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Péter Árendás
Ph.D. Candidate

Supervisors:
Prof. Csaba Szabó
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CHAPTER 1

Background

It is our everyday perception that we are surrounded by molecules composed of

atoms of the periodic table. Our universe also appears to be a molecular universe,

molecules are not only the basic constituents of life on our planet earth, but they

can also be found in interstellar space, in stellar environments, and in all forms

of exoplanets, meteorites, etc. Understanding the formation, the properties, and

the evolution of our molecular universe is one of the fundamental topics of natural

sciences, in particular of chemistry.

Information about the motion of the atoms forming molecules is widely used

in chemistry itself, and also in other fields of science. Accurate information about

molecules in motion is also needed to determine partition functions and thermo-

dynamic data [57]. Applications in astrophysics include the research about maser

sources [11, 56, 58], comets [5], planets [4], exoplanets [55], cool stars [1], carbon

stars [23] and interstellar clouds [12,17].

The need of knowing highly accurate data about the atomic motion of molecules

is addressed by spectroscopy [34]. In particular, the importance of detailed spectro-

scopic information about water vapor was highlighted in Ref. [54]. The availability

of high-resolution spectroscopic data would be especially beneficial in the research

of the greenhouse effect [60], as well as in the characterization of combustion sys-

tems [36].

The amount of data about the motion of the atoms in molecules is extremely

large and our knowledge is expanding rapidly. It has become clear that the analysis

of the information contained in the data is impossible without an understanding

of the underlying structure. Traditional theories of nuclear (vibrational and ro-

tational) motions [45] proved insufficient to handle the accumulated experimental

knowledge. This motivated, in 2007, Tibor Furtenbacher and Attila G. Császár

to introduce the concept of spectroscopic networks (SN) [30] into high-resolution

molecular spectroscopy. This way discrete mathematics, more specifically graph

theory, found another important application in chemistry. The first detailed ex-
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position of the topic of SNs is from 2011 [20]. The idea is to treat the possible

rovibronic (rotational-vibrational-electronic) states of a molecule as vertices of a

large graph, and let the edges model the allowed transitions between the states.

This dissertation, based on the author’s papers Ref. [27], Ref. [2], and Ref. [21],

combines chemical data with mathematical knowledge, to answer questions and

model problems in physical chemistry, more specifically in molecular spectroscopy.

The structure of the dissertation is as follows.

Chapter 1 explains the physical model of nuclear motions and defines the spec-

troscopic network. There are two methods to build a spectroscopic network of a

molecule: the theoretical route is capable of constructing the whole SN but with

huge inaccuracies, while the experimental one can be used to obtain an accurate,

but highly incomplete spectroscopic network.

Chapter 2 is about the results of the author regarding structural properties

of spectroscopic networks of selected (small) molecules. Among other results,

it is stated here that spectroscopic networks are all bipartite graphs, and the

corresponding physical phenomena is identified. It is shown that the most notable

application of bipartiteness is to validate existing spectroscopic data, and a few

errors that were corrected using this are demonstrated as examples. It is also shown

for selected spectroscopic networks that their vertex degree distributions follow a

power-law, thus, they can be treated as scale-free graphs. Spectroscopic networks

have only a small number of high-degree vertices (“hubs”), also a property of scale-

free graphs, therefore, the accurate spectroscopic knowledge about these vertices

contributes the most to the overall physical accuracy of the network. The chemical

attributes of the hubs are analysed and compared to each other; for example,

it is shown that absorption and emission experimental measurement techniques

identify different sets of hubs, or that the hubs do not necessarily participate in

the most intense transitions of the SN. The selected spectroscopic networks show

dissortative mixing, but the high-degree vertices form an assortative core, as shown

using graph metrics. This property is responsible for the robustness of SNs against

the random removal of vertices. Provided by the assortative core of hubs and

the assumed scale-free behavior, SNs have small diameter. The small diameter

is shown to be a beneficial attribute as it allows to solve certain spectroscopic

problems, detailed in the section, with low resource needs. To orient the planning

of the new spectroscopic experiments, vertex clustering algorithms are introduced

for spectroscopic networks, in order to map the community structure and highlight

the weakest connections between subgraphs of the SNs. Designing new experiments

to strengthen these weak connections would reduce the error margins of physical

quantities in the SNs the most.

Chapter 3 describes mathematical models made by the author related to spec-
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1.1. Rovibronic energy levels and transitions

troscopic networks. Among other results, the PageRank is introduced for SNs,

as it provides an ordering among the rovibronic states of a molecule. It is shown

that this ordering should be considered with priority in the planning of new spec-

troscopic experiments. To help in the assignment of the measured spectra, a new

algorithm is written. This method relies on minimum-weight spanning trees of

the spectroscopic network, and is more efficient than the protocols used before.

Another method is described to identify the set of rovibronic states which are

currently un-measured (not included in experimental databases, but theoretically

known), but could be assigned easily if they would be measured with new experi-

ments.

Chapter 4 summarizes the results of the thesis.

1.1 Rovibronic energy levels and transitions

According to quantum mechanics, the possible motions of a molecule are con-

strained. The motion of a free molecule in a given electronic state is characterized

as rotational and vibrational movements of the atoms. An N -atomic molecule

possesses 3N − 6 vibrational degrees of freedom, three rotational degrees of free-

dom, and three translational degrees of freedom. Thus, the rotational movements

of the atoms of an N -atomic molecule can be described by 3 independent coor-

dinates, and the vibrational movements can be described by 3N − 6 independent

coordinates.

The rotational-vibrational motions, associated with quantum states of the free

molecule, have discrete rovibronic energies. That is, a selected rovibronic motion

can only have a certain energy. The quantum states and the associated energy

levels of the molecules are characterized by their rotational and vibrational com-

ponents.

It is usual to denote the quantum states of molecules by vectors containing

rotational and vibrational quantum numbers [10]. As the atomic composition is

different for every molecule, the notion of the quantum numbers also vary. Take

as an example the vector of quantum numbers associated with a rovibrational

quantum state of the HDO molecule. HDO is a triatomic molecule; thus, 3N−6 =

3 · 3 − 6 = 3 independent paramaters describe its vibrational movement, and 3

independent parameters describe its rotational movement. The corresponding 6-

element vector is (v1, v2, v3, J,Ka, Kc): the first 3 elements (quantum numbers),

v1, v2, and v3, describe the vibrations, while the second 3 elements, J , Ka, and

Kc, describe the rotational motion of the molecule [20]. To be more specific,

(v1, v2, v3) correspond to the symmetric stretch, bend, and antisymmetric stretch

3



1.1. Rovibronic energy levels and transitions

motions, and (JKaKc) stand for the standard rigid-rotor-type quantum number

notation for asymmetric-top molecules.

Molecules are able to change their actual energy level, when they absorb (re-

ceive) or emit (give away) energy. For the discrete change in the energy, two

conditions must be met. For every molecule there exists a set of selection rules,

defining the energy level pairs between which a transition can happen, when the

molecule interacts with electromagnetic radiation (e.g., light). Therefore, from a

selected energy level, a molecule has possible transitions only to a subset of the

other energy levels. For example, the so-called one-photon selection rules state

for the HDO molecule that transitions are allowed if ∆J = ±1 and ∆p = 0, or

∆J = 0 and ∆p = 1, where p ∈ {0, 1} is the parity with (−1)(J+p) = (−1)Kc .

Let us demonstrate the quantum mechanical selection rules pertinent to the

HDO molecule in two examples. According to the selection rules, the transition

between the energy levels (000000) and (000111) is allowed. In this case ∆J , the

difference between the J quantum numbers of the lower and upper states is equal

to 1. For the parity of the two energy levels, denoted by p1 and p2, by definition:

(−1)(0+p1) = (−1)0 hence p1 = 0, and (−1)(1+p2) = (−1)1, thus p2 = 0, resulting

in ∆p = 0. By the above selection rules ∆J = 1 and ∆p = 0 imply that there is

an allowed transition between the energy levels (000000) and (000111). There is

no allowed transition, however, between the energy levels (000202) and (000220).

Here, ∆J = 0, because for both energy levels J = 2. Therefore, ∆p = 1 would be

necessary for a transition, but for the parity of the two energy levels p1 and p2,

we have p1 = 0 and p2 = 0, implying ∆p = 0. Thus, there is no allowed transition

between the energy levels (000202) and (000220). The two examples about the

selection rules are illustrated in Figure 1.1.

Every transition allowed by the selection rules has a certain energy. The ab-

sorbed or emitted energy is equal to the energy difference of the two rovibronic

states taking part in the transition. This means that in order to change its rovi-

bronic state, a molecule has to absorb or emit the exact energy corresponding to

the transition.

Even for molecules with just a few atoms, the number of possible energy levels

and transitions is extremely large. For example, the HDO molecule, which only

contains three atoms, has 163, 491 bound rovibrational energy levels, and according

to the selection rules, 697, 444, 828 allowed transitions [20].

It is usual to store the information about energy levels and transitions of a

molecule, e.g., the physical attributes like transition energy and intensity, in large

databases, see, for example, Ref. [3] and Ref. [35,46]. These spectroscopic informa-

tion systems contain transitions, such that every row corresponds to a transition

between two rovibronic states.
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1.1. Rovibronic energy levels and transitions

Figure 1.1. Two examples about the one-photon selection rules of the HDO

molecule. The labels of the energy levels follow the (v1v2v3JKaKc) notation. Ac-

cording to the selection rules, a transition is allowed between two energy levels if

∆J = ±1 and ∆p = 0, or ∆J = 0 and ∆p = 1. In the top panel, a transition

between energy levels (000000) and (000111) exists, because ∆J = 1 and ∆p = 0.

In the bottom panel, no transition is allowed between energy levels (000202) and

(000220), because ∆J = 0 and ∆p = 0.
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1.2. Spectroscopic networks

Figure 1.2. Energy ladder depiction of energy levels corresponding to rovibronic

states A, B, C, and D, of the spectoscopic network of a molecule. The energy

of the quantum state X is denoted by E(X). The wavenumber of the transition

between states X and Y is denoted by wXY .

1.2 Spectroscopic networks

The spectroscopic network (SN) of a molecule is a large graph. The vertices of the

SN correspond to the rovibronic states of the molecule, while the edges are the

allowed transitions connecting some of the states. Unless noted, SNs are treated

as undirected graphs, though the vertices of the SNs could be ordered by their

well-defined energies.

Certain physical attributes of the rovibronic states and the transitions could be

used as weight functions on the vertices and the edges of the SN. Notable attributes

of the transitions are their energy and their intensity. As to the rovibronic states,

they can be characterized by their energy values and quantum labels.

The wavenumber of a transition, the corresponding unit is cm−1, determines

the required energy of the transition. For example, if there is an edge in the SN

between vertices A and B with a wavenumber of w, the molecule will change from

A to B if it receives or gives away energy of wavenumber w.

The role of the intensity of a transition, with the unit of cm molecule−1, will

be discussed in Section 1.3.

The energy ladder of the rovibronic states is related to the transition wavenum-

6



1.3. Types of spectroscopic networks

bers. For two energy levels A and B with energies E(A) > E(B), the difference of

energies E(A) − E(B) is equal to the wavenumber wAB of the A − B transition.

Thus, wavenumbers form a potential difference function in the graph. The energy

of a selected vertex (the so-called ground state energy level) is set to the value of

zero. Therefore, the wavenumbers define the energies. Indeed, for each energy level

the wavenumbers could be summed along the path from the ground-state energy

level, to determine the energy in the other end of the path. If the energy levels

of the molecule, or just a few of them are drawn with their transitions ordered by

their energies in ascending order, as it is shown in Figure 1.2, then it is called an

energy ladder.

In Figure 1.2, according to the wavenumber potential difference function, and

assuming E(A) < E(B) < E(D) < E(C), one could, for example, state that

E(A) + wAB = E(B),

or, that

E(A) + wAB + wBC = E(C),

or, using only the wavenumbers, that

wAB + wBC = wAD + wCD,

or, in another form, that

wAB + wBC − wCD − wAD = 0.

If in Figure 1.2 we assume that A is the ground state, that is, E(A) = 0,

then the exact energies of the quantum states B, C, and D, could be determined

from the wavenumbers. For example, E(B) = 0 + wAB = wAB, or E(C) =

0 + wAB + wBC = wAB + wBC .

Unfortunately, at our current level of technological advancement, we cannot

determine the spectroscopic network of a molecule both accurately and completely.

Two main approaches exist to obtain the spectroscopic network of a molecule.

One relies on experimental measurements, this yields accurate but incomplete

SNs, while the other uses quantumchemical calculations and approximations, and

results in inaccurate but complete SNs.

1.3 Types of spectroscopic networks

The spectroscopic network, which is built using the experimental method is called

the measured SN of the molecule. The SN, that is constructed by the theoretical
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1.3. Types of spectroscopic networks

Figure 1.3. The infrared spectrum of the H2
16O molecule from 6600 to 7050 cm−1.

method is called the theoretical SN of the molecule. In the literature measured SNs

are also called experimental SNs, and theoretical SNs are also called first-principles

SNs and/or ab initio SNs.

1.3.1 Measured spectroscopic networks

The experimental method relies on activities of research groups performing high-

resolution spectroscopic measurements, and the derivation of certain physical quan-

tities from the experimental data. The measurements define part of the rovibronic

spectrum of the molecule. Due to technical constraints measurements define only

a small part of the whole rovibronic spectrum of a molecule, different parts of the

spectrum require different experimental devices and conditions. A typical experi-

mental spectrum, that of the H2
16O molecule, is shown in Figure 1.3.

The spectrum of a molecule is composed of peaks (transitions) of Lorentzian

shape. In contexts and papers where the actual shape of the curve is not of direct

relevance, the peaks are simplified to “lines”. “Line list” is a common term in

molecular spectroscopy.

Each line corresponds to a rovibronic transition. The horizontal axis of a

spectrum stands for the wavenumber of the transition, the transition intensities

can be read off from the vertical axis. A partial spectrum, mentioned above, refers

to a certain wavenumber interval. For example, the infrared spectrum in Figure

1.3 is from 6600 to 7050 cm−1.

After a measurement of a spectrum is made, that is, data like those shown

in Figure 1.3 are obtained, the first task is to create the linelist corresponding to

the spectrum. In order to extract this information, the wavenumber and intensity

values have to be determined for each individual curve. As with every experimental
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1.3. Types of spectroscopic networks

method, the numerical values obtained contain some uncertainties. Thus, the

uncertainties of the wavenumber and intensity values have to be determined. The

uncertainties of the high-resolution spectroscopic techniques employed today are

small. The relative accuracy for transition wavenumbers is between 10−5 and

10−10, and for transition intensities it is 10−2 [27].

To determine the wavenumber of a line the maximum of the Lorentzian curve

has to be determined as precisely as possible. Then, the intensity value corre-

sponding to the determined wavenumber value is obtained by determining the

area under the peak, assuming a given form. This introduces a major drawback

of the experimental method: for curves with low intensity the maxima cannot be

determined easily, or not at all. In fact, there is a threshold, nowadays around the

10−28 cm molecule−1 intensity value, which marks the smallest intensity magnitude

by which the peak areas could be determined. The peaks corresponding to the

lowest intensity curves cannot be determined reliably, as they are often blurred by

other peaks or the noise of the measurement.

This intensity threshold means that only a subset of the transitions that belong

to a given spectrum range can be determined. As discussed later, only a minority of

the possible rovibronic transitions belong to the measureable range; nevertheless,

using this subset, a lot of information could be obtained about the spectroscopic

network of the molecule.

Note that a single peak of a spectrum does not contain information about the

energy level pairs corresponding to the transition. Thus, for an observed peak, the

quantum numbers of the two participating states can not be appended directly to

the list containing the wavenumber and intensity values and their uncertainties.

Actually, a major duty of spectroscopists is to assign quantum number pairs to

the observed peaks.

Figure 1.4 displays the connection between the (rotational) spectrum of the

H2
16O molecule and the spectroscopic network of the molecule. The energy levels

are labeled by the rotational part of their quantum number labels. The lines of the

spectrum are identified by the two energy levels defining the given transition. For

example, the line with the highest intensity value in the spectrum is the transition

between the energy levels [JKaKc] = [441] and [330]. This transition corresponds

to an edge in one of the two components of the SN between vertices with labels

[441] and [330].

In order to gain information about the rovibronic states of a molecule, multiple

measurements must be performed, using various experimental techniques available

to different research groups. The data from the measurements are stored in lists,

then these are collected and published in databases, such as Ref. [35].

Figure 1.5 depicts the decade-by-decade development of the measured SN of

9



1.3. Types of spectroscopic networks

Figure 1.4. Connection between the spectrum of a molecule and its spectroscopic

network (SN). In the upper panel of the figure, all the rotational lines of the H2
16O

molecule corresponding to this spectral range are shown. In the lower panel, the two

components of the related spectroscopic network are displayed. Both the spectrum

lines and the SN vertices are labeled by their rotational J , Ka, and Kc quantum

numbers [21].
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1.3. Types of spectroscopic networks

Figure 1.5. Decade-by-decade development of the measured spectroscopic network

of the H2
16O molecule. As usual, the shape of the graph is arbitrarily chosen. The

two middle panels display the expansion of the number of measured transitions

(left), and the number of energy levels reached by transitions (right). The transi-

tions measured in different decades are marked by different colors in the four panels,

the newer transitions are drawn on top of the transitions from former decades [21].
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1.3. Types of spectroscopic networks

Wavenumber Uncertainty Lower state Upper state Reference

0.07204900 0.00001000 (010422) (010515) 79HeJoMc.00001

0.07204900 0.00000300 (010422) (010515) 91PeAnHeDe.00007

0.07204917 0.00003000 (010422) (010515) 06MaToNaMo.1

Table 1.1. Three measurements belonging to the same transition of the H2
16O

molecule in the MARVEL database [28]. The transition wavenumbers and their

uncertainties are in cm−1. The lower state and the upper state columns show the

assigned quantum numbers to the rovibrational states taking part in the transi-

tion, following the (v1v2v3JKaKc) notation. The reference column contains tags

which identify the origin of the data (namely, the research group who performed

the experiments) [28].

the H2
16O molecule. Note the more-or-less quadratic increase in the number of

transitions, and the more-or-less linear increase in the number of energy levels (see

the middle panels of the figure).

After the data of the experiments are collected into a joint database, it can

easily happen that a subset of the measured transitions appear in more than one

measurements. This means that more than one wavenumbers and intensity values

would be given to a transition. These overlapping measurements could be viewed as

defining a multiedge SN, each edge between energy levels A and B corresponding to

a measurement of the A−B transition. Table 1.1 shows an example, where multiple

measurements with different uncertainties are available for the same transition of

the H2
16O molecule in the MARVEL [28] database.

It should be noted that a measured spectrum of a molecule could be obtained

in two different ways. The absorption spectrum captures energies absorbed by

the molecule, while the emission spectrum “records” the wavenumbers emitted by

the molecule. In this work, this difference is not used, a measured spectrum will

refer to the union of the absorption and emission spectra. However, in an example

in Section 2.4 transitions that are obtained via an absorption spectrum will be

distinguished from the ones obtained via an emission spectrum.

Last, the role of the cycles within a measured spectroscopic network should be

discussed. Cycles are of major importance because of two reasons.

The first reason depends on a characteristic property of SNs, as discussed in

Section 1.2, namely that the wavenumber values on the edges form a potential

difference function. This implies that the signed sum of the wavenumber values

equals zero on the cycles of the SN. This property is used to calculate approximate

wavenumber values in the measured SN. Most models, for example MARVEL [28,
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1.3. Types of spectroscopic networks

30], use a least-squares approximation for this, using the measured data as input,

to make the signed sum as close to zero as possible in all cycles. By this, a single

value is obtained for each measured transition. Afterwards, the single value is

given an uncertainty, based on the uncertainties of the original measurements. For

example, the MARVEL (Measured Active Rotational-Vibrational Energy Levels)

[28, 30] technique uses the least-squares approximation to construct a measured

network with a single wavenumber-uncertainty pair on the edges. The least-squares

approximation only works for a transition, which is contained in at least one cycle

in the SN.

The second reason is based on the validation of new measurements. If a new

transition would be added to the measured SN, with such wavenumber and un-

certainty that it would make the zero sum on the cycle impossible, all transitions

of the cycle should be searched for errors. To illustrate this problem in a small

example, let us suppose that the new transition is between energy levels A and D,

closing the cycle A−B−C−D in the graph, where there is only one measurement

between energy levels A − B, B − C and C − D in the SN. Let us suppose that

E(A) < E(B) < E(D) < E(C). (This example corresponds to the cycle shown

in Figure 1.2.) Let us denote the wavenumbers and uncertainties between energy

levels X and Y by wXY and uXY . Then, if

wAD − uAD > (wAB + uAB) + (wBC + uBC)− (wCD − uCD),

that is, when the transition is ’too long’, or

wAD + uAD < (wAB − uAB) + (wBC − uBC)− (wCD + uCD),

when the transition is ’too short’, then an error is present among the involved

transitions, which concerns the uncertainties determined for the wavenumbers by

the experiments. Therefore, at least one of the uncertainties uAB, uBC , uCD and

uAD is incorrect. However, using only the A− B − C −D cycle is not enough to

decide upon the incorrect transitions. A possible solution is to take the four edges

of the cycle, look for other cycles of the graph, which contain at least one of them,

and note whether another ’too long’ or ’too short’ cycle is found. If, for example,

all other four-long cycles that contain at least one of the former AB, BC, and CD

edges are neither too long or short, and the only cycle of the newly added AD

edge is A−B − C −D, then uAD is the most likely to be incorrect.

1.3.2 Theoretical spectroscopic networks

The theoretical method is the second way to acquire information about the energy

levels and transitions of a selected molecule. With quantum chemical computations
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1.3. Types of spectroscopic networks

[7,19,43,49] not just the wavenumber and intensity values of the transitions could

be approximated but, in favorable cases, the quantum numbers of the energy

level pairs of the transitions can also be determined. When compared to the

experimental method, the theoretical one has two main differences: one advantage,

and one drawback.

The advantage of the theoretical method is that it yields a complete data set

for the selected molecule. That is, a list of every transition, with the corresponding

energy levels, wavenumber and intensity values can be attained. As this data set

includes transitions from the non-measureable intensity range, this is the only way

to collect information about them.

The disadvantage is related to the accuracy of the theoretical method. The

inaccuracy refers to the error of the wavenumber. In fact, intensities constitute a

smaller problem: most of the transition intensities have an uncertainty similar to

that of the experimental data sets. Note that this accuracy can be used to identify

the transitions belonging to the experimentally measureable intensity range. Tran-

sition wavenumbers, however, come with a relative accuracy that is 10 to 10000

times worse compared to experimental data.

There are several reasons of the wavenumber inaccuracies. The calculations

are based on the Schrödinger equation, which includes the Hamiltonian operator,

describing the total energy of a system. The Hamiltonian of a system is expressed

as the sum of the kinetic energies (T ) and the potential energies (V ) of the system.

The kinetic energies are usually known, but one has to determine the potential en-

ergies manually. To obtain an accurate V part, one should determine the energy at

all constellations of the nuclei of the molecule, using difficult and time-consuming

calculations of quantum electrodynamics each time. Because of the large number

of the possible constellations, usually only a fraction of all energies is calculated,

yielding an inaccurate V .

After the calculation of the potential energies, one has to fit a function to the

obtained data. The error of the multidimensional interpolation is another reason of

the inaccuracies of wavenumbers. The matrix of the Hamiltonian also introduces

an error, as by its definition it is an infinite dimensional matrix, thus, a finite

representation is used instead.

Using the transition intensity as a cut-off parameter, smaller networks can

be deduced from the theoretical SN. In this step, the transitions with intensities

below the cut-off parameter are removed from the theoretical SN. If the cut-off

parameter is chosen to be equal to the smallest measureable magnitude, for exam-

ple an intensity value of 10−28 cm molecule−1, then the model SN obtained will

be the measureable subgraph of the molecule’s SN. The actual measured SN of

the molecule is a subgraph of this model SN, containing the measured transitions
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A20 A22 A24 A26 A28 Am

intensity cutoff 10−20 10−22 10−24 10−26 10−28 measured

vertices 547 1, 952 5, 815 15, 603 44, 843 18, 572

edges 1, 238 7, 288 31, 283 115, 886 397, 147 98, 927

diameter 19 23 28 31 34 44

avg. path length 5.9 6.2 6.5 6.8 7.1 10.7

S(G) 0.617 0.429 0.284 0.182 0.091 0.130

r(G) −0.199 −0.356 −0.420 −0.443 −0.469 −0.202

Table 1.2. Sizes, diameters and graph metrics of various spectroscopic networks

of the H2
16O molecule. The first five SNs are deducted from the theoretical SN by

applying an intensity cut-off: the Ax SN only contains transitions with an intensity

value magnitude of at least 10−x cm molecule−1. S(G) is the structural metric, and

r(G) is the Pearson correlation coefficient, both are defined in Subsection 2.5 [27].

instead of all the measureable transitions.

To illustrate the size differences between measured and theoretical networks,

Table 1.2 shows the number of energy levels and transitions of various SNs of

the H2
16O molecule [27]: the measured SN and the theoretical SNs with different

intensity cut-off parameters. The data about the measured SN in the table comes

from the IUPAC database [53]. For the theoretical SN, the BT2 database was

used [3]. The diameter and the average path length values will be defined and

used in Section 2.7. The S(G) and r(G) values of the table will be defined and

used in Section 2.5.

Figure 1.6 visualises theoretical SNs of the H2
16O molecule at intensity cut-off

values of 10−20, 10−22 and 10−24 cm molecule−1.

1.4 Difficulties

As we detailed in Ref. [21], viewing high-resolution molecular spectra as graphs

helps to solve a number of important and intriguing problems, including the fol-

lowing.

Could the energy levels of a molecule be arranged based on their ’importance’?

’Importance’ is not a well-defined term, the question partly addresses whether

an ’importance’ could be defined at all for the energy levels of the molecule. In

Ref. [21], our answer was a clear yes, and we advocated the use of the PageRank-

based ordering of the vertices to reflect their relative importance in the SN. The

PageRank model for spectroscopic networks is detailed in Section 3.1.
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Figure 1.6. Visual representation of the theoretical spectroscopic network of the

H2
16O molecule, applying different intensity cut-off values during the selection of

the transitions. The cut-off values, from left to right, are 10−20, 10−22 and 10−24

cm molecule−1. The SNs of the figure correspond to the SNs A20, A22, and A24 of

Table 1.2 of Ref. [27]. The vertices of the three graphs do not overlap in the figure,

the SNs are visualized at various rotations.

What is the most economical way, the one with the minimum number of mea-

surements, to determine the complete set of energy levels of a molecule? As em-

phasized above, our experimental knowledge about the energy levels of molecules

is extremely limited, the measured spectroscopic networks of today only contain

a small fraction of all the energy levels of the molecule. The definition of the

spectroscopic networks opens new possibilites: as theoretical SNs are complete,

but inaccurate, they can be used as approximations of their measured SN counter-

parts. Theoretical SNs contain the complete set of energy levels with approximate

energies, and with approximate wavenumber and intensity weights on the edges.

The approximate weights could help in the design of new measurement strate-

gies; for example, by highlighting spectral ranges of a molecule where the highest

number of unmeasured energy levels hide.

Measured spectra include only allowed transitions of sufficient intensity, and

the quantum numbers of the two energy levels taking part in a transition should

be determined. If a measured transition connects two energy levels, which were

previously not present in the measured SN, assigning quantum numbers to the

two energy levels needs accurate and reliable theoretical (first-principles) data. It

is more straightforward to add a new energy level to the measured SN if a newly

measured transition connects the unknown (usually upper) energy level to a known

(usually lower) energy level.

In an ideal world, where measurements would have zero uncertainties, n mea-

surements would be sufficient to determine the energy of n rovibronic energy levels

in the spectroscopic network. The usual spectroscopic practice is far from this sce-
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species reference
number of

validated transitions

number of

energy levels

number of

sources

12C2 [31] 22, 949 5, 699 39

H3
+ [33] 1, 410 652 26

H2D
+ [32] 185 109 13

D2H
+ [32] 136 104 9

H2
16O [53] 182, 156 18, 486 93

H2
18O [50] 31, 705 5, 131 48

H2
17O [50] 9, 028 2, 723 33

HD16O [51] 53, 291 8, 818 74

HD18O [51] 8, 634 1, 864 18

HD17O [51] 478 162 3

D2
16O [52] 62, 372 12, 301 74

D2
18O [52] 12, 018 3, 351 18

D2
17O [52] 583 338 3

14NH3 [24] 28, 530 4, 961 56

H2
12C12C16O [26] 3, 194 1, 722 12

Table 1.3. Selected data about measured spectroscopic networks from various

databases [21].
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nario: significantly more transitions are recorded in the databases than the number

of energy levels determined from the transitions. Table 1.3 from our Ref. [21] shows

data about the current measured SNs of selected molecules.

The optimization of future experiments with specific goals in mind is addressed

in Section 3.3.

What is the best method to validate existing spectroscopic measurements? Spec-

troscopic databases of the experimental data may contain errors which have not

been identified. The most important errors are those in the assignment, where

quantum numbers are incorrectly assigned to the energy levels taking part in a

transition (a line in the spectrum). Another possible error concerns the wavenum-

ber values and their uncertainties. If an experimental database of a molecule

contains a transition between energy levels A and B with a given wavenumber and

uncertainty, and a new experimental dataset is published about the same molecule,

containing an A−B transition, with a different wavenumber-uncertainty pair con-

tradicting the previous data, then it is important to be able to tell, which of the

two is the correct one. A new validation criterion is detailed in Section 2.2.

How could the calculated data about a molecule be used to the assignment of

measured spectra? Theoretical spectroscopic networks are complete in their vertex-

edge structure, but inaccurate in the wavenumber values. Being able to use the

information contained in the theoretical SN would be highly beneficial in the assig-

nation process of the experimental data. An algorithm of the assignation process

with the help of the computed data is described in Section 3.2.

Could the transitions of a molecule, whose accurate knowledge is of the highest

priority, be determined? This question is motivated by the definition of ’impor-

tance’ for the energy levels. Various reasons could make a transition important.

An example is, when the addition of the new edge (transition) would connect two,

previously unconnected components of the measured SN. This is considered in Sec-

tions 2.1 and 3.3. Another example is when the accuracy of a lot of energy levels

depends solely on the accuracy of a single transition. This case is discussed in Sec-

tion 2.8. It would be helpful in the planning of the new experiments to highlight

important, currently unmeasured transitions for research groups to measure.
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CHAPTER 2

The structure of the spectroscopic network

Before the introduction of spectroscopic networks, the information about the rovi-

bronic states of a molecule was considered without an underlying structure. The

transitions of a molecule were viewed in the form of a list, with each row containing

the physical characteristics of the participating states (energy levels), with no tool

to compare and connect the data available about the different transitions.

In Section 1.4 several problems were addressed, which are of importance in

the field of high-resolution molecular spectroscopy. These problems cannot be

solved without using an underlying structure, i.e., without using what we now

call spectroscopic networks. In most problems the solution begins by observing

certain structural properties of the spectroscopic network of the selected molecule:

for example, the bipartiteness of the SN, or its vertex degree distribution. In this

chapter, the structural properties of SNs are examined with an eye on helping to

solve certain problems in molecular spectroscopy.

Most of the structural properties of spectroscopic networks concern their vertex-

edge structure. The vertex-edge structure of a theoretical SN, after an optional

intensity cutoff, is complete: no allowed transitions are missing from it. Measured

networks, however, do not contain every measureable transition. Moreover, mea-

sured SNs are affected by factors that cannot be easily influenced: the availability

of experimental apparatuses with appropriate (laser) sources and/or detlectors, ca-

pability of measuring only selected regions of the spectra, preferences of research

groups which molecule and which spectrum interval to measure and analyse in

greater detail.

It is worth examining measured networks, as they contain the ultimate in-

formation needed by many application fields and they can be compared to their

theoretical counterparts; thus, one can address structural differences and their

possible reasons and consequences.

A few characteristics of the structure of the spectroscopic network of the H2
16O

molecule were published in Ref. [29]. Most notably, the vertex degrees were con-
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2.1. Components

jectured to follow a power-law distribution, which is the definition of a scale-free

network. It was also shown that the selected spectroscopic network is bipartite.

The authors of Ref. [29] conjectured that these structural properties should apply

to every spectroscopic network, or at least for a significant subset of the SNs of

molecules. In Ref. [27], and later in Ref. [2] and Ref. [21], we proved and expanded

these conjectures.

2.1 Components

A theoretical spectroscopic network may have more than one connected compo-

nents. This is explained by a (quantum) chemical property detailed below, which,

by disallowing certain transitions between rovibronic states, creates a vertex par-

titioning of the spectroscopic network, where no transition is allowed between

different subsets of the partitioning.

The chemical property mentioned concerns the nuclear spin of the atoms of

the molecule. No transition can happen between two rovibronic states, which have

incompatible nuclear spin symmetry. Conversely, transitions can only occur be-

tween energy levels of certain nuclear spin symmetry. The connected components

defined by the nuclear spin of the energy levels are called the principal components,

or PC s, of the spectroscopic network.

As examples, we mention the symmetric isotopologues of water, H2
16O, H2

17O,

and H2
18O, and the similar three isotopologues of heavy water, D2O. All these

molecules have two principal components, defined by nuclear spin symmetry: the

ortho component, where the spins of the protons of H2O are “parallel”, and the

para component, where they are “antiparallel”. A counterexample is the HD16O

molecule, which, based on its nuclear spin statistics (the lack of symmetry as all

three atoms are different), has only one principal component in its spectroscopic

network.

The nuclear spin symmetry of a rovibronic state is related to the quantum

numbers describing the rotational and vibrational movement of the atoms of the

molecule. In the following example, the H2
16O molecule is considered, which has

two principal components. The energy levels of the H2
16O molecule are labeled

by their (v1v2v3JKaKc) quantum numbers. The principal component, where a se-

lected rovibrational state belongs, can be determined by the sign of (−1)(v3+Ka+Kc).

If it equals 1, then the energy level belongs to the para component, else (if it equals

−1), it belongs to the ortho component.

These two principal components of the H2
16O molecule can also be observed

in Figure 1.4 (vide supra). In Fig. 1.4 the two small graphs in the lower panel are
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HITRAN

index
molecule no. of vertices

no. of unique

transitions

no. of

components

1 water 17, 045 134, 063 2

3 ozone 38.816 260, 094 24

9 sulfur dioxide 18, 054 72, 460 1

10 nitrogen dioxide 6, 931 26, 334 5

20 formaldehyde 9, 847 40, 670 14

25 hydrogen peroxide 14, 975 126, 949 24

32 formic acid 11, 385 62, 684 1

Table 2.1. Number of connected components (either principal or floating) in

the measured spectroscopic networks of selected molecules [21], retrieved from the

canonical spectroscopic database, HITRAN [46].

subgraphs of the ortho and the para principal components of the SN. Note that

the vertices are only labeled by their (JKaKc) quantum numbers, as for every

vertex v1 = v2 = v3 = 0. Thus, the principal component, where an energy level

belongs, can be calculated by the Ka +Kc sum. Ka +Kc is even for all vertices in

the graph on the left, therefore, as (−1)Ka+Kc = 1, the left graph corresponds to

a fragment of the para principal component. Similarly, Ka + Kc is odd for every

vertex of the right graph, thus they belong to the ortho principal component.

It should be noted that the quantum numbers used to identify the principal

components, follow the selection rules of the molecule. If two energy levels belong

to different principal components, then the selection rules, by their definition, do

not allow any transition between them.

In each principal component, the vertex with the minimum energy value is

called the root of the PC. One of the roots corresponds to the ground state of

the molecule, which has an energy of zero. If multiple PCs are present in a spec-

troscopic network, it becomes challenging to compare the energy values of two

different components, as no transitions are allowed between the PCs.

Clearly, the actual vertex-edge structure of a measured spectroscopic network

depends partially on the research groups performing the measurements. Different

groups use different techniques and different spectrometers to measure different

regions of the spectrum. Thus, there is a certain randomness whether a selected

transition gets measured or not. This could imply that measured SNs may have

many disconnected components. In Ref. [21] we collected the number of compo-

nents of selected measured SNs, this is shown in Table 2.1.

If there are more components in the spectroscopic network than the number of
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principal components would imply, then the principal components are defined to

be the ones with the root vertex. Other components, which do not contain a root

vertex, are called floating components, or FC s.

Note that only principal components contain roots, and only one of the prin-

cipal components contain a vertex with an energy value set to zero. In principal

components the energies of the rovibrational states can be determined accurately

by the wavenumbers of the transitions of the path from the root. To determine

the energy values in a floating component using the wavenumbers of the measured

transitions, a selected vertex in the FC could obtain an energy value from the

theoretical SN (thus, creating a root with an estimated energy). Then, the energy

values of the other vertices in the FC could be calculated using the measured tran-

sitions. Unfortunately, theoretical energy values are usually not accurate enough

for this purpose.

The problem of obtaining the accurate energies of vertices in floating compo-

nents motivate a central task of molecular spectroscopy: to connect each floating

component to its corresponding root vertex. The only way to achieve this is to

measure new transitions. It is not straightforward, however, to do this: it could

easily happen that every transition, which could connect a FC to its root, belong

to the experimentally unmeasureable intensity range.

In Ref. [21], we investigated this case for several selected molecules. The mea-

sureable intensity range was modeled by taking the theoretical spectroscopic net-

work of the molecule with different intensity cut-offs. For example, if the smallest

measureable magnitude was assumed to be 10−28 cm molecule−1, then transitions

with intensity value below this parameter were removed from the theoretical SN.

We have found in Ref. [21] that these model SNs only contain principal compo-

nents. This implies that there exist transitions in the measureable intensity range

with which the floating components of SNs could be connected to their root. An al-

gorithm to plan new experiments, with the aim of connecting floating components

to their root in the spectroscopic network, is described in Section 3.3.

Figure 2.1 displays the task of connecting the components of the measured

spectroscopic network. The “green” and the “yellow” SNs depict two possibilities

of connecting the floating components to their principal components. The yellow

example is favorable to the green one: it is significantly harder to select the tran-

sitions connecting two floating components, because the energy levels of the FCs

could have huge inaccuracies, making the assignation of the measured spectrum

difficult. In the scenario of the green SN, instead of connecting the two FCs, an

experiment is envisioned that connects the PC to the first FC, followed by a second

experiment, connecting the second FC. In the yellow SN, the two FCs can be con-

nected simultaneously, if the connecting transitions, based on their wavenumber,
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Figure 2.1. Example of connecting the floating components of a measured spec-

troscopic network to their corresponding principal components. The components

of the figure are defined by the experimental database available. This SN has two

principal components. We have shown in Ref. [21] that in all cases of the exam-

ined molecules there exist unmeasured transitions which, by adding them to the

measured SN, would connect the components. It is either possible to directly con-

nect the FCs to their PC (right panel, “yellow” components), or to connect FCs

sequentially (left panel, “green” components).

can be measured in a single experiment.

Considering the spectroscopic networks of Table 2.1, the need to connect the

floating components to their root is especially transparent in the case of ozone,

hydrogen peroxide and formaldehyde, as these measured SNs have a large number

of components. Conversely, the measured networks of water, sulfur dioxide and

formic acid contain no floating components.

2.2 Bipartiteness

The bipartiteness of the various spectroscopic networks was an interesting discov-

ery. After the initial conjecture in Ref. [29], we have found that all measured SNs

of our interest are bipartite. This implies that no cycle of odd length could occur

in these spectroscopic networks. This also means that three energy levels could

not be analyzed using only three transitions connecting them, as the smallest cycle

is of length four. The fact that there are no transition cycles of odd length for

one-photon transitions was not stated in the literature before.

A bipartite spectroscopic network can be observed in Figure 1.4 (vide supra).

Here, both components of the SN are bipartite, indicated by the red/green and
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the blue/black vertices.

Bipartiteness is explained by the selection rule characterizing the one-photon

rovibronic energy transitions of molecules, whereby the parity, an important quan-

tum chemical symmetry property of molecules, must change during a transi-

tion [21]. Parity can take on two possible values. Thus, one could color the

vertices of any spectroscopic network using two colors, that correspond to the two

parity values, in a way that no edge would have two endpoints of the same color.

We have found that bipartiteness of spectroscopic networks is not just a ref-

erence to a chemical property, but also useful in solving certain spectroscopic

problems for at least two reasons.

The first area, where this property proves useful, concerns experimental spec-

troscopic databases, which contain the measured transitions of the given molecule.

These measurements come from multiple research groups and multiple publica-

tions. The assignation of the measured spectra, made by the research groups, may

contain errors, i.e., incorrect energy level pairs assigned to the transitions. These

assignation errors cannot be identified easily. However, if it is assumed that the

measured SN, constructed by all measured transitions, is bipartite, some of the

assignment errors can be identified.

The assignment error identifier protocol we advocate is as follows. First, check

the bipartiteness of the spectroscopic network, formed by the database entries. If

the network is bipartite, then no assignment error of this nature was made. If

the network is not bipartite, then look for odd-length cycles in the graph, as bi-

partiteness can only break in these cycles. Observe the participating transitions

and identify the incorrect ones; for example, by checking their source experiments.

If all transitions that violate the bipartiteness of the SN are removed, then the

remaining SN is bipartite. Afterwards, when adding a new set of measured transi-

tions to the experimental database (after a new experiment is published), one can

check whether the bipartiteness of the SN is preserved. If not, then most likely

the error lies in the new set of measured transitions.

Issues related to this protocol should be discussed. What if a measured spectro-

scopic network is far from being bipartite ( e.g., if it is close to a complete graph)?

It is expected that all the actual measured SNs are close to be bipartite. This

is because the probability that the experimental research groups make mistakes

in the assignment process is expected to be small. Thus, fixing bipartiteness is

expected to involve the removal of only a few transitions. Should all odd-length

cycles be determined? We expect just a small number of edges to violate bipar-

titeness; thus, finding every odd-length cycle is not required. Instead, we just look

for the first odd-length cycle we can find (this can be done, for example, using

a Deep First Search (DFS) algorithm), then fix it, and iterate this step until the
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transition wavenumber (cm−1) energy level #1 energy level #2

18.975258 (000211) (000202)

1387.383507 (010101) (000202)

1393.928115 (010101) (000211)

Table 2.2. Three transitions in the measured spectrosocpic network of the hy-

droperoxil radical molecule from the canonical HITRAN database [46]. The tran-

sitions form a 3-length cycle, which violates the bipartiteness of the SN. Thus, at

least one of the transitions is incorrectly assigned.

remaining graph is bipartite.

It was noted in Ref. [21] that the canonical spectroscopic database HITRAN

[46] included several invalid transitions, which were identified by checking the

bipartiteness of the measured spectroscopic networks built from the database. As

an example, the measured SN of the hydroperoxil radical contained a cycle of

length 3. The participating transitions are shown in Table 2.2. Based on the

one-photon selection rules, at least one of these transitions is incorrectly assigned.

Thus, the removal of at least one of the three transitions is required.

In Ref. [2], the Depth First Search algorithm was used to check whether the

measured spectroscopic networks of our interest are bipartite. The bipartiteness

was true for all spectroscopic networks investigated in the group: H+
3 , D2H

+,

H2D
+, 12C2,

14NH3, and H2
16O.

2.3 Degree distribution

A graph G = (V,E) with vertex set V and edge set E is sparse, if |E| << |V |2.
Clearly, all theoretical and measured spectroscopic networks are sparse networks.

Examples about the numbers of vertices and edges in various SNs can be seen in

Table 1.2 (vide supra) and Table 2.4 (vide infra).

This property should be considered in the selection of the algorithms and data

structures in works regarding spectroscopic networks. The number of vertices in

large SNs, for example, make calculations using adjacency matrix representations

impossible in low-end computers. Another notable example is the selection of the

minimum weight spanning tree algorithm of Chapter 3: due to the sparse graph

property, the Kruskal algorithm [38] was used, instead of Prim’s algorithm [44].

To jump to the conclusion right away, the main result in this section is that

the scale-free behaviour can be assumed for spectroscopic networks.

A graph is scale-free if its vertex degree distribution follows a power law. That

25



2.3. Degree distribution

is, the probability that an arbitrarily chosen vertex has degree k is

P (k) ∼ k−γ,

where γ is called the scaling parameter.

If we want to prove that spectroscopic networks can be treated as scale-free

graphs, we must show that the empirical degree distributions of SNs could have

been drawn from a power-law distribution.

In most applications the power-law behaviour only applies for k values that are

greater than a lower bound, kmin. If a kmin parameter is introduced, then it can

be determined whether the tail of the distribution follows a power law.

In the expression above, k can only take integer values. Thus, the probability

distribution is of the form

P (k) = C · k−γ,

where C is a normalizing constant for which
∑
k

P (k) = 1. This diverges at 0, thus,

some lower bound kmin > 0 is needed for k. Then, C is determined according to

Ref. [15] by

C =
1

ζ(γ, kmin)
,

where ζ denotes the Hurwitz zeta function,

ζ(γ, kmin) =
∞∑
n=0

(n+ kmin)−γ.

Note that the corresponding cumulative distribution function is

P (k) = P (X ≥ k) =
ζ(γ, k)

ζ(γ, kmin)
.

The kmin value can be determined by various methods. In Ref. [27], we deter-

mined the kmin values by minimizing the Kolmogorov–Smirnov distance. That is,

if S(k) is the cumulative distribution function of the empirical data, with k ≥ kmin,

and P (k) is the fitted power-law distribution using the kmin parameter, then the

distance

D = max
k
|S(k)− P (k)|

should be minimized by the selection of kmin. In other words, the kmin value is

needed, for which the fitted model is as close to the empirical cumulative distri-

bution function as possible.
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SN γ kmin KS.p

A22 2.11 4 0.1060

A24 2.13 8 0.1867

A25 2.15 10 0.2853

A26 2.16 14 0.0460

A28 2.10 17 2.56 · 10−9

A30 2.47 6 2.46 · 10−17

A40 2.83 54 ∼ 0

Table 2.3. Power-law distribution fittings to the theoretical spectroscopic network

of the H2
16O molecule at various intensity cut-offs [27]. γ: the scaling parameter

of the fitted power-law distribution. kmin: the minimum value from which the

distribution was fitted. KS.p: the p-value of the Kolmogorov–Smirnov test.

It is not assumed that the vertex degrees are independent and identically dis-

tributed. Thus, the goodness of the fit in each case was tested by an one-sample

Kolmogorov–Smirnov test. The null hypothesis of the test refers to the case when

the empirical data is drawn from a power law distribution. The null hypothesis is

rejected if in the estimation p < 0.05.

For the calculations detailed in the chapter, which are from our articles Ref. [27]

and Ref. [21], the igraph package [18] of R was used.

In Ref. [29] it was conjectured that the vertex degrees of the spectroscopic net-

work of H2
16O follow a power law degree distribution. In Ref. [27] we have shown

that this conjecture is true for theoretical SNs using the most feasible intensity

cut-offs, with the scaling parameter between 2 and 3, depending on the intensity

cutoff employed.

Table 2.3 contains the data of the power-law distribution fittings to the the-

oretical spectroscopic network of the H2
16O molecule [27]. It can be seen that

the power-law behavior can be assumed in the case of the smaller networks: A22,

A24, A25. As the SN grows larger by allowing transitions with lower and lower

intensities to participate, the power-law behavior fades, and it cannot be assumed

any more.

In real problems of chemistry, theoretical spectroscopic networks without an

intensity cut-off parameter are rarely considered. Of all the cut-off parameters,

the ones that reflect the experimentally measureable intensity ranges are the most

useful. Thus, the results presented in Table 2.3 are of high importance: the smaller

spectroscopic networks of the H2
16O molecule, A22, A24, and A25, can be viewed

as scale-free graphs.
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name no. of vertices no. of edges γ kmin KS.p

water PC#1 7871 59560 2.01 150 0.39

water PC#2 9174 74503 2.05 180 0.27

ozone 28719 260006 2.26 667 0.95

sulfur dioxide 18054 72460 1.99 54 0.87

nitrogen dioxide 6778 26086 1.76 31 0.99

formaldehyde PC#1 5007 21656 2.18 200 0.41

formaldehyde PC#2 4610 18796 2.84 300 0.33

hydrogen peroxide

PC#1
7604 69160 2.23 51 0.87

hydrogen peroxide

PC#2
7213 57650 2.52 86 1.00

formic acid 11385 62684 2.15 200 0.38

Table 2.4. Power-law distribution fittings to the principal components of measured

spectroscopic networks of selected molecules [21]. γ: the scaling parameter of the

fitted power-law distribution. kmin: the minimum value from which the distribution

was fitted. KS.p: the p-value of the Kolmogorov–Smirnov test.

In Ref. [2], we asked whether every measured spectroscopic network of our

interest follow a power law degree distribution. For this, we selected the mea-

sured SNs of the HITRAN database [46] of water, ozone, sulfur dioxide, nitrogen

dioxide, formaldehyde, hydrogen peroxide, and formic acid. In the cases of water,

formaldehyde, and hydrogen peroxide, two principal components are present, fol-

lowing well-estabilished selection rules. The power-law distribution fittings were

done separately for the principal components of these molecules. As some results

about scale-free graphs are true only if the scaling parameter is between 2 and 3,

we chose the kmin value where it was possible to yield a scaling parameter in this

interval.

Table 2.4 shows the power-law distribution fittings to spectroscopic networks

of selected molecules, taken from Ref. [21].

As each spectroscopic network of our interest has shown a scale-free behaviour,

it can be assumed that the SNs of newly explored molecules should have this

property, as well.
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2.4 Hubs

The most important consequence of the assumed power-law degree distribution of

spectroscopic networks for high-resolution molecular spectroscopy comes from the

fact that scale-free graphs contain only a small number of high-degree vertices.

We defined the top 10% of the energy levels of spectroscopic networks, which have

the largest number of associated transitions, the hubs of the SN.

The presence of a few high-degree vertices raises several questions regarding

their chemical attributes, including the following:

1. What are the hubs of theoretical spectroscopic networks? Do they have a

characterizing chemical property (e.g., in relation to their defining quantum

numbers), or are they rather randomly distributed among the energy levels?

2. Do the hubs of the theoretical SN and its current measured SN counterpart

coincide? In other words, have the measurements found the energy levels

with the highest number of associated transitions, or is there an experimental

bias such that the hubs of the measured SN are just “average” energy levels

in the theoretical network?

3. How are the hubs connected within the spectroscopic network? Are they close

to each other and/or to the root? Do the high vertex degrees imply that the

transition intensities belonging to the hubs are high?

We answered these questions in Ref. [21]. This section details our answers to

the first and the second questions. The third question, regarding the transition

intensities, is partially answered here. The analysis of the position of the hubs

within an SN will be discussed in Section 2.5.

In Ref. [27] the hubs of various spectroscopic networks of the H2
16O molecule

were collected and compared. A rovibrational state of the H2
16O molecule is

denoted by the quantum numbers (v1, v2, v3, J , Ka, Kc), which have the same

meaning as the quantum numbers of the HDO molecule, detailed in Subsection 1.1.

In this section the vibrational quantum number triplet will be denoted as (v1v2v3),

and the rotational quantum number triplet will follow the JKaKc notation, often

used in molecular spectroscopy.

In the theoretical absorption spectroscopic network of H2
16O with an intensity

cutoff value of 10−28 cm molecule−1, the hubs are on the ground vibrational state

defined by (v1v2v3) = (000). This location of the hubs is in line with the expec-

tation of spectroscopists. In this SN the energy levels with the largest number of

transitions are 634, 523, and 625, with 1487, 1433, and 1431 associated transitions,

respectively.
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In the measured spectroscopic network of the molecule the hubs are 634, 523,

and 423, with degrees of 458, 455, and 447, respectively. Thus, two of the top three

hubs, 634 and 523, coincide in the theoretical absorption and the measured SNs.

Upon collecting the hubs of the theoretical SN of the HD16O molecule, we

found that the energy level with the largest number of associated transitions is

also the 634 energy level on the ground vibrational state (000) [27]. This points

out an interesting connection between the two molecules: the rovibronic state of

both H2
16O and HD16O which has the highest number of associated transitions

is defined by the rotational excitation, proving the semirigid nature of the water

molecule.

It was also found in Ref. [27] that the distribution of hubs within the theoretical

spectroscopic network depends on whether an absorption or an emission SN is used.

From the BT2 database [3], a theoretical SN corresponding to emission was created

with an intensity cutoff of 10−20 cm molecule−1 at 1650 K. The hubs of this SN

belong to different vibrational states, and not to the ground vibrational state, as

the hubs of the theoretical absorption SN and the measured SN. The first three

hubs are 963 on the (020) state, 633 on the (001) state, and 1038 on the (010) state,

with 102, 101, and 100 transitions, respectively. By comparing the hubs of the

absorption and the emission SN of H2
16O, we found in Ref. [27] that the hubs in

absorption are present among the hubs of the emission SN, but the reverse is not

true.

We asked in Ref. [27] whether the top hubs of a spectroscopic network partici-

pate in the most intense transitions. The answer is clearly no [27]. The aforemen-

tioned hubs of the H2
16O molecule, 634, 523, and 423, take only part in the 16th,

18th, and 13th most intense transitions in the SN, respectively. Vice versa, the

energy level pair of the most intense transition have the 69th and the 89th largest

number of transitions.

The scale-free property implies that although SNs are usually extremely large,

only relatively few energy levels determine the overall accuracy of the energy levels

of the SN. Therefore, all microwave (MW), millimeter wave (MMW) and far-

infrared (FIR) spectroscopic measurements that aim to improve the accuracy of

the hubs are highly beneficial to the overall accuracy of measured SNs [21].

2.5 Graph metrics

Given that spectroscopic networks contain a relatively small number of high-degree

vertices (called hubs), our next question in Ref. [27] was about the location of the

hubs within the network. We answered this question by the calculation of two
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graph metrics, and explored the reasons leading to and the consequences resulting

from the obtained values.

Graph metrics are constants calculated from the vertex-edge structure of graphs.

We found two of them especially useful in our analysis in Ref. [27]: the structural

metric or s-metric, S(G), and the Pearson correlation coefficient, r(G) [40].

The structural metric S(G) is defined as follows. For a graph G = (V,E) with

|V | = n, let

s(G) =
∑

(ij)∈E

didj,

where di denotes the degree of the ith vertex.

Note that if the hubs of G are connected to each other, then the s(G) value is

maximized. This is a consequence of the Rearrangement Inequality [61], according

to which for two sets of real numbers a1 ≥ a2 ≥ · · · ≥ an and b1 ≥ b2 ≥ · · · ≥ bn,

and any of the permutations of the ai, (a′1, a
′
2, · · · , a′n),

a1b1 + a2b2 + · · ·+ anbn ≥ a′1b1 + a′2b
′
2 + · · · a′nbn ≥ anb1 + an−1b2 + · · · a1bn.

In order to compare graphs of different sizes based on their structural metric,

s(G) should be normalized. In order to do that, let D denote the degree sequence

of G. Then, let the smax value denote the maximum of s(G) among G graphs with

degree sequence D. One can show for a fixed degree sequence D that

smax =
n∑
i=1

di
2
· d2i =

n∑
i=1

d3i
2
.

Finally, the structural metric S(G) is defined as

S(G) =
s

smax
.

After this normalization, S(G) ∈ [0, 1].

Graphs with a given degree distribution can be immensely diverse. The struc-

tural metric S(G) is capable of capturing the difference between graphs of the

same degree sequence. Most notably, it captures the interconnectedness of the

high-degree vertices of the graph.

The Pearson correlation coefficient, r(G), is defined as

r(G) =

∑
ij∈E

didj
m
− (

∑
ij∈E

di+dj
2m

)2∑
ij∈E

d2i+d
2
j

2m
− (

∑
ij∈E

di+dj
2m

)2
,

where m denotes the number of the edges in G, and r(G) ∈ [−1, 1].
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The r(G) metric is used to decide whether the graph has an assortative mix-

ing or a dissortative mixing property. Assortative mixing means that there is a

preference of the high-degree vertices to connect to other high-degree vertices, and

low-degree vertices to other low-degree vertices. In the case of dissortative mixing,

the high-degree vertices tend to connect with low-degree vertices, and vice versa.

The calculated graph metrics in Ref. [27] are shown in Table 1.2 (vide supra).

When analysing natural large networks, one usually expects that a large S(G)

implies a large positive r(G) value [41, 42]. In Table 1.2 a different behaviour can

be observed: both metrics decrease as the intensity cutoff is lowered. To find the

reason behind the decreasing values, we examined single network structures.

First, let us consider the case of theoretical spectroscopic networks. The small-

est SN, which is constructed by an intensity cutoff of 10−20 cm molecule−1, has

only two connected components. These components contain the most intense tran-

sitions of the molecule. The likelihood that two hubs are connected is high. This

explains both the large S(G) value and that r(G) is close to zero. The large S(G)

value and the negative r(G) value imply that this SN is dissortative, though its

hubs show an assortative behaviour. In other words, the hubs of this network like

to connect to each other, but each hub has also many connections to vertices of

smaller degree.

Upon lowering the intensity cutoff, another observation can be made [27]. The

hubs of the SN do not change as the cutoff changes. Of the first 100 hubs of two

SNs, one with the intensity cutoff of 10−20 and the other with 10−28 cm molecule−1,

98 hubs are the same. By lowering the cutoff, the number of low-degree vertices

increases substantially, and the ratio of connections between high and low degree

vertices decreases. This explains the descending tendency of the S(G) values as

the cutoff value is lowered.

The measured spectroscopic network was also analysed in Ref. [27] using graph

metrics. The two calculated metrics fit to the lowering tendencies, by the ordering

based on the number of vertices in the network. This implies that the structural

differences, like assortativity, between the theoretical and the measured networks

are not significant. Thus, the observed behaviour seems to be a characteristic of

spectroscopic networks.

2.6 Small worlds

The distance between a vertex pair A− B in the SN mean the minimum number

of transitions a molecule has to make to get from energy level A to energy level

B. The maximum and the average distance values between vertex pairs in an SN
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could be used to approximate the number of transitions the molecule takes during

a spectroscopic experiment.

These values could be used either as general indicators describing spectroscopic

events, or, if more information is available, these could also be fine-tuned. For

example, if the molecule starts the emission process in a subgraph of the SN,

and will change energy levels towards another subgraph, then the maximum and

average distances between these two subgraphs could be used as approximations.

In this section diameter refers to the maximum distance between vertex pairs

in the graph, and not to the average distance between vertex pairs. Small diameter

can be conjectured for SNs from their degree distribution: scale-free networks with

scaling parameter between 2 and 3 are characterized with the ultra-small world

property [16]. That is, for a graph on n nodes, for the average distance L between

two random vertices L ∝ log logN holds.

Table 1.2 (vide supra) shows the diameters and the average vertex pair dis-

tances of selected spectroscopic networks. A small diameter is a favorable property

of SNs. If a given measured SN of a molecule needs to be expanded by a subset

of selected energy levels of interest, then the number of transitions to measure, in

order to reach the energy levels, is an issue. Because of the small world property,

one would expect that only a small number of transitions will be needed to connect

a previously unreached energy level into the measured SN.

A special case of this is the connection of a floating component of a measured

spectroscopic network to its root energy level. As it was discussed in Section

2.1, this task has serious practical implications. Now, after the SN is assumed to

have the the ultra-small world property, it can be expected that the number of

transitions to measure, in order to connect the floating component to its root, is

small.

In Ref. [2], we calculated diameters of selected spectroscopic networks, and

obtained an interesting result. The diameters of the SNs are shown in Table

2.5. Usually, the larger the SN is the larger the diameter is. Nevertheless, the

diameter of the 12C2 molecule is significantly larger than of H2
16O and 14NH3

(both for the ortho and para cases). To explain this, the chemical properties of
12C2 were examined. It was found that the 12C2 molecule, a homonuclear diatomic

with no dipole moment and zero dipole derivative with respect to the vibrational

motion along the internuclear axis, is characterized by rovibronic energy levels that

belong to several different electronic states. This is the reason why the measured

spectroscopic network of 12C2 is much less robust than the measured SNs of the

H2
16O and 14NH3 molecules [2].
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molecule no. of vertices no. of edges diameter

ortho-H3
+ 260 372 19

para-H3
+ 390 552 20

ortho-D2H
+ 52 70 8

para-D2H
+ 52 62 10

ortho-H2D
+ 63 46 8

para-H2D
+ 46 60 8

12C2 4, 617 16, 481 117

ortho-14NH3 2, 731 10, 019 33

para-14NH3 1, 455 5, 374 41

ortho-H2
16O 10, 579 63, 086 44

para-H2
16O 7, 860 35, 752 44

Table 2.5. Diameters of selected measured spectroscopic networks [2] based on

the HITRAN database [46].

2.7 Network robustness

As more and more experimental data are added to a measured spectroscopic net-

work, or as the intensity cut-off parameter of the theoretical SN is lowered, the

spectroscopic network becomes larger. In both cases the number of transitions

increases much faster than the number of vertices (cf. Figure 1.5, vide supra).

The number of cycles also increases rapidly as the network grows. As a result,

spectroscopic networks are extremely robust. That is, if a large number of vertices

are removed from the graph randomly, the largest connected subgraph would still

contain almost all remaining vertices.

This property of SNs was first described in Ref. [20], where three different SNs

of the H2
16O molecule (the theoretical SN, a subgraph of the theoretical SN, and

the measured SN) were examined. It was shown that after the random removal

of ∼70% of the vertices the largest connected subgraph still contains almost all of

the remaining vertices. Only after the removal of ∼85% of the vertices would the

relative size of the largest subgraph decrease significantly. The random removal of

the vertices correspond to the chemical model of having energy levels not reached

by measured transitions in a measured spectroscopic network. If we remove, for

example, 65% of the vertices of the SN, then we model a measured SN with only

35% of the energy levels reached by the measurements.

In Ref. [27] we introduced a different approach to study robustness. The focus

was on the change of the diameter of the graph upon random removal of vertices
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Figure 2.2. Illustration of the change of the graph diameter after removing a

vertex. The diameter of the first graph is 3, but after removing the rightmost

vertex, the diameter increases to 4. The middle graph, the complete graph K5 has

a diameter of 1; removing a vertex transforms the graph to a K4 complete graph,

which also has a diameter of 1. The bottom graph has a diameter of 2, but if we

remove one of the endpoints of the path, the diameter decreases to 1.

from the graph. Similarly to the previous section, diameter refers to the maximum

distance between vertex pairs in the graph (and not to the average distance).

The small diameter of SNs is a favorable property for spectroscopists, the reason

is discussed in the previous section. Therefore, we were interested in what happens

with the diameter if a measured SN contains only a fraction of the energy levels

that are reachable with transitions in the measurable range. The worst scenario

would be if the SN would only have a small diameter when almost all energy levels

are included in the network, and the diameter would rapidly increase as energy

levels are removed from the measured SN.

After removing vertices from the graph, the diameter can increase, decrease,

or remain unchanged. To illustrate this, let us see three example graphs in Figure

2.2.

By the structure of the high-degree vertices described in Section 2.5, in the case

of spectroscopic networks the diameter is not likely to increase. This is because
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percentage of

vertices removed

diameter

median

diameter median

absolute deviation

90% 19 1

80% 19 1

70% 18 1

60% 18 1

50% 17 1

40% 15 2

30% 12 2

20% 7 1

10% 3 1

Table 2.6. Median and median absolute deviation values of graph diameters. A

given percentage of the vertices of the theoretical SN of the H2
16O at a 10−20 cm

molecule−1 intensity cutoff was removed following discrete uniform distribution;

1000 experiments were made for each case (9000 total).

the presence of hubs (a few extremely large degree vertices) in the SN, and the fact

that by Section 2.5, hubs form an assortative core. This means that the probability

of randomly removing a hub from the SN is very small. Furthermore, even if a

hub would be removed, most of the shortest paths between vertex pairs in the

graph likely could use another, neighboring hub, whose presence is provided by

the assortative property of hubs. Moreover, as the vertex removal also decreases

the size of the graph, the diameter is expected to decrease as more and more

vertices are removed.

To see this, the theoretical SN of the H2
16O was taken at a 10−20 cm molecule−1

intensity cutoff, which graph has a diameter of 19. Table 2.6 and Figure 2.3

show the results of removing a given percentage of vertices from the graph by

discrete uniform distribution, with 1000 experiments made for each case, 9000

total. If after the vertex removal the graph got disconnected, then the diameter

was calculated in all subgraphs, instead of, for example, setting the diameter to

infinity, or calculating the diameter only in the largest subgraph.

If the vertex removing algorithm starts with the removal of the hubs instead of

random vertices, then, as expected, the diameter decreases quickly. Upon removal

of the top 200 hubs in the A28 SN, which means 0.45% of the vertices in the graph,

and which control 20.45% of the edges, the original diameter reduces to 18 [27].
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Figure 2.3. Diameters obtained after a given percentage of the vertices is removed

from the theoretical SN of the H2
16O at a 10−20 cm molecule−1 intensity cutoff

value. The percentages shown on the panels represent the ratio of the remaining

vertices. The orange columns represent the median values in each case.
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2.8 Clustering

Vertex clustering is another tool from graph theory which helps to achieve the

goal of understanding the structural characteristics of spectroscopic networks. The

motivation of the cluster analysis of spectroscopic networks is twofold.

First, in the development of a measured spectroscopic network, it is essential

to consider the subgraphs, which have weak connections to the their complements

(the rest of the graph). The most notable example is the case when a relatively

large subgraph of the SN is connected with only one edge to the rest. In this

scenario in the spectroscopic network, the accuracy of a single edge determines

the accuracy of many other energy levels. Thus, these weak connections should be

considered with high priority in the strategic planning of new measurements, as

new transitions which strengthen the weak connections would make the energies

of many quantum states more accurate.

Second, examining the community structure of the spectroscopic networks

could yield useful consequences. An interesting case would be if the dense sub-

graphs would consist of transitions from mostly a single experimental source. That

is, when the transitions in subgraph A belong mostly to research group A, in sub-

graph B to research group B, etc. In this case, the knowledge about different

parts of the SN would depend mostly on single sources, without verifications from

multiple sources.

We used two different clustering techniques in Ref. [2]. To highlight the weak

connections within the spectroscopic network, the spectral clustering algorithm [6]

was used, as an approximation of the balanced k-way cut. Here, we analysed

the localization of the weakest connections at k = 1, . . . , 10. For the community

structure detection, we used the Clauset–Newman–Moore (CNM) clustering al-

gorithm [14]. To calculate the CNM clusterings, we used the Stanford Network

Analysis Platform (SNAP) library [47].

Spectral clustering algorithms use the eigenvalue spectrum of the combinatorial

or the normalized Laplacian matrix of the graph, and lead to a k-partitioning of the

vertices. The number of partitions, k, is a chosen parameter. Spectral clustering

was used as an approximation of the balanced k-way cut, which is NP-complete if

k is an input parameter [6]. The balanced k-way cut is especially meaningful in a

spectroscopic network, as it highlights the sparse connections between subgraphs

of the SN. If a subgraph of the SN connects only with a few edges to the cluster

containing the root (whose energy is defined as zero), then the energy of the

vertices in the subgraph, which are calculated using the transition wavenumbers,

starting from the root, solely depend on the accuracy of these few connecting

transitions. By improving the accuracy of these transitions, more accurate energy
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values could be obtained for a large number of rovibronic states. In Refs. [2, 21]

the participating edges in a balanced k-way cut, and generally, transitions whose

accuracy determines the accuracy of a significant number of energy levels, are

called bridges.

To obtain a k-partitioning of a graph on n vertices by spectral clustering, the

first k largest eigenvectors of its normalized Laplacian matrix were calculated. (For

the definition of the Laplacian matrices, see Section 2.9.) From the eigenvectors,

a matrix M ∈ Rn×k was formed, the columns containing the eigenvectors by

decreasing length. After this, the rows, as n-element vectors, were normalized

to unit length. Finally, a k-means clustering was performed on the normalized

M ′ ∈ Rn×k matrix, whose rows are considered as n points in k dimension [6].

Calculating the eigenvalues is a difficult task if the matrix is large, both in

runtime and storage. The normalized Laplacian matrix of a graph on n vertices

is of size n × n, and spectroscopic networks usually contain a large number of

vertices. Therefore, we opted to use the Krylov–Schur algorithm [48], which is

capable of determining a subset of eigenvalues, alongside with their corresponding

eigenvectors.

Spectral clustering algorithms can also be used to make vertex partitioning

based on similarity, where the edge densities within the partition sets are as close to

each other as possible. Thus, similarly dense subgraphs of a spectroscopic network

could be identified. Unfortunately, no chemical property significally different in

the different subsets has been found in the similarity clusterings of SNs that were

mentioned in Table 2.4.

The Clauset–Newman–Moore clustering is a hierarchical agglomeration algo-

rithm. In a graph G(V,E) with |V | = n and |E| = m, it runs in O(md log n) time,

where d is the depth of the dendogram, which describes the community structure

in the graph. The CNM clustering was selected because of its running time, which

is an important concern given that spectroscopic networks usually contain an ex-

tremely large number of edges and vertices. As SNs are sparse graphs, thus m ∼ n,

and moreover, as many real-world networks are hierarchical, thus d ∼ log n, the

algorithm has essentially linear time with O(n log2 n) [14].

2.8.1 Bridge identification

In Ref. [2] the ortho-H3
+ molecule was examined by the technique of spectral

clustering. Figure 2.4 shows the 10-way clustering of the measured SN. As can be

seen in Figure 2.4, five central clusters were obtained (no. 1, 2, 3, 4, and 6), which

participate in several cycles among the clusters. The other five clusters connect

to the central ones with bridges. The worst connection is of cluster no. 5, which
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Figure 2.4. 10-way clustering of the measured spectroscopic network of ortho-

H3
+. Cluster no. 1. contains the root of the principal component. Cluster no. 5.

only connects with one edge to the other clusters of the network [2].

connects to the rest of the network with only a single edge. Cluster no. 5 contains

15 rovibrational states. Thus, the accuracy of these 15 energy levels of the network

depends critically on a single connecting edge.

The accuracy of the energy levels in cluster no. 5 could be improved in two

ways:

1. Reducing the wavenumber uncertainty of the connecting transition, following

new measurements with higher accuracy.

2. Measuring a new transition, with one endpoint in cluster no. 5, and the

other endpoint outside of this cluster. The other endpoint can be in cluster

no. 2 in which case one expands the number of transitions in the 2−5 bridge.

Alternatively, if the endpoint is in another cluster, this outcome would put

cluster no. 5 in a cycle of clusters.

In Ref. [2] we also analysed theoretical spectroscopic networks. The number

of one-transition bridges in the theoretical SNs of H2
16O, 14NH3, and 12C2 was

3513, 730, and 1296, respectively. The number of energy levels that depend on

one-transition bridges is 4865, 965, and 1575, in order. Given that theoretical SNs

were analysed, this implies that there are no other transitions that can be added

to the database, expanding the bridges to have more transitions. Thus, the precise

measurement of the single transition of these bridges is extremely important, as

this is the only way how the accuracy of the dependent energy levels could be

improved.
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The number of one-transition bridges in a molecule can also be analysed in a

relative sense, comparing their number to the total number of transitions. The

molecules H2
16O, 14NH3, and 12C2 have 98, 838, 15, 393, and 16, 481 transitions,

respectively. The ratio of the one-bridge transitions to the total number of tran-

sitions is the highest in the case of the 12C2 molecule. Thus, in the case of 12C2,

accurate measurements have a higher effect on the accuracies of the energy levels

of the SN.

In Ref. [2] we also addressed the case of the bridges which contain more than

one transition. In the measured spectroscopic network of the 12C2 molecule, a

2-way spectral clustering highlighted two transitions, which connect the two large

clusters. In order to improve the accuracy of the energy levels, which are not in the

same cluster as the root, these two connecting transitions should be determined

with high experimental accuracy, if possible. Alternatively, one could turn to

the theoretical SN of the 12C2 molecule, and search for additional, currently un-

measured but measureable transitions, which connect the two clusters. As another

example, we noted in Ref. [2] that the two largest clusters of the ortho-H2
16O PC

are connected by 1547 transitions.

2.8.2 Energy level communities

In Ref. [2], the measured spectroscopic network of the 12C2 molecule was exam-

ined by Clauset–Newman–Moore clustering. The SN contained 16 CNM clusters

(communities), which are shown in Figure 2.5.

The CNM clustering resulted in two main clusters. The two transitions that

connect them are easily recognizable in Figure 2.5. Upon viewing the quantum

numbers of the vertices in the two main clusters, a close-to-complete overlap with

a chemical attribute has been found. Rovibrational states corresponding to singlet

electronic states of the molecule are principally in the first main cluster, while the

triplet energy levels are in the second main cluster. This is an interesting connec-

tion between chemical properties of energy levels and clustering communities of

vertices in the SN.

Two more observations were made about the community structure of the spec-

troscopic network of 12C2. First, most of the small clusters have weak connections

to the main part of the SN. Second, the bigger clusters contain a large number

of cycles. These two statements imply that for the 12C2 molecule the energies

of the quantum states in the bigger clusters could be determined with greater

accuracy [2].

41



2.9. Applications of eigenspectra

Figure 2.5. Clauset–Newman–Moore (CNM) clusters of the measured SN of the
12C2 molecule [2].

2.9 Applications of eigenspectra

A spectroscopic network can be represented by its adjacency matrix A, as well as

by its combinatorial or normalized Laplacian matrix LC or LN , respectively. An

eigenspectrum of an SN means the set of the eigenvalues of a matrix representation

A, LC or LN , of the SN.

Let us suppose that we have a graph G(V,E) with |V | = n. To index the

vertices, let V = {v1, . . . , vi, . . . , vn}. Then the ith row and column of the matrices

A, LC and LN correspond to vi, and all matrices are of size n× n. Let us denote

the vertex degree of vi by di. Then, the elements of the matrix representations are

defined as follows.

Aij =

1, if there is an edge between vi and vj,

0, otherwise.

LCij =


di if i = j,

−1, if there is an edge between vi and vj,

0, otherwise.
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LNij =


1 if i = j,

−(didj)
− 1

2 , if there is an edge between vi and vj,

0, otherwise.

If we also define the degree matrix D of G = (V,E) as an n× n size matrix:

Dij =

di, if i = j,

0, otherwise,

then the connection between LC and LN is

LN = D−
1
2 ·LC ·D

1
2 .

The eigenvalues of A are denoted by αn ≤ αn−1 ≤ · · · ≤ α2 ≤ α1, and αn ≤ 0

and α1 ≥ 0. The eigenvalues of LC are denoted by λi, where 0 = λn ≤ λn−1 ≤
· · · ≤ λ2 ≤ λ1. The eigenvalues of LN are denoted by νi.

A possible use of the eigenspectra of the matrix representations was already

shown in Section 2.8. There, the eigenvalues of the Laplacian matrices were used

in spectral clustering algorithms. It is natural to ask [2] whether the eigenspectra

themselves could be used as tools to analyse spectroscopic networks.

Before discussing the possible uses of the eigenspectra, let us collect the various

results of graph theory that we used in our analysis in Ref. [2]. To determine the

eigenspectra, we employed both a direct diagonalizer and the iterative Lanczos

algorithm [22,39].

The eigenvalue spectrum of A is used to approximate specific vertex degrees of

a graph. Neither the minimum nor the average vertex degrees are smaller than the

largest α1 eigenvalue of A, while the maximum vertex degree is at least α1 [25,37].

As their huge differences indicate in Table 2.7 (vide infra), the α1 estimates

for the maximum degree in spectroscopic networks is not useful. However, a more

significant result is that the α1 values of the table appear to be close to the square

roots of the maximum degrees. A related result is that the largest eigenvalue of A

in a power-law degree distribution random graph is a good approximation of the

square root of the maximum degree, if the scaling parameter of the distribution is

larger than 2.5 [13]. We have shown in Section 2.3 that the degree distribution of

the selected spectroscopic networks show power law behavior. This explains the

aforementioned connection in the table between the α1 values and the maximum

degree [2].

A graph is bipartite if the eigenspectrum of its adjacency matrix is symmetric

about the origin. If the graph is connected, then it is enough to verify its bipar-
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2.9. Applications of eigenspectra

titeness that the smallest eigenvalue is the negative of the largest eigenvalue, that

is αn = −α1 [9].

For a graph G, the number of non-identical spanning trees τ(G) can be cal-

culated from the combinatorial Laplacian of G [9]. The absolute value of each

(n − 1) × (n − 1) minor of LC equals τ(G). This number can also be calculated

using Kirchhoff’s theorem:

τ(G) =
1

n

n−1∏
i=1

λi.

Note that the smallest eigenvalue of LC is always zero, λn = 0. Moreover, the

multiplicity of the 0 eigenvalue equals the number of the connected components in

the graph. A disconnected graph has no connected spanning tree, and indeed, in

this case the τ(G) formula equals 0.

The maximum distance among vertex pairs in a graph has an upper bound:

if the number of different eigenvalues of A is denoted by r, then this maximum

distance is at most r − 1. In our analysis in Ref. [2], this result did not appear to

be useful for spectroscopic networks.

The chromatic number, which can be approximated from the eigenspectra,

seem to hold no practical meaning for spectroscopic networks [2].

Next, we consider three possible advantages that the use of eigenspectra could

offer in the analysis of spectroscopic networks.

1. Find oddities in large samples of spectroscopic networks.

When comparing a large number of spectroscopic networks, the eigenspectra

are capable of identifying odd properties, e.g., by highlighting extreme vertex

degrees, or the lack of bipartiteness. For example, a large sample of SNs could be

obtained by forming measured networks from various subsets of the experimental

data available.

2. Determine certain graph properties.

Using Kirchhoff’s theorem, the number of possible spanning trees of a con-

nected graph can be determined exactly from the eigenspectrum of its combi-

natorial Laplacian matrix. The exact value of this number is not of particular

importance for SNs; however, its magnitude is. The key of an algorithm presented

in Section 3.2 is to construct a minimum-weight spanning tree of the network. The

huge number of possible spanning trees emphasises the necessity to use an efficient

graph algorithm to find it, instead of using trial-and-error methods.

3. A data reduction method.
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2.9. Applications of eigenspectra

molecule α1

average

degree

maximum

degree
αmin = −αmax

number of

spanning trees

ortho-H3
+ 6.48 2.86 28 true ∼ 2.34 · 1055

para-H3
+ 7.22 2.83 41 true ∼ 4.17 · 1078

ortho-D2H
+ 4.83 2.69 13 true ∼ 1.6 · 1012

para-D2H
+ 4.31 2.38 15 true ∼ 1.35 · 109

ortho-H2D
+ 5.24 2.54 17 true ∼ 7.07 · 1011

para-H2D
+ 4.42 2.61 13 true ∼ 6.71 · 1010

12C2 15.19 7.15 32 true *

ortho-14NH3 20.44 7.39 84 true *

para-14NH3 21.16 7.34 89 true *

ortho-H2
16O 56.92 11.93 463 true *

para-H2
16O 47.13 9.10 389 true *

Table 2.7. Selected spectral properties of matrix representations of measured

spectroscopic networks [2] built from the canonical HITRAN database [46]. *: due

to the extremely large size of these SNs, the number of their spanning trees exceeded

the range of the representable numbers in the computers we used [2].

Storing the eigenspectra instead of the whole spectroscopic network would

mean a significant reduction in data size, while still preserving fractional infor-

mation about the graph. However, as only a small number of eigenspectra-based

approximations seemed to be useful for SNs, as of now it is not efficient to use

eigenspectra for data reduction.

Table 2.7 shows the vertex degree estimations, the bipartiteness, and the num-

ber of the spanning trees of the molecules selected in Ref. [2].
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CHAPTER 3

Models of spectroscopic networks

3.1 PageRank

The rovibronic energy levels of a molecule could be arranged according to an

importance list, to help orient high-resolution spectroscopists and developers of

spectroscopic information systems. Decisions in spectroscopic measurement plan-

ning – for example, which wavenumber interval to focus on – could also rely on

the presence of energy levels in certain spectral regions.

“Importance” is not a well-defined term in spectroscopy, it is used here in an

intuitive sense. Importance could be based on various criteria, a few possibilities

are as follows:

1. Which energy levels have the most transitions associated with them?

2. Which energy levels participate in the largest number of cycles?

3. Which energy levels affect most the uncertainties and the error propagation

in the SN?

The first question could be answered directly and quickly, by calculating the

vertex degrees of the SN. However, there is a huge difference between the spectro-

scopic usefulness of analysing two high-degree vertices, where the first has several

edges towards other high-degree vertices, while the second has only edges towards

low-degree vertices. As both types of high-degree vertices exist in SNs, a purely

vertex-degree-based importance ordering seems inefficient and insufficient.

Answering the second question is a difficult task. SNs contain a large number

of cycles of varying size. Cycles play a central role in the uncertainty estimation

of SNs. Moreover, if a transition is part of one or more cycles in the SN, the

verification of new experimental data about the transition could be performed

with considerable precision. Note that the following simplification of the original
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3.1. PageRank

question could be answered quickly: which energy levels participate in at least one

cycle? Albeit less sophisticated, the answer of the modified question is still highly

useful for high-resolution spectroscopy.

To answer at least partially the third question, the clustering techniques dis-

cussed in Section 2.8 seem to be useful.

Formerly, the importance of the energy levels was based on the number of

their associated transitions, that is, their vertex degree in the SN. We showed in

Refs. [2, 21] that to determine the relative importance of the energy levels of the

SN the PageRank [8] ordering of the vertices appears to be more useful.

The recursive form to calculate the PageRank values of the vertices of a graph

is the following:

PR(i) =
1− α
n

+ α
∑
j∈M(i)

PR(j)

dj
,

where PR(i) stands for the PageRank value of the ith vertex, M(i) denotes the

set of the neighbors of the ith vertex, and α is a damping factor.

The reasoning behind the introduction of the PageRank ordering is twofold.

Figure 3.1. The top 10 most important energy levels in the measured spectroscopic

network of ortho-H3
+ SN, based on either the vertex degree ordering (left panel)

or the PageRank ordering (right panel). Green color: energy levels present in both

lists, red color: energy levels belonging only to the top 10 vertex degrees, blue color:

energy levels belonging to the top 10 PageRank values, grey color: neighboring

energy levels [2].

To demonstrate the first reason, let us take the SN of the ortho-H3
+ molecule

from Ref. [33]. The quantum numbers of the energy levels are not important,

they are used here only as labels; their definition can be found in Ref. [33]. The
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3.2. Spectroscopic assignments

no. energy level degree no. energy level degree

1. (00033m) 28 1. (01143u) 9

2. (00010m) 22 2. (01143l) 8

3. (00043m) 21 3. (01133m) 6

4. (00030m) 16 4. (00033m) 28

5. (01143u) 9 5. (00043m) 21

6. (00063m) 9 6. (02246m) 7

7. (01143l) 8 7. (03143l) 3

8. (01153l) 8 8. (05133m) 2

9. (00053m) 8 9. (05143u) 2

10. (01120m) 8 10. (31133m) 2

Table 3.1. Top 10 energy levels of the measured ortho-H3
+ spectroscopic network

[33], when ordered by their vertex degrees (left panel) and by their PageRank (right

panel).

maximum vertex degree in the SN is 28, thus, the energy level (00010m) with 22

transitions seems to be important, based on its vertex degree. However, out of

the 22 transitions, 14 lead to 1-degree vertices. The 1-transition energy levels are

not really important in an SN. The maximum PageRank value was given to the

energy level (01143u), which has 9 transitions. Out of these 9 neighbors, all 9 is

contained in at least one cycle in the SN, and the maximum degree vertex is also

among them. Thus, we consider this energy level considerably more important

than the former one. Table 3.1 contains the top 10 vertices by their vertex degree,

and by their PageRank value. Only 4 of the 10 most important energy levels are

present in both lists. Figure 3.1 displays the ortho-H3
+ SN, comparing the vertex

degree ordering and the PageRank ordering of the vertices.

Note that the subgraph of the vertices with the top 10 degrees is disconnected,

forming 6 connected components, while the subgraph of the top 10 PageRank ver-

tices is connected. This again emphasises the usefulness of the PageRank ordering.

3.2 Spectroscopic assignments

Assignment refers either to the process of labeling computed energy levels by

quantum numbers, or the designation of measured transitions with lower and upper

rovibronic states which carry their own quantum numbers. Providing assignments

forms an integral part of the spectroscopic measurement process. As it was noted

in Section 1.3, the measured spectrum itself contains no information about the

48



3.2. Spectroscopic assignments

energy level pairs participating in the transition, assigning the quantum numbers

to the energy levels and the transitions is thus a central task of high-resolution

molecular spectroscopy.

The traditional way to assign quantum numbers to rovibrational states [59] fails

at a certain energy, it becomes especially problematic for highly-excited states. In

Ref. [27] a novel protocol was introduced, based on the concept of spectroscopic

networks and using graph theory. The proposed method is faster and more pre-

cise than the former. Moreover, it could be used to optimize the selection of a

wavenumber interval for the measurement, if the goal is to maximize the number

of assignable quantum numbers.

Figure 3.2. A rotational spectrum of para-H2
16O, between 0 and 1100 cm−1.

Red: the (v1v2v3) = (000) band, yellow: the (010) band, and green: the (020)

band. Only energy levels with rotational quantum number J < 9 are included. The

corresponding spanning tree is indicated by red lines on the right and filled circles

in the left. [27]

The key to our protocol is the minimum-weight spanning tree of a theoretical

spectroscopic network. The weight function on the edges is chosen to be the

negative logarithm of the computed intensity value. That is, if an edge has an
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3.2. Spectroscopic assignments

intensity of 10−28 cm molecule−1, it would receive the weight 28. Then, if we select

a subset of the edges of the theoretical SN, to create a connected subgraph, and

calculate the uniquely defined minimum-weight spanning tree, we obtain a special

edge set. This set contains the minimum number of edges needed to connect the

vertices of the subgraph. This subset is also minimal in the sense that no other

edge selection has less combined weight. Note that for a line in the measured

spectrum, the higher the intensity value, the smaller the expected error during the

characterization of the peak of the spectrum. Thus, the minimum-weight spanning

tree selects a minimum number of edges from a subgraph of the SN, which connect

the energy levels of the subgraph, and whose combined accuracy is the highest.

An illustration of the concept is shown in Figure 3.2.

Given a measured spectrum, one should read the two endpoints of its wavenum-

ber interval. Next, a subgraph should be built from the edges of the theoretical SN

of the molecule, corresponding to the measured spectrum’s limits. The minimum-

weight spanning tree should be calculated for each component of the obtained

subgraph, with the negative logarithm as the weight function of the edges. Then,

the edges of the spanning tree (or spanning forest) should be mapped back to the

measured spectrum. The high-intensity transitions of the measured spectrum will

overlap with the high-intensity transitions from the theoretical SN; thus, a precise

correspondence could be estabilished between the measured and the theoretical

lines. After identifying the corresponding transitions, and noting that the theo-

retical SN contains already the quantum numbers, the assignation could be made

for all energy levels participating in the measured spectrum.

In order to demonstrate the application of the minimum-weight spanning tree

approach to the understanding of measured spectra, an artificial spectrum was

generated. From a MARVEL study [53], the complete set of 1916 energy levels of

the H2
16O molecule between 0 and 7000 cm−1 is known with experimental accuracy.

The theoretical SN of the molecule contains 45266 transitions in this interval with

one-photon absorption intensities of at least 10−28 cm molecule−1. The minimum-

weight spanning tree of this SN subgraph contains 1914 transitions (more than one

connected component is present). That is, by assigning the quantum numbers to

only the 1914 most intense transitions, the whole set of the energy levels could be

identified. This means a significant, 20-fold reduction in the size of the data [27].

Previously, in Section 2.3, it was shown that spectroscopic networks are sparse

graphs. Thus, in order to construct a minimum weight spanning tree of a SN,

Kruskal’s algorithm [38] is preferred.
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3.3. Improving the measured network

3.3 Improving the measured network

Theoretical spectroscopic networks contain complete, but inaccurate information

about the energy level structure of molecules. The vertex-edge structure is com-

plete, but the wavenumbers of the edges are just rough approximations. The

approximate edge weights – wavenumber and intensity – of the theoretical SNs,

however, could be used to suggest transitions to measure, pursuing various goals in

the development of the measured spectroscopic network. In this section, the main

development goals are collected and discussed, alongside with their solutions.

1. Connecting the floating components of the measured network to their root.

As mentioned in Section 2.1, an energy level contained in a floating component

of a measured spectroscopic network has huge uncertainty in its wavenumber.

The accuracy of these energy levels could be improved by connecting the floating

component to its root in the graph. This is due to the fact that the root vertex

has a well-defined energy; therefore, if a path exists in the SN from the root

to an energy level A, then E(A) can be calculated by taking the signed sum of

the wavenumbers along the path. We have shown [21] that such connections are

available in the cases of the examined spectroscopic networks, because there are

un-measured vertices belonging to the measureable intensity interval, which would

connect the FCs to the corresponding roots.

2. Strengthening the bridges of the measured spectroscopic network.

In Section 2.8, the concept of the bridges was introduced. These are the weak

connections between parts of the spectroscopic network, an example is shown in

Figure 2.4. It is most important to improve a bridge that contains only a single

transition, as the wavenumber accuracy of this single edge determines the accuracy

of the energies of many vertices.

The bridges of a SN could be identified by clustering algorithms, such as spec-

tral clustering, as detailed in Section 2.8 [2].

3. Expanding the measured network by new energy levels.

After the floating components of a measured spectroscopic network are con-

nected, one could start expanding the SN with new energy levels. The method

proposed here is based on two reasons.

First, the assignation of quantum numbers to a transition in a measured spec-

trum is difficult, if the two energy levels taking part in the transition are both

unreached by the current measured SN. Otherwise, if a transition in a measured
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3.3. Improving the measured network

spectrum is between two energy levels, from which one is already included in the

measured SN, the assignment task is straightforward. Therefore, one should aim

to expand the measured network with the neighboring vertices of the measured

energy levels in the theoretical SN.

Second, it is preferred to include energy levels in cycles in the spectroscopic

network. Thus, one should aim to measure two transitions instead of just one,

which connect a new energy level to the measured SN.

Let us model the measured SN by the graph M = (VM , EM), where the set of

the energy levels of the measured SN is VM , and uv ∈ EM iff there is a measured

transition between energy levels u and v. Let us denote the theoretical SN by

T = (VT , ET ). Note that VM ⊆ VT and EM ⊆ ET .

Now, in order to highlight the set of energy levels, by which the measured SN

could be expanded, let us define the edge set E = {uv : u ∈ VM , v ∈ VT \ VM},
and take the graph G = (VT , E). If the degree of vertex i in the graph G is

denoted by di, then the set of new energy levels to expand the measured SN with

is V = {v : v ∈ VT \ VM , dv ≥ 2}.
We have found that the two restrictions still offer a large number of new energy

levels to choose from, making it possible to consider additional preferences, e.g.,

wavenumber intervals, or the quantum numbers of the new energy levels.
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CHAPTER 4

Results of the thesis

This dissertation is based on the author’s papers Ref. [27], Ref. [2], and Ref. [21],

in chronological order.

In Section 2.1 the components of spectroscopic networks were analysed.

1. It is shown for all measured spectroscopic networks of our interest in Ref. [21],

that each floating component can be connected to its root, by expanding the

SN with new, measurable transitions. No counterexample has been found.

Section 2.2 discusses the bipartiteness of spectroscopic networks.

2. It is shown that all spectroscopic networks of our interest in Ref. [21] are

bipartite graphs. No counterexample has been found.

3. The physical property responsible for the bipartiteness of spectroscopic net-

works is identified. Briefly, in one-photon rovibronic transitions the parity,

which is an important symmetry property of molecules, must change during

a transition, and parity can take on two possible values.

4. It is shown how bipartiteness could help validating experimental data sets.

Using this new criterion, several errors have already been found in existing

databases. An example is detailed in this section: the experimental data

set of the hydroperoxil radical in the canonical HITRAN database contains

assignation errors.

In Section 2.3 the vertex degree distribution of spectroscopic networks is dis-

cussed.

5. It is stated that spectroscopic networks are sparse graphs, and it is advocated

to consider this property in data storage and in algorithm selection.
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6. It is shown that the degree distribution of the theoretical spectroscopic net-

work of the molecule of highest practical importance, H2
16O, at small inten-

sity cut-offs, follows a power law. Thus, this network can be treated as a

realization of a scale-free graph.

7. Power law distribution fittings of selected measured spectroscopic networks

indicate that all measured SNs of our interest can be viewed as realizations

of scale-free graphs.

In Section 2.4 the hubs, the high-degree vertices of spectroscopic networks are

examined and compared to each other.

8. The hubs of the H2
16O molecule are on the ground vibrational state.

9. Two of the top three hubs of the theoretical and the measured spectroscopic

network of the H2
16O coincide. Experimental data tends to find the hubs of

the theoretical SNs.

10. The top hub of the H2
16O and the HD16O molecules is defined by the same

nuclear motion.

11. The hubs of a theoretical spectroscopic network depends on whether an ab-

sorption or emission SN is used, the two techniques determine different quan-

tum states as hubs.

12. The hubs do not necessarily participate in the most intense transitions, a

counterexample is the spectroscopic network of the H2
16O molecule.

In Section 2.5 spectroscopic networks are analysed by graph metrics: the struc-

tural metric and the Pearson correlation coefficient.

13. It was shown using graph metrics that spectroscopic networks show dissor-

tative mixing, but the hubs form an assortative core among the vertices.

In Section 2.6 the small world property of spectroscopic networks is discussed.

14. Spectroscopic networks are expected to have a small diameter.

15. Small diameter is a preferred property because it makes easier to connect

subgraphs of the measured SN by new transitions, including the task of

connecting a floating component to its corresponding root.
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16. A chemical property which causes the measured SN of the 12C2 molecule to

have a relatively large diameter is identified: 12C2 is a homonuclear diatomic

with no dipole moment and zero dipole derivative with respect to the vibra-

tional motion along the internuclear axis; thus, its measured spectroscopic

network is characterized by rovibronic energy levels that belong to several

different electronic states.

In Section 2.7 the network vulnerability of spectroscopic networks is analysed.

17. Spectroscopic networks are expected to be extremely robust with respect to

the graph diameter. This means that the diameter is not likely to increase

after the random removal of vertices from the network. Moreover, as the

vertex removal algorithm decreases the size of the graph, the diameter will

decrease as more and more vertices are removed.

Section 2.8 contains the cluster analysis of spectroscopic networks. Two meth-

ods, the spectral clustering and the Clauset-Newman-Moore clustering methods,

are used.

18. Using spectral clustering, the weak connections within the spectroscopic net-

work (called bridges) can be highlighted. Improving these connections, most

notably, the one-transition bridges, would result in higher wavenumber ac-

curacies in large sets of energy levels.

19. Using the Clauset-Newman-Moore clustering, the community structure of

spectroscopic networks can be highlighted. The community structure in the

measured SN of the 12C2 molecule can be related to a chemical property:

rovibrational states corresponding to singlet electronic states of the molecule

are principally in the first main cluster, while the triplet energy levels are

in the second main cluster. This draws a connection between the graph

structure of the SN and the chemical properties of quantum states.

In Section 2.9 the application of the eigenspectra of the representing matrices

of spectroscopic networks are discussed, in addition to their application in the

spectral clustering algorithm in the previous section.

20. The eigenspectra themselves do not provide a useful data reduction method

in the case of SNs, because of the weakness of the bounds obtained from

them. Several estimations are also not useful, for example, the chromatic

number of the graph seems not to hold any practical meaning in the case of

spectroscopic networks.
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21. The eigenspectra of the matrix representations of spectroscopic networks

could help in the detection of oddities in large samples of SNs; for example,

by identifying the non-bipartite graphs in the sample.

22. The number of spanning trees of a graph can be calculated using the com-

binatorial Laplacian matrix of the graph. The large number of spanning

trees in spectroscopic networks emphasizes the necessity to use a dedicated

graph algorithm to find the minimum-weight spanning tree, instead of using

trial-and-error methods.

In Section 3.1 the PageRank ordering of rovibronic energy levels is introduced

to molecular spectroscopy.

23. It was shown that instead of using the degrees of vertices of the spectro-

scopic networks, the PageRank ordering of the vertices should be used in the

planning of experiments.

Section 3.2 deals with the problem of the assignation of the energy levels to

the transitions of a measured spectrum.

24. A new protocol is introduced to assign the energy levels to spectral lines.

The proposed new algorithm uses minimum weight spanning trees, built on

the theoretical spectroscopic network of the molecule, and it is both faster

and more precise than the former methods of assignation.

In Section 3.3 the ways to improve a measured spectroscopic network using its

theoretical counterpart are collected.

25. Three goals to pursue during the improvement of a measured spectroscopic

network are stated: the connection of each floating component to its root,

the strengthening of the bridges, and the expansion of the network to include

new quantum states.

26. A new algorithm is described to propose new transitions for measurement if

the goal is to expand the set of quantum states in the measured spectroscopic

network of a molecule.

56



Bibliography

[1] F. Allard, P. H. Hauschildt, S. Miller, and J. Tennyson, The

influence of H2O line blanketing on the spectra of cool dwarf stars, Astrophys.

J., 1994 (426), pp. L39–41.
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- big data, J. Phys. Chem. A, 120 (2016), pp. 8949–8969.

[22] J. K. Cullum and R. A. Willoughby, Lanczos Algorithms for Large

Symmetric Eigenvalue Computations, Birkhauser, Boston, 1985.

[23] L. Decin, M. Agúndez, M. J. Barlow, F. Daniel, J. Cernicharo,

R. Lombaert, E. D. Beck, P. Royer, B. Vandenbussche, R. Wes-

son, E. T. Polehampton, J. A. D. L. Blommaert, W. D. Meester,

K. Exter, H. Feuchtgruber, W. K. Gear, H. L. Gomez, M. A. T.

58



Bibliography
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Summary

This dissertation is about the mathematical theory and the applications of the
spectroscopic networks (SNs) of physical chemistry. The dissertation is based on
the Author’s papers Ref. [27], Ref. [2], and Ref. [21] (in chronological order).

Chapter 1 explains the physical model of nuclear motions and defines the spec-
troscopic network. The spectroscopic network of a molecule is a graph, whose ver-
tices are the rovibronic (rotational-vibrational-electronic) states of the molecule,
and the edges are the allowed transitions between the states. There are two me-
thods to build a spectroscopic network of a molecule: the theoretical method is
capable of constructing the whole SN but with huge inaccuracies, while the experi-
mental one can be used to obtain an accurate, but highly incomplete spectroscopic
network.

Chapter 2 is about the results of the Author regarding structural properties of
spectroscopic networks. Among other results, it is shown here that spectroscopic
networks are all bipartite graphs, as the underlying physical phenomena has been
identified. A new application of bipartiteness helps in the validation of the spec-
troscopic databases. It is also shown for selected spectroscopic networks that their
vertex degree distribution follows a power-law, thus, these networks can be treated
as realizations of scale-free graphs. Spectroscopic networks have only a small num-
ber of high-degree vertices (“hubs”), whose chemical attributes are analysed and
compared to each other. The selected spectroscopic networks also show dissor-
tative mixing, but the high-degree vertices form an assortative core. Supported
by the assortative core of hubs and the assumed scale-free behavior, SNs have
small diameter, which is shown to be a beneficial attribute as it allows to solve
certain spectroscopic problems with low resource needs. To orient the planning
of new spectroscopic experiments, vertex clustering algorithms are introduced for
spectroscopic networks, which can be used to map the community structure and
highlight the weakest connections between subgraphs of the network.

Chapter 3 describes mathematical models made by the Author related to spec-
troscopic networks. Among other results, the PageRank system is introduced for
SNs as an ordering among the rovibronic states of a molecule. Furthermore, to
help in the assignment of the measured spectra a new algorithm is written, which
is both faster and more efficient than the protocols used before. Another method
is made which suggests transitions to measure if the goal is to expand the set of
quantum states in the measured spectroscopic network of a molecule.

Chapter 4 summarizes the results of the thesis.
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Összefoglalás

A disszertáció a fizikai kémiában alkalmazott spektroszkópiai hálózatok mate-
matikai elméletével és alkalmazásaival foglalkozik. A dolgozat a Szerző alábbi
megjelent cikkjein alapul: [27], [2] és [21] (kronológiai sorrendben).

Az 1. Fejezet a spektroszkópiai hálózat fogalmát és a fontosabb ide vonatkozó
összefüggéseket ismerteti. Egy molekula spektroszkópiai hálózata egy gráf, mely-
nek csúcsai az adott molekula rezgési-forgási kvantumállapotai, az élei pedig az
állapotok közti átmenetek. Egy molekula spektroszkópiai hálózatának meghatá-
rozására két módszer létezik: az elméleti módszerrel megkapható egy teljes, de
pontatlan hálózat, mı́g a gyakorlati módszer seǵıtségével egy pontosabb, azonban
nem teljes hálózat éṕıthető fel.

A 2. Fejezet a Szerző eredményeit tartalmazza a spektrokszópiai hálózatok
szerkezetéről. Új eredmény többek közt, hogy minden spektroszkópiai hálózat
páros gráf, a párosságért felelős fizikai tulajdonság azonośıtása alapján. Egy
új alkalmazás a párosság felhasználására a spektroszkópiai méréseket tartalmazó
adatbázisok ellenőrzése. A vizsgált spektroszkópiai hálózatok a fokszámeloszlásuk
alapján tekinthetőek skálafüggetlen véletlen gráfok realizációiként, és csak kis
számban tartalmaznak nagy fokszámú csúcsokat (,,csomópontokat”). A fejezet
ezen csomópontok kémiai tulajdonságait is elemzi és hasonĺıtja össze. A vizsgált
spektroszkópiai hálózatok disszortat́ıvak, azonban csomópontjaik asszortat́ıv ma-
got alkotnak a hálózaton belül. A spektroszkópiai hálózatok kis átmérővel ren-
delkeznek, mely tulajdonság hasznosságát is bemutatja a fejezet: a kis átmérő biz-
tośıthatja bizonyos spektroszkópiai problémák megoldásának alacsony erőforrás-
igényét. A jövőbeni spektroszkópiai ḱısérletek tervezésében nyújthatnak seǵıtséget
a fejezetben tárgyalt módon klaszterező algoritmusok, többek közt a hálózaton
belüli gyenge összeköttetések feldeŕıtésével.

A 3. Fejezet a Szerző spektroszkópiai hálózatokra vonatkozó modellekről szóló
eredményeit foglalja össze. Bevezetésre került többek közt a PageRank egy új
rendezési elvként a spektroszkópiai hálózat csúcsain. A spektroszkópiai mérések
hozzárendelési (asszignációs) feladatára egy új algoritmust ismertet a fejezet, mely
egyszerre hatékonyabb és gyorsabb, mint a ma alkalmazott módszerek. A fejezet
léır egy további új módszert is, amely az adott molekula számı́tott spektroszkópiai
hálózatából egy átmenethalmazt ad meg, mely átmenetek megmérésével hatéko-
nyan bőv́ıthetjük új kvantumállapotokkal a mért hálózatot.

A 4. Fejezet a disszertáció eredményeit foglalja össze.
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