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Theory of spectroscopic networks

This dissertation is about the mathematical theory and the applications of the

spectroscopic networks of physical chemistry. The dissertation is based on the

Author’s papers Ref. [3], Ref. [1], and Ref. [2], in chronological order.

The Author’s papers are connected to the chapters of the dissertation as follows:

� Chapter 2 is based on Ref. [3], Ref. [1], and Ref. [2],

� Chapter 3 is based on Ref. [3], Ref. [1], and Ref. [2],

� Chapter 1 is an introduction to the topic, Chapter 4 summarizes the results

of the thesis.

The booklet uses the numbering of the dissertation.



CHAPTER 1

Background

This chapter introduces the reader to the concept of spectroscopic networks.

Spectroscopic networks (SNs) were defined by Attila G. Császár and Tibor

Furtenbacher in 2007. The spectroscopic network of a molecule is a graph, whose

vertices are the rovibronic (rotational-vibrational-electronic) states of the molecule,

and the edges are the allowed transitions between the states. The introduction of

SNs was motivated by the extremely large datasets handled regularly in molecular

spectroscopy, which are impossible to analyze and maintain without an under-

standing of the underlying structure.

A spectroscopic network contains a finite number of vertices. Spectroscopic

networks are never complete graphs, as there are quantum state pairs between

which no transition is allowed. A spectroscopic network is not necessarily a con-

nected graph, and the connected components dictated by the nuclear spin statistics

of the molecule are called the principal components of the network. If the spec-

troscopic network of a molecule contains multiple principal components, then each

molecule in the universe corresponds to exactly one principal component. Both the

quantum states and the transitions have physical quantities associated to them,

most notably the energy of the states, and the intensity (in cm molecule−1) and

wavenumber (in cm−1) of the transitions. The transition wavenumbers form a

potential difference function on the edges, using the energies of the states as po-

tentials on the vertices. As each principal component includes a state with a fixed

energy, the wavenumbers determine the energies of all quantum states.

There are two ways to construct the spectroscopic network of a molecule. Both

methods have different advantages and disadvantages, and neither of them is ca-

pable of determining a complete and accurate network. The experimental method

relies on the experiments of chemical research groups measuring molecular spectra.

The spectrum is composed of transitions, and a measurement contains transitions

belonging to a – measurement-specific – wavenumber interval. The experimental

method yields wavenumber and intensity values accurate enough to use them in
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various applications. However, only a subset of all transitions could be identified

by measurements, only those which have intensity values above a threshold. Sec-

ond, by solving the Schrödinger equation of quantum chemistry corresponding to

nuclear motion one could obtain the complete vertex-edge structure of the spec-

troscopic network. The disadvantage of this method is that the approximations in

the calculation yield large errors in the physical attributes. Thus, theoretically one

could obtain a complete but inaccurate SN, while experimentally an incomplete

but accurate SN. The former is called the theoretical spectroscopic network, the

latter is called the measured spectroscopic network of the molecule.

The spectroscopic data about molecules is widely used in chemistry itself, and

also in other scientific and engineering fields. The need of complete and experimen-

tally accurate data is supported by a lot of applications. Among those applications,

one could find research concerning the greenhouse effect, the determination of par-

tition functions and thermodynamic constants, and several astrophysical problems

regarding maser sources, comets, planets, exoplanets, cool stars, carbon stars and

interstellar clouds.

Viewing high-resolution molecular spectra as graphs helps to solve a number

of important and intriguing problems, including the following.

• Could the energy levels of a molecule be arranged based on their ”impor-

tance”? (’Importance’ is not a well-defined mathematical term, the question

partly addresses whether ’importance’ could be defined at all for the rovi-

bronic energy levels of molecules.)

• What is the most economical way, the one with the minimum number of

measurements, to determine the complete set of energy levels of a molecule

(or as much as possible)?

• What is the best method to validate the existing spectroscopic measurements

and the databases built upon them?

• How could the calculated data about a molecule aid the experimental method,

for example by helping in the assignment of measured spectra?

• Similar to the first question, could the transitions of a molecule, whose ac-

curate knowledge is of the highest priority, be determined?

This dissertation combines chemical data with mathematical knowledge to an-

swer questions and model problems in physical chemistry, more specifically in

high-resolution molecular spectroscopy.
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CHAPTER 2

The structure of the spectroscopic network

In this chapter the Author’s results about the structural properties of spectroscopic

networks are discussed, including results about bipartiteness, connectivity, and

degree distribution.

Results of Section 2.1

The number of the principal components in the SN of a molecule can be determined

in advance. If the measured SN of the molecule contains more connected compo-

nents than the number of the principal components, then the components without

a fixed energy state (root) are called floating components. The energy values in

the floating components are inaccurate, because in order to use the wavenumbers

as a potential difference function one has to fix the energy of a vertex, by taking

the value from the theoretical SN. Thus, a problem of high importance is to con-

nect each floating component to its corresponding root vertex. Formerly it was

not known that this is possible.

It is a new result that regarding the molecules of water, ozone, sulfur dioxide,

nitrogen dioxide, formaldehyde and formic acid, connecting the floating compo-

nents with their corresponding roots is possible. The proof is based on the fact

that the principal components in the theoretical SNs of these molecules remain

connected after the removal of the transitions, which transitions can not be identi-

fied by measurements. Thus, for all measured SNs with floating components there

exists a corresponding set of transitions, where the addition of these measurements

would connect each floating component to its root. No counterexample is known.
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Results of Section 2.2

It is known since 2011 that the spectroscopic network of the H2
16O molecule is a

bipartite graph. In this section, according to Ref. [1] it is stated that bipartiteness

also holds for the spectroscopic networks of the molecules H+
3 , D2H

+, H2D
+, 12C2,

and 14NH3. This led to the conjecture that all SNs are bipartite.

The main result of the section is that all spectroscopic networks are bipartite.

The proof is based on a physical phenomena: during a transition between two

quantum states, the parity, an important symmetry attribute of the molecule,

should change. Parity can take on two possible values. Thus, one could color the

vertices of any spectroscopic network using two colors, corresponding to the two

possible parity values, and no edge would have two endpoints of the same color.

The chapter also describes a new application of the bipartiteness of SNs. If

new edges (and possible vertices) are added to a measured spectroscopic network

of a molecule, then one could check whether the new network is still bipartite. If

it loses this property, then there is at least one incorrect transition in the new set

of transitions. This method can also be used to validate current databases: by

using this idea, in the HITRAN canonical database several errors were identified,

for example, a cycle of length 3 in the measured SN of the hydroperoxil radical

molecule.

Results of Section 2.3

Measured spectroscopic networks are sparse graphs. In addition, the theoreti-

cal networks that contain only transitions with intensity values above 10−30 cm

molecule−1 (and transitions with lower intensity are removed) are also sparse

graphs. Given the large size of the databases, this property should be taken into

consideration both for storage and in algorithm selection.

The main result of the section is that both measured spectroscopic networks

of the molecules of our interest, and also several theoretical SNs have a degree

distribution which follows a power law. Thus, these spectroscopic networks could

be viewed as realizations of scale-free random graphs.

Results of Section 2.4

Scale-free graphs have only a few high-degree vertices, and this is also true for

spectroscopic networks. As the quantum states with the most associated transi-

tions are intuitively important for spectroscopy, it was natural to investigate the
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properties of these high-degree vertices, which were called hubs.

The hubs of the H2
16O molecule are on the ground vibrational state, thus, they

share a chemical attribute. Moreover, the highest degree vertex of the theoretical

SNs of both H2
16O and HD16O is on the ground vibrational state, defined by rota-

tional excitation (that is, the quantum numbers describing vibrational movement

are zeros, while the rotational quantum numbers are nonzero).

Furthermore, absorption and emission measurement techniques determine dif-

ferent hubs, and the top hubs of an SN do not necessarily take part in the most

intense transitions.

Results of Section 2.5

This section is about the position of hubs in the spectroscopic network, using graph

metrics, namely the structural metric and the Pearson correlation coefficient.

The main result of the section is that spectroscopic networks show a dissortative

behavior, that is, the higher-degree vertices of the network tend to connect to

lower-degree vertices, however, the hubs of the network show assortative behavior.

In other words, hubs tend to connect to each other, forming an assortative core,

instead of, for example, being high-degree vertices in distant subgraphs of the

dissortative graph.

Results of Section 2.6

Spectroscopic networks have small diameter, which refers to the maximum of the

length of the shortest paths between two vertices in the graph. The small diameter

of SNs was conjectured from the similar property of the scale-free graphs.

In the section the consequences of the small diameter are also examined. First,

it is described that the concept of diameter could provide information for spectro-

scopic experiments: if a molecule changes its quantum states along the transitions

of the SN, the diameter and also the distances between certain subgraphs could

be used to approximate the number of transitions the molecule should take reach

a selected set of states.

Another consequence of the small diameter concerns the planning of new mea-

surements in order to reach new quantum states in the measured SN. If one aims

to measure new transitions by which a selected state could be connected into the

measured network, then because of the small diameter, one could expect only a

small number of such transitions. As a special case, one could also expect to have

to measure a small number of transitions in order to connect a floating component
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of the measured SN to its root quantum state.

It has also been found that the measured SN of the 12C2 molecule has signifi-

cantly higher diameter than it is expected, in both of its principal components. The

reasons of the higher diameter lie in the chemical attributes of the molecule: 12C2

is a homonuclear diatomic with no dipole moment and zero dipole derivative with

respect to the vibrational motion along the internuclear axis, and is characterized

by rovibronic energy levels that belong to several different electronic states.

Results of Section 2.7

In the last section the small diameter of SNs was proven to be a beneficial property

for spectroscopists. Thus, we became interested in what happens if one starts to

build a new measured SN of a molecule using a new experimental data set. Would

the small diameter hold for most of these new measured SNs, or the small diameter

of the SNs built using the experimental HITRAN database is just a coincidence?

As a model of a new measured SN, the theoretical SN of the molecule is taken at

an intensity cut-off, then a subset of the vertices is removed from the graph follow-

ing a discrete uniform distribution. The removed vertices represent the quantum

states that are not reached yet in the model SN.

It was found that the change of the diameter in these model SNs is character-

ized by a formerly identified property of SNs. The hubs of the network form an

assortative core, and there is only a small number of these high-degree vertices.

Thus, the probability of removing a hub is small, and even if a hub were removed,

another hub is likely to be able to take the role of the removed hub in the shortest

paths between the vertices of the remaining graph. This implies that the diameter

is not likely to increase, moreover, as the vertex removal algorithm decreases the

size of the graph, it will decrease as more and more vertices are removed.

As an example, the diameters of model SNs based on the theoretical SN of

the H2
16O molecule at a 10−20 cm molecule−1 intensity cutoff are examined in the

section.

Results of Section 2.8

Vertex clustering algorithms were introduced to solve various problems regarding

spectroscopic networks.

Spectral clustering is fit for the role to detect weak connections among sub-

graphs of the measured SN. For example, if a subgraph is only connected to the

root of the component by a single edge, then the wavenumber uncertainties of the
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vertices of the subgraph depend solely on the wavenumber accuracy of that single

edge. Thus, it is advised to strengthen the connection by measuring another edge

connecting the subgraph to the root.

Spectral clustering can also be used to detect the dense subgraphs of the SN,

which then could be cross-referenced by the references of the measurements of their

edges. If, for example, it is found that the edges of a dense subgraph are measured

by only a single research group, then it would be beneficial to have other research

groups to conduct measurements in the same subgraph, to have data from multiple

sources, yielding more reliable information.

Using clustering techniques, one could also highlight vertex communities in the

graph, to examine and compare their chemical attributes. For example, it can

be detected if the molecule has dense subgraphs in its SN based on some of the

possible rotational and/or vibrational movements of its atoms. In the section the

SN of the 12C2 molecule was examined as an example, and a close-to-complete

overlap has been found among the two largest clusters and a chemical property.

Rovibrational states corresponding to singlet electronic states of the molecule are

principally in the first main cluster, while the triplet energy levels are in the second

main cluster.

Results of Section 2.9

In this section, the ideas about the possible uses of the eigenspectra of the repre-

senting matrices of SNs are discussed. The adjacency matrix, and the combinato-

rial and the normalized Laplacian matrices are used.

The approximations of graph properties of SNs from the eigenspectra, such

as of the average and maximum vertex degrees and the diameter provide weak

bounds. It is also stated that the chromatic number of the graph does not hold

any practical meaning for SNs. Thus, the eigenspectra themselves appear not to

be an useful data reduction method in the case of SNs.

Two minor results emerged aside of the negative main result. First, the num-

ber of the possible spanning trees could be calculated using the eigenspectrum

of the combinatorial Laplacian. This number is of extreme magnitude in the

case of SNs, which implies that proper graph algorithms should be used to find

a minimum weight spanning tree, instead of rudimentary constructions based on

random guesses. Second, as connectivity and bipartiteness are determinable from

the eigenspectra, if one has to examine a large sample of small measured SNs,

the eigenspectra could be useful to provide a quick overview, and to detect odd

behavior, for example, by highlighting non-bipartite graphs in the sample.

7



CHAPTER 3

Models of spectroscopic networks

This chapter contains the Author’s results about spectroscopic networks that in-

volve various mathematical models, for example, the PageRank-based ordering of

the quantum states in an SN.

Results of Section 3.1

The main result of the section is the introduction of the PageRank model to

spectroscopic networks. The PageRank-based ordering of the quantum states of

the theoretical SNs is a new tool for experimental research groups to use in the

planning of measurements.

This ordering, opposed to the formerly used ordering by the vertex degrees,

expresses the relative importance of the quantum states in the intuitive sense:

states with many associated transitions connecting to other states with many as-

sociated transitions should be examined the most by measurements. For example,

if a state with many associated transitions has connections mostly to other states

whose vertex degree in the SN is 1, then new and more accurate measurements of

these transitions do not contribute much to the overall accuracy of the network.

For example, no inaccurate cycles (incorrect measurements) could be identified by

these edges of the 1-degree vertices.

Results of Section 3.2

A spectroscopic measurement only yields transitions with their wavenumbers and

intensities, the two quantum states taking part in the transition have to be assigned

manually to each transition. The traditional method of assignation in spectroscopy

faces several problems, for example, it becomes especially problematic for highly-

excited states. In this section a new algorithm is introduced, which is both faster
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and more precise than the other, widely used protocols of today.

The new algorithm relies on information provided by the theoretical spec-

troscopic network of the molecule. First, the edges of the theoretical SN with

wavenumber values outside of the measurement’s wavenumber interval should be

removed. Then, a minimum-weight spanning tree should be constructed on the

remaining subgraph, using the negative logarithm of the transition intensities as

the weight function on the edges. Thus, the most intense transitions are included

in the spanning tree. What is obtained is the minimum number of transitions,

which span all quantum states in the selected wavenumber interval, and which

are also the easiest to assign, given their large intensity values. After each such

quantum state has been identified as an endpoint of at least one transition, the

rest of the measured transitions could be assigned without difficulties.

Results of Section 3.3

This section summarizes possible goals which could be pursued when working on

a measured spectroscopic network. These goals are:

1. Connecting the floating components of the measured network to their root.

2. Strengthening the weak connections of the measured spectroscopic network.

3. Expanding the measured network by new energy levels.

The method to reach the first goal was discussed earlier in Section 3.3. The

solution to the second problem is given in Section 2.8.

In this section, a new algorithm is described to select new transitions to measure

if the goal is to expand the set of quantum states in the measured network. First,

a set of edges should be selected from the corresponding theoretical SN: the edges,

which connect a vertex of the measured SN with another vertex, which is not in

the measured SN, in other words, the edges which connect the measured quantum

states to their neighbors in the theoretical SN. Next, the neighbors which could

be connected to the measured SN by only a single new edge should be discarded,

because their assignation is much more difficult, than the remaining ones. The

remaining neighbors could be assigned conveniently after a measurement of the

remaining edges is made. After this selection is made, one could apply other

restrictions, for example, in the form of a wavenumber interval, to obtain a set of

transitions to measure in the next experiment.
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