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1 Scope of this thesis

Originated from potential theory, elliptic partial differential equations have been studied for more than

two hundred years, hence they have a huge literature. Its history and the theory from the basic to the

advanced level is presented among many others in Evans’ monograph [6]. An elliptic partial differential

equation cannot be solved analytically in general, i.e. there is no explicit formula for the solution. Therefore,

nowadays they are solved numerically when the main tasks are to estimate the error of the computational

method and to examine the preservation of qualitative properties.

There are several numerical solution methods for partial differential equations - without attempting to

be comprehensive - finite element, finite difference or finite volume methods. The aim of this thesis is to

solve elliptic partial differential equations numerically using the finite element method.

The reason for this choice is that higher order methods are easy to construct. Standard finite element

method is a popular and well-known way to solve an elliptic partial differential equation. However, in recent

years new types of Galerkin methods have been developed, the different discontinuous Galerkin methods,

see e.g. [3, 5].

We will introduce these methods alongside with the adaptive finite element methods that aim to solve the

problem with the highest possible accuracy as well as the maximum principles that can be important when

we are using first order elements. They are usually handled separately, however, they are related somehow,

namely during mesh refinements we can create such meshes that fulfil the mesh conditions arising from the

discrete maximum principles.

There will be two main topics both of them will be divided into further parts:

• Adaptivity

– Reference solution based method: a popular and effective, however, a quite expensive procedure.

We will emphasize its drawbacks and we will give possible corrections.

– Implicit a-posteriori error estimation: this method solves a local Neumann problem in every

subdomain. The proper estimation of the derivative of the exact solution is an important part.

We will give a new construction of it that gives the possibility of a better estimation.

• Maximum principle

– We will collect the definitions of the different maximum principles and we will give necessary

and sufficient conditions for those that have not been proved before. We will show, through

numerical examples, that in some cases not all of them are preserved by the numerical solution.

– We will investigate the interior penalty discontinuous Galerkin method for one dimensional

boundary value problems. We will give mesh conditions that provide discrete maximum princi-

ples for the discrete solution and we will show that these conditions are sharp in some sense.

2 Finite element methods

We will introduce the finite element method through the simplest case, the Laplacian equation with

linear reaction term subject to homogeneous Dirichlet boundary conditions. This is not a real restriction,
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however, with this choice on the boundary condition we can avoid being too technical.

2.1 Weak solution

Let Ω ⊂ Rd be an open bounded domain, Γ = ∂Ω be the boundary of Ω. Let us examine the following

second order elliptic partial differential equation

−div (K∇u) + µu = f in Ω, (1)

u = 0 on Γ, (2)

where K : Rd → Rd×d is a symmetric uniformly positive definite matrix valued function, Ki,j ∈ L∞(Ω) for

all i, j ∈ {1, 2, . . . , d}, µ : Rd → R is a nonnegative function, µ ∈ L∞(Ω), f ∈ L2(Ω). Classical solution

means that we seek u ∈ C2(Ω) ∩ C(Ω), satisfying (1)-(2).

In many applications the classical solution does not exists, only a weaker one, the so called weak so-

lution. We reformulate the problem by multiplying with a test function, v ∈ C2(Ω) that has the following

property, v = 0 on Γ. Using Green’s Theorem we get the following relation

a(u, v) = L(v), (3)

where a(u, v) :=
∫

Ω
K∇u · ∇v +

∫
Ω
µuv, L(v) :=

∫
Ω
fv. This equality requires lower regularity on both

u and v, namely they only have to be in H1
0 (Ω). The function u ∈ H1

0 (Ω) is called the weak solution of

(1)-(2) if (3) holds for every v ∈ H1
0 (Ω).

2.2 Finite element method

We cannot solve (3) numerically due to the fact that H1
0 (Ω) is infinite dimensional. Instead of this, we

define a proper finite dimensional subspace Vh,p ⊂ H1
0 (Ω) and seek for uh,p ∈ Vh,p such that

a(uh,p, vh,p) = L(vh,p), ∀vh,p ∈ Vh,p. (4)

Using the bilinearity of a(·, ·) it is enough to require (4) on the basis of Vh,p. Let us denote by Φi (i =

1, . . . , N ) the basis functions of Vh,p. With these notations uh,p =
∑N

i=1 ciΦi. and we seek for the coefficients

ci. This leads to a system of linear equations Ac = L, where (A)i,j = a(Φj,Φi), c = (c1, . . . , cN)T and

(L)i = L(Φi).

We shall define a suitable finite dimensional space Vh,p. First of all we have to decompose the domain

Ω into elements: typically triangles in two dimensions and tetrahedrons in three dimensions. The set of the

elements will be denoted by Th = {Ei, i = 1, . . . , Nel}, where ∪iEi = Ω, and intEi∩intEj = ∅whenever

i 6= j. At this point we have an extra restriction: two neighbouring elements should share a common edge.

One way to define the basis functions is defining Lagrange basis functions of degree p on the elements.

If we define them properly they will be continuous over the edges. Such a function is associated to either a

node or an edge or an element.
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2.3 Discontinuous Galerkin method

Let us suppose u ∈ V∗ := H1
0 ∩H2(Ω). In this section we will use a finite dimensional space VDG 6⊂ V∗.

In such cases the finite element method is called nonconforming. In our case VDG will contain piecewise

polynomials, that are not necessarily continuous over the element interfaces.

Let us set Ω = (0, 1) and consider the following boundary value problem subject to homogeneous

Dirichlet boundary condition

−(κu′)′ + µu = f in Ω, (5)

where κ, µ ∈ R, κ > 0, µ ≥ 0.

Let us denote the mesh by Th. It is defined in the following way: 0 = x0 < x1 < x2 < . . . < xN−1 <

xN = 1. Let us use the following notations In := [xn−1, xn], hn := |In|, hn−1,n := max{hn−1, hn}, (with

h0,1 := h1, hN,N+1 := hN ), Th := {In, n = 1, . . . , N}.
Let us introduce the right and left hand side limits v(x+

n ) := lim
t→0+

v(xn + t), v(x−n ) := lim
t→0+

v(xn − t).

With these jumps and averages are defined over the interior mesh nodes as

[[v(xn)]] := v(x−n )− v(x+
n ) , {{v(xn)}} :=

1

2
(v(x−n ) + v(x+

n )) .

At the boundary nodes these are defined as

[[v(x0)]] := −v(x+
0 ) , {{v(x0)}} := v(x+

0 ) , [[v(xN)]] := v(x−N) , {{v(xN)}} := v(x−N) .

After multiplying (5) by a test function over a subinterval, using partial integration and summing up

over the elements we get the following bilinear and linear forms

aDG(u, v) =
N−1∑
n=0

xn+1∫
xn

κu′(x)v′(x) dx−
N∑
n=0

{{κu′(xn)}} [[v(xn)]]

+ ε

N∑
n=0

{{κv′(xn)}} [[u(xn)]] +
N∑
n=0

σ

hn,n+1

[[v(xn)]] [[u(xn)]] +

∫ 1

0

µu(x)v(x) dx , (6)

LDG(v) =

∫ 1

0

f(x)v(x) dx,

and we seek for u ∈ V∗ such that aDG(u, v) = LDG(v) holds for all v ∈ V∗. In the bilinear form the

parameter ε responds to the symmetry of the form, it is usually chosen from the set {−1, 0, 1}. The other

parameter σ is the penalty parameter. The consistency of the bilinear form can only be guaranteed if σ > σ0,

where σ0 depends on the choice of ε.

Similarly as in the previous Section we cannot solve aDG(u, v) = LDG(v) numerically on V∗ due to the

fact that V∗ is infinite dimensional. Instead of this, we define a proper finite dimensional subspace VDG 6⊂ V∗

and seek for uDG ∈ VDG such that aDG(uDG, v) = LDG(v) holds for all v ∈ VDG. Using a basis of VDG the

finite dimensional problem leads to a system of linear equations.
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3 Adaptivity

One way to achieve the smallest error is to use adaptivity: after solving the problem on a given mesh

with a given polynomial degree it is possible to make some a-posteriori error estimation. If the error is

smaller than a given tolerance we accept the solution, otherwise redefine the mesh and/or the degree of

the polynomial and solve the discrete problem again. A-posteriori error estimation differs from the a-priori

estimation: it only contains data that are available at hand. Briefly: it does not contain the unknown solution

u.

There are four main versions of adaptivity: h-adaptivity (the mesh is refined), p-adaptivity (the poly-

nomial degree increased), hp-adaptivity (both of the previous ones), r-adaptivity (the mesh nodes are relo-

cated).

The adaptive finite element algorithms are based on the following scheme:

Initialize: solve the initial problem with small polynomial degree p on a coarse grid

Repeat:
S1 estimate the error

S2 if the error is small then stop

S3 else determine on which elements in the grid and how to refine/derefine

S4 compute the new solution and go to S1

The main differences between the different methods are in the error estimation and refinement proce-

dures. Derefinement means that the polynomial degree is decreased or some mesh elements are melted into

a bigger one. It is used on elements where the error is small and the aim is to control the growth of the

number of unknowns.

3.1 Reference solution based hp-adaptivity

The reference solution based methods, described in [7] and [8], use the following basic idea for steps

S1 and S2:

S1a compute uh,p ∈ Vh,p by solving (4),

S1b compute the reference solution uh/2,p+1 ∈ Vh/2,p+1 by solving (4) in the enriched space Vh/2,p+1,

S1c use uh/2,p+1 as a more accurate solution and define uh,p − uh/2,p+1 as an error indicator,

S1d compute one of the following quantities on all T ∈ Th:

1) ηT =
|uh,p − uh/2,p+1|H1(T )

|uh/2,p+1|H1(T )

2) ηT =
‖uh,p − uh/2,p+1‖H1(T )

‖uh/2,p+1‖H1(T )

3) ηT = |uh,p − uh/2,p+1|H1(T ) 4) ηT = ‖uh,p − uh/2,p+1‖H1(T )

S2 if
√∑

T η
2
T < TOL stop.

Where we have used the notations |u|2H1(T ) :=
∫
T

∑d
i=1 |∂iu|2 and ‖u‖2

H1(T ) := |u|2H1(T ) +
∫
T
|u|2.

The difference between [7] and [8] lies in the choice of ηT and [7] does a refinement all over the edges

not only all over the elements.
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Let us follow the idea from [9] and suppose that we can find a function f 6= 0 such that
∫

Ω
fvh,p = 0,

∀vh,p ∈ Vh,p. In this case (4) simplifies to

a(uh,p, vh,p) = 0

and it has an exact solution uh,p = 0. However, if f differs from 0 the exact solution u also differs from 0.

If
∫

Ω
fvh/2,p+1 = 0, ∀vh/2,p+1 ∈ Vh/2,p+1 then using the fact Vh,p ⊂ Vh/2,p+1 we have that

∫
Ω
fvh,p = 0

also holds. In this case uh,p = uh/2,p+1 = 0, and therefore the computed error is zero, although the real error

can be arbitrary.

Now we show how to create a function f satisfying the above assumptions. For any T ∈ Th we define

uc : Ω → R such that supp(uc) = T , uc(x, y) = χT (x, y)b2
T (x, y)p(x, y), where χT is the characteristic

function of T , bT : Ω→ R is a bubble function on T , so bT = 0 on ∂T and

p(x, y) =
m−1∑
k=0

ckx
akybk .

We can set up a system of linear equations to define the coefficients. By courtesy of William F. Mitchell

the procedure described above was tested numerically using his PHAML code.

We can easily fix this problem by building a back-up estimator into the code. For example, we can use

the residual-based error estimator

|||u− uh,p|||2 ≤ η2
res = Cres

(∑
T∈Th

h2
T‖r‖2

L2(T ) +
∑
γ∈∂T

hT‖R‖2
L2(γ)

)
, (7)

where r is the interior residual r = f + div (K∇uh,p) − µuh,p, R =
[
∂uh,p
∂η

]
is the jump of the derivative

of the numerical solution on the interior edges, |||u|||2 = a(u, u) is the energy norm (see [2] for details), and

Cres is a constant which does not depend on h.

It is well known that reference solution based methods form a very effective class of adaptive techniques,

see [8]. The inequality (7) supplies a guaranteed upper bound; on the other hand, its use for the purpose of

hp-adaptivity is a little bit complicated. Therefore, we should modify S2 in our algorithm as follows:

S2 if the error is small then use (7)

S2a if ηres < TOL terminate

S2b else do a brute-force adaptive step (both h and p) and go to step S4.

3.2 Implicit error estimation using higher order fitting

We will investigate (1)-(2) with K = I , 0 < µ ∈ R. Ω ⊂ Rd, f ∈ L2(Ω), Γ = ∂Ω is the boundary of Ω.

Using these notations the boundary value problem takes the form

−∆u+ µu = f in Ω, (8)

u = 0 on Γ. (9)
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The implicit error estimation is based on the equation that can be derived for the error eh,p := u− uh,p
on every subdomain T ∈ Th. Using the fact that −∆eh,p + µeh,p = −∆(u− uh,p) + µ(u− uh,p) we have

−∆eh,p + µeh,p = f − (−∆uh,p + µuh,p) in T, (10)

∂νeh,p = ∂ν(u− uh,p) = ∂νu− ∂νuh,p on ∂T. (11)

The right hand side of the boundary condition (11) is, however, in general unknown. Therefore, we

should approximate it. As a first attempt a simple average of ∂νuh,p on the common face of two neighbouring

subdomains may be used to approximate ∂νu.

Using polynomials of degree p to solve the original problem in (8)-(9) the simple averaging on the

element interfaces delivers a polynomial approximation for ∂νu of degree p − 1. At the same time, it is

advised that the local problems in (10) have to be solved using a higher order finite element space than the

original one [1]. This would require a Neumann type boundary condition for the error of order p.

We will construct an error estimator êh,p such that êh,p is a polynomial of degree p+ 1 for all subdomain

T ∈ Th. For a suitable approximation

Gp,T (uh,p) ≈ ∇uT

according to (10) the error estimator êh,p is defined as the finite element solution of the boundary value

problem

−∆êh,p + µêh,p = f + ∆uh,p − µuh,p in T, (12)

∂ν êh,p = ν ·Gp,T (uh,p)− ∂νuh,p on ∂T. (13)

An extra condition which can imply the superconvergence (SC) is the following. There exists a constant

C(u) depending on u such that for some τ ≥ 0 we have that for all h > 0

‖∇(uh,p − Ih,pu)‖0 ≤ C(u)hp+τ . (SC)

We investigate the discrete gradient operator

Gp,T : W 1,∞(T̃ )→ [L1(T )]d,

where p denotes the dependence on the local polynomial degree of the finite element space Vh,p, T̃ =

T ∪ T1 ∪ . . . ∪ Tk, where T and Ti share a common edge (i = 1, . . . , k). Accordingly, we define also

Gp : W 1,∞(Th) → [L1(Th)]d with Gp|T = Gp,T for all T ∈ Th. While the first three assumptions are

borrowed from [2, Sect. 4], the fourth one is specific for our method:

(A1) Gp,T (v) depends only on v|T̃ ,

(A2) Gp,T : W 1,∞(T̃ )→ [L1(T )]d is continuous,

(A3) If u ∈ Pp+1(T̃ ) then Gp,T (Ih,p,T̃u) = Ih,p,T∇uT ,

(A4) Gp,T (uh,p) is a gradient, i.e. there is a function Gp(uh,p) ∈ W 1,∞(Ω) such thatGp,T (uh,p) = ∇Gp(uh,p)|T .

Theorem 1 (H., Izsák [10]) Assume that the conditions (A1), (A2), (A3), (A4) and (SC) hold. Then there

exists C1 > 0 such that the error estimator in (12)-(13) satisfies the following∑
T∈Th

‖eh,p − êh,p‖2
1,T ≤ C1C

2(u)h2(p+τ)|u|2p+2,

where C1 depends on µ and CP which comes from the Poincare inequality.
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4 Continuous and discrete maximum principles for elliptic operators

We formulate the maximum principle for operators instead of defining it for equations. Let Ω ⊂ Rd be

an open and bounded domain with boundary ∂Ω, and Ω = Ω ∪ ∂Ω its closure. We investigate the elliptic

operator A, domA = C2(Ω) ∩ C(Ω), defined in divergence form as

Au = −
d∑

i,j=1

∂

∂xj

(
Kij

∂u

∂xi

)
+ µu, (14)

where Kij ∈ C1(Ω), 0 ≤ µ ∈ C(Ω). Note that the smoothness of the coefficient functions gives the

opportunity to rewrite (14) to a non-divergence form that is more suitable for the investigation of maximum

principles.

Definition 2 We say that the operator A defined in (14) possesses

• the weak maximum principle (wMP) if the following implication holds Au ≤ 0 in Ω ⇒ maxΩ u ≤
max{0,max∂Ω u} ;

• the strong maximum principle (sMP) if it possesses the wMP, moreover, the following implication

holds Au ≤ 0 in Ω and maxΩ u = maxΩ u = m ≥ 0⇒ u ≡ m in Ω ;

• the strictly weak maximum principle (WMP) if the following implication holds Au ≤ 0 in Ω ⇒
max∂Ω u = maxΩ u ;

• the strictly strong maximum principle (SMP) if it possesses the WMP, moreover, the following impli-

cation holds Au ≤ 0 in Ω and maxΩ u = maxΩ u = m⇒ u ≡ m in Ω .

Theorem 3 If operator A defined in (14) is uniformly elliptic (there exist λ > 0 such that λ‖ξ‖2
E ≤

K(x)ξ · ξ, for all x ∈ Ω, ξ ∈ Rd, where ‖ · ‖E denotes the Euclidean norm in Rd) and

• µ ≥ 0, then it possesses the wMP;

• µ ≥ 0, moreover, Ω is connected, then it possesses the sMP;

• µ = 0, then it possesses the WMP;

• µ = 0, moreover, Ω is connected, then it possesses the SMP.

The following step is to define a mesh on Ω. A 1D mesh consists of intervals. The discrete maximum

principle literature focuses on regular triangle or hybrid meshes (containing both triangles and rectangles)

in 2D and tetrahedron or block meshes in 3D. A given mesh determines the sets X = {x1,x2, . . . ,xN} and

X∂ = {xN+1,xN+2, . . . ,xN+N∂
} containing the vertices in Ω and on ∂Ω, respectively. Let us introduce two

more notations: N = N +N∂ and X = X ∪ X∂ .

Now, we are ready to define the weak discrete maximum principle. We will use the space Vh,1, namely

the basis functions of this space has the following properties

• Φi(x) ≥ 0 holds for all x ∈ Ω and i = 1, . . . N ;

• in a linear combination of the basis functions the coefficients represent the values of the resulting

function at the points of X .
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Finally, we can construct the so-called stiffness matrix A ∈ RN×N as Aij = a (Φj,Φi) that is the

discrete operator corresponding to (14). In the following it will be useful to introduce the partitioned form

A = [A0|A∂], where A0 ∈ RN×N , A∂ ∈ RN×N∂ , acting on the vector u = [u0|u∂]T ∈ RN , u0 ∈ RN ,

u∂ ∈ RN∂ , which is constructed by taking into consideration the separation of the (discrete) interior and

boundary nodes. We assume that N,N∂ ≥ 2.

Definition 4 We say that a matrix A possesses

• the discrete weak maximum principle (DwMP) if the following implication holds Au ≤ 0⇒ maxu ≤
max{0,u∂};

• the discrete strong maximum principle (DsMP) if it possesses the DwMP, moreover, the following

implication holds Au ≤ 0 and maxu = maxu0 = m ≥ 0⇒ u = me;

• the discrete strictly weak maximum principle (DWMP) if the following implication holds Au ≤ 0⇒
maxu∂ = maxu;

• the discrete strictly strong maximum principle (DSMP) if it possesses the DWMP, moreover, the fol-

lowing implication holds Au ≤ 0 and maxu = maxu0 = m⇒ u = me.

Where e is the vector all coordinates of which is equal to 1.

It is relatively easy to give sufficient and necessary conditions to ensure that a matrix possesses the

discrete weak maximum principle. The second and fourth parts of the following Theorem was proved in

[12].

Theorem 5 (Mincsovics, H. [12]) The matrix A possesses

• the DwMP if and only if the following three conditions hold

(w1) A−1
0 ≥ 0 ; (w2) −A−1

0 A∂ ≥ 0 ; (w3) −A−1
0 A∂e ≤ e .

• the DsMP if and only if the following three conditions hold

(s1) A−1
0 > 0 ; (s2) −A−1

0 A∂ > 0 ; (s3) −A−1
0 A∂e < e or −A−1

0 A∂e = e .

• the DWMP if and only if the following three conditions hold

(W1) A−1
0 ≥ 0 ; (W2) −A−1

0 A∂ ≥ 0 ; (W3) −A−1
0 A∂e = e .

• the DSMP if and only if the following three conditions hold

(S1) A−1
0 > 0 ; (S2) −A−1

0 A∂ > 0 ; (S3) −A−1
0 A∂e = e .

Theorem 5 is a theoretical result and is difficult to apply directly. For example the conditions (w1)-(w3)

are relaxed with the following practical conditions.

Theorem 6 ([4]) The matrix A possesses the discrete weak maximum principle if the following three con-

ditions hold:

(P1) A0 is a nonsingular M-matrix; (P2) −A∂ ≥ 0; (P3) Ae ≥ 0.
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4.1 Discrete weak maximum principle for IPDG operators

Let us set Ω = (0, 1) and consider the following special elliptic operator A, domA = C2(Ω) ∩ C(Ω),

defined as

Au = −(κu′)′ + µu , (15)

where κ, µ ∈ R, κ > 0, µ ≥ 0. It is clear that for this operator the weak maximum principle holds due to

Theorem 3.

Let us discretise it by the IPDG method. The corresponding bilinear form is aDG given by (6). Let us

introduce ahDDG which is formally the same as 6, however, it is restricted to polynomials that are zero at x = 0

and x = 1.

Theorem 7 (H., Mincsovics [11]) Let A = [A0|A∂] be the matrix constructed from (15) by the bilinear

form aDG. This matrix possesses the discrete weak maximum principle if we choose

• ε as −1

2
≤ ε ≤ 0 when µ = 0 or −1

2
< ε ≤ 0 when µ > 0,

• σ as
κ(1− ε)

2
≤ σ,

• the mesh Th as h2
i ≤

3κ(2ε+ 1)

µ
, i = 1, N (fineness at the boundary) and h2

i ≤
3κ(ε+ 1)

µ
, i =

2, . . . , N − 1, (fineness at the interior). Finally, Th is chosen as

hi,i+1

hi+1

− εhi,i+1

hi
≤ 2σ

κ
and

hi,i+1

hi
− εhi,i+1

hi+1

≤ 2σ

κ
, i = 1, . . . , N − 1 . (uniformity)

Theorem 8 (H., Mincsovics [11]) Let A = A0 be the matrix constructed from (15) by the bilinear form

ahDDG. This matrix possesses the discrete weak maximum principle if we choose

• ε as −1 ≤ ε ≤ 0 when µ = 0 or −1 < ε ≤ 0, when µ > 0,

• σ as
κ(1− ε)

2
≤ σ,

• the mesh Th as h2
i ≤

3κ(ε+ 1)

µ
, i = 2, . . . , N − 1, (fineness at the interior) and

hi,i+1

hi+1

− εhi,i+1

hi
≤ 2σ

κ
and

hi,i+1

hi
− εhi,i+1

hi+1

≤ 2σ

κ
, i = 1, . . . , N − 1 . (uniformity)

In [11] we showed that these conditions are sharp in some sense.
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