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Introduction

The main goal of this PhD thesis is to present an efficient searching

method to find extremely large values of the Riemann zeta function

on the critical line. Locating peak values of the zeta function may

contribute to a better understanding of the distribution of prime

numbers.

The Riemann zeta function is an extremely important function of

mathematics and physics. For all complex numbers s with σ > 1 the

function can be defined by

ζ(s) =

∞∑
n=1

n−s =
1

Γ(s)

∫ ∞
0

xs−1

ex − 1
dx (1)

where Γ(s) is the gamma function

Γ(s) =

∫ ∞
0

e−xxs−1dx s > 1. (2)

By analytic continuation the function can be extended to the whole

complex plane, except for s = 1.

In 1859 Bernhard Riemann conjectured [1] that all non-trivial ze-

ros of ζ(s) have real part σ = 1/2. This is the famous Riemann-

hypothesis, one of the most important unsolved problems in the

theory of prime numbers.
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For investigating ζ(s) on the critical line (σ = 1/2) one can consider

the Riemann-Siegel Formula [2]

Z(t) = 2

b
√
t/2πc∑
n=1

1√
n

cos(θ(t)− t · lnn) +O(t−1/4) (3)

where θ(t) is the the Riemann–Siegel theta function.

Finding peak values of Z(t) is computationally expensive and chal-

lenging even with modern supercomputers.

Large values of Z(t) are very likely where cos(θ(t)− t · log n) is close

to 1 or −1 for many n. In 1989 Odlyzko presented a method for

predicting large values of Z(t). “We need to find a t for which there

exist integers m1, . . . ,mn such that each of t log pk − 2πmk is small

(1 ≤ k ≤ n)” (hence cos(t log(pk)) is near 1, where pk are primes).

[3]. In 2004 Kotnik noted [4] that for t = 2kπ
log 2 we have

cos
(
θ(t)− 2kπ

log 2
· log n

)
, (4)

where for n = 2m,m ∈ N0 we have cos(θ(t) − 2kmπ) = cos(θ(t)),

so these values have the same sign and reinforce each other in the

main summand. The plan is to approximate (4) for as many n as

possible. Let {p1, p2, . . . ps} be a finite subset of primes and k ∈ N
such that k log pi

log 2 are “close to an integer” for all 1 < i ≤ s. Then

k
log pi
log 2

≈ ri ∈ N (5)
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therefore
2kπ

log 2
≈ 2riπ

log pi
. (6)

Hence

cos(θ(t)− 2riπ

log pi
log n) ≈ cos(θ(t)) , (7)

for all n = pmi (m ∈ N). Clearly, if one chooses k ∈ N in a way such

that k · log pi
log 2 is close to an integer for as many prime pi as possible

then the expression (4) will have the same sign for many n. If one

chooses cos(θ(t)) as large as possible (e.g. near to a Gram point) and

one chooses an appropriate k ∈ N then one can expect large values

of |Z(t)|.

Solving multidimensional simultaneous Diophantine approximations

we were able to create an effective algorithm called RS-PEAK to find

extremely large values of the Riemann zeta function. The RS-PEAK

algorithm has three main parts:

• Part I - Fast Diophantine Approximation (presented in Chap-

ter 2)

• Part II - Prefiltering (presented in Chapter 3)

• Part III - Main filtering (presented in Chapter 3).

Thesis 1

We developed an efficient method in order to solve simultaneous Dio-

phantine approximation problems.
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Approximating cos(θ(t)− 2kπ
log 2 · log n) well with cos(θ(t)) for as many

n as possible is a simultaneous Diophantine approximation problem.

Let Υ = {α1, α2, . . . , αn} be a set of irrationals and ε > 0. Define

the set

Ω = Ω(Υ, ε, a, b) = {k ∈ N : a ≤ k ≤ b, ‖kαi‖ < ε for all αi ∈ Υ} ,
(8)

where ‖.‖ is the distance from the nearest integer function. For a

given Ω let k : {1, 2, . . . , |Ω|} → Ω monotonically increasing, so ki

denotes the ith integer in Ω, thus

∆Ω = {kn+1 − kn : 1 ≤ n ≤ |Ω| − 1}. (9)

The set ∆Ω contains all possible step-sizes between two consecutive

ki. We have the following results:

Theorem 1.1. |∆Ω| ≤ 3.

Theorem 1.2. There is a set |Γn| = 2n with the following property:

if k ∈ Ω then (k + γ) ∈ Ω for some γ ∈ Γn.

The generation of Γn can be done efficiently and can be used to

produce many k ∈ N to approximate cos(θ(t) − 2kπ
log 2 · log n) much

faster in small dimensions (e.g : n ≤ 20) than applying the lattice

reduction algorithm of Lovász.

The details are worked out in Chapter 2 of the dissertation, based

on the papers [5], [6], [7].
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Thesis 2

We suggested a method for eliminating weak candidates.

We have constructed 2 functions for eliminating weak k ∈ Ω candi-

dates. Based on empirical observation of large Z(t) values we have

created the following function:

F (t) =

b log t/2πc∑
n=1

1√
n

cos
(
θ(t)− t · log n

)
(1.10)

Note that the complexity of F (t) is O(log t), which is significantly

better than the complexity of the original Z(t). We analysed the

behaviour of the functions Z(t) and F (t) thoroughly.

Assumption: For a given t ∈ R where F (t) is large we assumed

that Z(t) is also large in a high proportion of the cases.

It is easy to see that the order of F (t) depends on the order of

t. Based on some numerical analysis of F (t) we have created the

following function:

A(t, B1, B2) =

B2∑
n=B1

1√
n

cos(θ(t)− t · log n) (1.11)

In practice, for eliminating weak candidates, the values A(t, 1, 1) =

cos(θ(t)), A(t, 1, 100), A(t, 1, 1000) and A(t, 1000000, 1100000) were

used. These functions can be applied in the following way: In case
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of A(t, B1, B2) > M one can assume that Z(t) is large. Clearly, M

depends only on B1, B2 and does not depend on the order of t.

The result of the above mentioned methods is the RS-PEAK algo-

rithm.

The details are worked out in Chapter 3 of the dissertation, based

on the papers [1], [2], [3], [4].

Thesis 3

We obtained new computational results based on RS-PEAK algorithm.

In a distributed environment, thousands of computers from all over

the world were searching large Z(t) candidates applying the RS-PEAK

algorithm. The name of the project was the Riemann Zeta Search

Project and was running on the SZTAKI Desktop Grid from Novem-

ber 2013 till November 2017.

Applying RS-PEAK we achieved the following results:

• 5 597 001 candidates were found where large Z(t) > 1 000 are

expected. The most promising candidates were verified by the

ATLAS Supercomputing Cluster applying the O(t1/3) algo-

rithm of Hiary.

• Calculating millions of ϕ(t) = log |Z(t)|
log(t) for different t values

(t ∈ [1010, . . . , 1035]) we have the following empirical results:
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ϕ(t) → 0 as t → ∞. This result numerically support the

Lindelöf hypothesis.

• For t = 310678833629083965667540576593682.05 we have Z(t) ≈
16874.2. To the best of our knowledge, at the time of writing

this thesis it is the largest known Z(t) value.

New records can be viewed on the Riemann Zeta Search Project

website : www.riemann-siegel.com

Further results are presented in Chapter 4 of the dissertation, based

on the papers [2], [3].

www.riemann-siegel.com
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