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Introduction

Calculation of quantities in string theory can usually be very complicated, but there

are useful geometric methods, which work on a restriction of the original construc-

tion and help to obtain information about a subsector of string theory. In particular

topological string theory has been proved to be effective in the past decades to cap-

ture topological information about physical string theory, and helped to understand

some of its fundamental questions like black hole entropies and effective superpoten-

tials.

Since its birth, topological string theory has been a widely studied area by both

physicists and mathematicians, and it has inspired many applications. One of the

fascinating results that was not expected from the original construction is that A-

model topological string theory counts microstates of four dimensional BPS black hole

compactified on a Calabi-Yau threefold, so it can give a microscopic description for

a class of black hole entropies [4]. On the topological string theory side, this relation

may be used for a non-perturbative definition of the topological string theory. In the

case of a local Calabi-Yau threefold, which the total space of rank two holomorphic

vector bundle over a Riemann surface, the counting of BPS states reduces to the

computation of the partition function of q-deformed U(N) Yang-Mills theory on the

surface, and for large N it factorizes into a coupling of chiral and antichiral partition

functions of q-deformed SU(N) Yang-Mills theory [5]. The string theory dual of

this two-dimensional gauge theory is topological string theory. From a mathematical

perspective, this duality states that the Gromov-Witten invariants of the Calabi-Yau

can be computed in terms of Hurwitz numbers of branched covers of the surface.

My work focuses on the refinement of this duality, wherein refined topological strings,

which are motivated by M-theory compactifications, are related to refined black hole

partition functions, which count BPS states with spins [6]. The appearing two-

dimensional gauge theory dual to refined topological strings is the so called (q, t)-

deformation or Macdonald deformation of Yang-Mills theory, and I studied its large

N chiral expansion in the paper [1].

Introducing fluxes in string theory are the most promising candidates to solve the

moduli stabilization problem in compactifications. T-duality, which is a particular

symmetry of extended stringy-like objects, gives new types of fluxes, which are neces-

sary for moduli stabilization. However their presence back-reacts on the compactified

geometry, and changes its geometrical properties making it to nicely fit into the
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framework of generalized geometry, which unifies complex and symplectic geometry

within generalized complex geometry. The unification lies on the premise that the

tangent bundle is extended with its cotangent bundle. Topological strings compute

superpotentials of four-dimensional effective field theories in IIA and IIB compactifi-

cations without flux, but an analogous topological theory in flux compactifications is

unknown.

Courant algebroids capture the algebraic properties of generalized geometry and fluxes

appear as their twist deformations [7]. Each Courant algebroid is in a one-to-one

correspondence to three-dimensional topological Courant sigma-models, and AKSZ

formulation provides a natural geometric method for constructing their BV quantized

theories [8]. Topological A- and B-models, which are the corresponding sigma-models

to topological string theory, have AKSZ formulations separately, but they relation

to generalized geometry and fluxes needs further understanding. My work in the

paper [2] focuses on this relation.

Topological M-theory was originally proposed as a unification of the topological A-

and B-models [9], and is intended to capture a topological sector of physical M-theory.

It can be constructed on seven-dimensional manifolds of G2-holonomy where it has

reduced N = 1 supersymmetry, and it is based on a Hitchin-type form theory of G2-

manifolds, while its dimensional reduction on a circle gives Hitchin’s form theories of

the topological A- and B-models.

The A- and B-models have worldsheet formulations as string theories where they are

given by two-dimensional topological sigma-models. Hence it is natural to expect that

topological M-theory has a worldvolume formulation and its fundamental objects are

topological membranes. Two different membrane theories have been proposed for this

purpose. One is constructed using the Mathai-Quillen formalism in [10]. The other

one is introduced in [11] as a BRST gauge fixed version of the simple topological action

constructed by pullback to the membrane worldvolume of the harmonic three-form

associated to the G2-structure. Both types of topological membranes are intended to

be the fundamental objects of the same theory, which inevitably raises the question

of whether they can be described within a single theory. I studied the unification of

these membrane theories within AKSZ formulation in the paper [3].
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Statements

My thesis is based on the results of the three papers [1–3].

Chiral expansion and Macdonald deformation of two-dimensional Yang-
Mills theory

In the paper [1] we extended the large N chiral expansion of [12] to the refined case.

We calculated the expansion of the partition function for closed surface and observ-

ables corresponding to boundary defect terms and Wilson loops. Our constructions

are based on the feature that, from a mathematical perspective, the refinement uses

the Etingof-Kirillov theory of characters for intertwining operators, called general-

ized characters, which are related to Jack and Macdonald polynomials in a similar

way that ordinary characters are related to Schur polynomials. Using the fact that

Macdonald polynomials can be written as vector-valued characters of the underlying

quantum group, we could apply quantum Schur-Weyl duality to these characters anal-

ogously to the q-deformed case to obtain a more general and complex expansion into

delta-functions on Hecke algebras. While we borrowed throughout from the wealth of

results already derived in [12], along the way we clarified and extended these results

in various directions. In particular, we explicitly clarified the definitions of certain

central elements from [12], we defined a new Fourier-type transformation on quan-

tum group characters to characters of central elements of the Hecke algebra, and we

proved a relation between refined and ordinary Littlewood-Richardson coefficients at

large N .

Neither the q-deformed nor the refined expansions admit straightforward worldsheet

interpretations (much like the situation with refined topological string theory). As

such, our constructions may have some independent mathematical interest in light

of the property that the undeformed chiral theory is the worldsheet field theory for

classical Hurwitz spaces of branched covers. To shed some light on this perspective,

we studied a special classical limit of the (q, t)-deformed gauge theory in which t = qβ

and q → 1 with fixed β. In this limit the Macdonald polynomials reduce to the Jack

symmetric functions, and the underlying Hecke algebra reduces to the ordinary group

algebra of the symmetric group. This limit of the (q, t)-deformed partition function

yields a new kind of deformation of the usual Hurwitz theory of branched covering

maps of Riemann surfaces, which to the best of our knowledge has not appeared in

the literature before. In particular, we interpreted the limiting partition function as a

3



generating function for certain parameterized Euler characters which at β = 1 reduce

to the usual orbifold Euler characters of Hurwitz spaces.

Double field theory for the A/B-models and topological S-duality in gen-
eralized geometry

In the paper [2] we reformulated the AKSZ constructions of the A- and B-models in

the framework of double field theory as a single membrane sigma-model, and gave

a natural explanation of how their AKSZ constructions are related to generalized

complex structures. It also highlights some new aspects, such as how topological

S-duality appears on the level of AKSZ sigma-models and can be traced back to

generalized complex geometry. The results appeared in the paper [2].

Based on our observation that the Poisson sigma-model on doubled spaces captures

both the A- and B-models with different choices of the doubled Poisson structure,

we proposed an open AKSZ membrane sigma-model, which gives back the doubled

Poisson sigma-model on the boundary in a specific gauge. Then we reduce the fields in

a way which halves the ghost number one superfields. The resulting AKSZ membrane

sigma-model captures a particular class of generalized complex structures given by an

initial Poisson and complex structure. It therefore corresponds to a Courant algebroid

for the generalized complex structure with the identities of its integrability condition;

to the best of our knowledge this is a new example of Courant algebroid. We also

showed that the AKSZ membrane theory can be reduced through gauge fixing to the

A- or B-models on the boundary if the generalized complex structure is given by a

purely Poisson or complex structure respectively.

Furthermore, we found a realization of topological S-duality, which exchanges the

weakly and strongly coupled sectors of the topological A- and B-model string theories,

on the level of the AKSZ construction. Our result is based on an S-duality introduced

by us, which maps Poisson and complex structure Courant algebroids into each other,

and lies within the Courant algebroid for the generalized complex structure. This

duality was promoted to the AKSZ membrane sigma-model and interpreted as S-

duality which relates the couplings gA and gB of the A- and B-models in the usual

way: gA = 1/gB.

Besides the main results we also worked out some methods and techniques, which we

used throughout the thesis. We introduced a gauge fixing method which is a natural

way to perform boundary reductions, and we showed that the contravariant Courant
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sigma-model reduces to the Poisson sigma-model in this gauge; we also related its

twisting to non-associative R-flux background. We further showed that the standard

Courant sigma-model twisted by H-flux is related to the B-model in a particular

gauge.

AKSZ constructions for topological membranes on G2-manifolds

Our results in topological membranes related to topological M-theory was published

in the paper [3]. We constructed BV quantized topological membrane theories on

G2-manifolds using the AKSZ formulation, which unify the topological membrane

theories of [10] and [11] in the sense that they give back the membrane theories in

particular gauges. We further proposed a topological three-brane model given by the

AKSZ construction, which reduces to our AKSZ membrane theories upon worldvol-

ume dimensional reduction. Its derived bracket is the standard 2-Courant bracket,

which appears in exceptional generalized geometry as the antisymmetrization of the

generalized Lie derivative, and it is also the same as the anomaly-free current algebra

of topological membranes induced on the generalized tangent bundle T ⊕
∧2 T ∗ of

G2-manifolds. We found that double dimensional reduction on a circle of our three-

brane model with G-flux twisting yields the twisted standard Courant sigma-model,

which geometrizes the H-flux in type II string theory. Furthermore we dimension-

ally reduced our AKSZ membranes to give new AKSZ constructions for the A-model

after gauge fixing and canonical transformation. Performing a further dimensional

reduction of one of these string models then gave a novel AKSZ construction for

supersymmetric quantum mechanics. In addition to the main results we summa-

rized the gauge fixing procedures of BV-quantized theories in superfield formalism

as well as differential calculus on superfunctionals, as we have not found it in the

literature.
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