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Introduction

The thesis consists of two major parts. In both parts, which are loosely

connected, we investigate Cayley graphs. In the �rst part, we develop new

methods to solve problems concerning the isomorphism problem of Cayley

graphs. In the second part of the thesis, we answer a question of Lubotzky

about in�nite series of Cayley graphs of �nite simple groups of Lie type.

The investigation of the isomorphism problem of Cayley graphs started

with Ádám's conjecture [Ádá]. He conjectured that two circulant graphs

Γn(k1, k2, . . . , km) and Γn(k
′
1, k

′
2, . . . , k

′
m) are isomorphic if and only if there

exists an integer 0 < r < n relative prime to n such that k′
i ≡ rki (mod n)

for 1 ≤ i ≤ m. Ádám's conjecture turned out to be false but the problem

received great attention in the literature. According to Babai's observation

[Bab1], two Cayley graphs Cay(G,S) and Cay(G, T ) are isomorphic if there

exists an automorphism of the group Gmapping S to T . This observation led

to the de�nition introduced also by Babai, generalizing the original problem

for arbitrary groups.

De�nition 1. 1. A Cayley graph Cay(G,S) is said to be a CI-graph if,

for each T ⊂ G, the Cayley graphs Cay(G,S) and Cay(G, T ) are iso-

morphic if and only if there is an automorphism α of G such that

Sα = T .

2. A group G is called a DCI-group if every Cayley graph of G is a CI-

graph and it is called a CI-group if every undirected Cayley graph of G

is a CI-graph.

The de�nition itself shows that the class of CI-graphs is a very special

family of Cayley graphs satisfying a strong condition on the isomorphisms

between its members.

One of the most important facts about the CI property is that every
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is not a CI-group.

The problem of determining whether or not an elementary abelian group

Zn
p is a CI-group is solved if p = 2 as the CI property holds for Z5

2, see [C,L],

and a non-CI-graph for Z6
2 was constructed by Nowitz [Now].

Improving the upper bounds in [Muz3] and [Spi1], we prove the following

two theorems.

Theorem 3 ([Som1]). For every prime p > 2, the group Z2p+3
p has a Cayley

graph of valency (2p + 3)pp+1 which is not a CI-graph. Consequently, an

elementary abelian p-group of rank greater than or is equal to 2p+3 is not a

DCI-group.

Theorem 4 ([Som1]). For every prime p > 3, the group Z2p+3
p has an undi-

rected Cayley graph which is not a CI-graph.

The proofs of Theorem 3 and 4 are elementary and uses only the de�nition

of CI property. The main idea of the proof is to �rst provide a possible

isomorphism between the two Cayley graphs. Elementary abelian p-groups

can be considered as vector spaces over the �nite �eld Zp of order p. The

isomorphism we construct is given in terms of multivariate polynomials over

Zp. Then the isomorphism easily determines the connection sets, which are

the union of a�ne subspaces, of the two isomorphic Cayley graphs.

In addition, we indicate how the results of Muzychuk and Spiga can be

easily obtained applying the technique presented in this thesis, providing

substantial simpli�cation of the heavy machinery that was used in previous

works.

New families of �nite CI-groups

In the third chapter of the thesis we give a positive answer to many di�erent

cases for the second question mentioned in the introduction.
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The �rst result we prove in the third chapter of the thesis is the following:

Theorem 5. For every prime p ≥ 3 the group Q× Zp is a DCI-group.

This gives a new in�nite family of non-abelian CI-groups and as it is

observed in this thesis, this result completes the description of CI-groups

of order 8p. Using only a slight modi�cation of the proof of the previous

theorem, we provide a new proof for the following result �rst obtained in

[D,S2].

Theorem 6 (Dobson, Spiga). For every prime p ≥ 3 the group Z3
2 ×Zp is a

DCI-group.

The methods of proving these theorems are di�erent when p > 8 and

p = 5, 7 but in both cases the proof relies on the following important lemma

of Babai [Bab1].

Lemma 7 (Babai). Cay(G,S) is a CI-graph if and only if for every pair

of regular subgroups G̊ and Ĝ of Aut(Cay(G,S)) isomorphic to G there is a

µ ∈ Aut(Cay(G,S)) such that G̊µ = Ĝ.

The proof of these two theorems consists of three steps if p > 8. In the

�rst step, we use Sylow's theorem to obtain a partition of the vertices. Then

we introduce an equivalence relation on the elements of the partition and

distinguish cases considering the size of the equivalence classes. One of the

key ideas is to use the fact that both Q and Z3
2 are DCI

(2)-group which is a

slight generalisation of the CI property.

The key observation when p = 5or7 is that either the Cayley graph we

investigate is the complete or the empty graph or the automorphism group

of the graph is imprimitive, which allows us to use results worked out for

p > 8.

A new family of CI-groups was found by Kovács and Muzychuk [K,M].

They proved that Z2
p × Zq is a CI-group for every prime p and q. Our
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method can also be used to improve this result and prove that di�erent

in�nite families of �nite groups, which are the direct products of abelian

groups, are CI-groups. We reverse the order of the last two steps of the proof

of the previous theorem to prove the following.

Theorem 8. For every prime p and every prime q > p3 the group Z3
p × Zq

is a DCI-group.

Finally, we prove a general theorem about Cayley graphs that are the

direct products of an elementary abelian p-group with a cyclic group of large

order. We need some restriction on the degree of the Cayley graphs, so we

prove the following.

Theorem 9. Let H be a �nite p-group which is a DCI(2)-group and q be a

prime with q > |H|. Then G = H × Zq is a (q − 1)-DCI-group.

Non-expander Cayley graphs

The result presented in the last chapter of the thesis might seem odd, since

for applications, what we generally need is families of expander graphs. Prov-

ing that a family of Cayley graphs is an expander family is seen as a hard

problem, even if di�erent methods have been worked out in the last few

years. However, recently it was proved by Breuillard, Green, Guralnick and

Tao [B,G,G,T] that most Cayley graphs of �nite simple groups of Lie type

of �xed rank are expanders, and it seems likely that all Cayley graphs of this

type are expanders.

It was announced by Kassabov, Lubotzky and Nikolov in [K,L,N] that

every non-abelian �nite simple group which is not a Suzuki group can be

made into a family of expanders and this theorem has been extended by

Breuillard, Green and Tao in [B,G,T1] to the Suzuki groups. These results

motivate a question which was also asked by Lubotzky in [L,Z] - is every
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family of Chevalley groups of bounded rank a family of uniformly expand-

ing groups? These results explain why Lubotzky's question or conjecture

mentioned in the introduction is relevant.

An explicit example (see [Lub1, p.31]) of a non-expander family of Cayley

graphs of special linear groups was given by Luz. Moreover, one can �nd a

set of generators of Sn or An such that the diameter of the corresponding

Cayley graphs is Ω(n2) which shows that these Cayley graphs do not form a

family of expanders, see [Lub1, Proposition 6.1.8].

In order to prove Lubotzky's conjecture we prove the following.

Theorem 10 ([Som2]). (a) Let G be a Chevalley group of rank l of type

Al, Bl, Cl or Dl. For every l ≥ 5 and for every �nite �eld GF (q) there

exists a generating set T of cardinality at most 10 and a subset of the

vertices S ⊂ V (Cay(G, T )) with |S| ≤ |G|
2

such that |∂(S)|
|S| ≤ 6

l−3
.

(b) Let G be a twisted group of type 2A2n−1,
2A2n or 2Dn. For every n ≥

5 and for every �nite �eld GF (q) there exists a generating set T ′ of

cardinality at most 8 and S ′ ⊂ V (Cay(G, T ′)) with |S ′| ≤ |G|
2

such that
|∂(S′)|
|S′| ≤ 6

n−2
.

With such results, not only do we prove the fact that such a sequence of

Cayley graphs exists but we also give bounds on the ratio |∂(S)|
|S| . The proof

proceeds by a case-by-case analysis. For every prime power q we investigate 7

series Al(q), Bl(q), Cl(q), Dl(q),
2A2n−1(q

2), 2A2n(q
2), 2Dn(q

2) of �nite simple

groups of Lie type since these are the series of groups of Lie type of �xed

type for which the rank of the groups tends to in�nity.

Finally, we present the construction for PSL(n, q) in terms of matrices.
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