendants. Here we inluded the fator σ1 in all ases as F2 must not have a

dynamial pole, so the denominator x1 + x2 has to be killed. Interestingly all these kernel

solutions an be expressed in terms of Φ∓, ϕ, ϕ̄ and the two desendants ∂(Φ− − Φ+), ∂̄(Φ− −
Φ+). This is a nontrivial statement and shows that the form fator solutions at level 2 having

degree less then four are in one-to-one orrespondene with the operator ontent of the theory.

4.4.2 Parity Symmetry

In this part we analyze how the parity transformation ats on the form fator solutions. The

ation of the parity operator P on the operators an be written as

POP−1 = OP
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Operator Q1 Q2

Φ− νσ1 + ν̄σ̄1 +
√
3 σ1(v

2σ2 +
√
3vσ1 + σ1σ̄1 + 1 +

√
3ν̄σ̄1 + ν̄2σ̄2)

Φ+ νσ1 + ν̄σ̄1 −
√
3 σ1(v

2σ2 −
√
3vσ1 + σ1σ̄1 + 1−

√
3ν̄σ̄1 + ν̄2σ̄2)

ϕ σ1 σ1(vσ2 + ν̄)
ϕ̄ σ̄1 σ1(ν̄σ̄2 + v)

Table 1: The form fator solutions of the primary �elds up to level 2

The orresponding ation on the form fators is

P 〈0|O(0)|θ; 〉 = 〈0|OP | ;−θ〉

By expliit alulations we heked thatΦ−and Φ+ are parity even with

P 〈0|Φ−(0)|θ; 〉 = 〈0|Φ+(0)| ;−θ〉

while on the ontrary, ϕ and ϕ̄ are parity odd with

P 〈0|ϕ(0)|θ; 〉 = −〈0|ϕ̄(0)| ;−θ〉

These relations have to be on�rmed in the Lagrangian framework.

5 Boundary form fators via defets

In this setion we intend to illustrate how defets an be used to generate new boundary form

fator solutions from old ones. The underlying fusing idea for the re�etion matries an be

explained as follows: Suppose we plae an integrable defet with transmission fator T−(θ)
in front of an integrable boundary with re�etion fator R(θ), whih satis�es unitarity and

boundary rossing unitarity:

R(−θ) = R−1(θ) ; R(
iπ

2
− θ) = S(2θ)R(

iπ

2
+ θ)

If we fuse the defet to the boundary the omposite boundary system will be integrable and

will have re�etion fator

R̄(θ) = T+(θ)R(θ)T−(θ)

whih, due to the defet unitarity and rossing equations, will satisfy boundary unitarity and

rossing unitarity. This idea has been used to alulate the transmission fators from the

already determined re�etion fators R, R̄ in the sinh-Gordon and Lee-Yang models in [16℄. In

ontrast, here we would like to use the fusion idea to generate new form fator solutions from

old ones. For this purpose we suppose that we determined already the boundary form fators

FO
n (θ1, . . . , θn) of a boundary operator O. It satis�es, besides the singularity [9℄ axioms, the

following requirements:

permutation

FO
n (θ1, . . . , θi, θi+1, . . . , θn) = S(θi − θi+1)F

O
n (θ1, . . . , θi+1, θi, . . . , θn)

17



re�etion

FO
n (θ1, . . . , θn−1, θn) = R(θn)F

O
n (θ1, . . . , θn−1,−θn)

and rossing re�etion

FO
n (θ1, θ2, . . . , θn) = R(iπ − θ1)F

O
n (2iπ − θ1, θ2, . . . , θn)

We laim that the fused form fator

F̄O
n (θ1, . . . , θn) =

n
∏

i=1

T−(θi)F
O
n (θ1, . . . , θn) (14)

satis�es the boundary form fator axioms of the fused boundary orresponding to the re�etion

fator R̄.
Let us analyze them one by one. Sine the extra fator is symmetri in θi the permutation

axiom is trivially satis�ed. To show the re�etion property we use defet unitarity

R̄(θ) = T+(θ)R(θ)T−(θ) = T−(−θ)−1R(θ)T−(θ) (15)

while for the rossing re�etion we use defet rossing symmetry:

R̄(iπ − θ) = T+(iπ − θ)R(iπ − θ)T−(iπ − θ) = T−(θ)R(iπ − θ)T−(2iπ − θ)−1
(16)

Now multiplying both sides of the re�etion and rossing re�etion equation by

∏

i T−(θi) and
using (15) and (16) the laim follows. Similarly one an show the satisfation of the singularity

axioms [9℄.

By this method form fator solution of a given boundary an be used to generate form fator

solutions for the fused boundary. It is pratially useful if we an follow the indenti�ation of

the operators under the fusion proedure. This is the ase for example if the operator in the

UV limit ommutes with the defet. Say for example if in the Lee-Yang model we take the form

fators of the operators of the identity module on the trivial boundary [29℄, then by the fusion

proedure we an generate the form fators of the same module on the fused φ boundary, just

by multiplying the original form fator solutions with the produt of the transmission fators.

6 Conlusion

In the paper we initiated the form fator program for purely transmitting integrable defet

theories. We restrited our interest for a single partile type, but the extension of the program

for diagonal bulk satterings and diagonal transmissions is straightforward (see [30℄ in the

boundary ase). We laid down axioms for the form fators of operators loalized both in the

bulk and also on the defet. We determined the solutions of the onsiteny requirements for

bulk operators in terms of the bulk form fators together with the transmission matrix. These

form fators determine the orrelation funtions of bulk operators, whih we elaborated in

details for the two point funtions. In the ase of defet operators we gave the general form of

the solutions and expliitly alulated for the free boson and for some operator in the Lee-Yang

model. We also desribed how the fusion method an be used to generate new form fator

solutions from old ones.

In the analysis of the Lee-Yang model we observed relations between the defet operators

whih should have the origin in defet onditions. The lak of the Lagrangian de�nition of the
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model prevented us to analyze this question. In order to aheive this aim one has to analyze

the simultaneous integrable defet and bulk perturbations of the defet Lee-Yang model using

onformal perturbation theory and establish the relation between the bulk and defet ouplings,

whih maintains integrability. This approah then an be used to derive defet onditions whih

will provide relations between �elds living on the defet. In pushing forward this program one

has to solve the defet Lee-Yang model �rst. The expiliit knowledge of the orrelation funtions

together with the struture onstants will make it possible to bridge the operators appearing

in the form fator program to their UV ounterparts by analyzing the short distane behaviour

of the two point funtions obtained from the expliit form fator solutions.

Another interesting problem is to see that we have as many polynomial solution of the form

fator equation as many loal operators existing in the theory. We have seen this oinidene

in the ase of the free boson. In the ase of the Lee-Yang model the nontrivial mixing between

the left and right degrees of freedom and the various anellation between the leading order

saling terms prevented us to perform this analysis. Possibly a more areful analysis along the

line of [29℄ would lear up this point as well.

We have analyzed the free boson and the Lee-Yang model sofar. The method, however,

has a straightforward appliation for the sinh-Gordon model adopting ideas from the boundary

form fator solutions [31, 32℄.

The defet form fators in the Lee-Yang model an be tested by extending them for �nite

volume and omparing to diret TCSA data. They also an be used to build up �nite tem-

perature defet orrelation funtions. These are diret generalizatons of the related boundary

analysises developed in [33, 34℄.
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