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Introduction
The Internet (World Wide Web) plays an important part in our daily life, we
Google badly needed informations, we use the Web to make our data reach-
able for the world. XML has evolved to become the de-facto standard format
for data exchange over the World Wide Web. XML was originally developed
to describe and present individual documents, it has also been used to build
databases, in particular to access relational databases through XML views.
The rigid schema of relational databases cannot fulfill the requirements of
the graphical user interface commonly used in online applications. These ap-
plications demanded self-descriptive data structures (HTML, semi-structured
databases, SGML, XML). When accessing relational databases through XML
views, especially when updating data, consistency of the database is secured
by complying with integrity constraints.

The PhD Thesis introduces a new family of dependencies (integrity con-
straints) for XML databases, based upon a new, original point of view that
basically differs from the known XML dependency definitions. The main
result of the Thesis is to confine the tree-structured (two-dimensional) XML
model to a flat one, which can be described with a single regular expression,
and define constraints on this model, that is, on a database built up from
sentences of a regular language. Several kinds of dependencies (functional,
inclusion, join) could be based upon this, regular languages as databases in-
terpreting model, but the Thesis summarizes our already published results
concerning regular functional dependencies (RFD).

Functional dependency (FD) is arguably the most important integrity
constraint for any data model, and accordingly, it has been analyzed exhaus-
tively. In the relational data model, FDs are defined in a natural way: the
values of an attribute set Y depend on the values of another attribute set X,
i.e., "Y is a function of X". That is, if two tuples of a relation coincide in the
attributes of X, then they should match on the attributes of Y too. XML
functional dependency (XFD) has been defined in different ways but to date,
no generally accepted definition was reached. The main problem with defin-
ing functional dependency in the XML context is the lacking "tuple" concept
for XML. An instance of a relational schema is a set of tuples, and one can
easily compare pairs of tuples to check whether the instance satisfies a given
functional dependency. In the XML world, there is no generally accepted
definition for the concept of a tuple, and even if one chooses a collection of
elements and declares them a "tuple", it is very hard to find a proper match-
ing algorithm for them.
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Because the schema languages for XML describe the XML element by a
regular expression, it is straightforward to specify dependencies on sentences
of a regular language. This concept is obviously more restricted than XFD
(or any other XML dependency), because instead of the whole XML tree we
confine us to one, though complex-valued, but simple structured element. In
this way, we find a simple, yet general definition for functional dependency
for a broad family of data models: our only assumption is that the "tuples"
should be sentences of a given regular language, i.e. they should be generated
by a regular grammar or, equivalently, denoted by a regular expression.

We applied the concept of regular functional dependency to the model of
extended context free languages (which is able to describe exactly the class
of XML documents), using complex-valued data instead of tree-structured
model. The standard model of RFD relies on a set of restrictive assump-
tions, in order to avoid comparing empty strings, using infinite alphabets,
comparing unordered sets, using counters. These assumptions assure a sim-
ple handling of logical implication for dependencies. There is an extra section
to present RFD without these assumptions. It is possible to show that the
main results are valid without the assumptions too, but obviously in a slightly
adjusted form. E.g., the RFDs built upon a regular expression with unre-
stricted number of disjunctions can be finitely axiomatized (it is not possible
for XFD), when the empty string will be accepted as valid value.

1 The dual language for a regular one and the
extended relation

Definition 1.1 (Dual language) Let L be a regular language, accepted by
the FSA M (L). The alphabet of the dual language for L consists of the states
of M (L), the sentences of the dual language D (L) are the strings of states
visited by the accepting traversals (from START to END) of M (L). If t ∈ L
and w ∈ D (L) is the traversal that accepts t, then we say that the type of t
is w, that is, w = type (t).

Each sentence of the dual language D (L) is a type for a tuple; the set
of these types is the schema of an "extended relation". An instance I of an
extended relation is a set of tuples of the same (fixed) type. The type of each
tuple in I is the same dual sentence.

Definition 1.2 (Extended Relation) Let L be a regular language, accepted
by the FSA M (L), let D (L) be its dual language.
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R (L) = {t|t ∈ L, type (t) ∈ D (L)} is an extended relation over L. We de-
note schema (R) = D (L). Let w ∈ D (L) be a dual sentence, then a finite set
Iw (L) = {t|t ∈ L, type (t) = w} (simply Iw if L, or I if w also is understood
from the context) is an instance of R (L). We denote schema (I) = w, and
I (L) = {Iw1 , Iw2 , . . . ;wi ∈ D (L)} the set of instances for L. I (L) is finite
iff L is non-recursive. The instances are finite subsets of L. If t ∈ I ∈ I (L),
then type (t) = schema (I) ∈ schema (R).

2 Attributes for the extended relation
The relational model uses set of relational attributes to the syntactic spec-
ification for dependencies (inclusion, multivalued, functional, join). For the
regular language model we should specify the concept of attributes and the
selection methods for set of attributes.

Definition 2.1 (Regular attribute) Let L be a regular language, accepted
by the FSA M (L), let D (L) be its dual language.
Let w ∈ D (L) be non-empty dual sentence (w 6= ε). Let w = v1 v2 . . . vn; vi ∈
Φ (L) , 1 ≤ i ≤ n. We say that the symbols vi, 1 ≤ i ≤ n are the attributes
for the tuples of type w. When t ∈ Iw (type (t) = schema (Iw) = w) and
t = t1 t2 . . . tn, then t [vi] = ti is the value of tuple t on attribute vi , or,
identically, the attribute vi projects ti from the tuple t.

If the graph of the automaton M (L) does not contain cycles (the gen-
erating regular grammar / expression is non-recursive), then the associated
D (L) dual language is finite, because there is only a finite number of paths
in the graph M (L) (we use the same notation - M (L) - for the finite state
automaton and for its graph representation). We can define functional de-
pendencies (left and right side) on each one of these dual sentences, and we
can check the logical implications among them.

If the graph of the automaton M (L) contains any cycles (the generating
regular grammar / expression is recursive), then the associated D (L) dual
language is infinite. We can use the pumping process to select substrings of
dual sentences for defining functional dependencies on them. We can select
sub-paths on the non-pumped area as described before (pumping 0-times
the cycles), then on the pumped part we can select the left and right side
of the dependency and pump them together with the same frequencies. It
is important that we should always consider the visited nodes for a whole
walk (from ST ART to END) in the sequence of the processing, and the
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repeatings (recursions) should also be taken in sequence.
The selection process should choose two substrings from each dual sen-

tence; one for the left and one for the right side of the dependency, respec-
tively.

Definition 2.2 (Assignment) Let L be a regular language and let M (L)
be the graph of its accepting FSA. An assignment Y over M (L) is a tuple
(Y1, Y2), where Y1 ⊆ nodes (M (L)) and Y2 is a subgraph of the transitive
closure of M (L). Y1 is taken from the non-recurred part of M (L), Y2 refers
to nodes and edges that are (could be) repeatedly visited during the traversal.

Remark 2.1 Let X = (X1, X2) be an assignment over the FSA for a regular
language generated by a relational type regular grammar, then X2 is the empty
graph.

An assignment selects a unique subsequence from a given dual sentence
by either of the two methods given below.

Let w = v1 v2 . . . vn be a dual sentence (w is a symbol string) over
M (L) = (V,E). Let walk (w) = (ST ART , v1, e1, v2, e2, . . . , en−1, vn, END)
(short by walk (w) = (v1, v2, . . . , vn)) be the corresponding traversal ofM (L).

Definition 2.3 (Strict Selection) Let Y = (Y1, Y2) be an assignment and
let w be a dual sentence over M (L). Let walk (w) = (v1, v2, . . . , vn). The
symbols in Y1 will be selected in order of their exploration (if visited at all).
For each edge e ∈ E (Y2), its endpoints will be selected in their succession
order (if visited at all) during the traversal of walk (w) each time when both
are visited. That is, if the two endpoints of the edge e are A and B and if
A = vi, B = vj for some 1 ≤ i < j ≤ n, then vi and vj will be selected if
and only if vk 6= A,B; i < k < j. The isolated nodes of Y2 will be selected by
each visiting (if any) during the traversal of walk (w). The selection will be
processed for all edges and isolated nodes of Y2 independently. By the end of
the selection the symbols selected from w build up the (possibly empty) string
w [Y ] = vi1 . . . vik (1 ≤ i1 < i2 < . . . < ik ≤ n (k ≥ 0)).

Let t ∈ L, the corresponding dual sentence w ∈ D (L). We can in-
terpret the w [Y ] string of symbols as an array of (not necessary different)
"attributes", which projects the "tuple" t to the array of corresponding (by
array index numbers) values t [Y ]. If w [Y ] = ε, then t [Y ] = ε as well (ε
denotes the empty string).
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Definition 2.4 (Full Selection) Let Y = (Y1, Y2) be an assignment and
let w be a dual sentence over M (L). Let walk (w) = (v1, v2, . . . , vn). The
symbols in Y1 will be selected in order of their exploration (if visited). For
the edge (A,B) ∈ E (Y2), the node A will be selected at each visiting, if it is
followed with visiting B during the traversal of walk (w), and the node B will
be selected at each visiting, if it follows the node A (if visited at all). The edge
(A,B) does not induce the selection of node A from the traversal, if the node
B is not present among its followers, and the selection of B will be avoided,
if there is no prior visited A node. The full selection means that between the
firstly traversed node A and the lastly traversed node B all A and B nodes will
be selected. The isolated nodes of Y2 will be selected by each visiting during
the traversal of walk (w). The selection will be processed for all edges and
isolated nodes of Y2 independently. By the end of the selection, the selected
symbols from w build up the (possibly empty) string w {Y } = vi1 vi2 . . . vik
(1 ≤ i1 < i2 < . . . < ik ≤ n (k ≥ 0)).

Let t ∈ L, the corresponding dual sentence w ∈ D (L). We can inter-
pret the w {Y } string of symbols as an array of (not necessary different)
"attributes", which projects the "tuple" t to the array of corresponding (by
array index numbers) values t {Y }. If w {Y } = ε, then t {Y } = ε as well (ε
denotes the empty string).

3 Regular functional dependency
Let L be a regular language, let M (L) be its accepting automaton, let D (L)
be the associated dual language. We can select two subsequences on each
dual sentence, as the left and right side of the dependency, let us state this as
the syntactic specification for the dependency. The set of sentences I satisfies
this dependency, if there exist no two tuples in I that are identical in all the
nonterminals fitting to the left side subsequences, but they differ in at least
one of the nonterminals fitting to the right side subsequences.

Definition 3.1 (Regular functional dependency) Let L be a regular lan-
guage and let M (L) be the graph representation of the finite state automaton
for L. Let X = (X1, X2) and Y = (Y1, Y2) be two assignments over M (L).
A functional dependency defined over M (L) (regular FD) is an expression
of the form X → Y . The (finite) database instance I ∈ I (L) satisfies the
X → Y functional dependency (denoted by I |= X → Y ), if for any two
t1, t2 ∈ I tuples t1 [X] = t2 [X] can be fulfilled only, if t1 [Y ] = t2 [Y ] also
holds. We call the case Y = M (L) key dependency.
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Remark 3.1 We say that the regular language L weakly satisfies the RFD
σ = X → Y (denoted by L

w

|= σ), if for any two tuples t1, t2 ∈ L with w =
type (t1) = type (t2), whenever the two tuples agree on X, i.e., t1 [X] = t2 [X],
then t1 [Y ] = t2 [Y ] also holds. We say that the regular language L strongly

satisfies the RFD σ (denoted by L
s

|= σ), if for any two tuples t1, t2 ∈ L with
wi = type (ti) , i = 1, 2 and w1 [X] = w2 [X] and w1 [Y ] = w2 [Y ], whenever
the two tuples agree on X, i.e., t1 [X] = t2 [X], then t1 [Y ] = t2 [Y ] also holds.

Clearly, if L
s

|= σ, then L
w

|= σ. In the following, we use satisfaction as
specified in Def. 3.1 unless explicitly stated otherwise.

4 Reasoning about Regular Functional Depen-
dencies

Definition 4.1 Let L be a regular language and let D (L) be its dual language
and let M (L) be the graph representation of the finite state automaton for L.
Let X be an assignment overM (L) and let w ∈M (L) be a dual sentence. We
say that X is subsumed by w (denoted by X v w) iff nodes (X) ⊆ nodes (w).
Let σ = X → Y be an RFD, we say that σ is subsumed by w (denoted
by σ v w) if X v w and Y v w. Let I ∈ I (L) be an instance and let
w = schema (I). X is subsumed by I (denoted by X v I) iff X v w. If Σ is
a set of RFDs, then Σ v I iff ∀σ ∈ Σ it holds σ v I.

The following Assumption will be used if a set Γ of dependencies over the
regular language L is concerned:

There exists an instance I ∈ I (L) , so that Γ v I (1)

Remark 4.1 Definition 3.1 specifies the syntactic form of regular function
dependencies on the graph M (L) for the regular language L. The semantics
of RFDs will be given on any of the database instances for the regular language
L. There is no problem with a single RFD: a given database instance does
satisfy it or not. However, if we would like to state anything over a set
Σ of RFDs (e.g. logical implication), we further require that Assumption
(1) will be taken for granted, i.e., all dependencies in Σ are subsumed by
an I ∈ I (L) instance. Let X → Y ∈ Σ, let w = schema (I), then from
(1) follows that nodes (w [X]) = nodes (X) and nodes (w [Y ]) = nodes (Y ).
That is, each participant assignment will be covered by the concerned dual
sentence completely.
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Observation 4.1 If X is an assignment and X v I (let w = schema (I)),
then nodes (w [X]) = nodes (X).

Observation 4.2 If X is an assignment and X v I (let w = schema (I)),
then nodes (w [X]) 6= {}.

Definition 4.2 Let L be a regular language and let M (L) be the graph rep-
resentation of the finite state automaton for L. Let Σ be a set of RFDs and
let X → Y be an RFD over M (L), then Σ implies X → Y (denoted by
Σ |= X → Y ) if for each (finite) database instance I ∈ I (L) that satisfies Σ
(assumed (Σ ∪X → Y ) v I), I |= X → Y will also be fulfilled.

Algorithm 4.1 Algorithm for checking implication of RFDs.
Input: graph M (L) = (V,E), a set Σ and σ : X → Y (where X = (X1, X2)
and Y = (Y1, Y2)) regular functional dependencies over M (L)
Output: true, if Σ |= σ, false otherwise

1. Initialization
color black the graph M (L) and color blue its transitive closure
color green all nodes and edges of X on both graph
color yellow all nodes and edges of Y (not in X) on the graph M (L)
color red all nodes and edges of Y (not in X) on the transitive closure of
M (L)
2. FDSET := Σ;
3. greene := X
4. repeat until no more dependency is applicable:
if W → Z ∈ Σ and W ⊆ greene then
i. FDSET := FDSET − (W → Z);
ii. greene := greene ∪ Z
iii. color green all nodes and edges of W on both graph

5. if the number of yellow or red edges and nodes are zero, then output is
true otherwise output is false.

Lemma 4.1 The result of Alg. 4.1 does not depend on the selection method
used for Σ and X → Y , respectively.

Proposition 4.1 (Functional Dependency Implication) Let L be a reg-
ular language and let Σ be a set of RFDs and let X → Y be an RFD over
M (L), then Σ |= X → Y if and only if the Alg. 4.1 with input M (L), Σ
and X → Y returns true. The implication does not depend on the selection
method used for Σ and X → Y , respectively.
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The following lemma from the world of relational databases is also valid
for regular functional dependencies.

Lemma 4.2 Let Σ be a set of RFDs and X → Y an RFD over the same
M (L). Then Σ |= X → Y if and only if Y ⊆ greene when Alg. 4.1 ends.

Remark 4.2 Algorithm 4.1 runs in time O (|Σ|2), where |Σ| is the number
of RFDs in Σ. In the relational case the logical implication can be decided
in linear time, since the relational implication problem is equivalent to the
propositional HORN-SAT problem. For a regular FD X → Y and dual sen-
tence w, let w [X] = w1 . . . wn and let w [Y ] = z, then the number of the
corresponding propositional variables W1 . . .Wn and Z depends on w, i.e., it
is unlimited if the regular language is recursive.

5 Axiomatizing of Regular Functional Depen-
dencies

There is no finite axiomatization for XML functional dependencies in the gen-
eral case: Arenas and Libkin have proven (based upon a proposition about
k-ary axiomatization) that the implication problem for their XML functional
dependencies (tree tuples model) is not finitely axiomatizable if the relevant
part of the schema definition contains unlimited disjunctions. However, it
seems that for regular functional dependencies a set of Armstrong-type ax-
ioms is sound and complete. First, RFD is not a proper XML functional
dependency: it is confined to a single "horizontal" dimension, without any
tree character. Second, Assumption (1) excludes intractable disjunctions.

Let us present the regular version of the three Armstrong axioms:
Let L be a regular language, let M (L) be its accepting automaton. Let
X, Y, Z be assignments over M (L).

1. reflexivity(RFD-1 ): if Y ⊆ X, then X → Y

2. augmentation(RFD-2 ): if X → Y , then X ∪ Z → Y ∪ Z

3. transitivity(RFD-3 ): if X → Y and Y → Z, then X → Z

Theorem 5.1 The set of the three axioms {RFD-1,RFD-2,RFD-3} is sound
and complete for logical implication of regular functional dependencies.
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