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Introduction

The aim of this thesis is to explore the connection between random matrices and orthogonal poly-

nomials through the eigenvalues and the zeros. P. J. Forrester and A. Gamburd showed in [4] that

the expectation of the characteristic polynomial of a very large class of random symmetric matrices is

the Hermite polynomial, while the same expectation for random covariance matrices is given by the

Laguerre polynomial. This, together with the well known results, that the limiting distribution of the

roots of Hermite polynomials as well as the spectral asymptotics of the eigenvalues of random sym-

metric (Hermitian) matrices is given by the semicircle law, and that the same limit for the Laguerre

polynomials and sample covariance matrices is given by the Marchenko-Pastur law ([9],[17]), suggest

that there is an intrinsic connection present between the eigenvalues of random matrices and the zeros

of orthogonal polynomials.

This booklet is structured in the following manner. Section 1 serves as a short introduction to the

theory of random matrices. The most important ensembles of random matrices and results about their

spectral properties are listed here.

Section 2 consist of the following results of the author:

(R1) a corollary about the spectral asymptotics of deformed Wigner matrices;

(R2) two theorems about the asymptotics of the zeros of Hermite and Laguerre polynomials and the

sum of their kth powers;

(R3) a proposition, with numerical evidence about the order of the error of the maximal distance

between the expectation of the eigenvalues of a Wigner matrix and the zeros of the Hermite

polynomial is strictly less than that of the normalization factor, furthermore it is also shown

that the Jacobian of the transformation (x1, . . . , xn) 7→ (a0, . . . , an−1), where x1, . . . , xn denote

the roots of the polynomial xn +
∑n−1

j=0 ajx
j , coincides with the Vandermonde determinant. The

connection of the zeros and eigenvalues is also discussed in more detail;

(R4) two theorems about the spectral asymptotics of random density matrices and their asymptotic

von Neumann entropy.

There are two appendices presented, the �rst shows numerical results on approximating the joint

distribution function of the eigenvalues of the GOE by using Archimedean copulas, while the second

discusses some results on the variance of the characteristic polynomial of Wigner and Wishart matrices.

Section 3 is the summary of this booklet.

1 Random matrix theory and orthogonal polynomials

There are three ensembles of random matrices that are mostly considered by the theorists.

� The Wigner ensemble, consisting of real symmetric or complex Hermitian matrices, whose free

elements are independent, and of zero mean. It is assumed that elements on the diagonal are

identically distributed, and also the o� diagonal elements are identically distributed with �nite

variance σ2 > 0, but the two distribution may di�er. This ensemble is very general and includes
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the invariant ensembles like Gaussian Orthogonal, Gaussian Unitary and Gaussian Symplectic

Ensemble;

� the Wishart ensemble, consisting of random, positive semide�nite matrices of the form XX∗,

where X is a p× n real or complex matrix. In the most general case the columns of X are i.i.d.,

but dependencies are allowed inside each column;

� the Circular ensemble, consisting of random unitary/orthogonal matrices. The most studied

ensembles are the Circular Orthogonal Ensemble and the Circular Unitary Ensemble, in which

the distribution is given by the corresponding normalized Haar measure.

The topics of dissertation are strongly connected to the Wigner and the Wishart Ensemble.

In the 50s Eugene Wigner proved the famous so-called semicircle theorem ([18]) by showing

E
[ ∫

xkdµn(x)

]
−−−→
n→∞

2

π

∫
xk
√

max{1− x2, 0} dx

where k ∈ N and µn = 1
n

∑n
j=1 δλj,n/(2

√
n) denotes the empirical distribution of the eigenvalues of the

n× n minor of a random symmetric in�nite matrix with centered i.i.d. elements. The �rst version of

this theorem assumed that the distribution of the elements is given by 1
2(δ1 + δ−1), where δx denotes

the Dirac measure concentrated at x. Later, this theorem was generalized by L. Arnold ([1]) in the

following sense.

Theorem 1.1 ([1]) Let A = (aij)1≤i,j independent random variables, where

(i) aij = aji for all i, j;

(ii) (aii)1≤i are identically distributed and (aij)1≤i<j are identically distributed;

(iii) E[aij ] = 0 for all i, j and E[a2ij ] = σ2 for all i < j;

Let µn denote the empirical distribution of the eigenvalues of (2σ
√
n)−1An. Then

1. E[a2ii] <∞ for all i and E[a4ij ] <∞ for all i < j implies∫
xkdµn(x) −−−→

n→∞

2

π

∫
xk
√

max{1− x2, 0}dx (1)

in distribution for any k ≥ 0.

2. E[a4ii] <∞ for all i and E[a6ij ] <∞ for all i < j implies (1) with probability 1 for any k ≥ 0.

Analogous theorems were proved for the Wishart ensemble by Marchenko and Pastur, but now the

limiting distribution is given is supported on a compact subinterval of [0,∞).

Theorem 1.2 ([8]) Let X = {xij , 1 ≤ i, j} denote the collection of iid random variables with E[xij ] =

0 and D2(xij) = 1. Let p = p(n) is an increasing sequence of integers and denote by µn the empirical

distribution of the eigenvalues of 1
nXnX

∗
n, where Xn = (xij , 1 ≤ i ≤ p(n), 1 ≤ j ≤ n). Let us assume

that p/n→ c > 0 as n→∞. Then with probability one µn converges to ν weakly as n→∞, where

dν(x) =
1

2πxc

√
(x− a)(b− x) · 1[a,b](x)dx,

a = (1−
√
c)2, b = (1 +

√
c)2.
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Later on the convergence rates were calculated and universality theorem about the linear eigenvalues

statistics were proven by many. Another breakthrough happened when Tracy and Widom computed

the limiting distribution of the largest eigenvalue for Gaussian random matrices, which was then

generalized by others for non-Gaussian random matrices and also sample covariance matrices (for

more details please refer to e.g. [2],[12],[14],[16]). The following general theorem is an essential tool

that is used in Chapter 5 of the dissertation, hence we will state it now.

Theorem 1.3 ([3]) Assume that p = p(n) is such that p/n → c ∈ (0, 1), while c1 < p/n < C2,

and assume that {xij , 1 ≤ i, j} is a collection of standardized i.i.d. random variables with uniform

exponential decay, i.e.

P(|xij | ≥ t) ≤ τ−10 e−t
τ0
.

for some τ0,K > 0 and for all t > K. Then

P(λmax(Wn)→ b) = 1,

where b = (1 +
√
c)2, Wn = 1

nXnX
∗
n, Xn = (xij)1≤i≤p

1≤j≤n
.

Furthermore

n2/3
λmax(Wn)−mp,n

σp,n

d−→ Fβ,

where Fβ denotes the Tracy-Widom law (β = 1 in the real case and β = 2 in the complex) and

mp,n =

(
1 +

√
p

n

)2

σp,n =

(
1 +

√
p

n

)(
1 +

√
n

p

)1/3

.

For more details on the Tracy-Widom law please refer to [14].

There is two common ways to study the eigenvalues of such matrices. The �rst is to study the moments

of their empirical distribution, which can be expressed via the matrix elements, i.e.
∑n

j=1 λ
k
j = Tr(Ak)

and the other one leads through the Stieltjes transform of their empirical distribution, i.e. Sµn(z) =∫
1

z−xdµn(x) = 1
nTr(zI −A)−1.

Apart from these it is also possible to study the eigenvalues directly through the characteristic polyno-

mial, although this is more challenging due to the fact that roots of general polynomials of more than

4 degrees cannot be found explicitly. However there is hope, thanks to Forrester and Gamburd, who

proved the following theorem in [4].

Theorem 1.4 ([4]) 1. Let A denote an n×n Hermitian matrix with iid elements, where E[aij ] = 0

and D2(aij) = 1. Then

E[det(x · I −A)] = Hn(x)

where Hn denotes the (probabilistic) Hermite polynomial of degree n.

2. Let X denote a p-by-n matrix with iid elements, where n ≥ p, E[xij ] = 0 and D2(xij) = 1. Then

E[det(x · I −XXT )] = `(n−p)p (x),

where `
(n−p)
p denotes the monic Laguerre polynomial of degree p and parameter n− p.
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In order to feel the importance of this discovery let us evoke the celebrated results of Szeg®, stating that

the empirical distribution of the normalized roots of Hermite polynomials tends weakly to the semicircle

law as the degree of the polynomial tends to in�nity. An analogous theorem is true for the zeros of

Laguerre polynomials, but in this case the corresponding limit law is given by the Marchenko-Pastur

distribution in the following sense.

Theorem 1.5 ([17]) 1. Let Hn(x) denote the (probabilistic) Hermite polynomial of degree n and

let λn,j denotes its zeros. Let µn := 1
n

∑
j δλn,j/(2

√
n) denote the empirical distribution of the

normalized zeros λn,j/(2
√
n). Then one has

µn
w−−−→

n→∞
µsc

where dµsc(x) = 2
π

√
max{1− x2, 0} dx.

2. Let us assume that α = αp and
αp
p → c ∈ (−1,∞), as p → ∞. Then the empirical distribution

determined by the normalized roots (where p−1 is the normalization factor) of the Laguerre-

polynomial L
(αp)
p converges weakly to the Marchenko-Pastur distribution, given as

µc(A) =−cδ0(A) + νc(A) , if − 1 < c < 0, αp ∈ {−p+ 1, . . . ,−1} for all p ,

νc(A) , if c ≥ 0,

for any A ∈ B(R), where δ0 denotes the Dirac-delta measure concentrated at 0, while the measure

νc is absolutely continuous with density

dνc(x) =

√
(x+ − x)(x− x−)

2πx
1[x−,x+](x)dx

where x± = [
√
c+ 1± 1]2.

These results, together with Theorems 1.1 and 1.2 suggest, that there is an intrinsic connection

between orthogonal polynomials and random matrices that is worth studying in depth.

2 Results of the thesis

The �rst result (R1) is a corollary of two theorems (to be found in [13] and [14]) stating that how the

deformation of a random Wigner changes its spectral asymptotics. The claim reads as follows.

Corollary 2.1 Let A = (aij)1≤i,j be a real Wigner matrix with E[a212] = σ2 and denote by An its

upper-left n × n submatrix. For each n let Bn be an arbitrary deterministic n × n matrix such that

limn Tr(BnB
T
n )/n = 0. Assume that (Hn) is a sequence of random symmetric n × n matrices, inde-

pendent of An for each n ≥ 1, such that the sequence of its empirical spectral measure µBn converges

to a deterministic distribution µ0 weakly almost surely. Then the spectral distribution of the matrix

An/2
√
n+Bn+Hn converges to a deterministic distribution µ weakly almost surely, where the Stieltjes

transform Sµ(z) of µ satis�es

sµ(z) = sµ0(z + σ2sµ(z)).
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Here, by the Stieltjes transform of a (real) measure µ we will mean the function

sµ(z) =
∫ dµ(x)

z−x , with z ∈ C being such that Im z > 0.

This is actually a slight generalization of the previously mentioned theorems. Choosing Bn and Hn as

zero matrices yields the classical, but more general version of the Wigner-theorem.

Next, the two theorems mentioned in (R2) will be discussed. The �rst part of these results are new,

elementary proofs of Theorem 1.5. In most of the literature this theorem is proved using methods from

the theory of di�erential equations and complex analysis, but the one presented in the work is based

only on the recursion of the corresponding polynomials and restricts itself to elementary arguments.

Both of the new proofs uses the fact, that the moments generating function of the zeros, which can

be expressed by the so-called conjugate polynomials (the conjugate of a polynomial p of degree n is

p̂(x) = xnp(1/x)), converges to that of the corresponding limit law.

The second parts of these results consist of showing that for �xed degree and parameter the sum

of the kth power of the zeros can be expressed as a polynomial of the degree and parameter of the

corresponding polynomial.

Theorem 2.2 ([6],[7]) 1. Let Mn(k) :=
∑n

j=1 ξ
k
j,n, where ξj,n denotes the jth largest zero of Hn.

Then Mn(k) is a polynomial in n, where Mn(k) = 0 when k is odd, while

degnMn(k) =


k
2n

k/2+1 −
(

2k−1 −
(
k−1
k/2

))
nk/2 + f(n) ha k páros

0 ha k páratlan

where Ck/2 =
( k
k/2)

k/2+1 denotes the (k/2)th Catalan number and f is a polynomials of degree (k/2−1).

2. Let p ∈ N, M (α)
p (k) :=

∑p
j=1 (η

(α)
p,j )k, where 0 ≤ η

(α)
p,1 < η

(α)
2,p < . . . < η

(α)
p,p < ∞ denotes the roots

of L
(α)
p . Then for α ∈ R, α+ p > k − 1 one has

M (α)
p (k) =

k∑
j=1

1

k

(
k

j

)(
k

j − 1

)
pj(α+ p)k−j+1 + f(α+ p, p)

where f is a polynomial in two variables with deg f ≤ k.
In case α+ p ≤ k− 1 one has that the coe�cient of the dominating term in M

(α)
p (k) is less than

or equal to the quantity above.

Remark 2.3 Theorem 2.2 trivially implies Theorem 1.5.

The proof of Theorem 2.2 uses the Newton formulae and turns the problem into a graph theoretical one.

For both the Hermite and Laguerre cases a corresponding graph can be de�ned, where the calculation

of the leading (and the second coe�cient respectively) is transformed into counting special paths in

this graph.

Now let us turn to the discussion of (R3). It was shown by many that the Jacobian of the transformation

(V,Λ) 7→ V ΛV T = A, where Λ is diagonal, is an appropriate power of the Vandermonde determinant

(see e.g. [10]). If A = XX∗ for some p × n matrix, then corresponding Jacobian consists of some

power of the Vandermonde determinant and some power of the product of the eigenvalues. These

observations suggest that the Vandermonde determinant plays a central role in this theory, which
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is also supported by the new result of the author, stating that it also appears as the Jacobian of

the transformation (x1, . . . , xn) 7→ (a0, . . . , an−1), where x1, . . . , xn denote the zeros of the monic

polynomial p(x) = xn+
∑n−1

j=0 ajx
j . Szeg® showed that the maximum of the Vandermonde determinant

under the condition
∑

j λ
2
j = const is given by the zeros of the rescaled Hermite polynomials, while

the maximum of the Vandermonde determinant multiplied by the product of some �xed power of its

variables, under the condition
∑

j λj = const, is given by the zeros of the rescaled Laguerre polynomials.

It is most interesting that the joint density function of the eigenvalues of the Gaussian Ensembles is

given by

Zn,β
∏
i<j

|λi − λj |β exp

−β
2

n∑
j=1

λ2j

 ,

and by

Z̃p,n,β

p∏
j=1

λ
−β

2
(n−p+1)

j

∏
1≤j<k≤p

|λj − λk|β exp

−β
2

p∑
j=1

λj

 ,

where Zn,β , Z̃p,n,β are normalization constants, β = 1, 2. Apart from the constants and the exponential

terms these densities coincide with the Jacobian determinant of the corresponding Jordan decompo-

sition, hence their maximum (after �xing
∑n

j=1 λ
2
j or

∑p
j=1 λj respectively) is attained at the vector

consisting of the zeros of the corresponding orthogonal polynomials. These facts together with Theo-

rems 1, 2, 1.4 and 1.5 suggest that the distribution of the eigenvalues are concentrated about the zeros

of the aforementioned polynomials. Numerical simulations con�rm this conjecture, i.e. they show that

the empirical averages of the eigenvalues are close to the zeros (even in the non-Gaussian case). The

results are shown in Figure 1.
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Figure 1. Distance of eigenvalues and zeros as a function of the dimension

Blue dots in the upper log-log plots represent the maximal distance between eigenvalues and zeros,

while the green dots represent the mean of the distances. The lines correspond to the normalization,

i.e. to
√
n in panel (1a) and p in panel (1b). The right �gure corresponds to the case n = 2p. A

weaker, but new result is proved in the end of Chapter 3, namely that
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Proposition 2.4

max
j
|Eλn,j − ξn,j | < O(n1/2)

if the distribution of the o�-diagonal elements satisfy the logarithmic Sobolev inequality.

This means that the maximal distance of the average of the eigenvalues λn,j of a(n n × n) Wigner

matrix and the zeros ξn,j of the Hermite polynomial Hn is of order strictly less than n1/2.

The next result (R4) consists of the some new auxiliary results concerning density matrices. These

matrices, being positive de�nite and of trace equal to 1 by de�nition, play a crucial role in quantum

theory, where they are used to describe the state of a quantum system. It is shown in Chapter 4 that

the asymptotics, under fairly general condition, of random density matrices of the form XX∗/Tr(XX∗)

coincide with that of XX∗ after proper normalization of the eigenvalues.

I. Nechita proved in [11] the following

Theorem 2.5 ([11]) Let X = (xkl)1≤k
1≤l

be an iid double sequence of complex NC(0, 1) random variables

and consider the empirical distribution

µp,n =
1

p

∑
j=1

δcnλj(ρn)

where ρn = XnX
†
n/Tr(XnX

†
n) and Xn = (xkl)1≤k≤p

1≤l≤n
. Assume further that p = p(n), limn(p(n)/n) = c.

Then

P (µp,n
d−→ νc) = 1,

furthermore

n2/3
cnλ1(ρn)− (1 +

√
c)2

(1 +
√
c)(1 +

√
c)1/3

→ F2,

where F2 denotes the Tracy-Widom law with parameter 2.

This theorem is generalized in Chapter 4, where it is shown that for convergence of the empirical

spectral distribution of the scaled eigenvalues the Gaussianity of the elements can be relaxed to any

distribution with �nite variance, while in order for the scaled maximal eigenvalue to exhibit a limit

distribution we will assume exponential decay of the elements. The generalization reads as follows.

Theorem 2.6 ([5]) Assume c ∈ (0,∞) and let p = p(n) such that limn p(n)/n = c. Let {xkl, 1 ≤ k, l}
be a collection of iid random variables with zero mean and variance one. Consider the sequence of

ρn = XnX
∗
n/Tr XnX∗n (where Xn = (xkl)1≤k≤p(n)

1≤l≤n
) random density matrices. Then

µn
d−→ νc almost surely.

Assume further more that E[|x11|4] <∞. Then

lim
n
cnλ1(ρn) = (

√
c+ 1)2 almost surely,

moreover

n2/3
cnλ1(ρn)− (

√
p
n + 1)2

(1 +
√

p
n)(1 + 1/

√
p
n)1/3

d−→ F2, (2)
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if ∃ γ1 > γ2 > 0 constants such that γ1 < p(n)/n < γ2 and the (xkl)'s have subexponential decay, i.e.

∃τ0,K > 0 independent of k, l, n, such that

P (|xkl| ≥ t) ≤ τ−10 exp(−tτ0) for t ≥ K, ∀k, l

and F2 denotes the Tracy-Widom law of order 2.

The �rst part of the theorem is proved by showing that the Stieltjes transform of the properly nor-

malized eigenvalues of ρn converges to the same function as that in the case of XX∗. Both the �rst

and the second part is a consequence of the Strong Law of Large Numbers. The third part of the

theorem about determining the limit law of λ1 is proved by showing that the di�erence of the quantity

on the left side of (2) and the same quantity after replacing cnλ1(ρ) by λ1(XX∗) converges to zero in

probability.

As an application it is shown that the von Neumann entropy rate is logarithmic. This is a general-

ization of the results of Sommers and �yczkowski, who computed the two point correlation functions

of a random density matrix of the second type from the invariant ensemble. They have also shown

asymptotic results for the mean of the von Neumann entropy for a special class of random density

matrices ([15]).

Theorem 2.7 ([5]) Assume that the matrices Xn are de�ned just as in Theorem 2.6, but without the

exponential decay and fourth moment assumptions. For the density matrix ρn = XnX
∗
n/Tr(XnX

∗
n) let

H(ρn) = Tr(ρn log ρn) =
∑

j λj(ρn) log λj(ρn) denote the von Neumann entropy of ρn. Then

lim
n

(H(ρn)− log n) = log c− 1

2πc

∫ b

a
log(x)

√
(x− a)(b− x)dx,

where a = (1−
√
c)2 and b = (1 +

√
c)2.

Appendix A shows numerical results on using Archimedean copulas for the approximation of the joint

distribution of the eigenvalues of GOE matrices in three dimensions. Table 1 summarizes the most

important results of the simulations.

A custom archimedean copula, satisfying certain conditions was also created in order to decrease the

Name L1 dist. Kolmogorov dist.

Clayton 0.6766 (θ = −0.25) 0.06504 (θ = −0.4)

Ali-Haq-Mikhail 0.64311 (θ = −0.6) 0.0635 (θ = −1)

Gumbel 0.7475 (θ = 1) 0.13661 (θ = 1)

Frank 0.6206 (θ = −1.4) 0.035111 (θ = −2.5)

Joe 1.2133 (θ = 1) 0.13661 (θ = 1)

Custom 0.9856 (θ = 1.1) 0.21729 (θ = 1.05)

iid (Gauss) sample 0.7942 (σ = 1.5) 0.1093 (σ = 1)

correlated Gauss sample 0.6692 0.0269

indep. eigenvalues 0.7489 0.13606

Table 1. error of approximation for GOE(3)
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error, but the numerical experiments show that the best estimator is the Frank copula in case of the

L1 distance, while for the Kolmogorov distance the best choice is a correlated Gaussian sample with

the same covariance matrix as the eigenvalues.

Appendix B discusses some computation techniques of the variance of the characteristic polynomials.

Computing the expectation of the characteristic polynomial was a relatively straightforward task, but

the variance needs much more e�ort and also the fourth moment of the elements. There is two strategies

presented here. The �rst turn this calculation into a graph theoretical problem, while the second way

is to determine the recursion satis�ed by the variance. Two known results are also presented here.

3 Summary

The eigenvalues of random matrices and zeros of orthogonal polynomials share a deep connection, not

only asymptotically but for �xed size as well. It was proved that the sum of the kth power of zeros of

Hermite and Laguerre polynomials are polynomials of the degree and parameter respectively, where

the leading coe�cient coincides with kth moment of the limiting law in a dominating way, meaning

that the leading coe�cient is also the largest coe�cient. It was shown that the order of the distance

between the expectation of the eigenvalues of Wigner matrices and the zeros of the Hermite polynomials

is strictly less than that of the normalization. Lastly, an application of the theory was presented, in

which it was shown that after proper normalization the asymptotics of random density matrices of the

form XX∗/Tr(XX∗) coincide with that of XX∗. Also it was presented that the von Neumann entropy

is asymptotically logarithmic. This last results could be interesting for quantum-information theorists

when dealing with large quantum systems, for it is known that the random density matrices discussed

in this work arise as partial traces of density matrices of a bigger system in a pure state.
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