
János Sarka

Study of exotic molecular phenomena via
variational nuclear-motion computations

Supervisor:
Prof. Dr. Attila G. Császár

MTA-ELTE Complex Chemical Systems Research Group

Laboratory of Molecular Structure and Dynamics, Institute of Chemistry

Eötvös Loránd University

Chemistry Doctoral School

Theoretical and Physical Chemistry, Materials Science Research Doctoral

Programme

Head of the doctoral school: Prof. Dr. György Inzelt

Head of the doctoral programme: Prof. Dr. Péter Surján

Eötvös Loránd University

Budapest, 2016





Acknowledgement

First of all, I would like to thank Professor Dr. Attila G. Császár for his help and

support. He was an exceptional supervisor always willing to spare his valuable time

and energy to help and guide my research.

I thank Dr. Csaba Fábri for introducing me to the use of the GENIUSH code. I

am also very grateful for our collaboration about the rovibrational spectroscopy of H+
5 :

special thanks for the derivation of the corrected rigid-rotor formula to explain the

unusual rotational-vibrational energy level structure of H+
5 . Our scientific discussions

were very motivating in the first year of my doctoral research.

I enjoyed the collaboration with Dr. Edit Mátyus on the rovibrational spectroscopy

of the CH4·H2O complex. Our scientific discussions were very beneficial and profitable.

I thank Dr. Tamás Szidarovszky for the very insightful scientific discussions on

the derivation of model Hamiltonians to understand and explain torsional-rotational

coupling.

I thank Dr. Tibor Furtenbacher for the many valuable discussions and his help

regarding the developments of the iterative Lanczos eigensolver algorithm.

Collaborations with Dr. Zhou Lin and Professor Anne B. McCoy on the rotational-

vibrational spectroscopy of H+
5 , with Professor David Lauvergnat, Dr. Vincent Brites

and Professor Celine Léonard on the F−(H2O) and F−(D2O) complexes, and with

Professors Stuart C. Althorpe and David J. Wales on the CH4·H2O complex, are also

gratefully acknowledged.

Finally, I am grateful to my family and friends for their support and encouragement

during my doctoral work.

3





Contents

1 Introduction 7

2 Theoretical background and developments 11

2.1 Tunneling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Semirigid and astructural molecules . . . . . . . . . . . . . . . . . . . 12

2.3 The GENIUSH algorithm . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 The Lanczos eigensolver . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5 Adding new molecules to GENIUSH . . . . . . . . . . . . . . . . . . 19

2.6 Improving the Lanczos iterative diagonalization algorithm . . . . . . 20

2.6.1 The Lanczos algorithm without reorthogonalization . . . . . . 20

2.6.2 The no-store Lanczos algorithm . . . . . . . . . . . . . . . . . 21

2.7 Assignment tools of GENIUSH . . . . . . . . . . . . . . . . . . . . . 22

2.7.1 2D wave-function plots . . . . . . . . . . . . . . . . . . . . . . 23

2.7.2 Coordinate expectation values . . . . . . . . . . . . . . . . . . 23

2.7.3 Energy decomposition . . . . . . . . . . . . . . . . . . . . . . 25

2.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3 The H+
5 molecular ion and its deuterated isotopomers 27

3.1 Computational details . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.1.1 Potential energy surfaces . . . . . . . . . . . . . . . . . . . . . 30

3.1.2 Coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.1.3 Basis sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.1.4 Reference structures . . . . . . . . . . . . . . . . . . . . . . . 34

3.2 The dynamics of the HnD+
5−n, n = 0, 1, 2, 3, 4, 5 system . . . . . . . . 36

3.2.1 Large-amplitude motions . . . . . . . . . . . . . . . . . . . . . 36

3.2.2 Isotopologues and isotopomers of H+
5 . . . . . . . . . . . . . . 37

3.2.3 The failure of the harmonic oscillator model . . . . . . . . . . 38

3.3 Zero-point vibrational energies . . . . . . . . . . . . . . . . . . . . . . 39

3.4 Vibrational states of H+
5 and D+

5 . . . . . . . . . . . . . . . . . . . . . 43

3.5 Reduced-dimensional computations on H+
5 . . . . . . . . . . . . . . . 53

5



3.6 Vibrational states of H5−nD+
n (n = 1, 2, 3 and 4) . . . . . . . . . . . . 54

3.7 Rotational-vibrational states of H+
5 . . . . . . . . . . . . . . . . . . . 61

3.8 Understanding the rotational-vibrational states of H+
5 . . . . . . . . . 63

3.8.1 Derivation of the G matrix . . . . . . . . . . . . . . . . . . . . 64

3.8.2 The corrected rigid rotor (CRR) formula . . . . . . . . . . . . 67

3.9 Describing rovibrational states of H+
5 through model Hamiltonians . . 69

3.9.1 The 1D(φ) vibrational model . . . . . . . . . . . . . . . . . . 69

3.9.2 The 2D(φ1, φ2) model . . . . . . . . . . . . . . . . . . . . . . . 71

3.9.3 The 2D(φ, αGE) GE rovibrational model . . . . . . . . . . . . 74

3.9.4 The 2D(φ, αBE) BE rovibrational model . . . . . . . . . . . . 76

3.10 On the rovibrational energy level structure of H+
5 and its models . . . 77

3.11 The Eckart and the Sayvetz embeddings . . . . . . . . . . . . . . . . 82

3.12 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4 The F−(H2O) and F−(D2O) complexes 87

4.1 Computational details . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.2 Vibrational assignments . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.3 Comparison with previous results . . . . . . . . . . . . . . . . . . . . 95

4.4 Tunneling splittings . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.5 Rovibrational states . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5 The CH4·H2O complex 101

5.1 Computational details . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.2 Symmetry analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.3 Vibrational energy levels . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.4 Rovibrational energy levels . . . . . . . . . . . . . . . . . . . . . . . . 111

5.5 Energy decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . 112

5.6 Rovibrational transitions . . . . . . . . . . . . . . . . . . . . . . . . . 116

5.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

6 Conclusions 125

6



1 Introduction

The Born–Oppenheimer (BO) approximation1,2 is one of the cornerstones of com-

putational quantum chemistry.3,4 By the adiabatic separation of the motions of

the nuclei and the electrons the BO approximation not only defines two fields for

computational quantum chemistry, the electronic-structure and the nuclear-motion

theories, but it also introduces the concept of the potential energy surface (PES),5–10

upon which most chemical events appear to take place.

Through the first three ages of quantum chemistry,11–13 several efficient black-

box-type electronic-structure algorithms have been developed and implemented to

solve the electronic Schrödinger equation. Developments during the last two decades

led to the fourth age of quantum chemistry,4 where the accurate solution of the

time-independent, nuclear Schrödinger equation has become feasible for polyatomic

molecular systems. Thus, in the fourth age of quantum chemistry, nuclear-motion

theory started to catch up with electronic-structure theory to describe the structure

and dynamics of complex systems. Different computational approaches have been

developed and implemented, some applying tailor-made Hamiltonians14–16 for three-,

four- and five-atomic species,17–27 some the general Eckart–Watson Hamiltonian28,29

of polyatomic semirigid molecules,30–42 and some universal Hamiltonians43–53 given

in arbitrarily chosen internal coordinates and body-fixed frame embeddings. These

developments resulted in a shift of nuclear-motion theory toward black-box-type

algorithms and codes, but we are still relatively far away from entirely general

algorithms in nuclear-motion theory.

The structure and the low-energy rovibrational dynamics of rigid and semirigid

molecules can conveniently be characterized using standard tools of quantum chem-

istry: the harmonic oscillator (HO)54 and the rigid rotor (RR)55 models. At the

same time, a considerable challenge, even in the fourth age4 of quantum chemistry,

concerns the description of astructural molecules,56–66 where the RRHO approxima-

tion fails to provide even a proper zeroth-order characterization of the structure and

the dynamics.

The possibility to study the still exotic phenomena of quantum systems, tunneling
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and the dynamics of astructural molecules, where the lack of a well-defined structure

makes impossible the use of other approaches, is readily provided by GENIUSH, a uni-

versal nuclear-motion code developed in our laboratory.52,53 The acronym GENIUSH

stands for general (GE) rovibrational code with numerical (N), internal-coordinate

(I), user-specified (US) Hamiltonians (H). Although GENIUSH has the ability to treat

systems having multiple equivalent minima and the lack of a well-defined equilibrium

structure, it has only been applied for the computation of rotational-vibrational states

of rigid and semirigid systems, such as H2O,52 NH3,52,53,67 CH4,52 and CH4·F−.68

These applications demonstrated the feasibility of the GENIUSH algorithm and

provided benchmark results for comparison with those of previous theoretical and

experimental studies. Although studies of the benchmark systems, H2O, NH3, and

CH4 have considerable importance in high-resolution spectroscopy, these molecules

do not provide real challenges for the dynamical treatment.

In contrast, the highly fluxional and astructural molecules, e.g., H+
5
61–63 and

CH+
5 ,64–66 as well as weakly bound clusters,69 where the boundary between the

rotational and vibrational degrees of freedom (dof) is blurred due to the extensive

coupling of vibrational large-amplitude motions (LAMs) and the rotational dofs

of the molecules, can not be treated without carefully designed sophisticated ap-

proaches. These molecules call for an elaborate nuclear-motion treatment and can

take advantage of all of the virtues the GENIUSH algorithm and code offer.

In semirigid or flexible molecules, tunneling through a potential barrier between

(several) equivalent minima results in the splitting of the degenerate rotational-

vibrational energy levels. This splitting is called the tunneling splitting, which

can vary from the arbitrarily small to a few cm−1 or even larger. To compute the

tunneling splittings accurately and treat near degenerate energy levels properly70

requires the extreme convergence of the eigenstates of the rotational-vibrational

Hamiltonian. The required tight convergence can be achieved using the carefully

implemented numerical procedures present in the GENIUSH code, as it is shown in

this study.

The principal goal during my doctoral research was the computation of accurate

rotational-vibrational energy levels of ”exotic” molecular systems, which require to
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take full advantage of the unique capabilities of GENIUSH. Utilization of GENIUSH

required certain developments in the source code and the related analysis tools, in

order to run the code as quickly and effectively as possible and make the analysis of

the rotational-vibrational wave functions more or less automatic. A further goal of my

doctoral work was to push the boundaries of computational quantum chemistry in the

field of nuclear-motion theory by performing variational nuclear-motion computations

on systems larger and more complex than before, utilizing code developments allowing

the use of large amounts of memory, large number of cores, and a significant amount

of CPU time. Therefore, during my doctoral research nuclear-motion computations

were carried out to determine the vibrational and rotational-vibrational states of

the following molecular systems: a) the H+
5 molecular ion and all of its possible

deuterated isotopologues; b) the F−(H2O) and F−(D2O) complexes; and c) the

CH4·H2O complex.

The main results of my doctoral research are discussed in the next five Sections,

organized as follows. Following a short Introduction, in Section 2 I give a theoretical

overview of the quantum chemical phenomena studied, introduce the applied quantum

chemical algorithm GENIUSH, and present the developments concerning the code

and the related wave function analysis tools. In Section 3, 4 and 5 I present the results

of applying the improved code on the H+
5 ,61–63 the F−H2O,70 and the CH4.H2O69

systems, respectively. In Section 6 I conclude my doctoral research.
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2 Theoretical background and developments

2.1 Tunneling

Quantum mechanical tunneling71 plays an essential role in both fields of compu-

tational quantum chemistry. First, quantum tunneling can be interpreted as a

classically forbidden process in which a system passes through rather than over an

energy barrier separating the reactant and the product region of the PES in a chemi-

cal reaction. Computing the stationary points along a reaction (tunneling) path is

straightforward within electronic-structure theory. Tunneling can be observed exper-

imentally in several different ways. For example, large kinetic isotope effects (KIE)72

are indicative of tunneling. The KIE is most significant for the H/D exchange; there-

fore, the first experimental observations73,74 were made for hydrogen tunneling,75–77

which is still the most thoroughly studied type of tunneling. Tunneling can also be

detected spectroscopically. Using low-resolution spectroscopic measurements, e.g.,

matrix-isolation infrared-spectroscopy,72,78 tunneling can be captured by measuring

the reaction rate constant of the chemical reaction where the tunneling is predicted to

occur. Utilizing the tools offered by electronic-structure theory, different approximate

models, e.g., the Eckart-barrier79 and the Wentzel–Kramers–Brillouin (WKB)71,80

ones, can be constructed. These models help to understand certain experimental

measurements72,78 carried out to capture the tunneling effect. When experimental

results are not available, these approximate models can also help to predict whether

the tunneling exists in a system or not.81

Furthermore, the effect of tunneling also emerges when one computes the rotational-

vibrational states of non-rigid systems. Via the tunneling splitting of formally degen-

erate rotational-vibrational energy levels the tunneling motion becomes “observable”.

In these systems the existence of multiple equivalent minima separated by a barrier

along a large-amplitude vibrational coordinate calls for an elaborate nuclear-motion

treatment, much beyond the capabilities of the RRHO model. The accurate detemi-

nation of tunneling splittings requires high-resolution spectroscopic measurements.

The most famous tunneling splitting of rotational-vibrational energy levels, along

an inversion coordinate, was observed for the NH3 molecule.82 Complex molecular
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systems can also be target for such investigations due to the existence of multiple

equivalent minima. The complexes of water and a halide anion, X−(H2O) where X =

F, Cl, Br or I, have been in the focus of attention83 due to the possibility of hydrogen

tunneling between the two equivalent minima along the in-plane bending coordinate.

Although the vibrational energy levels of Cl−(H2O) were investigated thoroughly,84

the tunneling splittings of the F−(H2O) and F−(D2O) anions have not been detected

or computed. Despite the fact that transitions within the tunneling splitting manifold

of the zero-point vibration of the CH4·H2O dimer was measured some two decades

ago,85 the observed transitions could not be understood and labelled with quantum

numbers.

In the H+
5 ≡ [H2–H–H2]+ molecular ion, extensive tunneling has been expected

due to the light mass of the system and the features of the PES. Nevertheless,

nuclear-motion computations confirmed that the zero-point vibrational correction

effectively eradicates the barrier for the tunneling process between the left- and

right-hand side of the molecule, though it happens along other coordinates. The

internal dynamics of the CH+
5 molecular ion,64–66 for which detailed full-dimensional

rotational-vibrational energy levels have not been computed, remains a challenge

even from the tunneling point of view.

2.2 Semirigid and astructural molecules

The simplest and exactly solvable quantum chemical models that are traditionally

employed to understand high-resolution spectra of gas-phase molecules are based

on the harmonic-oscillator and rigid-rotor approximations of the vibrations and the

rotations, respectively. In cases when the results based on the RRHO approximation,

perhaps after a slight extension based on second-order (vibrational) perturbation

theory (VPT2),86–90 provide a good qualitative and even a semiquantitative un-

derstanding of spectral regularities the molecule of interest can be considered to

be “semirigid”. These are molecules for which the electronic state that is being

investigated contains a single, well-defined, and relatively deep minimum separated

well from all other minima. For semirigid molecules the timescales for the vibra-

tional and rotational motions are sufficiently different to allow their approximate
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separation, the vibrational spacing decreases as the vibrational excitation increases,

the vibrational states have well-defined symmetries provided by the point-group

characterizing the unique equilibrium structure, and the rotational states can be

assigned to a certain vibrational state. The RRHO treatment is familiar to most

chemists as excellent textbooks exist which describe slightly anharmonic molecular

vibrations54,91 as well as slow molecular rotations.55 Nevertheless, there are many

molecules and higher-energy spectral regions where this simple picture is insufficient

for a detailed understanding of the measured high-resolution spectra.

The term ‘quasimolecule’, as found in the book of Kroto on molecular rotation

spectra,55 refers to nonrigid species for which the magnitude of displacement vectors

from an assumed equilibrium structure considerably exceeds, in a somewhat loose

sense, the vectors characterizing the equilibrium structure even for the lowest nuclear-

motion states. These days this term finds usage to describe extremely unusual

molecular systems where even the notion of a molecule is questioned (e.g., molecular

systems stripped of (most of) their electrons). The terms ‘polytopic bonds’ and

‘polytopic molecules’ describe systems with weak internal bonding where multiple,

energetically close-lying isomers are separated by low barriers, resulting in overly large

amplitude internal motions.92 Lower-symmetry polytopic systems include LiCN92

and KCN,93 while a more symmetric example is SiC2.94

Supplementing the terms ‘quasimolecule’ and ‘polytopic molecule’, the term

‘astructural molecule’ was introduced by us,61–63 referring to a class of molecular

species where the utility of an equilibrium structure is questioned. Some of the

collision complexes, quasilinear and quasiplanar molecules,95 and nonclassical carbo-

nium ions96 could be thought of as astructural molecules. Classifying a molecule as

astructural is not simple. Take, for example, toluene, a one-top molecule with an

extremely low barrier to internal rotation. Toluene may not be a true astructural

molecule in the eyes of most chemists but it is one example where interpretation

of the pure rotational spectrum is problematic97 with standard theory55 and the

effective rotational constants of the molecule are not simply related to the equilibrium

rotational constants.98 For an astructural molecule, consideration of a single mini-

mum on the PES is insufficient to interpret the observed spectra, when the structure
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is averaged over the vibrational ground state it is significantly different from the

equilibrium Born–Oppenheimer one, rotational and vibrational spacings are of the

same magnitude, the usual simple tools provided by the RRHO approximation are

unable to yield a reasonable estimate of even the lowest rotational and rovibrational

energy levels, and simple perturbative treatments based on the RRHO approximation

fail already for the lowest nuclear-motion states. Studies of such complex, astructural

systems require alternative zeroth-order pictures to the separable RRHO treatment

that has been demonstrated to be effective for semirigid molecules. Often these more

sophisticated models involve explicit couplings between the rotational and one or

more of the large-amplitude vibrational motions. Considerable attention has been

placed in developing such model Hamiltonians for molecules like methanol,99–101 as

well as for molecules like dimethyl-acetylene that contain virtually no barrier to

internal rotation.56–58

As to the spectra of these molecules, the torsional barrier height of the PES

effectively determines the rotational-vibrational energy level structure. For semi-

rigid molecules like methanol102,103 and ethane,104,105 the rovibrational energy level

pattern is much closer to the high barrier limit than to the barrierless limit. Small

barriers lead to a rovibrational energy level structure that deviates substantially

from that of the RRHO model of semirigid molecules. Very unusual rotational

energy level structures have been found by others for the methyl-peroxy radical59 and

the NH+
4 (H2O) complex,60 and by us for the H+

5 molecular ion61–63 and CH4·H2O

complex.69 The detailed rovibrational energy level structure remains to be observed

and computed for the molecular ion CH+
5 .64–66

2.3 The GENIUSH algorithm

The variational nuclear-motion computations performed in this study utilize the

fourth-age4 quantum chemical algorithm and code GENIUSH.52,53 In GENIUSH, the

Hamiltonian is written in curvilinear internal coordinates and the representations

of both the kinetic and the potential energy operators are computed numerically,

utilizing the discrete variable representation (DVR).106–109
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The general rovibrational Hamiltonian52,53 utilized in GENIUSH is written as

Ĥ = 1
2

D∑
k=1

D∑
l=1

g̃−1/4p̂kGklg̃
1/2p̂lg̃

−1/4

+ 1
2

D∑
k=1

3∑
a=1

(p̂kGk,D+a +Gk,D+ap̂k)Ĵa

+ 1
2

3∑
a=1

GD+a,D+aĴ
2
a + 1

2

3∑
a=1

3∑
b>a

GD+a,D+b(ĴaĴb + ĴbĴa) + V̂ (1)

where the operators p̂k = −i∂/∂qk correspond to the qk (k = 1, 2, . . . , D) internal

coordinates and Ĵa (a = 1(x), 2(y), 3(z)) are the body-fixed angular momentum

operators. The coefficients, Gkl = (g−1)kl and g̃ = det (g), are obtained from the g

matrix (which also depends on the structural parameters of the constrained moieties)

gkl =
N∑
i=1

mit
T
iktil, k, l = 1, 2, . . . , D + 3 (2)

with

tik = ∂ri
∂qk

, k = 1, 2, . . . , D (3)

ti,D+a = ea × ri, a = 1(x), 2(y), 3(z) (4)

evaluated with the body-fixed Cartesian coordinates, ri, and the unit vectors, ea, of

the body-fixed frame. The volume element corresponding to the Hamiltonian of Eq.

(1) is dV = dq1dq2 . . . dqDdα1d(cosα2)dα3.

In GENIUSH, the construction of the kinetic energy operator coefficients is

implemented in an automated way by finite differences, with a step size of 10−5 a.u.52

The code uses OPENMP110 parallelization. GENIUSH has an efficient multiplication

routine, which multiplies the input vector with the Hamiltonian matrix without

constructing H. Therefore, the full Hamiltonian matrix is not stored in memory,

only the G matrix and the pk coordinate matrices. This reduces greatly the memory

requirement of the GENIUSH computations.

The choice of the vibrational coordinates is in principle completely arbitrary

and can differ for the different molecular species. The choices made for the actual
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systems studied are detailed later in this thesis. The embedding of the body-fixed

frame can also be arbitrarily specified in the GENIUSH code, the choice of the

Eckart embedding,111 providing separation of rotations and vibrations considered to

be ideal, is also available. Reduced-dimensional Hamiltonians account for strictly

fixing the monomer structural parameters at some constant value: the best reduction

corresponds to the classical Lagrangian in which the time derivatives of the monomer

structural parameters are set to zero.52 Thus, reduced-dimensional models can

be introduced to GENIUSH in a straightforward way, which helps, for example,

during the optimization of the DVR basis parameters used for a full-dimensional

computation.

2.4 The Lanczos eigensolver

Computation of the required rovibrational eigenstates is carried out in GENIUSH

using different implementations of the iterative Lanczos algorithm.31,112–114 The

Lanczos eigensolver is based on the fact that the Hamiltonian-matrix, H ∈ RN×N ,

using a unitary transformation matrix, Q, can be transformed to a tridiagonal matrix,

T, which can be easily diagonalized using one of the available mathematical library

routines. The transformation can be written as

T = QTHQ, (5)

where the T matrix is

T =



α1 β1 0

β1 α2 β2

β2 α3 β3

β3 . .

0 . .


. (6)
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The transformation equation, Eq. (5), can be rearranged as


H





.

.

. . qj . .

.

.


=



.

.

. qj−1 qj qj+1 .

.

.





. .

. . βj−1

. αj .

βj . .

. .


, (7)

where the columns of the Q matrix, qj, j = 1, 2, ..., N , are the Lanczos vectors. After

performing the multiplication for the jth column of the Q matrix only three terms

remain on the right-hand side of the equation:

Hqj = βj−1qj−1 + αjqj + βjqj+1. (8)

Multiplying Eq. (8) with the transposed qT
j vector

qT
j Hqj = βj−1qT

j qj−1 + αjqT
j qj + βjqT

j qj+1 (9)

the αj(= qT
j Hqj) coefficients can be obtained due to the orthonormality of the

qj column vectors, j = 1, 2, ..., N , of the Q matrix. After rearranging Eq. (8),

βj(= ||rj||) and the (j + 1)th Lanczos vector can also be obtained:

rj = βjqj+1 = Hqj − βj−1qj−1 − αjqj, (10)

qj+1 = rj/βj. (11)

The Lanczos algorithm is an iterative diagonalization algorithm. Using an

arbitrary starting vector, q0, which is preferably the first column or the diagonal of

the H matrix, Eqs. (8)–(11) can be iterated and the eigenvalues of the T matrix can

be determined. Upon convergence, the eigenvalues of the T matrix are equal to the

eigenvalues of the Hamiltonian matrix, while the eigenvectors of the Hamiltonian can

be computed as the product of the eigenvectors of the T matrix and the Lanczos

vectors, qj.
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Along the core Lanczos algorithm there are several other elements of our imple-

mentation which need to be mentioned.

First, the explicit knowledge of the Hamiltonian matrix is not required, only a

multiplication with the Hamiltonian is necessary. The applied DVR direct-product

basis makes possible the use of a multiplication routine in the Lanczos algorithm

which multiplies a vector with the Hamiltonian on the fly, avoiding the storage of

the full matrix; the effect of the kinetic energy operator can be constructed from

only the G matrix and the small coordinate matrices stored in memory. Since the

matrix of the potential energy is diagonal in a DVR basis, only the diagonal elements

needs to be stored instead of the full matrix. This also indicates that in the Lanczos

implementation used in GENIUSH, we use the diagonal potential energy operator

as a starting vector, since the diagonal of the full H matrix can not be determined

efficiently.

Second, the orthogonality of the Lanczos vectors during the Lanczos iterations

is only maintained when exact arithmetics is employed. Due to the numerical

representation of the Lanczos vectors, the loss of orthogonality needs to be corrected.

In the current implementation the orthogonality of the Lanczos vectors is maintained

using periodic Gram–Schmidt reorthogonalization.31,115–117

Third, the thick-restart Lanczos method (TRLM)116,118 has been implemented to

keep the size of the Krylov subspace at bay. Using TRLM, after m steps the first n

Lanczos vectors are replaced with the first n eigenvectors of the Hamiltonian and

the iteration continues with step n+ 1. To introduce TRLM, Eq. (8)–(11) needed to

be changed slightly.31

Fourth, the original Lanczos algorithm, using TRLM, converges to the largest

eigenvalue of the Hamiltonian. During the computation of rotational-vibrational

eigenstates of a physical system usually the smallest eigenvalues of the Hamiltonian

are needed. Therefore, spectral transformation techniques119–121 must be applied

using a filter function to shift the lowest eigenvalues of the Hamiltonian to the largest

eigenvalues of the new matrix. The most efficient Lanczos algorithm implemented in

GENIUSH uses the shift-fold (SF) filtering, a polynomial type of spectral transfor-

mation technique122,123 to compute the lowest eigenvalues of the Hamiltonian. To
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use the SF filter, first, the largest eigenvalue of the Hamiltonian, Emax, needs to

be determined. Shifting the Hamiltonian with Emax and folding the equation, the

largest eigenvalues of the new Hamiltonian, H′ = (H − EmaxI)2, will be smallest

of the original one. Another implementation, which was also available to me, uses

the shift-invert (SI) filtering,119 which, in practice, utilizes the conjugate gradient

(CGM) iterative linear solver.114 Applying the shift-invert filtering, the inverse of

the Hamiltonian, H′ = H−1, is used for the multiplication, x = H−1 · qj, which is

implemented as solving a linear equation, H · x = qj with x as the result vector,

instead of computing the inverse of the Hamiltonian in a time-consuming step. It is

important to note that the Lanczos implementations using the SF filter and CGM

differ significantly in their CPU consumption. Although the CGM implementation

converges using considerably less iteration steps than the one using the SF filtering,

to converge a few hundred eigenvalues the overall number of matrix-vector multipli-

cations required for the CGM technique is much higher than that using SF filtering.

In contrast, the implementation using the SF filtering requires more CPU time for

the reorthogonalization and the restart processes, while in the case of CGM the most

time-consuming step is the multiplication.

During my doctoral research I improved the code GENIUSH, especially the

implementation of the Lanczos iterative diagonalization technique, and the related

wave function analysis tools in several directions. In the following subsections I

present the details of these developments.

2.5 Adding new molecules to GENIUSH

To run a variational rotational-vibration computation for a new system not used

previously in GENIUSH require two interventions from the user: add a routine to

build the Cartesian coordinates from the internal ones, which defines the internal

coordinates and the embedding of the body-fixed frame of the molecule in the space-

fixed frame, and adopt a PES from an outer source. For the studied molecular

systems, H+
5 an its isotopologues, F−(H2O) and F−(D2O), and CH4·H2O, several

different choices of internal coordinates have been implemented, as well as several

different PESs have been used for the different molecules.
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2.6 Improving the Lanczos iterative diagonalization algo-

rithm

In the originally implemented Lanczos algorithm the qj vectors have been stored on

the hard disk. Performing computations on the pentatomic molecule H+
5 resulted

in large Hamiltonian matrices, which generate several Lanczos vectors with a size

of a few 100 GB. Running the periodic reorthogonalization process in every second

step with the consecutive reading and writing (I/O) of the Lanczos vectors not only

stops the parallelization of the code by decreasing the CPU usage to one core due to

the I/O but also results in intensive I/O processes and makes the Lanczos algorithm

very ineffective for these large Hamiltonians.

2.6.1 The Lanczos algorithm without reorthogonalization

To be able to treat larger, spectroscopically relevant molecules, at least some of the

disadvantages of our implementation of the Lanczos algorithm had to be corrected.

To avoid the significant I/O, especially the consecutive reading and writing, another

algorithm113 was implemented in GENIUSH, similar to the one used by Wang and

Carrington.124 Hereby, the reorthogonalization process, as well as the restart of the

Lanczos iterations, have been removed from the code. Due to these changes, in the

new Lanczos implementation the size of the T matrix increased significantly and

multiple and false, so-called "ghost", eigenvalues appeared among the energy levels.

To overcome this, a ghost filter algorithm was implemented, which a posteriori filters

out the unphysical eigenvalues.

The main advantage of this implementation is that it is well parallelizable and

the zero-point vibrational energy of the system converges especially rapidly. For

computing only eigenvalues of the Hamiltonian this algorithm does not require any

space on the hard disk and the memory requirement only increases slightly when

applying this implementation.

The disadvantages of this method become clear for systems with nearly degenerate

eigenstates, where the ghost filter can not differentiate between a degenerate state

and a multiple eigenvalue. For computing not only eigenvalues but also eigenvectors
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of the Hamiltonian a second drawback of this method emerges due to abandoning

the reorthogonalization step. Computation of the eigenvectors of the Hamiltonian

in the Lanczos algorithm requires the storage of the Lanczos working vectors, the

columns of the T matrix. Storing these vectors does not require intensive I/O as

the vectors only needed to be written to the disk once they are computed and read

all of them back at once when the eigenvalues are converged. To store the whole T

matrix for the computation of 50 converged vibrational eigenvalues for a pentatomic

molecule, like H+
5 , requires approximately 20 TB disk space in a single computation,

which pushes the limits of available hard disk space in a normal computer and also

makes us unable to increase the size of the computation with even a factor of two.

The consumed CPU time during such computations also increases critically with

the number of eigenvalues computed, making the usage of this algorithm rather

ineffective.

2.6.2 The no-store Lanczos algorithm

After the somewhat unsuccessful application of the implementation of the Lanczos

algorithm using a ghost filter I tried another technique. Turning back to the former

Lanczos algorithm utilizing the reorthogonalization and restart processes, one can

think of another way to avoid the intensive I/O: store the Lanczos vectors in

memory. When the Lanczos algorithm was first implemented in GENIUSH, the

largest computational resource available was an 8-core machine with 64 GB of memory

and 500 GB of disk space. In the last two years, we acquired two 60-core machines

having up to 2 TB memory and a few TB of disk space. This evolution in the field of

high-performance computing called for a change in the applied algorithms, to adapt

to the available resources.

In the new, so-called ”no-store” Lanczos algorithm all of the Lanczos vectors are

stored in memory. It the case of the generally used shift-fold type implementation the

algorithm requires the number of vectors stored as large as the maximal dimension of

the Krylov subspace, which is slightly larger than the number of eigenstates computed.

Storing vectors in memory resulted mostly in the extreme speed-up of the restart

and reorthogonalization processes, not only due to the much quicker access of the
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memory but also with my implementation of the effective parallelization of these two

processes using the OPENMP110 technique. This speed-up is particularly significant

for larger, polyatomic systems, where we were able to run computations diagonalizing

as large Hamiltonian matrices as otherwise would have been impossible. Applying

several small tricks during the implementation, e.g., more effective allocation of the

stored matrices, the careful arrangement of nested loops for parallelization, and the

convergent computations of more eigenvalues than number of required eigenvectors

made possible to speed up these computations even further.

After the observation that the computation of a large number of eigenstates,

on the order of 1000, with GENIUSH is faster with the Lanczos implementation

using the conjugate gradient (CGM) iterative linear solver than with the shift-fold

type implementation, I also updated the CGM implementation using the no-store

technique. While the CGM method, similarly to the shift-fold implementation, is

only applicable for larger systems with periodic restart, it is quicker without it. To

compute 1000 eigenvalues, the maximum number of the Krylov subspace required to

the computation will be around 3 to 4 times larger than the number of eigenvalues

requested. In contrast, the shift-fold implementation is better to be used with the

thick-restart process due to the higher increase in the size of the Krylov subspace.

Since for smaller, 3- or 4-atomic systems the storing of all of the Lanczos vector

in the memory using the CGM method is still possible, both the SF and CGM

implementations are available in the latest version of GENIUSH.

2.7 Assignment tools of GENIUSH

Following a GENIUSH run, assignment of the rotational-vibrational eigenstates can

be carried out in two different ways: through the energy levels or through the wave

functions. In previous studies on semirigid molecules,52,53 only the energy levels

have been used to assign a label to the excited vibrational states. Using only the

energy levels the assignment of the vibrational states is only possible if less accurate

computational results or experimental measurements of the vibrational transitions are

available, which indicates the necessity to develop other, independent methods based

solely on the computed vibrational wave functions. In the case of ro-vibrational
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states more elaborate measures have already been developed to supplement the

information gained from converged energy levels. The rigid-rotor decomposition

(RRD) method125 computes the overlap integral of the ro-vibrational wave function

with rigid-rotor states of the molecule in its equilibrium structure.

2.7.1 2D wave-function plots

During my doctoral research I developed several tools to analyze the computed

vibrational wave functions and assign vibrational labels in a semiautomatic way. One-

and two-dimensional cuts of the full-dimensional wave function can be generated

freezing the other, inactive vibrational coordinates to a single value, mostly to the

grid point closest to the global minimum of the PES or to a first-order transition

state of relevance, e.g., connecting equivalent minima along a LAM coordinate.

Plotting the DVR coefficients along the active two (or one) coordinates, the

nodes of the wave function can easily be determined for most of the vibrational

coordinates. For a normal stretching- and bending-type coordinate, the number of

nodes should be simply counted. For periodic coordinates different measures needed

to be developed to properly interpret the results. Along a torsional coordinate, e.g.,

in the H+
5 molecular ion (see Section 3.1), the PES can have the shape of a double

well. Due to the effect of this potential a pair of vibrational eigenstates with odd

and even symmetry can be assigned for the same excitation, which interferes with

the counting of the nodes of the wave function.

Plotting all of the possible 2D cuts and studying them together can result in a

quick assessment of a vibrational state even with a complicated combination label.

The bottleneck of this method is when intensive mixing starts to develop while

moving higher in energy. Due to the lack of a well-defined structure to freeze, one

starts to loose information from the plots and due to the extensive mixing one usually

gets contradictory labels.

2.7.2 Coordinate expectation values

Expectation values of the vibrational coordinates, 〈q〉 and
√
〈q2〉, can be computed

from the vibrational wave function and the values for the different vibrationally
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excited states can be compared to each other or to the ground vibrational state to

determine the extent of the excitation along the different vibrational coordinates.

For the stretching coordinates, the simple difference of 〈q〉 for an excited-state

wave function and the ground-state wave function, where no vibrational excitation

exists, can indicate the extent of the vibrational excitation along the stretching

coordinate separating the different overtones and combination bands of the stretching

vibration. For other coordinates, such as the bending and torsional ones, the presence

of a vibrational excitation can only be determined using the ground-state - excite-

state expectation value differences, the extent of the excitation does not scale with

the difference. The 〈q〉 expectation values work for the stretching and bending

coordinates, but for torsional coordinates with double well potential barrier, 〈q〉 has

no meaning, resulting always in π/2. Hence, the
√
〈q2〉 should be evaluated and used

in these cases.

The coordinate expectation values can also be very helpful when the studied

system has a secondary minimum (SM) with a slightly different structure. In these

systems, such as HCN126 and the CH4·H2O complex,69 the properly computed lower-

lying vibrational states can belong to either minima. Assigning the vibrational

states of these systems can be greatly helped by the computation of the coordinate

expectation values, which can differ slightly for the ground state vibration of the two

minima. The bottleneck of this method emerges in the presence of tunneling. The

expectation values of the coordinate describing the tunneling motion and also other

coordinate pairs, which transform into each other along the tunneling path, can not

be used due to the averaging of the two structures.

Both the 2D wave-function plots and the coordinate expectation values are a

posteriori analysis tools. The coordinates applied during the dynamical computations

can be easily transformed into other coordinates, one only needs to transform the

values of the coordinates at each grid point, which can result in different 2D wave-

function plots due to the different freezing of the unused coordinates and also in

different expectation values along other, not used coordinates, e.g., all of the atom-

atom distances. These new sets of coordinates can also help to find the optimal

choice of the vibrational coordinates.
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2.7.3 Energy decomposition

After computing rotational-vibrational eigenvectors of the Hamiltonian, the eigenval-

ues can also be computed using the expectation value formula:

Erv
J,i = 〈Ψrv

J,i|Ĥ|Ψrv
J,i〉. (12)

In GENIUSH, the Hamiltonian is a sum of the vibrational, rotational, rotational-

vibrational, and potential energy operators. Due to the special multiplication

algorithm, which does not require the storage of the complete Hamiltonian matrix in

memory, it is also possible to multiply with the different parts of the Hamiltonian

separately.

Using the Hamiltonian of Eq. (1), this separate multiplication leads to the

possibility to compute the decomposition of the energy among the different type of

operators. Using the short-hand notation 〈Ô〉J,i = 〈Ψrv
J,i|Ô|Ψrv

J,i〉, the rovibrational

energy corresponding to the Ψrv
J,i wave function can be written as

Erv
J,i = 〈T̂ 〉J,i + 〈V̂ 〉J,i = 〈T̂ v〉J,i + 〈T̂ rv〉J,i + 〈T̂ r〉J,i + 〈V̂ 〉J,i, (13)

resulting in Evib, Evibrot, Erot, and Epot energies, instead of the full energy:

Erv
J,i = Ekin + Epot = Evib + Evibrot + Erot + Epot. (14)

In a second step, the decomposition of the kinetic energy can be determined along

the different vibrational coordinates. In the multiplication algorithm the summing

indices of Eq. (1), k and l, are responsible for the inclusion of all the vibrational

coordinates. However, due to the special structure of GENIUSH, restrictions can

be also introduced in these indices resulting in a further decomposition of Evib and

Evibrot. Evib can, e.g., be decomposed with the partitioning of the coordinates to

stretching and bending type coordinates to Estretch, Ebend, and Ecoupling.

Using the GENIUSH program, these energy contributions are obtained in a post-

processing step for the calculated eigenvectors (wave functions). This post-processing

step amounts to a single matrix multiplication of the computed eigenvectors used
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as a trial vector with the highlighted terms of the Hamiltonian matrix, and then

forming the scalar product of the product vector with the original one.

The detailed application of the energy decomposition scheme carried out for the

CH4·H2O complex is detailed in Section 5.

2.8 Summary

To summarize the code developments I achieved during my doctoral research, I

note that I added several new molecules to GENIUSH: the H+
5 molecular ion an its

isotopologues, the F−(H2O) and F−(D2O) anions, and the CH4·H2O complex.

Moreover, I have implemented and tested several different Lanczos iterative

diagonalization algorithms, from which the no-store Lanczos algorithm using the

shift-fold filtering, periodic reorthogonalization and thick-restart proved to be the

most useful for the molecular systems studied.

I have also implemented different assignment tools that can be used for the

interpretation of the vibrational and rovibrational wave functions computed in

GENIUSH. I applied these tools to most of the studied molecular systems. These

assignment tools include the semiautomatic generation of 2D wave-function plots, of

coordinate expectation values, and of the energy decomposition scheme.
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3 The H+
5 molecular ion and its deuterated iso-

topomers

The atomic cluster ions H+
n ,127–129 with n ≥ 5, are important elements of the class

of astructural molecules. As far as stability is considered, similar to most clusters,

there are favorite or “magic” n values, the first magic number for H+
n is apparently

n = 9. In this case the well-bound semirigid molecule H+
3
21,130 forms the core of the

cluster and the core is solvated by three loosely-attached H2 molecules.

The molecular ion H+
5 is the first important astructural molecule in the H+

n family.

The unusual structural and dynamical behavior of this ion is due to the absence of

a “heavy” central atom, the light mass of the whole system, and the existence of

several large-amplitude motions (LAM) hindered by small barriers allowing facile

permutation of most of the atoms, which together cause the loss of a well-defined

equilibrium structure for H+
5 and the deuterated HnD+

5−n, n = 0, 1, 2, 3, 4, systems.

The floppiness of the system coupled with its smallmass results in the fact that the

separation of the vibrational and rotational degrees of freedom is poor. Adiabatic

and nonadiabatic effects are also expected to become overly important, similar to

H+
3 .21,131,132 To understand the structure, the rovibrational dynamics, and the related

spectra of a system like H+
5 , it is indispensable to use sophisticated quantum chemical

tools.4,48,50,51

The potential energy surface (PES) of the lowest electronic state of the four-

electron H+
5 molecular ion has been studied via advanced electronic-structure tech-

niques by several research group.133–136 Following earlier studies concentrating on the

stationary points on the PES,133 two (semi)global ab initio Born–Oppenheimer PES

have been developed for the H+
5 molecule. The first one, hereafter called the XBB

PES, was developed by Xie et al.134 based on more than 100 000 carefully chosen

CCSD(T)/aug-cc-pVTZ ab initio energy points. The second PES, developed by

Aguado et al.,135,136 and called hereafter the ABPDVR PES, is built upon more than

110 000 CCSD(T)/aug-cc-pVQZ ab initio points and uses the triatoms-in-molecules

method to increase the overall accuracy of the fitting procedure. Both PESs display

permutational invariance. In my studies I used these PESs without any change.
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During the last decade, based partially on these two relatively accurate (semi)global

ab initio PESs,134,135 a number of theoretical61,62,136–150 and experimental151,152 stud-

ies were carried out to characterize the vibrational dynamics of the H+
5 molecular

ion as well as some of its deuterated isotopologues.

Acioli et al.137 performed diffusion Monte Carlo (DMC) computations to determine

zero-point vibrational energies (ZPVE) for H+
5 and all of its deuterated isotopologues.

They found that H prefers to be in the middle rather than at the sides; this results in

lower ZPVEs and thus more stable isotopomers. Furthermore, they determined that

the zero-point-averaged effective structure of H+
5 hasD2d point-group symmetry. Thus,

in the vibrational ground state the H+
5 ≡ [H2–H–H2]+ cation does not differentiate,

unlike in its equilibrium structure, between the two H2 units, left and right of the

middle proton. Such a considerable qualitative difference between an equilibrium

and an effective ground-state structure is known only in a few other cases, like the

CONH “peptide” linkage.153

Lin and McCoy143 computed the ZPVE and a few vibrational states of H+
5 and

D+
5 using the DMC technique and provided alternative assignments for the measured

spectra.151,152 They confirmed that, although the minimum-energy structure has C2v

point-group symmetry, the ground-state probability distribution is delocalized over

the two equivalent minima, resulting in an effective structure of D2d point-group

symmetry. Later, they extended their study144 to all possible isotopomers of H+
5 ,

computed all of the related ZPVEs and confirmed the energy order of the isotopomers.

They also computed the frequency of the internal proton motion (“hopping”) for some

of the isotopomers. Even later, Lin and McCoy discussed148 how the large-amplitude

motions influence the exchange of the five hydrogen atoms and performed adiabatic

DMC computations. They found that the minimum separation of the centers of

mass of the H+
3 and H2 units is 2.5 Å, where the five hydrogens are free to exchange,

increasing the molecular symmetry of the system. In their most recent study, Lin

and McCoy150 also included the effect of deuteration and found that it reduces the

amplitude of the wave function close to the transition-state of the proton scrambling.

de Tudela et al.138 and Barragan et al.139 performed classical and path integral

Monte Carlo, CMC and PIMC, respectively, computations at 10 K and identified

28



the two most relevant large-amplitude motions of H+
5 : “the H+

5 probability density

distributions show a free intermolecular transfer of the central proton between the

two H2 molecules, which are almost freely rotating around the C2 axis of H+
5 .”138

The first determination of a considerable number of vibrational energy levels

of H+
5 is due to Valdes et al.,141 who used the multi-configuration time-dependent

Hartree (MCTDH) approach44,45,51 to compute the 20 lowest-energy vibrational

levels. Later, they extended their study142 to D+
5 and used both the XBB and the

ABPDVR PESs. They confirmed the ZPVEs of Acioli et al.137 for all of the possible

isotopologues and isotopomers. Song et al.145 also computed the first 10 “benchmark”

vibrational energy levels of H+
5 using “full-dimensional quantum calculations”145 and

basically confirmed the assignments provided by Valdes et al.141

Recently, Valdes et al.146 also performed reduced-dimensional (4D) computations

to assign the measured experimental infrared spectra151,152 of H+
5 and D+

5 in between

300 and 4500 cm−1. Only the proton-hopping fundamental, νPH, and its combination

bands with the dissociative mode, νD, appear in the measured spectra below the

first dissociation energy limit, while the H–H stretchings appear above it. Therefore,

Valdes et al.146 used the R, r1, r2, and z coordinates in their 4D model (see Table 1

and Figure 2). In a set of extensive computations of somewhat limited accuracy,

Valdes et al.,147 utilizing the MCTDH approach,44,45,51 determined 120 selected

eigenstates based on full-dimensional computations. They provided labels and wave

functions for some of the bending motions and determined the eigenvalue of the

internal H+
3 rotation (the scrambling motion).

H+
5 effectively rotates as a prolate symmetric top. For any of the lowest four

stationary points on the PES of H+
5 (Figure 1) computed ab initio, the rotational

constants B and C are about 3.3, while A is about 26.7 cm−1. McGuire et al.140

investigated the interesting question whether H+
5 and its deuterated isotopologues

would have pure rotational spectra. They determined that the zero-point averaged

dipole moments of H+
5 , D+

5 , and HD+
4 are zero; thus, these ions are not expected to

have a pure rotational spectrum. The lack of a dipole moment is due to the effective

D2d structure of these ions and the fact that H prefers to be in the center of the

ion in case of HD+
4 . According to McGuire et al.,140 the other three deuterated
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isotopologues, with one, two, and three Ds are characterized by nonzero dipole

moments and thus they could exhibit pure rotational spectra. For these three

isotopologues they predicted rotational spectra up to 3 THz. The rotational energy

levels utilized differ substantially from those of later, more elaborate studies.62,149

The rotational-vibrational states of H+
5 have not been determined before my

doctoral research61,62 by dependable variational nuclear-motion computations Later,

Marlett et al.149 confirmed our findings and extended the DMC computations to

rovibrational states of D+
5 , H4D+, and HD+

4 .

As to experiments, in 2010 Cheng et al.151 reported experimental infrared spectra

in the 2000–4500 cm−1 region. Two years later, basically the same authors152 extended

their study to the mid- and far-IR regions and measured multiple-photon dissociation

spectra between 300–2200 cm−1 using a free-electron laser. They attempted to

explain their experimental results using the Reaction Path Hamiltonian version of

the code MULTIMODE.51

To summarize the literature results, the equilibrium and the zero-point averaged

structures and the low-energy vibrational dynamics of H+
5 appear to be relatively

well characterized by first-principles computations.

During the first part of my doctoral research61–63 I determined and tried to

understand the higher-lying vibrational and the rotational-vibrational states of

the H+
5 molecular ion and all of its deuterated isotopologues, utilizing variational

nuclear-motion computations carried out with GENIUSH.

3.1 Computational details

3.1.1 Potential energy surfaces

Both the XBB134 and the ABPDVR135 Born–Oppenheimer PESs are characterized

by 10 stationary points relevant for the low-energy rovibrational dynamics of the

H5−nD+
n systems. The global minimum of the system has C2v point-group symmetry.

There are three low-lying stationary points with D2d, C2v, and D2h symmetries (see

Table 1). The first two are first-order saddle points and are closer than 100 cm−1 in

energy to the global minimum, while the third one is a second-order saddle point
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C2v D
2d C2v

D2h
C2v

Figure 1. Five stationary points on the PES of H+
5 of high relevance for the present

study. Only the first C2v structure corresponds to a minimum, all other stationary
points are first- and second-order transition state (see Section 3.1.1 for details).

with a relative energy less than 200 cm−1. There is a third first-order saddle point,

which also has C2v point-group symmetry, but it is more than 1500 cm−1 higher in

energy than the global minimum and it hinders the internal rotation (scrambling) of

the H+
3 unit.

Both the ABPDVR and the XBB PESs have been employed during the present

study. The parameters of the XBB PES were taken from the iopenshell webpage,154

which are slightly different from those presented in Ref. 134. Although the implemen-

tation of the XBB PES runs faster for a single point than that of the ABPDVR PES,

convergence of the Lanczos algorithm is considerably quicker with the ABPDVR

PES. This is part of the reason why the ABPDVR PES is applied in this study

for the computation of selected rovibrational eigenstates of all of the deuterated

isotopologues and isotopomers. The XBB PES is used only for H+
5 and D+

5 to verify

the results, to provide a comparison of the two surfaces, and to allow a comparison

with previous studies, especially with DMC computations, which mostly applied the

XBB PES.

The masses of the nuclei used during the GENIUSH computations are mH =

1.007 825 u and mD = 2.014 102 u.

3.1.2 Coordinates

Within the GENIUSH approach the choice of the internal coordinates is of prime

importance as convergence of the solution of the nuclear Schödinger equation greatly

depends on them and the associated basis functions. During my doctoral research I

tested several internal coordinate sets for H+
5 and one of them appeared to be more

appropriate than the others. This set of internal coordinates (see Figure 2 and Table 1)
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Figure 2. Internal coordinates (R, r1, r2, θ1, θ2, φ, x, y, z) of H+
5 employed in this study.

was first used by Valdes et al.,141,142 and contains two coordinates for the stretching

vectors of the two H2 units, a stretching coordinate vector between the midpoints

of the two H2 vectors, two bending coordinates of the two H2 units regarding the

midpoint vector, a torsional coordinate of the two H2 units, and three Cartesian

coordinates to describe the three-dimensional motion of the central hydrogen. (Note

that for the two bending coordinates the cosines of the angles mentioned are the

effectively used coordinates due to the nature of the Legendre-DVR basis set.)

Using the internal coordinate set of Figure 2 two embeddings that differ in the

definition of the xz plane can be defined for the H+
5 molecule as follows: either one

of the H2 units can be constrained to lie along the xz plane and the other H2 unit

rotated from that plane by φ degrees, or the xz plane is defined to bisect φ and

the two H2 units are rotated by φ/2 degrees in opposite directions (Figure 3). We

shall call the first and the second choices the geometric (GE) and the bisector (BE)

embeddings, respectively.

To define the orientation of the molecule the GE embedding was employed
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Figure 3. The difference between the geometric, GE, (left panel) and the bisector,
BE, (right panel) embeddings, viewed from the positive z direction.

(see Figure 3) during the final variational computations of the vibrational and the

rovibrational states of the H+
5 molecular ion. The BE embedding was applied to

supplement the results obtained with the GE embedding and compare the two

embeddings. The Eckart embedding,155 one of the cornerstones of the traditional

theory of nuclear motions, and the flexible Eckart embedding,156 hereafter called

Sayvetz embedding, whereby the reference structure follows in our case the torsional

motion, were introduced in the hope to provide a better understanding of the

rovibrational energy level structure by minimizing the rovibrational coupling present

in H+
5 and its deuterated analogues.

In order to understand the vibrational dynamics of H+
5 , it is important to be able

to set up and treat reduced-dimensional models with relative ease. This facility is

readily provided by the GENIUSH approach,52 though it does not work as well for

the astructural HnD+
5−n, n = 0, 1, 2, 3, 4, 5 species as for more rigid systems with more

separable dofs.61 If all vibrational degrees of freedom are active, the results should not

depend on the choice of the internal coordinates. However, for reduced-dimensional

computations the choice of the active coordinates becomes a particularly important

issue: it is relevant how the constrained coordinates, representing constrained motions,

are treated. In this work, mainly during the 1D computations, no relaxation is allowed

for the inactive degrees of freedom, the inactive coordinates are always fixed at a
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single value (see Table 1 for details).

3.1.3 Basis sets

The basis functions corresponding to the different internal coordinates of H+
5 are given

in Table 1. The ranges of the coordinates employed vary for the different coordinates

(see also Table 1). Potential-optimized DVR (PO-DVR)106,107,109 functions were

employed along all the coordinates except φ and z. Due to the use of PO-DVR basis

functions, there can be significant differences between the allowed and the actual

grid ranges utilized for the different deuterated isotopomers of H+
5 .

A direct-product basis set is employed in all nuclear-motion computations of this

study. The size of the final basis set is one of the cost-determining factors during

the computation of the required eigenstates. In reduced-dimensional computations

the vibrational basis set was chosen to be as large as deemed necessary to compute

energy levels converged to better than 0.1 cm−1. As we are probing vibrational states

which are relatively low in energy, basis functions for the two H–H stretch motions

are somewhat less important and thus the number of corresponding basis functions is

kept relatively small. In full-dimensional computations the vibrational basis set is as

large as 2×108, requiring substantial computational resources to obtain the desired

eigenvalues and eigenvectors: the largest standard computations yielding the results

in the tables used a maximum of 450 GB of memory and about 11000 h of CPU time

on a single processor (note that the GENIUSH code is well parallelized), while the

limited number of computations performed to verify the convergence used more than

1 TB of memory and 25000 h of CPU time.

3.1.4 Reference structures

When performing nuclear-motion computations with GENIUSH, it is important

to choose an appropriate reference structure which facilitates the determination of

an optimal DVR basis set. Take, as an example, NH3, a non-rigid molecule with

a large-amplitude motion due to the double-well nature of the PES. NH3 has an

equilibrium structure of C3v point-group symmetry, while the transition state (TS)

connecting the two equivalent minima of the double-well potential is planar with

34



Table 1. The internal coordinates and the basis sets employed during the final
variational computations of this study; the equilibrium reference geometries and the
grid ranges are given in bohr and degrees for the distance- and angle-type coordinates,
respectively. The internal coordinates are defined in Figure 1.a

Coord. DVR type NBF Reference structureb Allowed
ABPDVR135 PES XBB134 PES grid rangec

C2v D2d C2v D2d
R Laguerre PO-DVR 14 4.0972 4.0972 4.1046 4.1046 2.5–6.5
r1 Laguerre PO-DVR 6 1.4504 1.4914 1.4526 1.49305 0.5–2.5
r2 Laguerre PO-DVR 6 1.5324 1.4914 1.5335 1.49305 0.5–2.5
θ1 Legendre PO-DVR 7 90.0 90.0 90.0 90.0 1.0–179.0
θ2 Legendre PO-DVR 7 90.0 90.0 90.0 90.0 1.0–179.0
φ Exponential DVR 11 90.0 90.0 90.0 90.0 0.0–360.0
x Hermite PO-DVR 6 0.0 0.0 0.0 0.0 –1.6 to +1.6
y Hermite PO-DVR 6 0.0 0.0 0.0 0.0 –1.6 to +1.6
z Hermite DVR 20 0.3416 0.0 0.3506 0.0 –2.2 to +2.2

a Coord. = coordinate, DVR = discrete variable representation, NBF = number of
basis functions, PO = potential optimized.
b There are computations carried out in this study using either the C2v or the D2d
reference structure. Note that the equilibrium structure of H+

5 has C2v point-group
symmetry.
c Due to the use of PO-DVR, there can be differences between the allowed and the
actual grid ranges for the different isotopomers.

D3h point-group symmetry. Both the C3v minimum and the D3h TS structures can

be used as reference structures in nuclear-motion computations,111 resulting in the

same energy levels when the computations are converged. While for the study of

tunneling splittings the D3h structure appears to be the preferred reference, when

using smaller, “incomplete” basis sets the C3v reference structure results in slightly

better converged eigenstates.

In the case of H+
5 , although the global minimum has C2v point-group symmetry,

the zero-point averaged effective structure has D2d point-group symmetry. Since

the 1D potential along the z coordinate is asymmetric without the relaxation of the

other coordinates,63 the relatively small number of basis functions applied may not

give a proper, equal description of the two equivalent minima for the proton-hopping

vibration. Freezing the inactive coordinates to the proton-hopping transition state

structure D2d instead of C2v results in a 1D potential which is symmetric along

the z coordinate and gives a more balanced description of the system around the
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two equivalent minima. Therefore, it seemed worth comparing the eigenvalues and

eigenvectors computed with the two different reference structures (C2v vs. D2d), see

below.

Use of the TS reference structure appears to yield a better description of the

vibrational states of H+
5 and its isotopomers, while the C2v equilibrium structure

seems to be better for the determination of the ZPVE. Therefore, computations

were performed with both reference structures to determine the ground vibrational

state, while the D2d reference structure was used to determine the excited vibrational

states.

The accurate geometry parameters of the C2v and D2d reference structures are

given in Table 1 for the two PESs utilized. Note that the D2d structures employed

are not exactly the D2d stationary points of the PESs. Although the values of the

θ1, θ2, x, y, and φ coordinates are the same, the values of R, z, r1, and r2 are the

“averages” of the values at the two C2v minima. The Cartesian coordinates and the

corresponding energy values of the global minima of the two PES versions we utilized

are very slightly different from the corresponding values originally reported in Refs.

134, 135, and 136. Since these differences may cause small deviations especially

notable in the computed ZPVEs, the exact values are given in the Appendix.

3.2 The dynamics of the HnD+
5−n, n = 0, 1, 2, 3, 4, 5 system

3.2.1 Large-amplitude motions

H+
5 can be characterized by having several large-amplitude motions (LAMs) with

low barriers. All of these motions play a crucial role in the understanding of the

internal dynamics of the molecular ion. The first and most important LAM is the

torsional motion (T) of the two formal H2 units, which has an electronic barrier

around 100 cm−1.135 H+
5 is characterized by a symmetric and an antisymmetric

torsional fundamental, νTE and νTO, respectively. As discussed previously,62 this

torsion plays a very important role in the understanding of the rotational-vibrational

energy level structure of the molecule.61,62,150 This motion provides facile exchange

of the H and D atoms on the same side, left or right.
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The second LAM is “proton hopping” (PH), the motion of the internal (middle)

proton along the z axis (see Figure 1), while the molecule changes from one of

the global minimum structure with C2v point-group symmetry to the other. This

motion clearly switches the left- and right-hand sides of the molecule. The electronic

barrier associated with this motion is only around 50 cm−1 and has D2d point-

group symmetry.135 Note, however, that the nuclear motion effectively eradicates the

barrier.

The third LAM is the scrambling (SC) motion, i.e., the internal rotation of the

formal H+
3 unit. The C2v point-group symmetry barrier to this motion is relatively

large, about 1500 cm−1.135

These three LAMs are responsible for the complete exchange of all the atoms of

the molecular ion. The question whether one can scramble all the atoms of the ion

becomes especially relevant upon deuteration, exchanging at least one H with D.

A fourth LAM also exists, which is the separation of the formal H+
3 and H2 units

of the molecule, corresponding to the H+
5 → H+

3 +H2 dissociation (D) reaction. This

motion has left and right symmetry. The first dissociation energy of the molecular

ion, De, is about 2900 cm−1, decreasing to about 2300 cm−1 when the zero-point

vibrations are considered.

3.2.2 Isotopologues and isotopomers of H+
5

Since all of the atoms are identical in the H+
5 and D+

5 molecular ions, they have only

one isotopomer, [H2–H–H2]+ and [D2–D–D2]+, respectively, following the notation

[left–middle–right]+. When needed, the formal H+
3 unit of the ion can be indicated

in parentheses, as in [(DH–H)–H2]+.

Upon deuteration, five different positions are available for the first deuterium,

suggesting five different isotopomers. However, due to the very small barriers

hindering the torsional and proton-hopping motions (cf. the previous section), the

two atomic positions at the left and at the right, as well as the left and right sides

become equivalent. Since the scrambling motion, which could exchange the inner

and outer atoms of the formal H+
3 unit of the cluster, has a relatively sizable barrier,

this exchange does not seem to occur at low excitation energies. Due to these
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characteristics of the BO-PES of H+
5 , from the five possible isotopomers of H4D+

only two will be different: [H2–D–H2]+ and [H2–H–HD]+. Similarly, for the D4H+

isotopologue there are also only two different isotopomers: [D2–H–D2]+ and [D2–

D–HD]+. For the H3D+
2 isotopologue the situation is slightly more complex, three

isotopomers seem to exist and the possible structures are [DH–D–H2]+, [DH–H–DH]+,

and [D2–H–H2]+. Similarly, [DH–D–DH]+, [D2–D–H2]+ and [D2–H–DH]+ are the

isotopomers of H2D+
3 .

In conclusion, there are six different deuterated isotopologues of H+
5 and these

isotopologues define 12 different isotopomers, as supported by the results of the

variational vibrational computations discussed in detail in the next section.

3.2.3 The failure of the harmonic oscillator model

Looking at the harmonic normal modes of the H+
5 molecular ion and their VPT2

anharmonic corrections (see Table 2), computed at the CCSD(T)/aug-cc-pVQZ

level of electronic-structure theory, one can easily see that the HO model and its

perturbative extension fails to provide even a proper zeroth-order description of the

vibrational wavenumbers of this system. The failure of the standard techniques of

quantum chemistry call for the variational treatment of the nuclear motions in the

H+
5 system.

Table 2. Harmonic and VPT2 anharmonic vibrational normal modes of the H+
5

molecular ion computed at the global minimum and at the D2d transition state at
CCSD(T)/aug-cc-pVQZ level.

C2v D2d

N Harmonic VPT2 Harmonic
1 206 100 533i
2 497 -65 227
3 811 867 962
4 865 870 962
5 1170 1162 1412
6 1839 443 1594
7 2133 1175 1594
8 3667 3555 3890
9 4114 3706 3963
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Table 3. Zero-point vibrational energies of the different deuterated H+
5 isotopomers

computed with GENIUSH. The results correspond to the basis set defined in Table 1.a

Isotopologue Isotopomer ABPDVR PES135 XBB PES134

D2d C2v C ′2v δ1 δ2 D2d C2v C ′2v δ1 δ2
H+

5 [H2–H–H2]+ 7242.0 7241.6 –0.45 7216.0 7213.1 –2.86
H4D+ [H2–D–H2]+ 6895.8 6895.1 –0.74 6869.1 6866.0 –3.05

[DH–H–H2]+ 6847.2 6846.0 6847.1 –1.19 –0.09 6821.3 6818.1 6819.5 –3.25 –1.83
H3D+

2 [DH–D–H2]+ 6488.3 6487.1 6487.9 –1.23 –0.38 6461.6 6457.6 6460.0 –3.99 –1.63
[DH–H–DH]+ 6452.2 6451.8 –0.33 6426.6 6424.5 –2.08
[D2–H–H2]+ 6403.6 6403.4 6403.6 –0.18 0.04 6378.2 6374.6 6377.0 –3.55 –1.14

H2D+
3 [DH–D–DH]+ 6086.2 6086.0 –0.22 6059.9 6057.7 –2.22

[D2–D–H2]+ 6029.6 6028.5 6029.2 –1.10 –0.41 6003.4 5998.6 6002.5 –4.75 –0.88
[D2–H–DH]+ 6008.0 6008.1 6008.1 0.03 0.05 5982.8 5980.5 5981.6 –2.29 –1.24

HD+
4 [D2–D–DH]+ 5631.0 5631.1 5631.6 0.05 0.61 5605.5 5602.7 5604.4 –2.82 –1.12

[D2–H–D2]+ 5562.8 5562.8 –0.03 5537.9 5536.6 –1.32
D+

5 [D2–D–D2]+ 5179.5 5179.4 –0.10 5154.1 5152.7 –1.42
a In the cases of less symmetric isotopomers, there are two possible choices of a C2v
reference structure, denoted without and with a prime (e.g., for [DH–H–H2]+, C2v refers
to [DH–(H–H2)]+, while C ′2v refers to [(DH–H)–H2]+, see the text for details). δ1 :=
ZPVE(C2v) – ZPVE(D2d), δ2 := ZPVE(C ′2v) – ZPVE(D2d).

3.3 Zero-point vibrational energies

The ZPVE values obtained with GENIUSH for the 12 isotopomers, using reference

structures with both C2v and D2d point-group symmetry, are presented in Table 3.

The ZPVE energies determine the stability order of the distinct isotopomers of

the isotopologues: the lower the ZPVE the more stable the molecular ion is. For

this class of molecules the simple harmonic oscillator (HO) model fails to yield

even qualitatively correct ZPVE estimates. The principal problem is that the HO

model yields too many isotopomers, as it distinguishes between left and right; thus,

for example, it incorrectly yields three isotopomers for H4D+ and five for H3D+
2 .

Nevertheless, even the HO model suggests that it is preferred to have H in the middle

in the partially deuterated molecular ions.

Since the H–H stretchings have the highest contribution to the ZPVE, increasing

the number of basis functions along these two coordinates may lead to an increase in

the precision of the ZPVE determination. Doubling the number of basis functions

along r1 and r2 for the ABPDVR135 PES results in only a 0.3 cm−1 decrease in the

ZPVE. Increasing the size of the basis along any of the other coordinates in a similar

fashion has an even smaller effect, it changes the ZPVE only in the second decimal

place. Thus, the ZPVE values computed appear to be rather precise.

Comparing the results of the computations using D2d and C2v reference structure
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reveals that the computation with the D2d structures almost always results in larger

values. The maximum difference is 1.2 cm−1 for the ABPDVR135 PES, while it is 4.8

cm−1 for the XBB134 PES. This considerable difference can be due to the different

description of the D2d transition state region within the two surfaces (see Ref. 63).

In the case of the C2v reference structure, where the internal proton is not in the

middle of the molecule, there is an issue with the choice of the C2v reference structure

for isotopomers where the diatomic units are different on the left and right sides.

For symmetric isotopomers only one C2v structure exists, but for the non-symmetric

isotopologues formally there are two different ones. Take [DH–H–H2]+ as an example,

where the two different C2v structures are [DH–(H–H2)]+ and [(DH–H)–H2]+ (leading

to the C2v and C ′2v notation in Table 3). Computations with these C2v structures can

result in slightly different ZPVE values, as the different reference structures determine

slightly different grids used during the nuclear-motion computations. In the four

cases of the less symmetric isotopomers one can compare the ZPVEs obtained with

the different C2v and the D2d reference structures. First, for the ABPDVR PES, let

us take a look at the isotopologues where one of the sides is H2 and the other side

is either HD or D2. When the middle H or D atom is closer to the lighter H2 side,

the C2v ZPVEs are smaller by up to 1.2 cm−1 than the D2d one, while otherwise

they are very close to the D2d results: the differences are below 0.1 cm−1 with H

in the middle and around 0.4 cm−1 with D in the middle. Second, consider the

isotopologues where one side is D2 and the other is HD. When the middle H or D

atom is closer to the lighter HD side, the C2v ZPVEs are slightly above the D2d ones,

while in the other case, when the middle H or D is closer to the D2 side, the C2v

values can be considerably above the D2d ones. For the XBB PES, the C2v ZPVEs

are always smaller than the D2d ones.

In conclusion, for the ABPDVR PES we propose to accept the D2d ZPVE values

as more precise (see Table 4 for details), since they are very close to one set of the

C2v values (the maximum difference is below 0.8 cm−1). For the XBB PES, we

propose to accept the first set of the C2v ZPVE values as our final estimates (see

Table 4 for details), since the D2d values seem to have some systematic error. The

arguments detailed above suggest that a conservative estimate of the precision of
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Table 4. Zero-point vibrational energies of the different deuterated H+
5 isotopomers;

in case of GENIUSH, the results correspond to the basis set defined in Table 1.

Isotopologue Isotopomer ABPDVR PES135 XBB PES134

GENIUSH DMC144 MCTDH142 GENIUSH DMCa MCTDH142 DMC137

H+
5 [H2–H–H2]+ 7242.0 7234.1 7237.5 7213.1 7205.2/7204.5 7202.6 7208

H4D+ [H2–D–H2]+ 6895.8 6887.9 6888.7 6866.0 6857.9/6857.5 6854.1 6860
[DH–H–H2]+ 6847.2 6840.2 6818.1 6812.0/6811.9 6811.4 6816

H3D+
2 [DH–D–H2]+ 6488.3 6480.7 6457.6 6452.6/6452.1 6449.9 6457

[DH–H–DH]+ 6452.2 6445.0 6424.5 6418.6/6418.9 6421.8 6420
[D2–H–H2]+ 6403.6 6396.4 6374.6 6371.1/6371.8 6369.2 6374

H2D+
3 [DH–D–DH]+ 6086.2 6079.1 6057.7 6051.1/6052.6 6051.6 6055

[D2–D–H2]+ 6029.6 6022.4 5998.6 5995.3/5996.5 5992.0 6000
[D2–H–DH]+ 6008.0 6001.1 5980.5 5976.3/5977.6 5979.0 5980

HD+
4 [D2–D–DH]+ 5631.0 5624.1 5602.7 5598.6/5600.6 5598.5 5603

[D2–H–D2]+ 5562.8 5555.5 5562.0 5536.6 5533.0/5534.8 5535.6 5533
D+

5 [D2–D–D2]+ 5179.5 5171.7 5177.9 5152.7 5149.0/5151.8 5151.0 5151
a The results left of the separator are those of Ref.144, the results right of the
separator are new results communicated to us by Anne McCoy, and were obtained
using the same mass for D as employed in this study, mD = 2.014 102 u.

the present ZPVE estimates is about 5 cm−1. Although DVR-based methods, such

as GENIUSH, are not fully variational, it is tempting to conclude that the present

values are upper estimates of the ZPVEs, and that the true, fully converged ZPVE

values can be lower by as much as 5 cm−1 than the values chosen.

When the best ZPVE estimates are compared to the available DMC results

(see Table 4), it is seen that our computations give systematically larger ZPVE

values, about 6-8 cm−1 for the ABPDVR PES, with a small spread, and 1-8 cm−1 for

the XBB PES. The reason for the discrepancies larger than about 5 cm−1 remains

basically unknown to us. One could argue that they are the result of slightly different

parametrizations of the PESs used in this and the previous studies, resulting in

slightly different energies at slightly different minima. One should also note that the

DMC ZPVE values reported may also have an uncertainty of 3–5 cm−1.

The variationally computed ZPVEs of the different isotopomers show that chang-

ing one of the H atoms of H+
5 to D results in only two distinct molecules, i.e.,

isotopomers, one with the D in central position and the other with D on the side

(Table 4). For H4D+, the difference in the ZPVEs of the two isotopomers is 49 cm−1.

The analogous difference is larger, 68 cm−1, for HD+
4 . Among the isotopologues with

two isotopomers it is always the one with D in the middle which has the higher ZPVE.

This can be easily understood by the large ZPVE contribution of the “side” H–H

stretchings. As discussed above, substituting two Hs with Ds in the H+
5 molecular
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Figure 4. 2D (φ, z) cuts of the 9D vibrational wave functions of the computed
torsional eigenstates of H+

5 (the figures are qualitatively the same for D+
5 ); first row:

(νZP, νTE, νTO), second row: (2νTE, 2νTO, 3νTE), and third row: (3νTO, 4νTE, 4νTO).

ion results in three different structures. The ZPVE difference is 36 and 48 cm−1 from

the “middle” for H3D+
2 , while 57 and 21 cm−1 for H2D+

3 .

In summary, for the mixed isotopologues the isotopomer with H in the middle is

always more stable, i.e., has a lower ZPVE, than when H is at the side. This explains

the stability order for the two forms of H4D+ and D4H+. For H2D+
3 and H3D+

2 there

are three distinct isotopomers. Of course, the one with H in the middle is of lowest

energy for H2D+
3 . When there is a chance for forming homonuclear diatomics on

the sides this isotopomer has the higher stability (lower ZPVE). Thus, two rules,

“first, put H in the middle” and “second, form a homonuclear diatomic at the side”,

explain the stability order for all cases investigated.
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Figure 5. 2D (R, z) cuts of the 9D vibrational wave functions of the computed
"proton-hopping" and dissociative eigenstates of H+

5 (and D+
5 ) with their overtones

and combination bands; first row: (νZP, νPH, νD), second row: (νPH+νD, 2νD).

3.4 Vibrational states of H+
5 and D+

5

Characterization of the vibrational states of H+
5 and D+

5 is simplified by the fact

that the H–H (and even the D–D) stretchings appear at an energy above the first

dissociation asymptote. The two related motions do not enter the following discussion,

as no states are computed for them. We arrange the motions characterizing the

molecular ions into two groups. The first set, Set I, of vibrational states to be

discussed is characterized by motions along the torsion, the proton hopping, and the

dissociation coordinates, i.e., φ, z, and R, respectively. In the second set, Set II, we

find the other states characterized principally by the four bending-type motions not

mentioned, as well as their combination with the coordinates of the first set.

A specific characteristic of Set I states is that they can be easily assigned by

looking at wave-function plots (see Figures 4–7). The standard rules of quantum

chemistry are clearly applicable here: in the order of the energy levels first the

fundamentals come and only then the appropriate overtones and combinations. For

example, for H+
5 (D+

5 ) the νPH and νD fundamentals are at 352(224) and 653(461)

cm−1, respectively, while the νD+νPH combination band is at 931(675) cm−1, only

–74(–10) cm−1 away from the simple sum of the fundamentals. It is an interesting
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Figure 6. 2D (φ, z) cuts of the 9D vibrational wave functions of the computed
combination bands of torsion with "proton-hopping" and dissociation for H+

5 (and
D+

5 ); first row: (νPH+νTE, νPH+νTO, νPH+2νTE), second row: (νPH+2νTO, νPH+3νTE,
νPH+3νTO).

exception from the standard rules that 2νPH appears to be missing from the energy

levels. Reduced-dimensional computations show that the 2νPH overtone is completely

missing, while its combination with νD comes only after 2νD, which is much higher

in energy than expected.

It is also true for the Set I states that most of them appear to be “pure”, without

extensive mixing. The only exceptions are the νD+νTE and 3νTE states of D+
5 (and

only with the ABPDVR PES); these states, in contrast to H+
5 , appear to be mixed

with each other (see Figure 7 for details).

Upon perdeuteration, the mass scaling factor of
√

2 can be observed for most of

the energy levels (see Table 5). The torsional levels, however, do not follow this rule

and are scaled by about a factor of two.61,62 This explains the absence of 4νTE and

4νTO of H+
5 from Table 5, the pair should appear at about 1760 cm−1, higher than

the highest eigenvalue computed during this study.

Comparison of the computed energy levels with the limited number of experimen-

tally observed fundamentals, available for H+
5 and D+

5 , shows significant disagreement

(see Table 7). This suggests that the accuracy of the PESs of H+
5 should be improved
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Figure 7. From top to bottom, different 2D cuts of the 9D vibrational wave functions
of the 11th, 12th, 13th, 14th, and 15th eigenstates of D+

5 . It is clear that although
the νD (11th), 3νTO (13th), and νD+νTO (15th) eigenstates appear to have a simple
description, the νD+νTE (12th) and 3νTE (14th) eigenstates are strongly mixed.
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Table 5. Vibrational states of H+
5 and D+

5 corresponding to motions along the torsion
(TE and TO, with E = even and O = odd, φ), the proton hopping (PH, z), and the
H2 dissociation (D, R) coordinates, obtained with two different PESs, ABPDVR135

and XBB.134 δ is the difference between the results obtained with the two PESs.

Label H+
5 D+

5

ABPDVR XBB δa ABPDVR XBB δ
νTE 90.0 87.3 2.7 35.3 33.2 2.1
νTO 135.8 138.7 –2.9 82.0 85.7 –3.8
νPH 352.3 353.9 –1.6 224.4 232.4 –7.9
2νTE 445.6 444.0 1.6 224.6 224.3 0.2
2νTO 446.3 446.8 –0.4 227.8 230.4 –2.6
νPH+νTE 446.9 446.8 0.1 262.1 269.1 –7.0
νPH+νTO 483.0 485.7 –2.8 301.8 310.9 –9.0
νD 653.4 636.9 16.5 461.4 454.9 6.5
νD+νTE

a 750.0 731.4 18.6 495.4 489.9 5.5
νD+νTO 783.7 768.3 15.3 538.0 533.1 4.9
νPH+2νTE 797.7 797.2 0.5 447.0 454.0 –7.0
νPH+2νTO 798.3 798.8 –0.5 449.5 457.9 –8.4
νD+νPH 931.2 910.4 20.8 675.3 666.0 9.2
3νTO 993.4 991.2 2.2 498.4 498.3 0.0
3νTE

a 993.4 991.1 2.3 503.1 501.3 1.8
νD+νPH+νTE 1031.6 1008.3 23.3 713.1 704.4 8.7
νD+νPH+νTO 1059.7 1039.9 19.8 749.5 742.0 7.5
νD+2νTO 1101.7 1083.4 18.3 686.3 679.9 6.3
νD+2νTE 1101.9 1082.8 19.1 684.0 676.4 7.6
2νD 1153.5 1127.6 25.9 869.8 849.7 20.1
2νD+νTE 1253.2 1224.3 28.9 909.7 888.5 21.3
2νD+νTO 1281.7 1256.8 24.9 923.0
νPH+3νTO 1344.8 1342.6 2.2 719.6 725.5 –5.9
νPH+3νTE 1344.8 1342.6 2.2 722.4 727.6 –5.2
νD+νPH+2νTO 1380.3 1358.5 21.8 899.5 890.2 9.4
νD+νPH+2νTE 1382.3 1360.6 21.8 897.6 887.2 10.4
4νTE 878.7 877.9 0.8
4νTO 878.7 877.9 0.8
νD+3νTE 950.2

a In the case of D+
5 , the νD+νTE and 3νTE levels appear to be mixed when the

ABPDVR PES is used.

to obtain quantitative agreement between experiment and theory.

It is important to note that the two PESs employed yield rather similar vibrational

energy levels, the two sets of levels agree with each other mostly within a few cm−1.
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As the energy values presented in Table 7 show, previous computations of vibrational

states utilizing the two available PESs are in some disagreement. This is especially

relevant for the published MCTDH energy levels. Thus, for an astructural molecule

extreme care should be exercised when approximating the PES and doing the

MCTDH computations afterwards. Finally, the close agreement between the limited

number of energy levels computed by Song et al.145 with those of the present study

is encouraging and confirms the precision of the lowest energy levels of this study.

A significant difference between the energy values obtained with the two PESs is

that the torsional splittings are significantly larger for the XBB PES. For H+
5 , the

XBB PES yields 51.5, 2.8, and 0.1 cm−1 splittings for the first three torsional modes,

while they are 45.8, 0.8, and 0.1 cm−1 for the ABPDVR PES. For D+
5 , the torsional

splittings are larger, especially for 2νT. For nνT, n = 1, 2, 3, 4, they are 52.5, 6.1, 3.0,

and 0.0 cm−1 for the XBB PES, and 46.7, 3.2, 4.7, and 0.0 cm−1 for the ABPDVR

PES. It is strange to see within the observed pattern that the splitting of 3νT is larger

than that of 2νT for the ABPDVR PES. This is due to the above-mentioned mixing

concerning the formally nνT series of states. The fast disappearance of the torsional

splittings is also observable in the 1D torsion-only model, where the splittings are

slightly smaller, starting from around 40 cm−1, and become close to 0.0 cm−1 at 3νT

and 4νT for H+
5 and D+

5 , respectively. The splittings generally decrease when the

torsional motion mixes with the other motions. The more extensive the mixing is,

the larger is the decrease in the splittings. For H+
5 and for the ABPDVR PES, for

example, the splitting is 36.1, 33.7, and 28.1 cm−1 for the combination of νT with

νPH, νD, and νPH+νD, respectively.

The vibrational energy levels of H+
5 are smaller in general for the XBB PES

than for the ABPDVR PES. One exception is the νPH state, which appears at a

somewhat smaller energy for the ABPDVR PES. Eigenvalues with odd torsional

excitation also give negative differences in Table 5, which lists differences, δ, between

the energy levels obtained with the ABPDVR and the XBB PESs. This is due

to the larger torsional splitting in the case of the XBB PES. For D+
5 , where the

differences are larger between the vibrational levels corresponding to the two PESs,

these effects are larger and there are almost twice as many negative δ values. The
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Figure 8. The difference of the two PESs employed in this study, Vdiff = V (XBB)–
V (ABPDVR), along the R coordinate. The values of the other coordinates are either
frozen (see Table 1 for details) to the C2v global minimum (red curve) or to the D2d
transition state (blue curve). The insets, with the ABPDVR and XBB PESs plotted
in green and orange, respectively, show the actual values of the PESs, corresponding
to the C2v (left) and D2d (right) structures, respectively.

more substantial differences concern vibrational levels where the contribution of the

dissociative motion, along R, is significant. For H+
5 (D+

5 ), for example, the differences

in νD and 2νD are 17(7) and 26(20) cm−1, respectively. Interestingly, the differences

are basically maintained for the combination bands, note the almost constant 19

cm−1 difference for the vibrational states described as νD + νTE, νD + νTO, νD + νPH,

νD + 2νTE, and νD + 2νTO, implicitly supporting the labels provided. A large part

of the difference of 29 cm−1 between the ZPVEs provided by the two PESs is also

seemingly due to the different description of this dissociative motion.

Although the 1D cuts of the two PESs along the dissociative coordinate look

qualitatively the same (see the insets of Figure 8 for the R dependence) and show

only slight deviations, especially at short and longer R values, there are essential

differences between the two PESs. These can clearly be seen in Figure 8. These

differences are relatively minor (ca. 100 cm−1) around the position of the C2v

minimum (3.5 – 5.0 bohr), but they increases to 2000 cm−1 for very small distances.

Figure 8 also shows that the sign of the difference changes repeatedly along the R
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Figure 9. 2D (φ, z; θ1, x; θ2, y) cuts of the 9D vibrational wave functions of the
computed bending type eigenstates of H+

5 (12th, 13th, 16th, 17th) and D+
5 (16th –

19th) , νθ2−νy+νTE, νθ1+νx, νθ2−νy, and νθ1+νx+νTE, respectively. For νθ1 and νθ2

the cosines of the angles mentioned are the effectively used bending coordinates.

coordinate. These differences of the PESs cause the relatively large differences in

the vibrational energy levels corresponding to the R coordinate and its combination

modes (see Table 5).

The energy values of the Set I vibrational states seem to be well converged.

Increasing the size of the basis along the R, φ, and z coordinates using the same

coordinate intervals, resulting in a Hamiltonian matrix of size 450M, yields changes
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Table 6. Vibrational states of H+
5 and D+

5 , obtained with the ABPDVR135 and
XBB134 PESs, corresponding to the four bending-type motions.

H+
5 D+

5

Label ABPDVR XBB δa Label ABPDVR XBB δa

(νθ2–νy)+νTE 784.1 793.8 –9.7 (νθ2–νy)+νTE 573.4 583.7 –10.3
(νθ1+νx) 785.1 794.9 –9.8 (νθ1+νx) 573.7 584.1 –10.3
(νθ2–νy) 862.5 866.6 –4.1 (νθ2–νy) 610.7 617.5 –6.8

(νθ1+νx)+νTE 864.4 869.0 –4.6 (νθ1+νx)+νTE 611.2 618.0 –6.8
νy+νPH+νTE 963.9 968.5 –4.5 (νθ1+νx)+2νTE 693.5 705.0 –11.6

(νθ1–νx)–(νθ2–νy)+νPH 966.3 971.8 –5.5 (νθ2–νy)+νTO 693.7 705.3 –11.7
(νθ1+νx)+νD(−)+2νTE 1005.9 1011.9 –6.0 (νθ2–νy)+νPH+νTO 716.7 725.6 –8.9

(νθ2–νy)+νTO 1006.0 1012.2 –6.2 (νθ1+νx)+νPH+2νTE 717.9 726.9 –9.0
(νθ2–νy)+νPH 1010.5 995.7 14.8 (νθ2+νy)+νPH 744.0 752.4 –8.4

(νθ1+νx)+νPH+νTO 1041.5 1034.6 7.0 νθ1+νPH+νTE 746.3 754.2 –7.9
νθ1+νPH+νTO 1064.0 1058.3 5.6 (νθ1+νx)+νθ2+2νTO 756.7
νθ2+νPH+2νTO 1069.6 1067.2 2.5 (νθ1+νx)+νθ2+2νTO+νD(−) 762.0

νy+νTE 1088.0 1079.9 8.0 (νθ1–νx)–(νθ2–νy)+νTO 758.3
νx 1103.6 1104.3 –0.7 (νθ1–νx)–(νθ2–νy)+νPH+νTO 765.1

νθ1+νD(−)+2νTO 1161.8 νy+νTE 799.7 810.1 –10.4
(νθ1+νx)+νθ2+2νTO 1154.6 νx 800.1 811.5 –11.4

(νθ1–νx)+2νTE 1161.8 νy+νPH+νTE 829.8 835.7 –6.0
(νθ1–νx)+νTE 1152.8 νx+2νTE 833.8 839.8 –6.1
νy+νPH+νTE 1163.2 1161.2 2.0 (νθ1+νx)–(νθ2+νy)+2νTE 836.9 841.4 –4.5
νx+νD(−) 1172.8 1169.7 3.0 (νθ1–νx)+νTE 842.9 848.4 –5.5

(νθ2–νy)+νD+νTE 1208.2 1193.4 14.8 νθ1+νPH+νTO 867.3 873.0 –5.7
(νθ1+νx)+νD(+) 1230.1 1216.3 13.8 (νθ2–νy)+νPH+νTE 869.0 875.9 –7.0
νθ1+νPH+νTO 1235.2 1220.8 14.4 (νθ1+νx)+νPH+2νTO 874.7 883.5 –8.9

νy+νD 1242.5 1226.2 16.4 νθ2+νD+2νTE 876.8
νθ2+νPH+2νTE 1261.0 νθ2+νPH+2νTE 884.0
νx+νPH+νTE 1257.3 (νθ2–νy)+νD+νTE 913.0
νθ1+νPH+2νTO 1265.2 1264.2 1.1 (νθ1+νx)+νD 917.0

(νθ2–νy)+νPH+νTO 1266.7 1269.1 –2.4 (νθ2–νy)+νD 929.9
νx+νD(−)+νTE 1267.3 (νθ1+νx)+νD+νTE 937.3

νx+νTE 1257.5 νθ1+νy+2νTO 939.9
νθ1+νD+3νTO 943.3
νθ1+2νTE 943.5

νθ2+νx+νPH+3νTE 949.5
a δ = the difference between results obtained with the ABPDVR and XBB PESs.

of less than 0.1 cm−1 for the first 25 energy levels, which increases only to about 0.5

cm−1 for the second 25 levels. This implies that the motions along the R, φ, and z

coordinates, corresponding to the νD, νT, and νPH fundamentals, are particularly

well described. We also observed that the different reference structures during the

GENIUSH computations do not influence the values of the Set I vibrational energy

levels and the shape of the wave functions (not shown).

The Set II vibrational eigenstates correspond to motions along the θ1, θ2, x, and

y coordinates, as well as to their combinations with φ, z, and R. In these cases

characterization of the wave functions is much more problematic.
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Figure 10. Different 2D cuts of the 9D vibrational wave functions of the 36th
eigenstate of H+

5 (1161.8 cm−1), with a viable label of νθ1+νD(−)+2νTO. Although
there are nodes along θ2 and x, θ1 is dominant and therefore determines the label.

First, our choice of internal coordinates (see Figure 2) does not seem to correspond

closely to the vibrational motions characteristic of the Set II states. More appropriate

coordinates, which are mostly used during the assignation (see the appropriate tables),

would be the combination of θ1 with x and θ2 with y, resulting in the “θ1 ± x” and

“θ2 ± y” descriptors. The “θ1 + x” and “θ2 − y” eigenstates can be characterized

as symmetric, bending-type motions of the outer H2 unit and the internal proton.

These linear combinations, rather than the antisymmetric “θ1− x” and “θ2 + y” ones,

characterize the great majority of the bending vibrational states.

Second, in some cases the combination of the bending vibration with the other

motions, especially φ, come before the corresponding “pure” vibrational state (see

Table 6). This is the case for the first four bending states of H+
5 and D+

5 , (νθ2−νy)+νTE,

(νθ1+νx), (νθ2−νy), and (νθ1+νx)+νTE (see Figure 9 for more details), and appears
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Table 7. Vibrational energy levels of H+
5 and D+

5 obtained with GENIUSH for two
different PESs, ABPDVR135 and XBB,134 as well as their computed and experimental
counterparts taken from the literature.

H+
5 D+

5

ABPDVR XBB Exp. ABPDVR XBB Exp.
Label GENIUSH Ref.142 GENIUSH Ref.141 Ref.142 Ref.145 Ref.143 Ref.152 GENIUSH Ref.142 GENIUSH Ref.142 Ref.143 Ref.152

1 νTE 90.0 90.9 87.3 96.3 92.6 87.3 35.3 35.9 33.2 36.9
2 νTO 135.8 136.2 138.7 135.7 133.3 138.7 82.0 82.3 85.7 81.5
3 νPH 352.3 353.5 353.9 358.7 365.4 354.4 369 379 224.4 225.0 232.4 238.1 241
4 2νTE 445.6 449.4 444.0 452.9 447.1 444.0 224.6 227.0 224.3 225.0
5 2νTO 446.3 452.1 446.8 453.6 452.3 446.8 227.8 229.4 230.4 231.6
6 νPH+νTE 446.9 449.7 446.8 464.4 462.8 447.3 262.1 263.5 269.1 278.2
7 νPH+νTO 483.0 486.7 485.7 495.1 495.9 486.3 301.8 303.0 310.9 316.6
8 νD 653.4 695.7 636.9 673.6 679.5 642.6 673 461.4 463.1 454.9 458.5 473
9 νD+νTE 750.0 792.2 731.4 784.3 779.5 736.9 495.4 502.7 489.9 501.8
10 νD+νTO 783.7 830.0 768.3 809.4 808.2 774.3 538.0 540.9 533.1 534.8
11 (νθ2–νy)+νTE 784.1 834.5 793.8 825.4 831.1 573.4 586.4 583.7 592.0
12 (νθ1+νx) 785.1 835.9 794.9 846.0 834.7 573.7 586.1 584.1 592.2
13 νPH+2νTE 797.7 814.7 797.2 822.0 819.8 447.0 452.3 454.0 463.9
14 νPH+2νTO 798.3 818.3 798.8 825.3 826.9 449.5 452.7 457.9 472.2
15 (νθ2–νy) 862.5 919.3 866.6 930.3 920.2 610.7 627.7 617.5 632.1
16 (νθ1+νx)+νTE 864.4 921.2 869.0 940.1 922.1 611.2 630.4 618.0
17 νD+νPH 931.2 1072.8 910.4 983 940 675.3 687.6 666.0 511.0 713 679
18 3νTO 993.4 991.2 1025.9 1019.1 498.4 498.3 511.0
19 3νTE 993.4 991.1 1017.2 1012.6 503.1 501.3 508.9
20 νD+νPH+νTE 1031.6 1008.3 713.1 692.7 704.4 632.2
21 νD+νPH+νTO 1059.7 1039.9 749.5 693.7 742.0 683.5

also at higher energies when these motions combine with R (for D+
5 with the XBB

PES, see Table 6). These four levels are pairwise quasi-degenerate, (νθ2−νy)+νTE is

paired with (νθ1+νx) at 784(573) cm−1, and (νθ2−νy) is paired with (νθ1+νx)+νTE

at 863(611) cm−1 for H+
5 (D+

5 ). This ordering of the bending-type eigenstates and

their quasi-degenerate nature is unexpected.

Third, it can also be observed that for H+
5 and D+

5 , and also for some of the

other isotopomers, after the first four bending-type states there is no description

pattern for the rest of the states which could be applied throughout the isotopomers.

The standard rules fail in these cases since not all possible combination bands are

“observable”. The wave function is often a strong mixture of different states, which

results in complicated, sometimes recurring labels. Comparison of different 2D cuts of

the wave functions yields, in some cases, contradictions. The elaborate and delicate

mixings observed, see Figure 10 for an example, makes the labeling rather difficult.

It is also notable that the dissociative motion of the molecule, corresponding to

νD, which by default can favor the left as well as the right sides, picks only one of the

sides, resulting in the νD(−) and νD(+) labels (see, e.g., Figure 10 for the 36th energy

level of H+
5 , which is assigned as νθ1+νD(−)+2νTO).

When going higher in energy, the θ1 and the x labels, as well as θ2 and y, appear

both separately and in combination. The bending overtones, 2νθ1 , 2νθ2 , 2νx, and 2νy,
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or 2(νθ1+νx) and 2(νθ2−νy) as more appropriately labelled, do not appear among the

first 50 energy levels, except one for [D2−D−H2]+. Instead of the expected behavior,

there are several combinations of these bending-type motions with νD, νPH, and νT.

The combination bands, especially when the torsion is included, are even less

defined. Some fundamentals, e.g., (νθ1–νx) and (νθ2+νy) for H+
5 , as well as some basic

combination bands, are missing (e.g., not all of the combination bands of the first

four bending states with νPH can be assigned), while more complicated combination

bands appear. Most of the missing states are connected to the torsional motion.

In some cases it cannot be decided if νTE or νTO is part of the label; furthermore,

whether νT or 2νT should be assigned. In conclusion, it seems that higher in energy

the torsional motion almost freely combines with most other vibrational motions.

It is also remarkable that the eigenvalues of these bending-type states cannot be

estimated by simply adding the eigenvalues of the participating fundamentals.

While for Set I the eigenenergies corresponding to the XBB PES are smaller than

their ABPDVR counterparts, the corresponding differences for the Set II bend-only

states are all negative, which means that the XBB PES results in larger eigenvalues.

Higher in energy, when the νD label also appears in the assignment, the wavenumbers

become smaller again with the XBB PES. For D+
5 , all the computed wavenumber

differences are negative, the XBB values being larger (see Table V).

Finally, we note that the energies of the vibrational states belonging to Set II

motions seem to be less converged, as well. Increasing the size of the basis along

the θ1, θ2, x, and y coordinates using the same coordinate intervals, resulting in a

Hamiltonian matrix of size 1000M, occasionally yields several cm−1 changes.

3.5 Reduced-dimensional computations on H+
5

During the preliminary computations on the H+
5 molecular ion several reduced-

dimensional models, where several vibrational dofs are frozen, were tested and used

to determine the optimal basis set which facilitate the determination of converged

eigenstates. It is important to compare the converged eigenstates of the reduced-

dimensional models to the full-dimensional solution to determine the coupling between

the vibrational motions.
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Table 8. Comparison of the low-lying vibrational states of H+
5 computed in reduced-

and full-dimensional computations applying the ABPDVR135 PES. The 5D(r1, r2)
model was constructed from the 3D(R, φ, z) model by activating the r1 and r2
coordinates. In the 7D(r1, r2) model, only the r1 and r2 coordinates are frozen.

Assignment 1D(φ) 2D(φ, z) 2D(R, z) 3D(R, φ, z) 5D(r1, r2) 7D(r1, r2) 9D
νZP 236.6 493.9 1097.8 1140.6 4899.3 3514.7 7242.0
νTE 87.9 86.3 84.7 81.6 93.3 90.0
νTO 128.3 130.5 132.6 133.0 136.5 135.8
νPH 870.8 683.6 686.9 485.8 568.2 352.3
2νTE 429.1 429.4 429.8 422.5 455.5 445.6
2νTO 429.4 430.1 430.6 423.6 456.0 446.3

νTE+νPH 955.3 774.8 570.3 666.1 446.9
νTO+νPH 1003.7 815.1 611.7 701.3 483.0

νD 1048.3 1034.0 828.3 911.9 653.4

From these preliminary computations it became obvious that a simple 1D model,

when only the torsional motion is active, is of special interest and works surprisingly

well when compared to the full (9D) treatment (Table 8). The results of Table 8

also prove the separability of the torsional motion form the other vibrational dofs.

Proton hopping can also be studied in 1D. This model, however, results in large

deviations when compared to the 9D energies, as well as the 2D (R, z) model, where

the dissociation channel of the molecule is also open. Combining the 1D (φ) with

these two models results in the 2D (φ, z) and 3D (R, φ, z) models, which also cannot

describe proton hopping properly. Proton hopping also cannot be treated in higher

dimensional models correctly (see Table 8), which indicates that the effective hopping

motion is not separated well from the other internal motions.

3.6 Vibrational states of H5−nD+
n (n = 1, 2, 3 and 4)

The results of the variational computations of the partially deuterated isotopologues of

H+
5 are presented in Tables 9 to 13, for which the present values serve as benchmark

results, as the vibrational states of these isotopologues were not studied before.

There are some general findings characterizing the vibrational states of all H5−nD+
n ,

n = 1 − 4, isotopomers. These are discussed first: (1) The splitting of the νTE

and νTO vibrational states do not depend on whether H or D is the middle atom;

the splitting only depends on the identity of the two sides. To wit, for the H2−H2,
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Table 9. Vibrational states of deuterated isotopologues of H+
5 with homonuclear

diatomics at the sides, corresponding to motions along the torsion (TE and TO, with
E = even and O = odd, φ), the proton hopping (PH, z), and the H2(D2) dissociation
(D, R) modes and obtained with the ABPDVR PES.

Label [H2–D–H2]+ [D2–H–D2]+ [D2–H–H2]+ [D2–D–H2]+
νTE 89.5 35.7 63.3 63.6
νTO 136.2 81.2 108.7 109.3
νPH 234.5 359.7 364.0 251.3
2νTE 445.4 224.4 336.8 338.7
2νTO 445.9 227.5 338.1 340.3

νPH+νTE 327.8 398.3 429.9 315.9
νPH+νTO 366.1 435.7 467.0 355.8

νD 523.0 575.2 627.5 507.9
νD+νTE 618.1 613.9 694.9 574.9
νD+νTO 653.1 651.7 729.9 611.1
νPH+2νTE 679.0 582.1 696.8 583.2
νPH+2νTO 679.4 584.4 698.1 584.5
νD+νPH 763.3 848.5 902.2 737.2
3νTO 992.8 498.5 750.5 753.5
3νTE 992.8 498.4 750.1 753.6

νD+νPH+νTE 861.4 890.2 972.3 805.8
νD+νPH+νTO 891.7 921.6 1002.4 838.0
νD+2νTO 968.1 800.4 964.9 844.2
νD+2νTE 969.2 798.3 963.9 843.3

2νD 998.5 996.1 1090.1 954.0
2νD+νTE 1096.7 1035.7 1159.8 1023.1
2νD+νTO 1124.8
νPH+3νTO 855.3 1105.7 990.7
νPH+3νTE 855.0 1105.7 990.7

νD+νPH+2νTO 1071.5
νD+νPH+2νTE 1073.3

4νTE 878.9
4νTO 879.0

νD+3νTO 1066.1

HD–H2, H2−D2, HD–HD, HD–D2, and D2−D2 cases the νTE/νTO values, in cm−1,

are 90/136, 76/122, 64/109, 62/107, 48/94, and 36/81, respectively (note also the

almost constant 14 cm−1 decrease per a D substitution in this set of values). As

can also be seen, the splitting of the νTE and νTO states is basically constant among

the isotopomers, it’s always about 46 cm−1. (2) In clear contrast, the 2νTE – 2νTO
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Table 10. Vibrational states of deuterated isotopologues of H+
5 with homonuclear

diatomics at the sides corresponding to the four bending-type motions obtained with
the ABPDVR135 PES.

[H2–D–H2]+ [D2–H–D2]+ [D2–H–H2]+ [D2–D–H2]+

Label Value Label Value Label Value Label Value
(νθ2–νy)+νTE 695.7 (νθ2–νy)+νTE 620.0 (νθ1+νx) 636.7 (νθ1+νx) 569.0

(νθ1+νx) 696.7 (νθ1+νx) 620.1 (νθ1+νx)+νTE 702.5 (νθ1+νx)+νTE 627.2
(νθ2–νy) 737.7 (νθ2–νy) 668.4 (νθ2–νy)+νTO 721.8 (νθ2–νy)+νTO 648.2

(νθ1+νx)+νTE 740.0 (νθ1+νx)+νTE 668.6 (νθ2–νy) 827.1 (νθ2–νy) 670.7
(νθ1+νx)+νPH+νTO 816.2 (νθ1+νx)+2νTE 746.8 (νθ2–νy)+νTE 852.1 (νθ2–νy)+νTE 751.7

(νθ1+νx)+νPH 819.9 (νθ2–νy)+νTO 746.9 νθ1 863.4 (νθ1+νx)+νPH 773.6
(νθ2–νy)+νPH 832.5 νy+νTE 853.1 νθ1+2νTO 923.8 νθ1+νTO 790.3
νx+νPH+νTO 848.5 νx 853.7 νθ1+νTO 927.2 (νθ2–νy)+νPH+νTE 818.1
(νθ2–νy)+νTO 927.9 (νθ1+νx)+(νθ2–νy)+νPH+νTO 868.3 νθ2+νPH+2νTE 947.5 (νθ2–νy)+νD(−) 818.6
(νθ1+νx)+2νTO 930.1 (νθ1+νx)+(νθ2–νy)+νPH 868.9 (νθ2–νy)+νPH+νTE 952.6 (νθ1+νx)+νPH+νTO 837.2
(νθ1+νx)+νTO 938.1 νy 895.9 νy+νTO 990.9 (νθ1+νx)+2νTO 852.6
(νθ2–νy)+2νTO 949.2 νθ1+νTE 896.3 νy+νPH 1006.2 (νθ1+νx)–(νθ2+νy)+νPH+2νTO 868.5
(νθ2+νy)+νTE 960.2 (νθ2–νy)+3νTO 899.0 νy+νTE 1019.2 νθ2+νPH+νTE 901.6
(νθ1+νx)+2νTE 969.2 (νθ1+νx)+2νTO 899.3 (νθ1+νx) 1027.1 νx 903.8
(νθ2–νy)+νD 1014.3 (νθ1-νx) 948.0 νy+νTE 1032.3 νy+νTE 909.6

(νθ1+νx)+νPH+νTE 1028.3 νy+νTO 948.6 νθ2 1064.7 (νθ1–νx)+νTO 935.5
νx+νD(−) 1037.5 (νθ2+νy) 1000.0 (νθ1–νx) 1095.7 (νθ1+νx)+νD 961.8

νy+νD(+)+νTO 1038.5 (νθ1–νx)+νPH+νTO 1013.7 νθ1+νD 1104.4 (νθ2–νy)+νD 962.2
νy+νD(−)+νTE 1047.0 νy+νPH+νTE 1053.6 νx+νTE 1117.6 2(νθ1+νx) 1005.3
νx+νθ1+νD(+) 1060.9 νθ1+νy+νPH 1061.0 νx+νTE+νD(−) 1155.1 (νθ2+νy) 1005.8

νx+νθ1+νD(+)+νTO 1063.1 νθ2+νD+νTO 1070.2 (νθ2–νy)+νTO+νD(−) 1166.4 νx+νTE+νD(−) 1007.3
νy+νD(−) 1065.5 νy+νTO+νD 1178.6 νy+νTE+νD(−) 1008.0

(νθ2+νy)+2νTE 1102.2 νθ1+νTE+νPH+νD(−) 1181.7 νθ1+νPH+2νTE 1012.7
(νθ1–νx)+νTE 1102.3 νθ1+νTO+νPH+νD(−) 1017.3

(νθ2+νy)+νPH+2νTO 1123.3 νy+νPH+νTO 1032.4
νy+νPH+νTO 1128.4 νx+2νTE 1032.9

(νθ2–νy)+νD+νPH 1184.1

splitting changes from isotopomer to isotopomer, its value is 0.7 cm−1 in H+
5 , 3.2 cm−1

in D+
5 , 0.4 cm−1 for H4D+, and 3.1 cm−1 for HD+

4 . Apart from possible convergence

problems it is not clear how to explain the different “behavior” of the νT and 2νT

states. (3) The hopping mode is sensitive to the quality of the middle atom but more

or less independent of the sides. (4) The torsional progression nν2, n = 1, 2, 3, 4,

observed here has been noted and explained in Ref.62. The simple k2 dependence of

nν2 holds for all isotopomers.

Next, the vibrational states of the “symmetric” and “quasi-symmetric” iso-

topomers are discussed, i.e., those with homonuclear diatomics at the sides (see

Tables 9 and 10). Substituting the middle atom of H+
5 or D+

5 results in the [H2–D–

H2]+ and [D2–H–D2]+ isotopomers, respectively. These isotopomers basically have

the same symmetry as H+
5 and D+

5 . One can enlarge this set by the [D2–H–H2]+ and

[D2–D–H2]+ isotopomers, whereby the two sides are different but there are homonu-

clear diatomics on the sides. The energy level structure of these four isotopomers are

very similar to those of H+
5 or D+

5 .

The first group of vibrational states, characterized by the νTE, νPH, and νD labels,
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Table 11. Vibrational states of deuterated isotopologues of H+
5 with at least one

heteronuclear diatomic at the sides, corresponding to motions along the torsion (TE
and TO, with E = even and O = odd, φ), the proton hopping (PH, z), and the
H2(D2) dissociation (D, R) motions and obtained with the ABPDVR PES.

Label [DH–H–DH]+ [DH–D–DH]+ [DH–H–H2]+ [DH–D–H2]+ [D2–H–DH]+ [D2–D–DH]+
ZPVE 6447.7 6081.7 6842.6 6483.3 6003.7 5626.9
νTE 61.8 60.9 76.0 75.6 48.8 48.3
νTO 107.0 107.1 121.5 121.8 94.0 94.5
νPH 353.4 226.1 355.4 237.4 358.0 229.8
2νTE 330.4 328.5 388.7 388.2 277.7 277.2
2νTO 332.1 330.2 389.9 389.3 279.8 279.6

νPH+νTE 418.9 290.0 435.3 315.7 409.9 280.3
νPH+νTO 455.2 328.7 471.7 354.6 446.7 319.7

νD 582.4 477.7 622.1 506.1 578.9 471.8
νD+νTE 649.3 543.1 703.4 586.4 632.8 523.6
νD+νTO 681.8a 578.5a 734.7a 622.0 676.7a 558.3a

736.5a
νPH+2νTE 682.3 552.7 742.4 622.6 633.3 503.8
νPH+2νTO 683.6 554.1 743.3 623.3 635.1 505.7
νD+νPH 841.3 691.0 882.9a 734.8 845.2 685.2

949.5 926.4
3νTO 735.2 729.8 865.7 864.5 616.7 616.2
3νTE 735.1 730.0 865.9 856.0b 616.5 616.0

865.1
νD+νPH+νTE 911.2 757.3 966.6a 816.3 900.5 737.7
νD+νPH+νTO 936.3a 799.9 1011.3a 851.7a 936.4 774.5a

967.7a 1042.6
νD+2νTO 921.3 805.2 1019.0 892.8 864.1 750.0

930.4 824.9 900.6
νD+2νTE 917.5 806.0 1014.9 893.6 859.0 747.3

2νD 1020.5 900.1 1090.2a 953.7 1019.1a 888.1
1183.9

2νD+νTE 1101.6 966.9 1175.0 1031.1 1007.0a 942.4
1042.3 1072.4

2νD+νTO 1175.8 1233.1a 1068.4a 1108.4a
νPH+3νTO 1078.5a 953.4 1217.2 971.5 839.4

1087.1a
νPH+3νTE 1084.7 952.3 1217.3 970.8 839.7

νD+νPH+2νTO 966.2
νD+νPH+2νTE 1126.0a 964.6

4νTE 1085.7
1093.3a

4νTO 1079.0c
1088.5

a The label is not exclusive, the state involves bending-type motions. See Tables 12 and 13 for details.
b The lower eigenstate assigned as 3νTE appears to be slightly perturbed.
c The label is not exclusive, the 4νTO is mixed with νD(−) .

has, similarly to H+
5 , no mixing with bending-type motions. Putting D in the middle

decreases the wavenumber of the motions of νPH and νD, while the D2 unit on the

side decreases the torsional frequency. Since the wavenumber of the torsion decreases

more than the other two motions, [D2–H–D2]+ and [H2–D–H2]+ have the highest and

lowest number of states belonging to this group.

Characterization of the remaining states cannot be done uniformly. Since [H2–

D–H2]+ and [D2–H–D2]+ appear to have the same “symmetry” as H+
5 , the peculiar

quasi-degeneracy of the first four bending levels appears to be the same as for H+
5 .
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Table 12. Vibrational states of four deuterated isotopologues of H+
5 with at least one

heteronuclear diatomic at the sides, corresponding to the four bending-type motions
and obtained with the ABPDVR135 PES.

[DH–H–H2]+ [DH–D–H2]+ [D2–H–DH]+ [D2–D–DH]+

Label Value Label Value Label Value Value
(νθ1+νx)+νD 725.3 (νθ1+νx)+νPH 628.8 (νθ1+νx)+νD(+)+3νTO 629.7 νD+νTO+(νθ1+νx) 558.3a

νD+νTO+(νθ2–νy) 734.7a (νθ2–νy)+νTO 684.3 νD+νTO+(νθ1+νx) 676.7a (νθ1+νx)+νTO 579.7
(νθ2–νy)+νTO 778.5 (νθ1+νx)+νTE 685.2 (νθ1+νx)+νTE 687.4 (νθ1+νx)+νTE 622.5

(νθ1+νx)+νTE+νD 800.4 (νθ2–νy) 708.6 (νθ2–νy)+νD+νTO 693.0 (νθ2–νy)+νTO 622.5
(νθ2–νy) 847.9 (νθ2–νy)+νPH+νTE 795.5 (νθ2–νy)+νD+νTE 773.1 (νθ2–νy) 662.9

νD+νPH+νθ1 882.9a (νθ1+νx)+νPH 810.9 (νθ2–νy)+νTE 798.2 (νθ2–νy)+νTE 724.2
(νθ2–νy)+νTE 914.7 (νθ2–νy)+νPH 818.4 (νθ1+νx)+2νTE 845.3 (νθ1+νx)+νPH+νTO 727.8

νD+νPH+νTE+νθ1 966.6a (νθ2–νy)+νPH+νTO 838.5 νθ1+νTO 854.6 (νθ2–νy)+νPH+νTE 768.2
νθ1+νD+2νTE 967.8 νD+νPH+νTO+νθ2-νy 851.7a νθ1+νTE 907.3 νy+νPH+νTE 768.6

νθ1+νθ2+νPH+νTE 970.2 νθ1+3νTE 855.0 νθ1+νy 917.2 νD+νPH+νTO+(νθ1+νx) 774.5a
(νθ2–νy)+νPH+2νTO 983.7 (νθ1+νx)+νPH+νTE 860.1 (νθ1+νx)+2νTO 961.7 (νθ1+νx)+νPH+νTO 777.5
νD+νPH+νTO+νy 1011.3a (νθ2–νy)+2νTE 914.2 (νθ2–νy)+νD(−)+νTO 971.6 (νθ1+νx)+2νTO 781.7
νθ1+νD+νPH+νTE 1014.2 (νθ2+νy)+νTE 924.3 νy+2νD(−)+νTE 977.4 (νθ1+νx)+(νθ2–νy)+νPH+2νTE 791.3

(νθ2+νy)+νPH+2νTE 1046.1 (νθ1–νx)+2νTE 932.9 (νθ2–νy)+νD+νPH+νTE 983.6 νθ2+νPH+2νTE 813.7
νy+νTO 1053.8 νθ1+νD(+)+νPHνTO 971.2 2νD+νy+νTE 1007.0a νx+2νTO 847.6
νx 1080.2 νθ1+(νθ2–νy)+νPH+νTO 980.1 νθ2+2νD(−)+νTE 1009.2 (νθ2+νy)+νTE 848.9

2νD+(νθ1+νx) 1090.2a (νθ2–νy)+νD 988.7 2νD+(νθ2–νy) 1019.1a νθ2+νPH+νTE 853.9
νθ1+νy+νPH+νTO 1098.5 νx+2νD 1003.9 (νθ1–νx)+νTO 1039.3 (νθ1–νx)+νTO 877.7

(νθ1+νx)+νD(−)+νTE 1122.3 νy+νD+νTE 1023.5 (νθ1–νx)+νθ2+νPH+3νTO 1069.5 νθ2+2νD(−)+2νTE 902.9
(νθ1+νx)+νθ2+νD+2νTE 1126.9 (νθ1–νx)+νPH+2νTE 1031.8 (νθ1+νx)+νD(−)+νTO 1072.8 (νθ1+νx)+νD(−) 913.1

(νθ1+νx) 1142.2 (νθ2–νy)+νPH+2νTO 1042.9 4νTE+νPH+(νθ1+νx) 1093.3a (νθ1–νx)+νPH+νTE 928.2
(νθ2–νy)+νD(−)+νTE 1185.0 (νθ2+νy) 1046.5 2νD+νTO+(νθ1+νx) 1108.4a (νθ1–νx)+νPH+2νTO 935.3

(νθ1+νx)+νθ2+νy+νPH+νTE 1198.5 νx+2νD+νTE 1058.7 νD+νPH+2νTE+(νθ1+νx) 1126.0a νθ2+νPH+νD(−)+2νTO 938.8
νy+νD(−) 1203.5 νθ1+νD(−)+2νD(+) 1064.0 (νθ2–νy)+νD(−)+νTO 942.2

(νθ2–νy)+νD(−)+νTO 1209.8 2νD+νTO+νy 1068.4a (νθ1+νx)+νθ2+νD 948.3
(νθ1–νx)+νPH+2νTE 1214.9 (νθ1–νx)–(νθ2–νy)+νD(+)+νTO 1081.7 νy+νD+νTE 971.6
(νθ2–νy)+νD(+)+2νTE 1231.4 (νθ1+νx) 1088.8

2νD(−)+νTO+(νθ1–νx)–(νθ2+νy) 1233.1a
a The not exclusive labels of Table 11 are given here exclusively.

The two outer D2 units decrease the wavenumbers more than the internal D. It is

also notable that in the low-energy region, after the first four levels, the bending

states combine with νPH for [H2–D–H2]+ and with νTE for [D2–H–D2]+, due to the

position of the D(s) in the molecule. The general findings detailed above for the Set

II states of H+
5 , i.e., the somewhat chaotic behavior of such states, are applicable

here, as well.

Since the [D2–H–H2]+ and [D2–D–H2]+ isotopomers are different but symmetric

on the two sides, the energy level structure changes only slightly for these species.

Although the degeneracy of the first four states disappears, the peculiar order of the

(νθ2−νy)+νTE and (νθ2−νy) states remains.

Finally, the energy level structure of the non-symmetric isotopomers is discussed.

The remaining six isotopomers have a common trait: all of them have at least

one outer HD unit. Although at first [DH–H–DH]+ and [DH–D–DH]+ appear to

be “symmetric”, the wave functions of the eigenstates suggest that they should be

handled separately from the other six isotopomers. The most important difference

of this group from the other two is that the higher-lying eigenstates of the R, φ, z
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Table 13. Vibrational states of two deuterated isotopologues of H+
5 with heteronuclear

diatomics at both sides, corresponding to the four bending-type motions and obtained
with the ABPDVR135 PES.

[DH–H–DH]+ [DH–D–DH]+

Label Value Label Value
νD+νTO+(νθ1+νx)–(νθ2–νy) 681.8a νD+νTO+(νθ1+νx)+(νθ2–νy) 578.5a
(νθ1+νx)+(νθ2–νy)+νPH+νTE 715.1 (νθ1+νx)–(νθ2–νy)+νTO 635.0
νD+νTO+(νθ1+νx)–(νθ2–νy) 736.5a (νθ1+νx)+(νθ2–νy)+νD+νPH+νTE 639.7
(νθ1+νx)+(νθ2–νy)+νPH+νTO 783.8 (νθ1+νx)–(νθ2–νy)+νTE 680.1
(νθ1+νx)+(νθ2–νy)+νD+νTE 793.9 (νθ1+νx)+(νθ2–νy)+νD+νPH+νTO 683.7
(νθ1+νx)+(νθ2–νy)+νD+νTO 876.4 (νθ1+νx)+(νθ2–νy)+νD(−)+νPH+νTO 757.7
(νθ1+νx)+(νθ2–νy)+νPH+νTO 882.3 (νθ2–νy)+νPH+νTO 763.3

νD+νPH+νTO+νθ1+νθ2 936.3a νx–(νθ2–νy)+νPH+2νTE 794.6
νD+νPH+νTO+νθ1+νθ2 967.7a νx+νPH+νTE 809.7

νθ1+νD+νTE 982.2 (νθ1+νx)+(νθ2–νy)+2νTE 827.7
(νθ1+νx)–(νθ2+νy)+νPH+νD(+)+2νTE 993.1 (νθ1+νx)–(νθ2–νy)+νD+νTO 846.0

(νθ1+νx)+νy+νD+νPH+νTO 1000.8 νθ2+νD(−)+νPH+2νTE 853.0
(νθ1+νx)+νθ2+νD+νPH+νTE 1016.1 (νθ1–νx)–(νθ2+νy)+νTE 877.8

(νθ2–νy)+2νD 1036.4 (νθ1–νx)+νPH+2νTO 887.1
(νθ1+νx)+(νθ2–νy)+νPH+νTO 1041.7 (νθ1–νx)–νθ2+2νTO 929.0

(νθ1+νx)–(νθ2–νy)+2νTO 1073.7 νθ1+νPH 931.6
(νθ1+νx)+νθ2+νy+2νD(−)+2νTE 1076.3 νθ2+νx+νD(+)+νTO 933.6
νPH+3νTO+(νθ1+νx)+(νθ2–νy) 1078.5a νx+νD(−)+2νTO 937.0
νPH+3νTO+(νθ1+νx)+(νθ2–νy) 1087.1a (νθ2–νy)+νD(−)+νTE 972.3

(νθ1–νx)+νD(−)+νTE 1092.1 (νθ1–νx)–νy+2νD+νTE 973.2
(νθ2+νy)+νD(−)+νTO 1126.1 (νθ1+νx)+νD(+) 979.2

νθ2+νPH+νTO 1133.1 νθ1+νθ2+2νTE 979.7
νθ1+νθ2+2νD(+)+3νTE 1133.2 (νθ1–νx)–νθ2+νTO 999.0
(νθ1+νx)–νy+νPH+νTE 1140.2 νy+2νD(−)+νD(+) 1004.3
(νθ1+νx)+νD(−)+νTE 1152.2 (νθ1+νx)+νPH+2νTO 1008.3
(νθ2+νy)+νD(+)+2νTO 1155.4 νx+2νD(−)+νD(+)+νTO 1015.3
νy+νD+νPH+2νTE 1184.9

a The not exclusive labels of Table 11 are given here exclusively.

group cannot be assigned purely with the νTE, νPH, and νD labels. Although the

first 10 states are pure non-bending, the next ones typically mix considerably with

Figure 11. Different 2D cuts of the 9D vibrational wave functions of the 33th eigenstate
of [DH–D–DH]+ (877.8 cm−1), with a viable label of (νθ1–νx)–(νθ2+νy)+νTE. Note
that the information contained in the 2D (φ, z), 2D (R, φ) and 2D (R, z) plots is
contradictory.
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Figure 12. 2D (R, z) cuts of the 9D vibrational wave functions of the 29th, 30th,
35th, 37th, 41th, 45th, 47th, 48th eigenstates of [DH–H–DH]+, an isotopomer of
H3D+

2 . The structure of the wave functions is unusual for these eigenstates.

the bending states (see Table 11). We should also note that for these isotopomers

some of the unique labels of the first two groups appear multiple times. This is

unusual for semirigid molecules but seemingly it happens quite a few times for the

astructural molecules studied here, where mixing is particularly strong.

The bending energy levels of these six isotopomers, especially of the seemingly

symmetric [DH–H–DH]+ and [DH–D–DH]+, seem to show a more chaotic dynamic

behavior than the other isotopomers, as judged by the 2D wave-function plots. There

are no real fundamentals, every bending-type state, even at low energy, displays a

rather complex combination of the possible motions. In several cases not only the

2D bending wave function plots are in contradiction with each other (see Figure

11), but also the wave function plots corresponding to the first set of coordinates

mimic this behavior (see Figure 12), which results in a difficult labeling procedure.

Despite the primarily bending character of these states, especially for [DH–H–DH]+
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and [DH–D–DH]+, the chaotic mixing can result in very unique structures in the 2D

(R, z) wave-function plots (see Figure 12), mixing the motions of the two coordinate

sets.

3.7 Rotational-vibrational states of H+
5

One of the main goals of my doctoral research was the determination of the accurate

rotational-vibrational energy level structure of the H+
5 molecular ion.61

The computed rovibrational energy levels of H+
5 (see Table 14) show a very unusual

characteristic. Looking at the J 6= 0 energy levels, referenced to the respective

vibrational band origins (VBO), negative rotational increments can be observed. For

example, the J = 1 and K 6= 0 energy levels for the first and second VBO, νZP and

νTE, respectively, become nearly degenerate, as can be seen more clearly for the H+
5

data presented in Table 15. Similar near degeneracies exist for higher J values and

for the 12D K 6= 0 energies for νTO and 2νTE, as well. Furthermore, the 2νTE and

2νTO vibrational levels, as well as the K 6= 0 rovibrational energies on them become

near degenerate (marked as 2νTE/TO in Table 15). These near degeneracies constitute

even another highly unusual feature of the rovibrational energy level structure of H+
5 .

Similarly to the vibration-only models it is important to compare the results

of the full-dimensional treatment of the rotational-vibrational states to those of

the different reduced-dimensional models. The energy levels of 4D torsion-only

model shows excellent agreement with the 12D energy levels (see Table 14). The 5D

reduced-dimensional model based on the R and z coordinates, however, does not

even give a qualitative agreement with the full-dimensional results (see Table 14).

Supplementing the energy levels with the rigid-rotor decomposition (RRD)125

analysis of the rovibrational wave functions helps to secure the assignment of the

variationally computed rovibrational states. Utilizing the RRD analysis in the 4D

torsion model, which results in similar torsional energy levels as its 12D counterpart,

heavy mixing of the different VBOs with the same J and |K| quantum numbers

is found for all the K 6= 0 rovibrational energy levels. These interesting mixings,

detailed in Table 14, point once again to the peculiar nature of the internal dynamics

of H+
5 .
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Table 14. J = 1, 2 and 3 rotational energies, and their characterization, of H+
5 in

reduced and full dimensions for νZP, νTE, νTO, and νPH.a

VBO J |K| RR1 RR2 CRR 4D(φ) Mixing 5D(R, z) 12D
νZP 1 0 6.7 6.7 6.7 6.7 1.00νZP 6.6 6.4

1 30.0 56.7 56.7 56.0 0.50νZP+0.30νTE+0.20νTO 30.0 57.8
2 0 20.0 20.0 20.0 20.0 1.00νZP 19.9 19.3

1 43.3 70.0 70.0 69.2 0.50νZP+0.30νTE+0.20νTO 43.3 70.4
2 113.3 220.0 220.0 201.3 0.55νZP+0.24ν2TE+0.22ν2TO 113.3 205.2

3 0 40.0 40.0 40.0 40.1 1.00νZP 39.8 38.2
1 63.4 90.0 90.0 90.0 0.50νZP+0.30νTE+0.20νTO 63.2 90.1
2 133.4 240.0 240.0 221.3 0.55νZP+0.24ν2TE+0.22ν2TO 133.3 224.1
3 250.0 490.0 490.0 493.5 0.49νZP+0.25ν3TE+0.25ν3TO 250.0

νTE 1 0 6.7 6.7 6.7 6.7 1.00νTE 6.4
1 30.0 56.7 −31.8 −31.8 0.50νZP+0.30νTE+0.20νTO −32.1

2 0 20.0 20.0 20.0 20.1 1.00νTE 19.2
1 43.3 70.0 −18.5 −18.2 0.50νZP+0.30νTE+0.20νTO −19.2
2 113.3 220.0 25.6 25.4 0.55νTE+0.45νTO 27.8

3 0 40.0 40.0 40.0 40.1 1.00νTE 38.1
1 63.4 90.0 1.5 1.1 0.50νZP+0.30νTE+0.20νTO 0.5
2 133.4 240.0 45.7 45.5 0.55νTE+0.45ν2TE 46.6
3 250.0 490.0 189.2 188.1 0.26νTE+0.23νTO+0.25ν2TE+0.24ν2TO 194.8

νTO 1 0 6.7 6.7 6.7 6.6 1.00νTO 6.4
1 30.0 56.7 145.2 145.1 0.20νTE+0.30νTO+0.25ν2TE+0.25ν2TO 148.1

2 0 20.0 20.0 20.0 20.0 1.00νTO 19.2
1 43.3 70.0 158.5 158.4 0.20νTE+0.30νTO+0.25ν2TE+0.25ν2TO 160.2
2 113.3 220.0 414.4 414.2 0.24νTE+0.26νTO+0.25ν3TE+0.25ν3TE 416.8

3 0 40.0 40.0 40.0 40.1 1.00νTO 38.1
1 63.4 90.0 178.5 178.4 0.20νTE+0.30νTO+0.25ν2TE+0.25ν2TO 178.9
2 133.4 240.0 434.4 434.2 0.24νTE+0.26νTO+0.25ν3TE+0.25ν3TO
3 250.0 490.0 790.9 790.7 0.23νTE+0.27νTO+0.25ν4TE+0.25ν4TO

νPH 1 0 6.7 6.7 6.1 5.7
1 30.0 56.7 29.7 58.2

2 0 20.0 20.0 18.2 17.0
1 43.3 70.0 41.9 69.2
2 113.3 220.0 112.8

3 0 40.0 40.0 36.4 33.7
1 63.4 90.0 60.1 85.7
2 133.4 240.0 131.0
3 250.0 490.0 249.1

2νTE 1 0 6.7 6.7 6.7 6.7 1.00ν2TE 6.3
1 30.0 56.7 −156.1 −155.6 0.20νTE+0.30νTO+0.25ν2TE+0.25ν2TO −161.9

2 0 20.0 20.0 20.0 20.0 1.00ν2TE 19.0
1 43.3 70.0 −142.8 −142.2 0.20νTE+0.30νTO+0.25ν2TE+0.25ν2TO −147.9
2 113.3 220.0 −205.7 −187.5 0.45νZP+0.26ν2TE+0.29ν2TO −192.7

3 0 40.0 40.0 40.0 40.1 1.00ν2TE 37.6
1 63.4 90.0 −122.8 −122.4 0.20νTE+0.30νTO+0.25ν2TE+0.25ν2TO −129.1
2 133.4 240.0 −185.7 −167.4 0.45νZP+0.26ν2TE+0.29ν2TO −174.0
3 250.0 490.0 −148.6 −153.0 0.26νTE+0.23νTO+0.25ν2TE+0.24ν2TO −159.6

2νTO 1 0 6.7 6.7 6.7 6.9 1.00ν2TO 6.3
1 30.0 56.7 269.5 269.9 0.25ν2TE+0.25ν2TO+0.25ν3TE+0.25ν3TO 276.8

2 0 20.0 20.0 20.0 20.3 1.00ν2TO 18.9
1 43.3 70.0 282.8 283.3 0.25ν2TE+0.25ν2TO+0.25ν3TE+0.25ν3TO
2 113.3 220.0 645.8 646.4 0.25ν2TE+0.25ν2TO+0.25ν4TE+0.25ν4TO

3 0 40.0 40.0 40.0 40.4 1.00ν2TO 38.9
1 63.4 90.0 302.8 330.3 0.25ν2TE+0.25ν2TO+0.25ν3TE+0.25ν3TO
2 133.4 240.0 665.8 666.5 0.25ν2TE+0.25ν2TO+0.25ν4TE+0.25ν4TO
3 250.0 490.0 1128.7 1129.8 0.25ν2TE+0.25ν2TO+0.25ν5TE+0.25ν5TO

a The rigid-rotor RR1 and RR2 and the corrected rigid rotor (CRR) models are
explained in the text. The RR estimates were obtained with the following rotational
constants: A = 26.67 and B = C = 3.33 cm−1 for RR1 and A = 53.34 and
B = C = 3.33 cm−1 for RR2. All rovibrational states reported are referenced to the
respective VBOs, whose values are reported in Table 7. This explains the occasional
occurence of ‘negative’ rotational energies. “Mixing” refers to results of the RRD
analysis of the 1D(φ) model.
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Table 15. J = 1 rovibrational energies of H+
5 according to 4D and 12D computations.

The notation 2νTE/TO refers to the degeneracy of the K 6= 0 rovibrational energies
belonging to the 2νTE and 2νTO vibrational states.

ν |K| 4D 12D
νZP 0 6.7 6.4

1 56.0 57.8
νTE 1 56.1 57.9

0 94.6 96.3
νTO 0 134.9 142.2

1 273.4 283.9
2νTE/TO 1 273.5 284.0
νPH 0 358.0

1 410.5
νTE + νPH 1 410.6

0 452.6
2νTE 0 435.8 451.9
2νTO 0 436.0 452.6

2νTE/TO 1 699.0 723.7

Although the form of the rotational-vibrational Hamiltonian depends on the

applied set of coordinates and the embedding of the molecule-fixed coordinate

system, the rovibrational energy levels resulting from a full-dimensional variational

solution based on the Hamiltonian must be coordinate and embedding independent.

Nevertheless, convergence of the eigenstates toward the “exact” solution during a

variational treatment may depend appreciably on the coordinates, the embedding,

and the basis set. To obtain converged rotational-vibrational energy levels it is

desirable to test the chosen set of coordinates, the different embeddings, and the

basis sets. Comparison of the different embeddings is detailed later in this study.

3.8 Understanding the rotational-vibrational states of H+
5

It is important not only to determine but also to understand the 12D variational

results, i.e., the energy levels and the associated wave functions. To understand the

unusual internal dynamics of H+
5 I derived and analyzed model Hamiltonians62 as

part of my doctoral research.

The simplest approach to assign the rovibrational energy levels is based on the
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rigid-rotor (RR) model (Table 14). This works well for all semirigid molecules55 and

even for a large number of molecules exhibiting large-amplitude motion. Within the

RR model the rotational constants of the equilibrium structure, of C2v point-group

symmetry, as well as the rotational constants of the symmetric stationary points

of D2d or D2h symmetry (Figure 1) can be used. The associated energy levels are

called RR1 in Table 14.As these tables show there are remarkable deviations between

the full-dimensional variational and the RR1 results for the K 6= 0 energy levels.

These large deviations are due to the coupling between the rotational dofs and φ

and suggest that the rigid rotor model fails to provide even a correct zeroth-order

description of the K 6= 0 states.

3.8.1 Derivation of the G matrix

In order to understand the rotational-vibrational energy level structure of H+
5 the

extensive coupling between the φ vibrational coordinate and the rotational dofs should

be taken into account. Since the rovibrational G matrix54 determines the kinetic

energy operator, studying the elements of the G matrix provides important insight

into the differences between distinct internal coordinate and body-fixed embedding

choices To determine the extent of coupling the in the rovibrational Hamiltonian one

needs to derive first the 12D G matrix elements. However, since the 4D torsional

model yield quantitatively same results as the full-dimensional model it is eligible to

derive first the G matrix of this 4D model.

To visualize the qualitative difference in the rovibrational coupling in the GE

and BE, the G matrix has been derived in both embeddings. The nuclear position

vectors in the geometric embedding, using the nine internal coordinates of Figure 2,

are:

rGE
1 =

(
−r1

2 sin θ1, 0,−
r1

2 cos θ1 + R

2

)
,

rGE
2 =

(
r1

2 sin θ1, 0,
r1

2 cos θ1 + R

2

)
,

rGE
3 =

(
−r2

2 sin θ2 cosφ,−r2

2 sin θ2 sinφ,−r2

2 cos θ2 −
R

2

)
,
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rGE
4 =

(
r2

2 sin θ2 cosφ, r2

2 sin θ2 sinφ, r2

2 cos θ2 −
R

2

)
,

rGE
5 = (x, y, z) . (15)

In the bisector embedding the nuclear position vectors are defined as:

rBE
1 =

(
−r1

2 sin θ1 cos φ2 ,
r1

2 sin θ1 sin φ2 ,−
r1

2 cos θ1 + R

2

)
,

rBE
2 =

(
r1

2 sin θ1 cos φ2 ,−
r1

2 sin θ1 sin φ2 ,
r1

2 cos θ1 + R

2

)
,

rBE
3 =

(
−r2

2 sin θ2 cos φ2 ,−
r2

2 sin θ2 sin φ2 ,−
r2

2 cos θ2 −
R

2

)
,

rBE
4 =

(
r2

2 sin θ2 cos φ2 ,
r2

2 sin θ2 sin φ2 ,
r2

2 cos θ2 −
R

2

)
,

rBE
5 = (x, y, z) . (16)

Note that neither the GE nor the BE Cartesian position vectors given above are

defined with respect to the center of mass (COM) of the two H2 units.

To move toward the desired reduced-dimensional models we set x = y = z = 0 in

Figure 2. This places the hydrogen numbered 5 in Figure 2 at the origin, which is

now the center of mass of H+
5 . We further freeze all of the vibrational dofs except for

φ, using the values of these coordinates that correspond to the D2d structure, which

is a first-order saddle point on the PES of H+
5 .133 As such, r1 = r2 = r, R = R0,

and θ1 = θ2 = π
2 (see Table 1). Note that some rotational matrix elements of the

four-dimensional torsion-rotation G matrix were found to depend on the value of φ.

In case of these matrix elements we have approximated the φ-dependent expressions

with their values at φ = π/2 (an excellent approximation in the present case). The

resulting four-dimensional G matrix, corresponding to the torsional vibrational dof

(first row and column) plus three rotational dofs (rows and columns from two to

four), can be derived using the position vectors in the geometric embedding is given

by
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GGE,4D =



4
mHr2 0 0 − 2

mHr2

0 2
mH(r2+2R2

0) 0 0

0 0 2
mH(r2+2R2

0) 0

− 2
mHr2 0 0 2

mHr2


, (17)

and in the bisector embedding:

GBE,4D =



4
mHr2 0 0 0

0 2
mH(r2+2R2

0) 0 0

0 0 2
mH(r2+2R2

0) 0

0 0 0 1
mHr2


. (18)

Comparing the two G4D matrices, Eqs. (17) and (18), G11 and Gij (i, j = 2, 3, 4)

in both cases contribute to the vibrational and rotational blocks of G, respectively.

One can also observe that the only nonzero off-diagonal elements are the G14 = G41

terms in the GE case, which are the only nonzero rovibrational coupling terms in

either the GE or the BE Hamiltonian. These terms are not evident when the bisector

embedding is used, reflecting the more balanced treatment of the two H2 units in

this case.

In the case of the geometric embedding, the reference rotational block of GGE,4D

leads to the effective rotational constants A = 1
mHr2 and B = 1

mH(r2+2R2
0) of the ion (in

atomic units). When comparing these values to Aref = 1
2mHr2 and Bref = 1

mH(r2+2R2
0)

computed from the reference structure it becomes evident that A is twice as large as

its traditional Aref counterpart. This doubling is due to the substantial coupling of

the low-frequency torsional mode with a rotational dof and it almost in itself explains

the astructural character of H+
5 . Taking this coupling into account allows the use

of a more sophisticated RR model, called RR2, whereby the A rotational constant

is doubled as compared to RR1. It is clear that once the strong interaction of the

torsional mode and a rotational dof is taken into account the rotation energies can be

explained in a much more satisfactory way even by a RR model. For the zero-point

vibration (νZP) the RR2 model provides rotation energies in good agreement with

their variational counterparts. Nevertheless, for excited vibrational states both the
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RR1 and RR2 models fail, in accordance with the astructural nature of H+
5 .

Beyond the 1D(φ) model it is also relevant to discuss the 2D (R, z) model where

r is kept fixed, and φ is set to its equilibrium value to eliminate the strong torsion-

rotation coupling. Based on these coordinates of Figures 2 one can derive the

five-dimensional G matrix

GGE,5D =



1
mH

0 0 0 0

0 1
mH

0 0 0

0 0 2
mH(r2+2R2

0) 0 0

0 0 0 2
mH(r2+2R2

0) 0

0 0 0 0 1
mHr2


(19)

with the following coordinate order: R, z, and then the three rotation coordinates.

In this case the off-diagonal coupling matrix elements are all equal to zero and we

get the A = 1
2mr2 and B = 1

m(r2+2R2
0) effective rotational constants coincide with the

Aref and Bref rotational constants computed from the coordinates of the reference

structure.

We can conclude that (a) this 2D model does not possess the interesting pe-

culiarities of the 1D torsional model as the motion along φ is constrained; and

(b) the rigid rotor approximation provides a good description for the rovibrational

energy levels computed with the 2D (R, z) model. These 2D results, as well as

other reduced-dimensional model results not detailed here, suggest that only those

reduced-dimensional models should be accepted as physically relevant where the

torsional motion is active, all other simplified treatments make limited physical sense

and their results should be viewed with extreme caution.

3.8.2 The corrected rigid rotor (CRR) formula

To explain the variational rovibration energy levels of the excited vibrational states

one needs to take the coupling into account in the model Hamiltonian. The general

form of the rotational-vibrational Hamiltonian reads as

Ĥ = Ĥv + T̂r + T̂rv ≈ Ĥv + T̂RR
r + T̂rv = Ĥ ′, (20)

67



where the terms Ĥv, T̂r and T̂rv correspond to the vibrational Hamiltonian, the

rotational kinetic energy, and the rotational-vibrational coupling term, respectively.

In the right-hand side of Eq. (20) T̂r is approximated by T̂RR
r , the symmetric-top

rigid-rotor Hamiltonian with rotational constants A = 1
mHr2 and B = 1

mH(r2+2R2
0) .

Based on the GBE,4D matrix of Eq. (17), we obtain

T̂rv = Â(φ)Ĵz, (21)

where Â(φ) denotes the φ-dependent part of the T̂rv operator. The matrix elements

of the approximate Hamiltonian Ĥ ′ take the form

〈vJKM |Ĥ ′|v′JK ′M ′〉 = δKK′δMM ′ [(Ev + ERR
JK)δvv′ + Avv′K] (22)

in the direct-product basis of the |v〉 vibrational and |JKM〉 symmetric-top eigen-

states with Ĥv|v〉 = Ev|v〉, ERR
JK = BJ(J + 1) + (A−B)K2, and Avv′ = 〈v|Â(φ)|v′〉.

The diagonal Avv matrix elements are identically zero. If the Avv′ quantities are

neglected, except for the Av+v− coupling matrix elements between the |v+〉 and |v−〉

vibrational states of the distinct torsional doublets, the matrix representation of Ĥ ′

will have a block-diagonal structure containing two-dimensional blocks

Ev+ + ERR
JK Av+v−K

Av+v−K Ev− + ERR
JK

 (23)

for a given torsional doublet, with the eigenvalues

ERR
JK + Ev+ + Ev−

2 ±
√

(Ev+ − Ev−)2

4 + A2
v+v−K

2. (24)

The approximate CRR formula, Eq. (24), modeling the 1D torsion motion gives

results in considerably better agreement with the variationally computed results

(column CRR in Tables 14). The data clearly show the utility of a corrected rigid-

rotor model where the torsion-rotation interaction is taken into account via a simple

one-dimensional model for a system where the rotational and vibrational spacings

are of the same magnitude.
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3.9 Describing rovibrational states of H+
5 through model

Hamiltonians

Extremely low potential barriers along the torsional coordinates on the potential

energy surfaces (PES) of molecules can result in effectively barrierless motions.

Coupling between the different rotational-vibrational dofs has a considerable influence

on the rovibrational energy levels. The rovibrational coupling accompanied with

the almost free torsion has a direct effect on the rovibrational energy level structure.

The astructural H+
5 molecule is a prototypical example for strong torsional-rotational

coupling.

The different manifestation of rovibrational coupling in GGE,4D and GBE,4D calls

for a detailed investigation, which is presented here via different reduced-dimensional

model Hamiltonians. Although the earlier derived G matrix elements are valid

specifically for the molecular ion H+
5 , the reduced-dimensional model Hamiltonians

to be derived are of relevance for a larger class of molecules, where a large-amplitude

torsional motion and its coupling with the rotational dofs become important.

In this section I show the effect of the torsional-rotational coupling on the rovibra-

tional energy level structure of H+
5 , utilizing several one- and two-dimensional model

Hamiltonians. First, a one-dimensional (1D) vibrational model will be investigated,

followed by several 2D extensions.

3.9.1 The 1D(φ) vibrational model

Taking only the torsional motion (φ) between the two H2 units of H+
5 into account

(see Figure 2), a one-dimensional vibrational model Hamiltonian can be obtained,

Ĥ1D = −2bH2

∂2

∂φ2 + V̂ (φ), (25)

where the second-derivative operator is multiplied by the constant from the G4D

matrix, −1
2G11, and

bH2 = 1
mHr2 (26)
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Table 16. Energies, in cm−1, corresponding to the 1D vibrational model of Eq. (25)
and employing 21 exponential DVR basis functions for the torsional coordinate (k is
defined in Eq. (28)).

|k| V = 0 V 6= 0
0 0.00 (235.97)a

1 106.67 88.06
106.67 128.09

2 426.70 428.25
426.70 430.13

3 960.06 962.16
960.06 962.18

4 1706.78 1708.78
1706.78 1708.78

5 2666.84 2668.79
2666.84 2668.79

6 3840.26 3842.18
3840.26 3842.18

aThis is the zero-point vibrational energy of the model, it was subtracted from the
V 6= 0 eigenvalues to arrive at the |k| 6= 0 energy values reported, thus making them
comparable to the V = 0 results.

is the rotational constant of one of the H2 groups. Since the G11 elements in the GE

and BE embeddings are equal [see Eqs. (17) and (18)], the energy levels corresponding

to Ĥ1D are identical, as required. The potential in Eq. (25) can be taken as a one-

dimensional cut of the full-dimensional PES135 along the φ coordinate, which can be

approximated by the function

V (φ) = V0

2

[
cos(2φ) + 1

]
+ Vmin, (27)

where V0 = 80.0894 cm−1 and Vmin = 197.798 cm−1.

As a first task, we solve the eigenvalue problem without the potential energy

operator (V0 = Vmin = 0) analytically by recognizing that functions of the form

exp(ikφ) (k is an integer) are eigenfunctions of the kinetic energy operator. This

results in nondegenerate (for k = 0) and doubly degenerate (for k 6= 0) energy

levels (see the V = 0 column of Table 16 for the numerical results, corresponding

to bH2 = 53.34 cm−1). This observation can easily be explained as follows. The
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eigenvalues are

E1D
k = 2bH2k

2, (28)

where k is any integer (negative, positive, or 0). Clearly, the torsional states diverge

rapidly due to the k2 dependence. Consequently, and unusually for those trained

on slightly anharmonic (stretching) motions, H+
5 might exhibit, depending on the

potential, only a few torsional states up to its first dissociation limit.

Adding the potential to the equation and using an exponential DVR basis, the

kinetic energy matrix elements can be computed analytically, while the potential

energy matrix is diagonal in a DVR basis. As a result of adding the potential, the

first doublet at 106.7 cm−1 splits by 40.0 cm−1, with a slightly increased mean value

of 108.1 cm−1. The rest of the eigenvalues change only slightly and the splitting is

diminishing as the excitation increases (for |k| = 2, 3, and 4 the splittings are 1.88,

0.02, and 0.00 cm−1, respectively, see Table 1). This is an important modeling result

as it suggests that there are indeed only a small number of torsional states (only

up to |k| = 4 or perhaps 5) below the first dissociation limit of H+
5 , about 2 500

cm−1. Interestingly, despite the introduction of an 80 cm−1 torsion barrier, only the

|k| = 1 states show significant deviations from the values obtained in the barrierless

(V = 0) model. The general question how the torsional splittings depend, in the case

of the 1D(φ) model, on the height of the barrier has been addressed before, see, for

example, refs. 59, 157.

3.9.2 The 2D(φ1, φ2) model

A two-dimensional extension of the 1D(φ) Hamiltonian of the previous subsection is

defined as

Ĥ2D = −bH2

(
∂2

∂φ2
1

+ ∂2

∂φ2
2

)
+ V̂ (φ2 − φ1), (29)

where the two torsional coordinates are φ1 ∈ [0, 2π] and φ2 ∈ [0, 2π], and the V̂

potential energy operator, coupling the φ1 and φ2 coordinates, depends on only the

difference of φ2 and φ1. Setting V̂ to zero leads to an uncoupled Hamiltonian, for

which the eigenproblem can be solved analytically, the energy levels E2D
k1,k2 and wave
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Table 17. Energies, up to 1 800 cm−1, corresponding to the 2D(φ1,φ2) model
employing 21 exponential DVR basis functions for both torsional coordinates. The
eigenenergies of the 2D(φ, αGE) and 2D(φ, αBE) models are identical with those
reported herein. The energies are given in cm−1, V (φ) is given in Eq. (27), and
∆E = E(V 6= 0) − E(V = 0). The energy values are labeled by |L|, an angular
momentum quantum number, i, counting the different eigenstates corresponding to
the same |L|, and |KGE| and |KBE|, the torsional quantum numbers in the 2D(φ, αGE)
and 2D(φ, αBE) models, respectively. The degeneracy factor d corresponds to the
V 6= 0 case; thus, the true V = 0 degeneracies can be higher than the V 6= 0 ones
reported. (For the extension of Table 17 up to 2 900 cm−1 energy see Appendix.)

|L| i |KGE|a |KBE| d E(V = 0) E(V 6= 0) ∆E
0 1 0 0 1 0.00 235.97
1 1 (0,1) 1/2 4 53.34 52.72 −0.61
0 2 1 1 1 106.67 88.06 −18.61
2 1 1 0 2 106.67 106.67 0.00
0 3 1 1 1 106.67 128.09 21.42
2 2 (0–2) 1 2 213.35 194.74 −18.61
2 3 (0–2) 1 2 213.35 234.76 21.42
3 1 (1,2) 1/2 4 266.68 266.07 −0.61
1 2 (1,2) 3/2 4 266.68 270.04 3.36
4 1 2 0 2 426.70 426.70 0.00
0 4 2 2 1 426.70 428.25 1.55
0 5 2 2 1 426.70 430.13 3.43
3 2 (0,3) 3/2 4 480.03 483.39 3.36
4 2 (1–3) 1 2 533.37 514.76 −18.61
2 4 (1–3) 2 2 533.37 534.93 1.56
2 5 (1–3) 2 2 533.37 536.80 3.43
4 3 (1–3) 1 2 533.37 554.78 21.42
5 1 (2,3) 1/2 4 693.38 692.77 −0.61
1 3 (2,3) 5/2 4 693.38 695.61 2.23
4 4 (0–4) 2 2 853.39 854.95 1.56
4 5 (0–4) 2 2 853.39 856.82 3.43
3 3 (1,4) 5/2 4 906.73 908.96 2.23
5 2 (1,4) 3/2 4 906.73 910.08 3.36
6 1 3 0 2 960.06 960.06 0.00
0 6 3 3 1 960.06 962.16 2.10
0 7 3 3 1 960.06 962.18 2.12
6 2 (2–4) 1 2 1066.74 1048.13 −18.61
2 6 (2–4) 3 2 1066.74 1068.83 2.10
2 7 (2–4) 3 2 1066.74 1068.86 2.12
6 3 (2–4) 1 2 1066.74 1088.15 21.42
7 1 (3,4) 1/2 4 1333.42 1332.81 −0.61
1 4 (3,4) 7/2 4 1333.42 1335.46 2.04
5 3 (0,5) 5/2 4 1333.42 1335.65 2.23
6 4 (1–5) 2 2 1386.76 1388.32 1.56
4 6 (1–5) 3 2 1386.76 1388.86 2.10
4 7 (1–5) 3 2 1386.76 1388.88 2.12
6 5 (1–5) 2 2 1386.76 1390.19 3.43
3 4 (2,5) 7/2 4 1546.77 1548.81 2.04
7 2 (2,5) 3/2 4 1546.77 1550.12 3.36
8 1 4 0 2 1706.78 1706.78 0.00
0 8 4 4 1 1706.78 1708.78 2.00
0 9 4 4 1 1706.78 1708.78 2.00

a For odd |L|, two of the 4-fold degenerate energy levels with the same |L| can be
labelled by one |KGE| quantum number (x) and two by another one (y). Such cases
are marked as (x,y). For even |L|, where |L| 6= 0 and i > 1, two, 2-fold degenerate
energy levels with the same |L| and V = 0 energy but different x and y |KGE|
quantum numbers are mixed in the V 6= 0 case. Such cases are marked as (x− y).
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functions Ψ2D
k1,k2(φ1, φ2) are

E2D
k1,k2 = bH2(k2

1 + k2
2), (30)

and

Ψ2D
k1,k2(φ1, φ2) = 1

2π exp(ik1φ1) exp(ik2φ2). (31)

Two important remarks are in order: (a) the wave functions are periodic with a period

of 2π in both φ1 and φ2; and (b) this periodicity implies that k1 and k2 must take

integer values. Note that the Ψ2D
k1,k2(φ1, φ2) uncoupled eigenstates can be employed for

the expansion of the eigenstates of Ĥ2D (corresponding to a Fourier-series expansion).

As V̂ depends only on φ2 − φ1, Ĥ2D is invariant under an arbitrary rotation of

H+
5 about the z axis. Thus the projection of the overall angular momentum on z

(the corresponding operator is denoted by L̂) is conserved and the eigenstates of Ĥ2D

are also eigenstates of L̂, and can be labelled by the angular momentum quantum

number L ∈ Z:

L̂Ψ2D
i,L(φ1, φ2) = LΨ2D

i,L(φ1, φ2), (32)

where i labels different eigenstates having the same value of |L| in order of increasing

energy. Variational results corresponding to the 2D(φ1, φ2) model are presented

in Table 17 for the V = 0 and V 6= 0 cases. Even though L is a good quantum

number, in the case of the 2D(φ1, φ2) model the Ψ2D
i,L(φ1, φ2) eigenstates with different

values of the L quantum number are not automatically separated. The computed

eigenenergies show clear 1-, 2- and 4-fold and occasionally nearly 8-fold degeneracies

in the V 6= 0 case (see Table 17). These near degeneracies are fully explained by

the V = 0 results as without the hindering torsional potential the eigenvalues have

perfect 4- and 8-fold degeneracies, as expected from Eq. (30).

In the subsequent subsections we present two possible coordinate embedding

choices while defining one rotational and one vibrational dof. As a result, the

Hamiltonian matrix blocks corresponding to different L values are separated and

eigenstates with different L values can be obtained independently.
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3.9.3 The 2D(φ, αGE) GE rovibrational model

The first coordinate transformation is defined by the following equations:

φ = φ2 − φ1,

αGE = φ1, (33)

where φ and αGE describe the relative torsional motion of the two diatoms and the

overall rotation of the two diatoms about the z axis, respectively. The transformed

Hamiltonian becomes

Ĥ2D,GE = −bH2

(
2 ∂2

∂φ2 + ∂2

∂α2
GE
− 2 ∂2

∂φ∂αGE

)
+ V̂ (φ)

= −bH2

(
2 ∂2

∂φ2 − L̂
2 − 2i ∂

∂φ
L̂

)
+ V̂ (φ), (34)

where the third term couples the vibrational and rotational dofs and L̂ = −i ∂
∂αGE

.

The form of Ĥ2D,GE is also justified by the matrix elements of GGE,4D [see Eq. (17)].

The next step is to represent the periodic V̂ (φ) potential by a Fourier series:

V̂ (φ) =
∑
k

Vk exp(ikφ), (35)

and examine matrix elements of Ĥ2D expressed in the orthonormal Ψ2D
k1,k2(φ1, φ2)

uncoupled basis. These integrals can be transformed from the (φ1, φ2) to the (φ, αGE)

coordinate system:

H2D
k1,k2;k′1,k′2

= 1
4π2

∫ 2π

0
dφ1

∫ 2π

0
dφ2 exp(−ik1φ1) exp(−ik2φ2)Ĥ2D exp(ik′1φ1) exp(ik′2φ2)

= 1
4π2

∫ 2π

0
dαGE

∫ 2π−αGE

−αGE
dφ exp(−i(k1 + k2)αGE) exp(−ik2φ)×

Ĥ2D,GE exp(i(k′1 + k′2)αGE) exp(ik′2φ)

= δLL′

[
bH2(2K2

GE + L2 − 2KGEL)δKGEK′GE
+ VKGE−K′GE

]
= H2D,GE

KGE,L;K′GE,L
′ , (36)

where the new quantum numbers KGE = k2 and L = k1 + k2 have been introduced
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and the transformed basis functions are

fGE
KGE,L

(φ, αGE) = 1
2π exp(iKGEφ) exp(iLαGE), (37)

with integer KGE and L values, the latter corresponding to the angular momentum

quantum number. In this particular case matrix elements of the potential energy

operator defined by Eq. (27) take the following form:

VKGE,L;K′GE,L
′ = δLL′VKGE−K′GE

= δLL′
[(
V0

2 + Vmin

)
δKGE,K′GE

+ V0

4 δ2,KGE−K′GE
+ V0

4 δ2,K′GE−KGE

]
. (38)

It is worth pointing out the following: (a) the H2D,GE blocks with different L

values are not coupled; and (b) the αGE-dependent lower and upper integration limits

of φ can be modified to 0 and 2π for arbitrary φ-dependent periodic basis functions

with a period of 2π as the value of the integral does not depend on αGE. The latter

statement for matrix elements of an arbitrary 2π periodic operator Â(φ) can be

proven by Fourier expansion of Â(φ) and the periodic φ-dependent basis functions

[gi(φ) = gi(φ+ k2π), k ∈ Z]:

∫ 2π−αGE

−αGE
dφg∗i (φ)Â(φ)gj(φ) =

∑
klm

g∗ikAlgjm

∫ 2π−αGE

−αGE
dφ exp[i(l +m− k)φ]

= 2π
∑
lm

g∗i,l+mAlgjm. (39)

Thus, periodic exponential DVR basis functions can be employed to provide an

alternative representation of Ĥ2D,GE:

H2D,GE
k,L;k′,L′ = 1

2π

∫ 2π

0
dαGE

∫ 2π

0
dφ exp(−iLαGE)f ∗k (φ)Ĥ2D,GE exp(iL′αGE)fk′(φ)

= δLL′

[
− bH2

(
2
∫ 2π

0
dφf ∗k (φ)

(
∂2

∂φ2 − iL ∂

∂φ

)
fk′(φ)− L2δkk′

)
+ V̂ (φk)δkk′

]
, (40)

where fk(φ) stands for the kth exponential DVR basis function and φk is the grid

point associated with fk(φ). This vibrational basis was employed in a previous
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study61 published on H+
5 by three of the authors of this paper.

The numerical variational results obtained with the Ĥ2D,GE Hamiltonian are

exactly the same as those obtained with the 2D(φ1, φ2) model given in Table 17.

Note that the basis functions defined by Eq. (37) are eigenfunctions of the uncoupled

system, thus they provide an efficient basis set for the expansion of the energy

eigenstates of the weakly coupled system, considerably facilitating the determination

of the KGE labels provided in the third column of Table 17 for the 2D(φ, αGE) model.

3.9.4 The 2D(φ, αBE) BE rovibrational model

The second coordinate transformation employed within this section is specified as

follows:

φ = φ2 − φ1,

αBE = φ1 + φ2

2 , (41)

with φ and αBE describing vibrational and rotational dofs, respectively. The trans-

formed Hamiltonian is

Ĥ2D,BE = −bH2

(
2 ∂2

∂φ2 + 1
2

∂2

∂α2
BE

)
+ V̂ (φ) = −bH2

(
2 ∂2

∂φ2 −
1
2 L̂

2
)

+ V̂ (φ), (42)

where L̂ = −i ∂
∂αBE

. The form of Ĥ2D,BE is in line with the matrix elements of GBE,4D

[see Eq. (18)] and suggests that φ and αBE are not coupled in this model. However,

the coordinate transformation of the integrals giving Hamiltonian matrix elements

shows that the integration limits of φ indeed depend on the actual value of αBE:

H2D
k1,k2;k′1,k′2

= 1
4π2

∫ 2π

0
dφ1

∫ 2π

0
dφ2 exp(−ik1φ1) exp(−ik2φ2)Ĥ2D exp(ik′1φ1) exp(ik′2φ2)

= 1
4π2

[ ∫ π

0
dαBE

∫ 2αBE

−2αBE
dφ exp(−i(k1 + k2)αBE) exp(−ik2 − k1

2 φ)×

Ĥ2D,BE exp(i(k′1 + k′2)αBE) exp(ik
′
2 − k′1

2 φ)+

+
∫ 2π

π
dαBE

∫ 4π−2αBE

2αBE−4π
dφ exp(−i(k1 + k2)αBE) exp(−ik2 − k1

2 φ)×
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Ĥ2D,BE exp(i(k′1 + k′2)αBE) exp(ik
′
2 − k′1

2 φ)
]

= δLL′

[
bH2

(
2K2

BE + 1
2L

2
)
δKBE,K′BE

+ VKBE−K′BE

]
= H2D,BE

KBE,L;K′BE,L
′ , (43)

where KBE = (k2−k1)/2 = KGE−L/2, and the Hamiltonian, the basis functions, the

integral volume element, and the integration limits have been transformed according

to the coordinate transformation defined by Eq. (41). The new basis functions can

be expressed as

fBEKBE,L
(φ, αBE) = 1

2π exp(iKBEφ) exp(iLαBE), (44)

with integer L, and integer (for even L) or half-integer (for odd L) KBE values. Thus,

the period of fBEKBE,L
(φ, αBE) with respect to αBE is always 2π, but the period for

φ, depending on the parity of L, is either 2π (for even L) or 4π (for odd L). Note

that it is possible and reasonable to have the range of φ be 0 to 4π for all values

of L. In this case the normalization factor in Eq. (44) has to be changed from

(2π)−1 to (2
√

2π)−1. By employing the matrix elements provided by Eq. (43) it

is straightforward to obtain the energy levels corresponding to the 2D(φ, αBE) BE

rovibrational model. Alternatively, by performing similar manipulations to those

carried out at the end of the previous subsection one can show that φ-dependent

periodic DVR basis functions can also be used. Energy levels obtained from the BE

model agree with their 2D(φ, αGE) GE and 2D(φ1, φ2) counterparts.

3.10 On the rovibrational energy level structure of H+
5 and

its models

In Ref. 61 we noted that the rovibrational energy levels of H+
5 display several highly

peculiar characteristics. Some of these unusual features are displayed by the E(V 6= 0)

results of Table 17. The 2D(φ, αGE) and 2D(φ, αBE) rovibrational models of H+
5 can

be interpreted such that the B and C rotational constants are zero and the A = bH2/2

rotational constant is about 26 cm−1. Several important conclusions can be drawn

from the computed results presented in Table 17.
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Figure 13. Plot of five wave functions obtained by solving the Ĥ2D,BE model
Hamiltonian with the potential defined in Eq. (27); (a) provides the ground state
(L = KBE = 0 and consequently k1 = k2 = 0), (b) and (c) correspond to linear
combinations of states with L = 0 and |KBE| = 1 (k1 + k2 = 0 and |k1 − k2| = 2),
while (d) and (e) show two linear combinations of states with |L| = 1 and |KBE| = 1/2
(|k1 + k2| = |k1 − k2| = 1).

First, consider the V = 0 states. All these states can be described by a single

|KGE| value. Labeling of the 4- and 8-fold degenerate states requires two |KGE|

values characterizing an equal number of eigenstates, the only exceptions being the

|KGE| = |k2| = |k1| cases where a single |KGE| is sufficient. The 12-fold degenerate

states require three or four |KGE| values for their labeling, depending on whether

the k2
1 + k2

2 = 2(k′1)2 or the k2
1 + k2

2 = (k′1)2 + (k′2)2 relation holds. For example, the

12 eigenstates at 1333.42 cm−1 correspond to the 32 + 42 = 02 + 52 relation, while

the 12-fold degenerate 2666.84 and 3466.90 cm−1 eigenstates (not shown in Table 17,

see Appendix) correspond to 12 + 72 = 52 + 52 and 42 + 72 = 12 + 82, respectively.

Second, let us turn on the potential. This will affect the energy levels and the

wave functions, and thus their labeling, in a number of ways. (1) For V 6= 0, |KGE|
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is no longer a useful quantum number for labeling the eigenstates corresponding to a

given |L|. On the other hand, |KBE| appears to provide a unique set of labels for the

energy levels corresponding to a given |L|, increasing |KBE| corresponds to increasing

energy order. (2) The L = 0 energy values, which one could call vibrational band

origins (VBO), always change when the potential is turned on. The L = 0 energy

values of Table 17 are in fact the same as the energies presented in Table 16 for

the 1D(φ) model. (3) When considering even values of |L| > 0, the following can

be observed: (a) The energy of the first level (i = 1 and |KBE| = 0) appears to be

independent of the height of the barrier in the potential, although the corresponding

wave functions change as the PES changes. (b) While the energies do change in the

previously (V = 0) 4- and 8-fold degenerate |KGE| = |k2| = |k1| cases, one |KGE| is

still sufficient to label the eigenstate. In all other cases there is a 50–50 mixing of

x and y basis states, which is indicated in the corresponding column of Table 17

employing the (x − y) notation. (c) All the “rovibrational” energy levels can be

simply calculated via the equation E(|Leven| 6= 0) = E(L = 0) + bH2L
2/2, i.e., by

knowing the “vibrational” energies and the value of |L|, as suggested by the BE

matrix elements of Eq. (23) (a similar statement holds for the wave functions, as

well). For example, a constant splitting of 40.02 cm−1 is first observed for the purely

torsional VBOs L = 0, i = 2 and 3, and the same splitting is also found between

the pairs of states with i = 2 and 3, |KBE| = 1 and even |L| values. (4) For odd

values of |L| similar but somewhat different statements hold: (a) In the previously

(V = 0) 4-fold degenerate cases the 4-fold degeneracy remains and the same |KGE|

values can be used to label the eigenstates. (b) In the previously (V = 0) 8-fold

degenerate cases there is a splitting into two 4-fold clusters, where one |KGE| labels

two eigenstates and another one the remaining two. Such cases are indicated in

the corresponding column of Table 17 by employing the (x, y) notation. (c) For the

previously (V = 0) 12-fold degenerate states the two subcases discussed above for

even and odd |L| values will both be present. (d) All the “rovibrational” energy

levels can still be simply calculated based on the |L| = 1 energies and the value of

|L| via the equation E(|Lodd| 6= 0) = E(L = 1) + bH2(L2 − 1)/2, as also suggested by

the BE model.
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Third, an unanticipated but seemingly general aspect of the rovibrational energy

level structure of H+
5 comes in the fact that energy states that are labeled as |L| = 1,

|KGE| = 1 (and which have energies of 52.72 cm−1) are lower in energy than the

L = 0, |KGE| = 1 level (which is found at 88.06 cm−1). This apparently odd energy

ordering, where the |L| = 1 level is lower in energy than the corresponding L = 0

state, is related to the difference in the integration limits for φ when L is even or odd,

as described above. When the range of φ is made to be [0,4π] in all cases, one finds

that the nodal structure for the states with L = 0 and |KGE| = 1 have two quanta in

the torsion rather than one, while the states with |L| = 1, |KGE| = 1 have only one

quantum in the torsion. If we focus on the L and |KBE| quantum numbers, the energy

progressions appear to be more consistent with expectations (see Table 17). This

change in the quantum number descriptions can also be seen in the wave functions

for |L| = 0 and 1 with |KBE| ≤ 1, using the potential defined in Eq. (27), plotted

in Figure 13. As clearly seen, for the ground state [Figure 13(a)], the value of the

wave function is essentially constant and the wave function is independent of αBE.

When L = 0 and |KBE| = 1 (|k1| = |k2| = 1 and k1 + k2 = 0), the nodal pattern in φ

is consistent with two quanta in the torsion, rather than one. In contrast, when |k1|

and |k2| equal 1 and 0, there are half as many nodes in φ, and now there is a node in

αBE consistent with the assignment of this state to |L| = 1 and |KBE| = 1/2. While

this choice of coordinates and quantum numbers results in a more straightforward

energy progression, it still leads to atypical behavior as the requirement that both

k1 and k2 take on integer values means that |KBE| can be either integer or half

integer. The E(V = 0) states provide a perfect physical explanation for this unusual

characteristics of the energy level set.

Fourth, it is of general interest to ask how the computed rovibrational energies

change as the torsional barrier changes. The results of this analysis are provided

in Figure 14, where the energies and the value of V0 in Eq. (27) are provided

in reduced units, i.e., scaled by the rotor constant for H2, bH2 . In this plot, the

energies ε2D = E2D/bH2 are reported relative to the zero-point energy and as a

function of υ0 = V0/bH2 , where V0 represents the height of the barrier in the torsion

potential. The plotted eigenvalues are described in terms of the quantum numbers
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for the uncoupled basis, |k1| and |k2| (left) or their sum |L| = |k1 + k2| (right), and

correspond to the two limiting cases, i.e., the zero and the very large barrier cases,

respectively. The degeneracy (d) of each level is also provided. As seen, in the limit

of large υ0 the tunneling structure expected for semirigid molecules is recovered,

where the degeneracy reflects the double-well nature of the potential as well as the

fact that the energy depends on |L| and not its sign. In this plot, the value of υ0

that is appropriate for H+
5 is 1.5, and this is indicated with a red vertical line in

the figure. As anticipated by the discussion above, this corresponds to an energy

level progression that is very close to the barrierless (υ0 = 0) limit. The value of υ0

that corresponds to the barrier in methanol is approximately 44102,103 and is shown

with a blue dashed line in Figure 14. This value is reflected in the fact that the

rovibrational energy level pattern in methanol is much closer to the high barrier limit

than to the barrierless limit. Other molecules of note are dimethyl acetylene, which

has a small value of υ0 = 1.12,58 corresponding to a case very similar to H+
5 , and

ethane, characterized by a very large value of υ0 = 188.104,105 In fact, as noted by

Bunker and Jensen,158 “except in ultrahigh resolution spectroscopic studies ethane

can be considered to be a rigid molecule and the possibility of torsional tunneling

can be neglected.”

Before concluding this section, it is of interest to consider how well these models

are expected to describe the full-dimensional system, in which all nine vibrational

degrees of freedom are considered. As it was concluded before, the energy pattern

obtained in the full-dimensional calculations reflects the results of the model systems

described. This is also consistent with projections of the ground-state probability

amplitude, evaluated by Lin et al.62,144 using the ABPDVR135 PES. While the

projected probability amplitude shows structure, the amplitude of the oscillation is

much smaller than the average amplitude. This indicates that even when the zero-

point effects are considered in all of the vibrational degrees of freedom, the internal

rotor in H+
5 remains nearly isotropic. Preliminary DMC results of rotation/torsion

excited states of H+
5 show energy level patterns similar to those described above.
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Figure 14. A plot showing the correlation between the energy levels for the Ĥ2D,BE

model of H+
5 and the size of V0 in Eq. (27), via reduced energies and the reduced

υ0 = V0/bH2 quantity. In the limit of small υ0, the eigenvalues are labeled by the
absolute values of the quantum numbers for the uncoupled basis, (|k1|, |k2|), while in
the large barrier limit, the energies are labeled by |L|. In addition the degeneracy of
the states are provided by (d). The vertical red and dashed blue lines represent the
values of υ0 for H+

5 and methanol, respectively.

3.11 The Eckart and the Sayvetz embeddings

The Eckart embedding,155 one of the cornerstones of the traditional theory of nuclear

motions, was also applied in the hope that it reduced the coupling between the

vibrational and rotational dofs. Furthermore, the Sayvetz embedding,156 whereby the

reference structure follows in our case the torsional motion, was also introduced and

proved to be an adequate model for the joint treatment of rotations and vibrations.

The Sayvetz embedding resulted in energy levels which were in agreement with the

ones computed using the geometric embedding.

Following the one- and two-dimensional modeling of the rovibrational coupling

it is worth comparing the Eckart and the Sayvetz embeddings to the GE and
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BE embeddings. The translational Eckart condition, ∑N
α=1mαrα = 0, is satisfied

automatically for H+
5 with the current set of coordinates in any embedding if only

the torsional motions of the H2 units are considered. This is due to fact that with

x = y = z = 0 the center of mass of the molecule always lies at the origin of the

body-fixed coordinate system (see Figure 1).

The case of the rotational Eckart condition, ∑N
α=1mα(rα × aα) = 0, where aα

denote the instanteneous positions, is almost as straightforward. Using the nuclear

position vectors of the bisector embedding [Eq. (16)] and the D2d structure of H+
5 as

the reference structure the rotational Eckart conditions are satisfied. This leads to

the conclusion that for the 2D model chosen the bisector embedding is equivalent

to the Eckart embedding. This also implies that using the Eckart embedding also

requires the use of the manipulations explained for the 2D(φ, αBE) BE rovibrational

model [see the text below Eq. (44)]. However, in the geometric embedding, using

the nuclear position vectors of Eq. (15) and the same D2d reference structure, the

rotational Eckart condition is not satisfied. Nevertheless, it can be shown that with a

reference structure which follows the torsional motion the rotational Eckart condition

is also satisfied. This indicates that in our 2D model the geometric embedding is

equivalent to the Sayvetz embedding.

3.12 Summary

The vibrational energy level structure of the H5−nD+
n , n = 0 − 5, deuterated H+

5

isotopologues have been studied up to about half of the first dissociation energy of

the system. The variational nuclear-motion computations performed confirm that

the six possible isotopologues form 12 isotopomers, one for n = 0 and 5, two for

n = 1 and 4, and three for n = 2 and 3. This simplification is due to the fact that of

the three large-amplitude motions of H+
5 , proton hopping, torsion, and scrambling,

only the scrambling motion has a large enough barrier to prevent facile exchange of

the atoms involved. This unfeasible permutation lowers the apparent symmetry of

the systems. It is true for all isotopologues that the isotopomer with H in the middle

has a considerably lower ZPVE, and thus a considerably higher stability, than when

D is the middle atom. As a second rule governing stability, a more stable isotopomer
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results if the sides form homonuclear diatomics.

The mostly benchmark-quality vibrational energies obtained during my doctoral

research prove that, especially at higher energies, the previously computed DMC and

MCTDH vibrational energies suffer from certain approximations. It is suggested that

during MCTDH computations of energy levels for difficult, astructural molecules,

like those studied in this section, special care must be taken to ensure that the

computation yields precise energy levels, correctly representing the original PES.

Computation of the vibrational eigenstates of the 12 isotopomers utilized two

distinct global PESs.134,135 I could prove that the use of the two PESs results in

very similar eigenstates, the only significant difference is in the description of the

dissociative motion. This conclusion is somewhat different from what previous

DMC and MCTDH studies suggested. Most of the time the two-dimensional wave-

function plots proved to be highly useful to interpret the computed wave functions

and assign labels to them. The labeling process proved to be straightforward for

motions involving the φ, z, and R coordinates, corresponding to the torsion, proton

hopping, and dissociative motions, respectively. However, the vibrational eigenstates

corresponding to bending-type motions show significant mixing and more unusual

structure. It does not seem to be true that, at least in the energy region studied,

an H → D substitution changes considerably the characteristics of the vibrational

eigenstates.

The rovibrational energy levels of H+
5 and its deuterated isotopomers display

several highly peculiar characteristics. The rovibrational energy level structure seems

to be sufficient to characterize these systems as astructural molecules: the rotational

and vibrational spacings are of the same magnitude and there is substantial deviation

between the variational rovibrational energy levels and their RR counterparts, except

for K = 0. The reduced-dimensional computations also point out the very limited

applicability of certain simplified models, especially those where the torsional motion

is not considered. 1D analytical models are able to explain the two main reasons

for the large deviations: the A rotational constant of these molecules is twice as

large as the Aref value computed from the effective “equilibrium” structure and

there is an extremely strong coupling between the torsional and rotational degrees of
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freedom. The use of the rigid rotor decomposition scheme allows the analysis of the

rovibrational wave functions computed and provides insight into the extreme mixing

of the rovibrational states.

The different 1D and 2D Hamiltonians, based on the φ torsional and α rotational

coordinates, which can be considered as reduced-dimensional models describing

internal motions of the H+
5 molecular ion, derived as part of my doctoral research and

employed in energy level computations, yield the following important conclusions:

(a) the same 1D(φ) vibrational model emerges from both the 2D(φ, αGE) GE and

2D(φ, αBE) BE models, where GE and BE refer to the geometric and bisector

embeddings, respectively (see Figure 3); (b) equivalent 2D rovibrational models

corresponding to different coordinates and embeddings provide the same energy levels,

as required; (c) in case of the 2D(φ1, φ2) model of two torsional motions, separation

of the rovibrational levels according to the L angular momentum quantum number

is not straightforward; (d) both the 2D(φ, αGE) GE and 2D(φ, αBE) BE models allow

the separate computation of rovibrational states with different L values with either

periodic complex exponential or exponential DVR basis functions. Furthermore,

these modeling efforts provide a clear and simple physical interpretation of (a) some

of the highly peculiar characteristics of the energy level structure of H+
5 , and (b) the

differences in the rovibrational energy level patterns and the related degeneracies of

H+
5 and dimethyl acetylene, two molecules characteristic of the zero-barrier limit, as

compared to methanol and ethane, two molecules corresponding to the large-barrier

limit.

Overall, it seems that the energy level characteristics of the astructural H5−nD+
n ,

n = 0, 1, 2, 3, 4, 5, molecules warrant further elaborate studies utilizing several ad-

vanced techniques of nuclear-motion theory if we were to understand the complex

dynamics characterizing these molecules up to the first dissociation limit and beyond.

For the higher-energy states involving the excited scrambling motion the apparent

symmetry is expected to change, adding further complication to the understanding

of the intriguing rovibrational dynamics of these systems.
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4 The F−(H2O) and F−(D2O) complexes

Among the many questions which can be raised about microhydration of small

anions, resulting in systems such as X−(H2O)n (X = halogen and n is a small number,

perhaps n = 1−4), an extremely interesting one concerns the structure and dynamics

of anionic hydrogen bonds. While cationic H-bonds have received a lot of attention,

not least due to their role in advanced techniques of mass spectrometry (see Ref.159

and references therein), anionic H-bonds are much less well studied.83,84,160–173

Due to the large electronegativity and the large proton affinity (PA) of F, the

anionic complex F−(H2O) is a small but nevertheless intriguing member of the

X−(H2O)n cluster family. Thus, a considerable number of experimental and theoretical

studies have been performed on this four-atomic complex.83,163,165,166,169–173 Three

of the six vibrational fundamentals of F−(H2O) (see Table 18) correspond formally

to the “free” H2O molecule; however, due to the high PA of F−, the “ionic OH

stretching” (iOH) fundamental is considerably different from that characterizing

the other halogenated X−(H2O) (X = Cl, Br, I) complexes and the overtones and

the combination bands of F−(H2O) are much more anharmonic and more strongly

coupled than those of the other hydrated halogens.

In a series of papers, details about the mid-infrared (mid-IR) vibrational spectrum

of the F−(H2O) complex have been reported; the spectra were obtained via infrared

predissociation (IRPD) spectroscopy of Ar-tagged clusters.83,165,171 The F−(H2O)

spectrum is characterized by a more complex structure than other anion-water

complexes containing ions such as Cl−, Br−, I−, O−, or OH−.83 The increased

complexity of the dynamics is due partly to the large anharmonicity of the iOH

stretching mode and partly to the delocalization of the negative charge. Links

have been made between the shape of the potential and the proton affinity of X in

X−H2O.83 Roscioli et al.83 have demonstrated that the intracluster proton transfer

potential becomes flatter with the increase of the basicity of the X− anion. For

Cl−(H2O), the proton remains strongly attached to O, whereas OH−(H2O) even

presents a barrier for the proton exchange. In the case of F−(H2O), this part of

the potential has been described83,165,171 as an intermediate between a free OH
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stretch and an intramolecular stretch. A general conclusion165 of these studies is

that the vibrational excitation of the ionic OH stretch drives the system from a

charge-localized ground state to a charge-delocalized configuration in the excited

vibrational states. This ionic OH excitation can also be seen as an optically driven

intracluster proton transfer.

The complex motion of the charge is highlighted by the fact that two dissociation

pathways leading to distinct products, H2O + F− and HF + OH−, are possible for

energies below 20 000 cm−1. As a consequence, at least two-dimensional vibrational

computations, coupling the OF (R) and the iOH (r2) stretches (see Figure 15), must

be employed to recover the energy level structure characterizing the iOH stretching

mode.

As to theory, preliminary single-mode treatments proved to be unable to match the

complexity of the observed spectrum of F−(H2O);163,166 as expected, the anharmonic

energy levels are significantly overestimated for the ionic OH stretching mode even

if the potential is based on accurate CCSD(T) electronic-structure computations.

Chaban et al.170 reported the anharmonic vibrational energy levels of the F−(H2O)

complex based on CCSD(T)/aug-cc-pVTZ ab initio computations coupled with

a vibrational coupled cluster (VCC)174 dynamical approach, where the potential

is expressed in terms of one- and two-mode couplings. Toffoli et al.172 were the

first to include the couplings between all six modes, and they simulated the IR

spectrum of the complex. They used a normal-mode representation, the 1D part

of the PES was computed at the CCSD(T)/aug-cc-pVQZ level of theory and the

other parts were determined at the CCSD(T)/aug-cc-pVTZ level. The vibrational

energies and intensities were obtained from vibrational self-consistent-field/vibrational

configuration interaction (VSCF/VCI) computations involving a dipole moment

surface (DMS). Kamarchik et al.173 have recently determined the full six-dimensional

potential energy surface (PES) incorporating the H2O + F− dissociation as well

as a DMS, computed at the CCSD(T)/aug-cc-pVTZ level of theory. They used

part of the PES and the dipole moment data computed by Toffoli et al.172 They

have also performed VSCF/VCI computations based on normal coordinates and the

Eckart–Watson Hamiltonian in order to determine the vibrational energies and the
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Table 18. Harmonic vibrational wavenumbers at the Cs minimum geometry and the
C2v transition state obtained from ab initio computations or from the fitted PES.

Characterization Minimum (Cs)
ab initio PES Ref. 170a Ref. 173b

ωiws: ion-water stretch 384.3 384.7 387 383
ωipw: in-plane-wag 573.6 567.3 580 576
ωoop: out-of-plane 1156.2 1156.1 1171 1171
ωwb : HOH bend 1725.9 1716.8 1723 1718
ωiOH: ionic OH stretch 2277.6 2276.6 2211 2205
ωfOH: free OH stretch 3888.6 3886.0 3856 3857

Transition State (C2v)
ab initio PES Ref. 173b

ωipw: in-plane-wag i529.9 i527.4 i523
ωiws: F−(H2O) stretch 278.6 277.7 271
ωoop: out-of-plane 850.8 849.7 849
ωwb : HOH bend 1650.1 1648.9 1611
ωasOH: asymmetric OH stretch 3689.4 3691.2 3670
ωsOH: symmetric OH stretch 3739.4 3740.4 3714

a VCC (CCSD(T)/aug-cc-pVTZ). b PES from CCSD(T)/aug-cc-pVTZ calculations.

IR spectrum of F−(H2O) and F−(D2O).

During the course of my investigations, a variational vibrational study appeared

from Wang and Carrington,84 who used an approach based on curvilinear internal co-

ordinates on a similar system, the Cl−(H2O) anion. The ro-vibrational computations

of Wang and Carrington84 employed polyspherical coordinates and they compared

their accurate results with previous VSCF/VCI computations.175 They have shown

that the energy differences between the two sets of variational vibrational compu-

tations employing the same PES are large; for example, for the in-plane wagging

fundamental, νipw, the difference is as large as 30 cm−1. Furthermore, the tunneling

splitting, which cannot be taken properly into account in a standard VSCF/VCI

computation, of even the ground vibrational state is as large as 0.4 cm−1.

In summary, most previous first-principles investigations of the dynamics of the

F−(H2O) system suffered from two shortcomings: the choice of normal coordinates

used during the variational nuclear-motion computations and restricted intermode

couplings.
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This part of my doctoral research, for the detailed results see Ref. 70, was initiated

with two goals in mind. First, through the accurate determination of the vibrational

energy levels of the F−(H2O) complex the tunneling dynamics of the system can be

revealed. Second, since the rovibrational energy levels of F−(H2O) have not been

investigated, computations were performed to ascertain whether the rovibrational

levels show any unusual characteristics as a result of the unusual vibrational dynamics.

Note that in our group the nuclear dynamics of the F−(CH4) system was studied

before68 with similar goals in mind but rather regular behavior was observed.

4.1 Computational details

The SLBCL PES used in this work was developed by C. Leonard et al.70 and it is

based on more than 72,000 energy points, which were computed at the all-electron,

explicitly correlated CCSD(T)-F12a level of electronic-structure of theory using

cc-pVTZ-F12 basis set. The rms error of the fit is 7.0 cm−1 for energies lower than

10,000 cm−1 and 20.0 cm−1 for energies higher than this.

The use of curvilinear coordinates is known to reduce considerably the com-

putational resources required to perform nuclear-motion computations for floppy

molecular systems and to facilitate the precise description of large-amplitude motions

and tunneling splittings. The F−(H2O) system is characterized by strong coordinate

variations along the tunneling motion, described efficiently by the Θ coordinate

(Figure 15). Thus, an internal coordinate approach, as used in GENIUSH, should be

preferable over a normal-coordinate-based approach, often employed in VSCF,VCI,

and VCC treatments.

The internal coordinates I chose for this study are as follows (see Figure 15):

two stretching coordinates (r1 and r2) and a bending coordinate (α) describe the

motions of the atoms of the water molecule, while a stretching coordinate (R) and

two bending coordinates (Θ and Φ) describe the motions of the fluorine atom, where

R is the O–F distance, Θ describes the in-plane bending motion of F in the xz-plane,

and Φ describes the out-of-plane motion of F and can restrict the fluoride ion “in

front of” the water molecule. To define the orientation of the molecule in space,

the Eckart embedding was employed.111 The most important characteristics of the
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Figure 15. The internal coordinates (r1, r2, α, R,Θ,Φ) applied for the study of the
rovibrational dynamics of the F−(H2O) and F−(D2O) complexes. X labels a dummy
atom placed on the z-axis.

computations carried out with GENIUSH are given in Table 19.

The masses of the nuclei used during the variational nuclear-motion computations

are mH = 1.007 825 00 u, mO =15.994 919 26 u, and mF =18.998 408 06 u.

4.2 Vibrational assignments

The final results of the variational nuclear-motion computations performed are

given in Table 20 for F−(H2O) and in Table 21 for F−(D2O). The variationally

computed energy levels reported are tightly converged, the uncertainty of the first

100 eigenvalues is estimated to be less than 0.01 cm−1. The very small tunneling

splittings of the zero-point vibration and several lower-lying vibrational states of

both species also indicates very small uncertainties in the computed energy levels.

For F−(H2O), 300 vibrational eigenvalues were computed, including all of the

vibrational fundamentals. (The computed vibrational energy level list is provided in

the Appendix.) I could assign the first 110 eigenvalues as well as several higher-lying
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Table 19. The internal coordinates and the basis sets employed during the final
variational computations carried out with GENIUSH; the equilibrium reference
geometries and the grid ranges are given in bohr and degrees for the distance- and
angle-type coordinates, respectively. See Figure 15 for the definition of the internal
coordinates.a

Coord. DVR type NBF EqRGb TSRGb Allowed grid rangec Applied grid rangec
r1 Laguerre PO-DVR 15 1.80777 1.83462 1.1 − 3.7 1.41 − 3.54
r2 Laguerre PO-DVR 15 1.98240 1.83462 1.1 − 3.7 1.41 − 3.54
α Legendre PO-DVR 15 101.993 90.321 40.0 − 179.0 49.31 − 164.40
R Laguerre PO-DVR 30 4.61388 4.82814 3.7 − 7.0 3.98 − 6.93
Θ Legendre PO-DVR 40 41.0035 90.0 1.0 − 179.0 4.43 − 175.57
Φ Legendre PO-DVR 15 90.0 90.0 1.0 − 179.0 25.21 − 154.79

a Coord. = Coordinate, NBF = number of basis functions, EqRG = equilibrium
reference geometry, TSRG = transition state reference geometry, PO = potential
optimized, DVR = discrete variable representation.
b To describe the two equivalent global minimum along Θ, the transition state was
used as a reference structure.
c Due to the applied PO-DVR, there is a difference between the allowed and the
actual grid ranges.

states up to the 200th one (see Table 20 for details). For F−(D2O), 100 vibrational

eigenvalues were computed and assigned (see Table 21).

The first two vibrational fundamentals of F−(H2O), νiws and νipw, are at 424 and

561 cm−1, respectively. νiws decreases only slightly to 387 cm−1, while νipw decreases

significantly, to 407 cm−1, for F−(D2O). Note that the vibrations characterized as

iws and ipw have been assigned for F−(H2O) (F−(D2O)) up to 8(6) and 5(5) quanta

of excitation, respectively, as well as all of their combination bands up to 5 quanta.

At lower energies, the standard rule of summing the frequencies holds well for these

vibrations.

Bands belonging to the oop motion have been assigned with up to three quanta

of excitation. Two of these vibrations are separated from the rest by symmetry,

which makes it easier to assign combination bands containing out-of-plane motion.

Above the 110th vibrational state, the assigned states are almost exclusively νoop

combination bands. The νoopfundamental decreases the most, almost 30 %, upon

deuteration, from 1181 to 843 cm−1.

The next two fundamentals, νiOH and νwb, are found at 1478 and 1634 cm−1,
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Table 20. The vibrational energy levels of F−(H2O) complex and the tunneling
splittings of the degenerate pairs. All values are in cm−1.

Label Energy Splitting Label Energy Splitting
1 ZPVE 4831.0 7.7E-7 79 4νiws+2νipw 2560.7 1.5
3 νiws 423.5 1.2E-5 81 7νiws 2566.0 1.0
5 νipw 560.7 1.7E-4 83 3νipw+νiOH 2598.3 2.9
7 2νiws 823.2 5.9E-5 85 3νiws+νiOH 2613.8 1.8
9 νiws+νipw 972.3 1.5E-3 87 νoop+νiOH 2621.5 6.0E-3
11 2νipw 1110.4 8.0E-3 89 5νipw 2622.7 12.3
13 νoop 1180.7 1.9E-5 90 νiws+2νipw+νoop 2632.5 0.28
15 3νiws 1203.7 2.7E-4 93 νiws+2νipw+νiOH 2640.6 9.4
17 2νiws+νipw 1360.5 6.3E-3 95 4νiws+νoop 2657.3 0.062
19 νiOH 1477.9 8.2E-3 97 3νiws+3νipw 2688.1 15.9
21 νiws+2νipw 1509.6 0.054 99 νiws+2νoop 2708.5 0.18
23 νiws+νoop 1570.5 1.1E-4 101 3νipw+νwb 2721.0 7.6
25 4νiws 1571.5 2.7E-3 103 6νiws+νipw 2752.8 6.8
27 νwb 1634.4 0.069 105 2νiws+4νipw 2791.2 48.9
29 3νipw 1650.5 0.12 106 3νipw+νoop 2794.6 0.85
31 3νiws+νipw 1732.4 0.027 108 3νiws+νipw+νoop 2817.9 0.30
33 νipw+νoop 1735.7 1.4E-3 110 2νiOH 2837.3 0.060
35 2νiws+2νipw 1879.1 0.28 115 νwb+νoop 2858.1 0.024
37 5νiws 1915.0 0.016 117 8νiws 2878.8 3.0
39 2νiws+νoop 1942.7 3.9E-4 119 νipw+2νoop 2885.4 0.062
41 νiws+3νipw 2009.8 1.2 121 5νiws+2νipw 2893.9 15.9
43 νiws+νiOH 2020.3 0.077 124 5νiws+νoop 2963.1 0.14
45 νipw+νiOH 2054.0 0.23 130 2νiws+2νipw+νoop 2982.4 1.3
47 νiws+νwb 2075.7 0.12 134 2νiws+2νoop 3020.0 1.6E-3
49 4νiws+νipw 2110.9 0.11 138 7νiws+νipw 3054.6 3.0
51 νiws+νipw+νoop 2112.0 9.0E-3 144 5νiws+3νipw 3109.8 0.95
53 4νipw 2149.3 2.2 146 νiws+3νipw+νoop 3125.4 5.4
55 2νipw+νiOH 2188.1 0.53 150 νipw+νiOH+νoop 3145.0 1.5
57 3νiws+2νipw 2236.8 0.92 152 νiws+νiOH+νoop 3151.3 0.50
59 6νiws 2257.9 0.33 162 νiws+νwb+νoop 3206.5 0.41
61 2νipw+νoop 2276.3 0.047 166 2νwb 3213.4 2.58
63 3νiws+νoop 2299.1 3.8E-3 172 4νiws+νipw+νoop 3262.7 0.24
65 2νoop 2332.2 3.0E-3 176 4νipw+νoop 3278.8 3.3
67 2νiws+3νipw 2367.0 7.1 178 6νiws+νoop 3286.7 8.8
69 5νiws+1νipw 2420.3 1.1 183 3νiws+2νipw+νoop 3312.5 5.8
71 2νiws+νwb 2461.0 0.41 194 2νipw+νiOH+νoop 3382.8 0.52
73 2νiws+νipw+νoop 2472.1 0.035 201 νipw+2νoop 3433.3 -2.7
75 νiws+4νipw 2484.9 18.3 204 3νoop 3451.2 -0.82
77 2νiws+νiOH 2546.0 0.68 255 νfOH 3691.2 0.29

respectively. Their deuterated counterparts come at 1189 and 1215 cm−1, respectively.

Several combination bands and the 2νiOH and 2νwb overtones have also been assigned.

93



Table 21. The first 100 vibrational energy levels of the F−(D2O) complex and the
tunneling splittings of the degenerate pairs. All values are in cm−1.

Label Energy Splitting Label Energy Splitting
1 ZPVE 3594.0 1.1E-6 51 2νipw+νoop 1641.6 7.1E-5
3 νiws 387.1 1.3E-6 53 2νoop 1663.3 7.7E-6
5 νipw 407.1 1.4E-5 55 νiws+νiOH 1736.3 6.3E-5
7 2νiws 761.0 1.6E-6 57 5νiws 1810.3 2.1E-5
9 νiws+νipw 788.1 1.4E-5 59 4νiws+νipw 1853.7 4.0E-3
11 2νipw 806.2 1.3E-5 61 3νiws+2νipw 1875.4 0.075
13 νoop 842.9 1.1E-6 63 2νiws+3νipw 1896.3 0.100
15 3νiws 1120.5 1.6E-6 65 3νiws+νoop 1909.0 1.6E-6
17 2νiws+νipw 1155.2 2.1E-5 67 νiws+4νipw 1924.3 0.100
19 νiws+2νipw 1173.2 2.4E-4 69 2νiws+νipw+νoop 1953.6 8.5E-5
21 νiOH 1189.3 1.7E-5 71 5νipw 1960.0 0.060
23 3νipw 1200.5 3.0E-4 73 2νiws+νwb 1968.6 8.1E-3
25 νiws+νoop 1209.3 1.1E-6 75 2νipw+νiOH 1985.6 0.010
27 νwb 1215.4 1.0E-5 77 νiws+2νipw+νoop 1987.9 1.0E-3
29 νipw+νoop 1246.0 1.8E-5 79 νiws+νipw+νwb 1997.9 6.4E-3
31 4νiws 1470.4 2.2E-6 81 νiws+2νoop 2018.8 7.6E-4
33 3νiws+νipw 1510.3 2.3E-4 83 νoop+νiOH 2025.1 4.2E-4
35 2νiws+2νipw 1531.6 4.1E-3 85 2νipw+νwb 2028.2 1.8E-3
37 νiws+3νipw 1552.0 6.5E-3 87 3νipw+νoop 2030.7 1.7E-3
39 2νiws+νoop 1565.1 1.2E-6 89 νipw+2νoop 2061.0 7.9E-4
41 νiws+νwb 1578.5 1.3E-3 91 νipw+νoop+νiOH 2076.3 9.5E-6
43 4νipw 1587.2 4.5E-3 93 6νiws 2123.0 6.8E-4
45 νiws+νipw+νoop 1604.7 2.2E-5 95 νiws+νipw+νiOH 2127.1 0.010
47 νipw+νiOH 1605.7 6.3E-4 97 2νiOH 2148.2 3.5E-3
49 νipw+νwb 1622.0 1.1E-4 99 5νiws+νipw 2182.7 0.038

The combination bands of these motions are very difficult to assign due to the very

strong coupling upon excitation. This coupling already appears for the fundamentals,

and is already extremely strong for the first few combination bands in the 2000 and

2200 cm−1 region. For these motions, the standard rule that the wavenumber of a

combination mode is simply the sum of the two simple modes is clearly not applicable.

The highest-lying vibrational fundamental, νfOH, is found in our computations at

3691 cm−1 for F−(H2O).
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Table 22. Selected variationally computed vibrational energy levels, in cm−1, of
F−(H2O) compared to previous experimental and theoretical results. Description of
the labels used can be found in Table 18.

Labels Expt.165 Expt.83 Expt.171 Ref.170 Ref.172 Ref.173 GENIUSH70

ZPVE 4831.0
νiws 431 426.7 433.2 423.5
νipw 581 576.3 566.6 560.7
2νiws 836 829.1 836.9 823.3
2νipw 1129 1200.8 1169.8 1110.4
νoop 1083-1250 1166 1184.4 1146.6 1180.7
3νiws 1200a 1218.0 1219.9 1203.7
νiOH 1523 1430–1570 1488 1464.5 1456.7 1477.9
νwb 1650 1645 1653.6 1623.3 1634.4
νiws+ νiOH 2200a 2020.3
2νoop 2314 2352.4 2314.6 2332.2
2νiws+ νiOH 2600a 2634.7 2561.4 2546.0
2νiOH 2930 2905(20) 2815–2930 2888 2915.9 2872.5 2837.3
2νwb 3265 3281.9 3225.5 3213.4
νfOH 3690 3687 3640 3689.0 3660.7 3691.2

a tentative assignment.

4.3 Comparison with previous results

Selected vibrational energies of F−(H2O) are listed in Table 22 and compared to their

previously determined experimental83,165,171 and theoretical170,172,173 counterparts. In

general, the agreement of the present first-principles vibrational energies with their

experimental counterparts is quite reasonable. This emphasizes the importance of

treating electron correlation at a sufficiently high level of electronic-structure theory,

as well as that of basis set flexibility and the size of the grid to properly describe the

PES of anionic systems with ionic H–bonds.

As to the comparison of the vibrational energies with previous first-principles

results,170,172,173 the agreement is generally acceptable. The values of Kamarchik

et al.173 are generally lower than those of Toffoli et al.,172 since they are based

on a full-dimensional PES. Although the qualitative agreement is good, some of

our variationally computed levels differ from the results of the less accurate VCI

computations.

The most intense bands in the IR spectrum of the F−(H2O) complex correspond

to the fundamental and the first overtone of the iOH stretching mode, observed at
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about 1500 and 2900 cm−1, respectively. These characteristic bands are strongly

anharmonic and reveal the peculiar nature of F−(H2O) as compared to other X−(H2O)

anions. In Table 22, νiOH appears at about the same energy as the previous experi-

mental and theoretical results. The experimental data about the IRPD spectra of

F−(H2O),83,165,171 given in Table 22, have mainly been obtained from low-resolution

time-of-flight photofragmentation measurements. Ayotte et al.165 observed a strong

triplet near 2930 cm−1, and assigned it to the double excitation of the ionic OH

stretching mode. The present estimate for this mode deviates from this value by

almost 100 cm−1. The agreement with the results of Horvath et al.171 is better.

Ayotte et al.165 and Roscioli et al.83 observed the free OH stretching mode at 3690

and 3687 cm−1, respectively, in perfect agreement with the present computation.

Comparison of the harmonic and anharmonic vibrational energies (Tables 18

and 22) of F−(H2O) reveals large, sometimes very large, differences, resulting from

strong anharmonicities, characteristic of this system. The νiOH fundamental at about

1478 cm−1 is considerably lower than the harmonic value, about 2277 cm−1. Thus,

this mode shifts below that of the bending fundamental of the water monomer,

1595 cm−1.176 Incidentally, the bending fundamental νwb increases to 1634 cm−1

in the F−(H2O) anion. Resonances involving 2νiOH could be behind the different

experimental values reported for the overtone of the iOH mode (Table 22).

The results of Table 22 enable us to discuss the tentative assignments of Horvath

et al.171 at around 1200, 2200, and 2600 cm−1. The 3νiws overtone is computed at

1204 cm−1, in agreement with the analysis of Horvath et al. The situation is, however,

much more complicated around 2200 and 2600 cm−1. The accurate results of the

present study suggest that (νiws + νiOH) is at about 2020 cm−1, some 100 cm−1 lower

than predicted by Horvath et al., while (2νiws+ νiOH) is around 2546 cm−1, in better

agreement with the experimental predictions. Vibrational energies with different

labels are found around 2200 cm−1: these are the resonating 4νipw and (2νipw + νiOH)

states. The first overtone of the out-of-plane mode is also in this energy range at

2335 cm−1. The cut of the PES along the r2 and R coordinates, see Figure 4,70

confirms that this part of the potential is strongly anharmonic.

Horvath et al.171 measured two experimental bands for F−(D2O). The fundamental
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and the first overtone of the ionic OH stretching, νiOH and 2νiOH, respectively, were

found in the region of 1160–1270 cm−1 and 2120–2263 cm−1, respectively. They

are in reasonable agreement with our theoretical results, 1189.3 and 2148.2 cm−1,

respectively.

4.4 Tunneling splittings

As computations involving the Eckart–Watson Hamiltonian28,29 are performed with

the reference, defining the normal modes, set as one of the two equivalent C2v

minima, no tunneling splittings can be computed with this approach.170,172,173 Thus,

the tunneling splittings presented in Tables 20–21 have never been computed before.

Even for F−(H2O), the tunneling splittings are minuscule, for the ground vibra-

tional state the splitting is smaller than 10−7 cm−1 and it remains below 0.01 cm−1

for about the first 20 vibrational states. Upon vibrational excitation, especially

including the tunneling motion, νipw, the splitting increases quickly and reaches 1

cm−1 around the 41st vibrational state, νiws+3νipw. Nevertheless, as expected, many

higher-lying states containing only a small contribution from ipw have very small

splittings. For example, the splitting of the 134th state, with the label of 2νiws+2νoop,

has a splitting of only 1.6× 10−3 cm−1.

The tunneling splitting corresponding to the 4νipw state is sizable, 2.2 cm−1. The

ipw splittings basically confirm the 1D study of Kamarchik et al.173 along the MEP.

The results are consistent with those of Wang and Carrington,84 as well, who obtained

considerably larger splittings and a steady increase of the splittings for the excited

ipw modes for the Cl−(H2O) anionic complex. Wang and Carrington obtained a

splitting of 0.35 cm−1 for the vibrational ground state, which quickly increases with

the number of excitations to 228 cm−1 by the 5νipw state. The larger splittings for

Cl−(H2O) are related to the lower and narrower transition barrier between the Cs
minima. To wit, the barrier height is 640 cm−1 in Cl−(H2O) to be compared with

2500 cm−1 in F−(H2O).

Upon deuteration, one would expect the whole tunneling process to come to an

almost complete halt. For F−(D2O), the tunneling splitting of the vibrational ground

state is indeed orders of magnitude smaller than for F−(H2O). More significantly,
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Table 23. The J = 1 and J = 2 rovibrational energy levels, in cm−1, of the first six
and three VBOs of F−(H2O), respectively, computed with GENIUSH, showing only
the lower-energy component of each tunneling pair. The values are compared to the
rigid rotor (RR) energy levels.

J = 1 J = 2

VBO K RR VAR VBO K RR VAR

νZP 0 0.62 0.63 νZP 0 1.86 1.88
1 20.41 20.9 1 21.65 22.14
1 20.41 20.9 1 21.65 22.16

νiws 0 0.62 0.61 2 81.04 82.85
1 20.41 20.8 2 81.04 82.85

1 20.41 20.8 νiws 0 1.86 1.84

νipw 0 0.62 0.63 1 21.65 22.02
1 20.41 21.58 1 21.65 22.03
1 20.41 21.59 2 81.04 82.46

νoop 0 0.62 0.62 2 81.04 82.46

1 20.41 18.46 νipw 0 1.86 1.87
1 20.41 18.46 1 21.65 22.81

νiOH 0 0.62 0.63 1 21.65 22.84
1 20.41 21.51 2 81.04 85.48
1 20.41 21.51 2 81.04 85.48

νwb 0 0.62 0.64
1 20.41 23.19
1 20.41 23.24

the tunneling splittings mostly remain below 10−3 cm−1 for the first 100 vibrational

states. The excitation of the tunneling motion, similarly to F−(H2O), increases the

splitting, which goes up to 0.1 cm−1.

4.5 Rovibrational states

The computed J = 1 and J = 2 rovibrational states of F−(H2O), 99 and 165,

respectively, correspond to the rotational levels of the first 33 vibrational states.

Comparison of the rovibrational energies to their rigid-rotor (RR) model counterparts

shows excellent agreement (see Table 23). Despite the small tunneling splittings

and the extensive mixing of several vibrational states, this system does not show

the unusual rovibrational energy level structure, unlike the HnD+
5−n, n = 0, 1, 2, 3, 4

systems.61,62
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4.6 Summary

To summarize my study of the rovibrational dynamics of the F−(H2O) and F−(D2O)

anions, I utilized the GENIUSH algorithm and computed tunneling splittings of the

energy levels for the first time. For F−(H2O), I computed 300 vibrational eigenvalues,

including all of the vibrational fundamentals. I assigned successfully the first 110

eigenvalues as well as several higher-lying states up to the 200th one. For F−(D2O),

I computed and assigned 100 vibrational eigenvalues. The variationally computed

energy levels reported are converged, the uncertainty of the first 100 eigenvalues

is estimated to be less than 0.01 cm−1. The very small tunneling splittings of the

zero-point vibration and several lower-lying vibrational states of both species also

indicat very small imprecision in the computed energy levels.

The vibration-only results reveal the presence of strong resonances, especially

pronounced for the νwb and 2νiOH states. For many states the anharmonic corrections,

defined as the difference between the energies of the anharmonic and harmonic

vibrational energies, are particularly large. These large differences are due not only

to the existence of strongly anharmonic regions of the potential energy surface but

also to strong coordinate couplings.

Agreement of the present vibrational energies and their assignment with previous

experimental and theoretical works is reasonable for most bands. Many of the

vibrational states of F−(H2O), and similarly of F−(D2O), are difficult to label due to

the presence of strong resonances.

The computed 100 and 165 J = 1 and J = 2 rovibrational states of the F−(H2O)

anion, respectively, reveal that despite the small tunneling splittings and strong

resonances among the vibrational states the rovibrational energy levels do not show

any unusual characteristics, they follow the rigid-rotor model.
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5 The CH4·H2O complex

Complexes of methane and water are important for gas storage, including the naturally

captured methane in marine and arctic reservoirs,177 and gas transportation. The

infrared spectrum of methane clathrate hydrate has been reported in Ref. 178 and

might find significant astrophysical applications. Recent local-monomer, vibrational

self-consistent field, and virtual-state configuration interaction computations of

CH4@(H2O)20
179 show good agreement with the experimental Raman spectrum

recorded in the C–H stretch region.180,181 The methane-water dimer has been studied

under high resolution in the microwave182 and the far-infrared85 regions of the

spectrum; however, a detailed theoretical quantum dynamical characterization of

this simplest complex has never been carried out.

The quantum dynamical description of the CH4·H2O dimer is particularly chal-

lenging because all intermolecular degrees of freedom correspond to highly delocalized

motions, resulting from the fluxional and loosely bound character of the complex.

These ‘difficult’ fluxional dofs play a central role in binding the water and methane

molecules together. Hence, an exact quantum mechanical description of (at least)

the intermolecular dofs is necessary to validate the intermolecular PES. Such a

validation is also important for the eventual construction of a universal PES for the

(CH4)n@(H2O)m system.

Two decades ago, detailed FIR spectroscopic measurements85 were carried out for

the CH4·H2O dimer. The observed transitions could not be understood and labelled

with quantum numbers.69

In the final part of my doctoral research, for the detailed results see Ref. 69, I

studied the low-energy rotational-vibrational energy level structure of the CH4·H2O

dimer to reveal and understand the tunneling dynamics of the system. As a principal

task, I tried to determine the lower and the upper rovibrational energy levels of the

measured transitions85 and assign quantum numbers to the energy levels.
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Figure 16. The internal coordinates (R, θ, φ, α, β, γ) and the body-fixed frame (x, y, z)
employed in the rovibrational computations of the CH4·H2O dimer, restricted to
intermolecular motions. X labels the center of mass of the water molecule.

5.1 Computational details

The methane-water complex includesN = 8 atomic nuclei. The full-dimensional (18D)

dynamical study of this system would require enormous computational resources,

thus, at present converged 18D nuclear-motion computations can not be carried out.

To wit, using as few as four DVR basis functions along each vibrational coordinate

would result in 512 GB memory space to store only a single vector of the size of

the direct-product basis. Therefore, I carried out reduced-dimensional computations

for the CH4·H2O dimer. Since the vibrational fundamentals of the monomer units

fall into a different energy range than the internal vibrations of the complex, the

internal vibrational dofs can be treated separately. Thus, the coordinates describing

the monomer units were frozen and only the intermolecular dynamics were described

by considering the D = 6 active vibrational dofs (see Figure 16).

The six active internal coordinates depicted in Figure 16 are defined as follows:
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(a) Global minimum (GM) (b) Secondary minimum (SM)

Figure 17. Equilibrium structures of the AOSz potential energy surface.183 The
secondary minimum (SM) is 99 cm−1 higher in energy than the global minimum
(GM).

the distance of the center-of-masses of the two molecules, angles of the spherical polar

coordinates ρ = (θ, φ) of H2O, and the Euler angles for CH4, (α, β, γ). The z axis of

the right-handed (x, y, z) body-fixed frame is attached to the centers of mass of the two

moieties and points from the water towards the methane subunit. The same monomer

structures, effective ground-state vibrational structures, were used as in Ref. 183, i.e.,

the fixed structure of the water molecule is defined by r(O–H) = 0.971 625 7 Å and

α(H–O–H) = 104.69o,184 slightly different from the vibrationally averaged parameters

computed in our group before,185 〈rOH〉 = 0.975 65 Å and 〈αHOH〉 = 104.43o.

The fixed structure of the methane molecule is a regular tetrahedron, cosα(H–C–

H) = −1/3, with r(C–H) = 1.099 122 Å.183,186

During the variational nuclear-motion computations the intermolecular AOSz183

PES were used, which does not describe the motions of the monomer units. The

electronic ground-state PES of the methane-water dimer has two local minima

(see Figure 17 and Table 24), both of Cs point-group symmetry. The secondary

minimum (SM) is 99 cm−1 higher in energy than the global minimum (GM) on

the AOSz183 PES. In the GM the water molecule is the proton donor, while in the

SM the water molecule behaves as an acceptor. I have also compared the AOSz183

PES with the more recent, full-dimensional QCHB187 PES. The atomic masses

m(H) = 1.007 825 u, m(C) = 12 u, m(O) = 15.994 915 u were used during the

nuclear-motion computations.

The basis functions corresponding to the different internal coordinates of the
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Table 24. The internal coordinates and the basis sets employed during the final
variational computations carried out with GENIUSH. The values of the internal
coordinates are also provided for the global minimum (GM) and for the secondary
minimum (SM) structures of the AOSz PES.183 See Figure 16 for the definition of
the internal coordinates.a

Coord. DVR type NBF GMG SMG Allowed grid rangec
R [Å] Laguerre PO-DVR 15 3.464 3.773 2.5 − 3.7
θ [o] Legendre PO-DVR 14 116.19 22.15b 1.0 − 179.0
φ [o] Exponential DVR 15 90.00 0.00 0.0 − 360.0
α [o] Exponential DVR 9 297.46 299.78 0.0 − 360.0
β [o] Legendre PO-DVR 21 113.05 70.17 1.0 − 179.0
γ [o] Exponential DVR 21 293.01 240.66 0.0 − 360.0

a Coord. = Coordinate, NBF = number of basis functions, GMG = global minimum
geometry, SMG = secondary minimum geometry, PO = potential optimized, DVR
= discrete variable representation.
b The PES is relatively flat along the θ coordinate in the SM well.
c Due to the applied PO-DVR, there is a differences between the allowed and the
actual grid ranges.

CH4·H2O dimer and the ranges of the coordinates employed during the GENIUSH

computations are given in Table 24. Using the parameters of Table 24 the energy

levels could be converged to within about 0.05 cm−1. The computed energy level lists

for J = 0, 1, and 2 obtained with the AOSz PES183 are included in the Appendix.

In this section, I refer to these energy levels with the unambiguous labels of J0.n,

J1.n, and J2.n for J = 0, 1, and 2, respectively, where n = 1, 2, . . . is an integer that

numbers the energy levels based on their energy order.

An order of magnitude tighter convergence (within ∼ 0.005 cm−1) of the degener-

ate levels can be obtained by using unscaled Legendre DVR points without PO for

the β degree of freedom; however, a 3-5 times larger grid and about 10 times more

CPU are required compared with the computations specified in Table 24.

The agreement of the vibrational energy levels computed up to ca. 65 cm−1 with

the AOSz183 PES and the QCHB187 PES is better than 1.5 cm−1 and for several

levels it is better than 0.2 cm−1. This is a very reassuring result about the quality

of the two PESs and the accuracy of the present rovibrational computations. (For
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comparison, the vibrational (J = 0) energy levels obtained with both PESs183,187

and with both the scaled and the unscaled Legendre DVR grids are included in the

Appendix.)

5.2 Symmetry analysis

The feasible permutation-inversion operations of the dimer belong to the G48 molec-

ular symmetry (MS) group.85 A detailed symmetry analysis, very similar to Dyke’s

analysis for the water dimer,188 as well as the character table of the MS group G48

are provided in Ref. 69. Both the GM and the SM structures of the underlying

PES have Cs point-group symmetry; thus, the dimer has only 24 (instead of 48)

distinct, rotationally non-superimposable structures.69 Therefore, the zero-point

vibration (ZPV) with J = 0 (or any other totally symmetric state) splits into 24

levels characterized by the following symmetry species:

Γ(ZPV, J = 0) = A+
1 ⊕ E+ ⊕ F+

1 ⊕ 2F+
2 ⊕ A−2 ⊕ E− ⊕ 2F−1 ⊕ F−2 . (45)

The + and − superscripts of the irreps differentiate between the symmetric and

antisymmetric character of the wave function with respect to the exchange of the

two protons of the water molecule. To obtain a total spin-spatial wave function

that is antisymmetric with respect to proton exchange, the (+) states have to

be combined with the para spin function, [α(1)β(2)− β(1)α(2)] /
√

2, while the

(−) states have to be combined with one of the ortho spin functions, {α(1)α(2),

β(1)β(2), [α(1)β(2) + β(1)α(2)] /
√

2
}
. Hence, we use the desigations (+) and para

or (−) and ortho interchangeably.

5.3 Vibrational energy levels

Vibrational energy levels computed with the GENIUSH code for CH4·H2O are

visualized at the left of Figure 18. At the right of the Figure the symmetry labels

and a qualitative description of the levels up to ca. 65 cm−1 are provided, based on

the analysis of the wave functions computed.

The splitting manifold of the ZPV spans 36.4 cm−1 and separates into a ‘lower’

and an ‘upper’ part. The levels can be distinguished by the ‘ortho’ and ‘para’ spin
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Figure 18. Vibrational energy levels obtained with the GENIUSH code for the
intermolecular degrees of freedom (with rigid monomers). The computed energy levels
are shown at the left of the Figure, and the symmetry species and characterization are
provided at the right, except for those levels labeled with ∗ (which are left unassigned
for the present work). The global minimum (GM) and secondary minimum (SM)
structures are shown in Figure 17. ZPV labels the zero-point vibrational manifold
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Figure 19. Two-dimensional (cos β–γ; φ–γ; φ–cos β) cuts of the six-dimensional
vibrational wave functions in DVR of the first set of triple-degenerate states, (4.8 cm−1,
J0.2–4) of CH4·(para-H2O).

states of the water molecule. The upper-lower separation is ∆ul
o = 23.5 cm−1 for the

ortho and ∆ul
p = 29.8 cm−1 for the para species. (∆ is the difference between the

centers of the ‘upper’ and the ‘lower’ levels calculated as the degeneracy-weighted

average of the corresponding energies.) The large upper-lower separation can be

understood in terms of the extremely facile internal rotation of the CH4 moiety

around the O–HRH3C–H hydrogen bond (Figure 17), which is apparently slightly

more hindered for the ortho species. The three-fold symmetry of the methane internal

rotation,189 and the corresponding A⊕ E irreducible decomposition within the C3

symmetry group, explains the 1:2 ratio of the number of levels in the lower and

upper parts of the splitting pattern. The lower part covers a range of 11.2 cm−1 and

includes the ‘para’ A+
1 and F+

1 and the ‘ortho’ A−2 and F−2 species (see Figure 19–20).

The ortho-para separation of the degeneracy-weighted average in this lower part is
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∆l
op = 6.5 cm−1. Interestingly, the same ortho-para separation in the upper part of

the ZPV manifold is much smaller, only ∆u
op = 0.2 cm−1. In general, the upper part

is more congested and overlaps with a totally symmetric level that does not fit in

this ZPV manifold, since Eq. (45) tells us that the ZPV manifold accommodates

only a single totally symmetric state. The 2D wave-function plots of this ‘intruder’

state (J0.18, 34.4 cm−1) are very similar to the plots of the ground state, whereas

the expectation values of some structural parameters markedly differ from those of

the ground state (see Figure 22). Based on these observations we assign this level,

as well as the J0.37–39 (50.5 cm−1), the J0.44–46 (54.0 cm−1), and the J0.56–57

(63.4 cm−1) levels, to the zero-point vibrational splitting manifold of the secondary

minimum structure, Figure 17b. The SM has a very shallow potential energy well

and accordingly the computed splitting pattern is more diffuse, and we have not

attempted to identify all levels in the ZPV(SM).

As well as the ZPV manifolds of the global and the secondary minimum structures,

many more energy levels were obtained beyond 65 cm−1. Besides the ZPV(GM) and

a few levels from the ZPV(SM), we could unambiguously trace a few levels of the

splitting manifold of the intermolecular stretching fundamental by identifying a nodal

plane along the R coordinate in the 2D wave-function plots (see Figure 21). The

stretching fundamental vibration is totally symmetric, similar to the ZPV; therefore,

the same symmetry species are present in this splitting manifold as in the ZPV

manifold, see Eq. (45). We identified the ‘lower part’ of this stretching manifold,

Stre. A+
1 (48.7 cm−1, J0.36), Stre. F+

1 (53.3 cm−1, J0.40–42), Stre. A−2 (53.9 cm−1,

J0.43), and Stre. F−2 (66.1 cm−1, J0.63,65,66). Indeed, Stre(GM) has a very similar

structure as ZPV(GM) but it is characterized with a larger ortho-para separation,

∆l
op(Stre) = 10.9 cm−1, which might be explained by weaker interactions (and hence

‘lower barriers’) than in the zero-point energy state. The energy of the lowest-lying

state of the stretching fundamental manifold is 48.7 cm−1, only 12 cm−1 higher than

the energy of the top level of the ZPV(GM) manifold. This is another clear indication

of the very weakly bound character of this complex. There are levels that overlap

or are even lower in energy than the ‘lower’ part of the stretching manifold, but

left unassigned during the present work (and hence labeled with ∗ in the left of
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Figure 20. Two-dimensional (cos β–γ; φ–γ; φ–cos β) cuts of the six-dimensional vibra-
tional wave functions in DVR of the first set of triple-degenerate states, (11.2 cm−1,
J0.6–8) of CH4·(ortho-H2O).

Figure 21. Selected two-dimensional cuts of the six-dimensional vibrational wave
functions in DVR. Top: J0.1, J0.36, and J0.40, bottom: J0.41, J0.42, J0.43.
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Figure 18). Some of these levels could be associated with the ZPV manifold of

the secondary minimum and others might belong to some intermolecular bending

vibrations. Beyond a certain energy range a conclusive separation of the computed

levels between the global minimum well and the secondary minimum well is probably

not possible, as these minima have the same point-group symmetry.

5.4 Rovibrational energy levels

The rotational constants corresponding to the GM structure, Figure 17, are A =

4.229 cm−1, B = 0.159 cm−1, and C = 0.158 cm−1, which indicates an almost perfect

prolate symmetric top character. In addition, extremely strong rotational-vibrational

mixing is anticipated due to the weak interaction between the two moieties.

The computed rovibrational energy levels with J = 0, 1, and 2, relevant to the

experimental FIR observations,85 are collected in Figures 23 and 24 for the ortho and

the para species, respectively. The (ro)vibrational bands in this figure are arranged

similarly to Figure 1 of the experimental paper.85 A detailed, quantitative comparison

of the computed and the experimental transitions is provided in the next subsection.

The most peculiar feature of the rovibrational energy level manifold is the

occasionally reversed ordering of the vibrational and rovibrational levels, i.e., when

a J = 1 rovibrational level is lower in energy than its parent vibrational energy

level (a parent vibrational level is the dominant vibrational level provided by the

rigid rotor decomposition (RRD) analysis of the rovibrational states125). This

anomalous rovibrational ordering occurs within the F+
2 (28.9 cm−1, J0.9–11; 36.3 cm−1,

J0.21–23), E+ (35.7 cm−1, J0.19–20), F−1 (32.6 cm−1, J0.12–14; 32.7 cm−1, J0.15–17),

and E− (36.4 cm−1, J0.24–25) bands of the ZPV(GM), and each of these parent

vibrational energy levels appear in the ‘upper’ part of the ZPV(GM) splitting manifold.

The reversed statement is also true: all vibrational bands in the ‘upper’ part of

the ZPV(GM) splitting manifold feature anomalous negative rotational ‘excitation’

energies. This behavior can be understood using the coupled rotors picture: by

coupling the rotation of the (rigid) water molecule, the rotation of the (rigid) methane

molecule, and the end-over-end rotation of the entire complex.85,190 The evaluation

of the overlap of the exact wave function with these coupled-rotor model functions
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Figure 23. Rovibrational energy levels, in cm−1, and observed85 and computed
transitions of the CH4·(ortho-H2O) dimer with J = 0, 1, 2 (the numbers in italics
label the transitions documented in the corresponding tables). The label (n) next
to each line indicates the number of degenerate or near degenerate energy levels
with the average energy given in the figure (rounded to the first decimal place). The
dashed lines indicate strongly mixed states with small contributions from the ZPV
species in which they are listed.

(for various subsystem angular momenta) is left for future work. This effort will allow

us to make a quantitative assignment to this coupled multiple-rotors model (which is

another limiting model along with the common RR model).

5.5 Energy decomposition

To qualitatively highlight the explained ideas, to better understand the tunneling

splitting manifold, to trace high excitations of the rotational monomer states, and to

separate them from “non-spinning” monomer states, the following energy decomposi-

tion scheme was introduced for the CH4·H2O dimer:
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Figure 24. Rovibrational energy levels, in cm−1, and observed85 and computed
transitions of the CH4·(para-H2O) dimer with J = 0, 1, 2 (the numbers in italics
identify the lines of the corresponding tables). The label (n) next to each line
indicates the number of degenerate or near degenerate energy levels with the average
energy given in the figure (rounded to the first decimal place). The levels labeled
with ∗ are assignable to the E+ 48.2 cm−1 (J0.34-35) vibration. The dashed lines
indicate strongly mixed states with small contributions from the ZPV species in
which they are listed.

〈T̂ 〉J,i= 〈T̂ v〉J,i + 〈T̂ rv〉J,i + 〈T̂ r〉J,i
= 〈T̂ v

R〉J,i + 〈T̂ v
θ,φ〉J,i + 〈T̂ v

α,β,γ〉J,i + 〈T̂ v
cpl〉J,i

+ 〈T̂ rv
R 〉J,i + 〈T̂ rv

θ,φ〉J,i + 〈T̂ rv
α,β,γ〉J,i + 〈T̂ rv

cpl〉J,i + 〈T̂ r〉J,i.︸ ︷︷ ︸ ︸ ︷︷ ︸
H2O CH4

(46)

Figures 25, 26, and 27 show the result of the energy decomposition by visualizing

the energy contribution of the different terms (and hence different rotors) of the

Hamiltonian to the total rovibrational energy of variationally computed energy

levels of the complex with J = 0, 1, and 2, respectively. First of all, we observe in

these figures that the potential energy contributions as well as the kinetic energy
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Figure 25. The decomposition of the total vibrational energy among the different
terms of the Hamiltonian for the first 25 J = 0 vibrational states of the CH4·H2O
dimer.

contributions of the intermolecular stretching exhibit very small variations over the

studied energy range. However, there are more significant variations in the kinetic

energy contributions to the angular part of the water and the methane monomers

and in the kinetic energy coupling terms.

Although in GENIUSH we use numerical kinetic energy operators constructed on

the fly, the analytic form of the Hamiltonian of two coupled polyatomic molecules191
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Figure 26. The decomposition of the total rovibrational energy among the different
terms of the Hamiltonian for the first 80 J = 1 rovibrational states of the CH4·H2O
dimer (the 〈T̂ rv

R 〉n contribution is zero, not shown).

can also enhance our understanding of the contributions of the various terms. For

example, in Figure 25, we can observe that 〈T̂ (v)
H2O〉 provides larger contributions

to the ortho states than to the para states, which qualitatively indicates that the

water moiety has larger (internal) rotational energy in the ortho levels than in the

corresponding para levels (compare, for example, J0.1 and J0.5 in Figure 25).
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Figure 27. The decomposition of the total rovibrational energy among the different
terms of the Hamiltonian for the first 120 J = 2 rovibrational states of the CH4·H2O
dimer (the 〈T̂ rv

R 〉n contribution is zero, not shown).

5.6 Rovibrational transitions

In addition to the rovibrational energy levels with J = 0, 1, and 2, Figures 23 and

24 show the rovibrational transitions that could be identified in the experimental

transitions reported in Ref. 85. The transitions are labeled with 1,2,. . . in each
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Table 25. Rovibrational transitions assigned to the E− 36.4 cm−1 (J0.24–25) level of
the zero-point vibration. Jn.i–j identifies the levels in the energy level list provided
in the Appendix. δ is the difference of the experimental and computed transitions.
The mean and the sample variance of the deviation in the E1 and E2 bands are
(δ̄, σδ) = (0.7, 0.002) cm−1 and (0.4,0.003) cm−1, respectively.

No. J ′ ← J ′′ Exp. Exp. E(J ′) Label(J ′) E(J ′′) Label(J ′′) Calc. δ
[MHz] [cm−1] [cm−1] [cm−1] [cm−1] [cm−1]

Exp.85: Table III, E1, Σ← Π band
1 1←2 524254.1 17.5 36.6 J1.56–57 19.9 J2.23–24 16.8 0.7
2 0←1 532812.0 17.8 36.4 J0.24–25 19.3 J1.23–24 17.0 0.7
3 1←1 541359.5 18.1 36.6 J1.56–57 19.3 J1.23–24 17.3 0.7
4 2←2 541344.3 18.1 37.2 J2.78–79 19.9 J2.23–24 17.3 0.7
5 2←1 558451.2 18.6 37.2 J2.78–79 19.3 J1.23–24 17.9 0.7

Exp.85: Table III, E2, ∆← Π band
6 2←2 542744.8 18.1 37.6 J2.86 19.9 J2.23–24 17.7 0.4
7 2←1 559850.8 18.7 37.6 J2.86 19.3 J1.23–24 18.2 0.4

band and the same label is used in the corresponding Tables 25–28 and Tables 29–32,

for ortho and para states, respectively. There are also experimental observations

with higher J values, which could be explored via further computations; however,

the results computed with J = 0, 1, and 2 already highlight the peculiar features

(negative rotational excitation energies) of the rovibrational level structure, and also

allow us to establish a firm, quantitative comparison with the experimental results,

see Tables 25–32.

Evidently, the observed transitions take place within the rovibrational splitting

ZPV(GM) manifold with only three exceptions starting from the ZPV E+ band

(vide infra). Anomalous J ′ = 0 ← J ′′ = 1 (and J ′ = 1 ← J ′′ = 2) rovibrational

transitions are seen both in (the absorption) experiment and theory within the

ZPV E− (36.4 cm−1, J0.24–25) and the ZPV F−1 (32.6 cm−1, J0.12–14; 32.7 cm−1,

J0.15–17) bands of the ‘ortho’ species and within the ZPV E+ (35.7 cm−1, J0.19–20)

and the ZPV F+
2 (28.9 cm−1, J0.9–11; 36.3 cm−1, J0.21–23) bands of the ‘para’ species.

The assignment of the vibrational bands and most rovibrational levels is unam-

biguous; however, due to the near symmetric prolate character of the complex there

are nearly degenerate levels, which cannot be unambiguously identified based on

the computations. This ambiguity could be eliminated if there was an exceedingly

accurate PES available, which could be used to obtain a rovibrational state ordering
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Table 26. Rovibrational transitions assigned to the F−1 32.6 cm−1 (J0.12–14) and
32.7 cm−1 (J0.15–17) levels of the zero-point vibration. Jn.i–j identifies the levels
in the energy level list provided in the Appendix. δ is the difference between the
experimental and computed transitions. The mean and the sample variance of the de-
viation in the (A/F)1, (A/F)3a, and (A/F)3b bands are (δ̄, σδ) = (−0.2, 0.002) cm−1,
(−0.2, 0.001) cm−1, and (−0.2, 0.005) cm−1, respectively.

No. J ′ ← J ′′ Exp. Exp. E(J ′) Label(J ′) E(J ′′) Label(J ′′) Calc. δ
[MHz] [cm−1] [cm−1] [cm−1] [cm−1] [cm−1]

Exp.85: Table IV, (A/F)1, Σ← Π band
1 1←2 529495.8 17.7 32.9 J1.44–49 15.1 J2.17–22 17.8 −0.2
2 0←1 538189.8 18.0 32.7 J0.12–17 14.5 J1.17–22 18.1 −0.2
3 1←1 546831.5 18.2 32.9 J1.44–49 14.5 J1.17–22 18.4 −0.2
4 2←2 546715.2 18.2 33.5 J2.60–65 15.1 J2.17–22 18.4 −0.2
5 2←1 564291.7 18.8 33.5 J2.60–65 14.5 J1.17–22 19.0 −0.1

Exp.85: Table IV, (A/F)3a, ∆← Π band
6 2←2 564637.3 18.8 34.2 J2.66–71 15.1 J2.17–22 19.1 −0.2
7 2←1 581971.4 19.4 34.2 J2.66–71 14.5 J1.17–22 19.6 −0.2

Exp.85: Table IV, (A/F)3b, ∆← Π band
8 2←2 564437.7 18.8 34.2 J2.66–71 15.1 J2.17–22 19.1 −0.2
9 2←1 582013.5 19.4 34.2 J2.66–71 14.5 J1.17–22 19.6 −0.2

resolved to better than 0.5 cm−1 (which is perhaps even beyond the accuracy of the

common Born–Oppenheimer192 and non-relativistic approximations193). In lieu of a

fully resolved list, we assign a rovibrational transition to a sub-manifold of upper

and/or lower rovibrational levels (see Figures 23 and 24), without attempting to

make a definitive decision about these non-strictly-degenerate but very-close-lying

levels. In these cases, we computed the transition energy as the difference between

the centers (energy averages) of the upper and lower sub-manifolds (Tables 25–32).

Apart from these very small effects, we can confirm that the rovibrational transitions

within a single band have a systematic error, experiment−theory, with an exceedingly

small variance, which is on the order of the energy difference of the nearly degenerate

levels.

Detailed comparison of the computed and measured rovibrational transitions

within the eight experimentally studied main bands (occasionally with a few sub-

bands)85 is provided in Tables 25–32. The mean and the variance of the deviation of

experiment and theory is around (2.0, 0.01) cm−1 and (0.5, 0.005) cm−1 for the para

and for the ortho species, respectively. In general, the agreement and the consistency
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Table 27. Rovibrational transitions assigned to the F−2 11.2 cm−1 (J0.6–8)level of the
zero-point vibration. Jn.i–j identifies the levels in the energy level list provided in
the Appendix. δ is the difference of the experimental and computed transitions. The
mean and the sample variance of the deviation are (δ̄, σδ) = (0.2, 0.004) cm−1.

No. J ′ ← J ′′ Exp. Exp. E(J ′) Label(J ′) E(J ′′) Label(J ′′) Calc. δ
[MHz] [cm−1] [cm−1] [cm−1] [cm−1] [cm−1]

Exp.85: Table V, (A/F)2, Π← Σ band
1 1←2 536931.0 17.9 29.8 J1.32–37 12.0 J2.12–14 17.7 0.2
2 2←2 553883.6 18.5 30.3 J2.42–47 12.0 J2.12–14 18.3 0.2
3 1←1 553888.4 18.5 29.8 J1.32–37 11.5 J1.12–14 18.3 0.2
4 1←0 562445.5 18.8 29.8 J1.32–37 11.2 J0.6–8 18.6 0.2
5 2←1 571055.5 19.0 30.3 J2.42–47 11.5 J1.12–14 18.9 0.2

(the mean and the variance of the deviation) between experiment and theory is better

for the ortho species. A possible the cause of this difference is the 3:1 ratio of the

spin-statistical weights and of the corresponding transition intensities.

The largest discrepancies between experiment and theory are observed for the

1–5 rovibrational transitions of the E+ vibration (Table 29). For the transitions 6–7

of this band (Table 29), we cannot decide unambiguously between two possible upper

states, with energies 38.5 cm−1 and 39.5 cm−1. Comparing the systematic error of the

computed transitions with the error of the 1–5 transitions, it seems more likely that

the upper level of the 6–7 transitions is the one with an energy of 38.5 cm−1. The

systematic error of the 8–10 transitions (Table 29) is markedly different from the

error of the 1–5 transitions. This deviation is explained by the fact that the upper

levels of the 8–10 transitions do not belong to the ZPV(GM) splitting manifold, but

Table 28. Rovibrational transitions assigned to the A−2 6.9 cm−1 (J0.5) level of the
zero-point vibration. Jn.i–j identifies the levels in the energy level list provided in
the Appendix. δ is the difference of the experimental and computed transitions. The
mean and the sample variance of the deviation are (δ̄, σδ) = (−0.3, 0.003) cm−1.

No. J ′ ← J ′′ Exp. Exp. E(J ′) Label(J ′) E(J ′′) Label(J ′′) Calc. δ
[MHz] [cm−1] [cm−1] [cm−1] [cm−1] [cm−1]

Exp.85: Table VI, (A/F)4, Π← Σ band
1 1←2 548506.7 18.3 26.4 J1.25–26 7.8 J2.5 18.6 −0.3
2 2←2 565694.1 18.9 26.9 J2.33–34 7.8 J2.5 19.1 −0.3
3 1←1 565694.1 18.9 26.4 J1.25–26 7.2 J1.5 19.1 −0.3
4 1←0 574574.9 19.2 26.4 J1.25–26 6.9 J0.5 19.4 −0.3
5 2←1 583344.0 19.5 26.9 J2.33–34 7.2 J1.5 19.7 −0.3
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Table 29. Rovibrational transitions assigned to the E+ 35.7 cm−1 (J0.19–20) level of
the zero-point vibration. Jn.i–j identifies the levels in the energy level list provided
in the Appendix. δ is the difference of the experimental and computed transitions.
The mean and the sample variance of the deviation in the E3, E4, and E5 bands are
(δ̄, σδ) = (1.8, 0.02) cm−1, (1.6, 0.002) cm−1, and (0.2, 0.004) cm−1, respectively. The
set of 1–5 transitions has the largest irregularities among all bands studied with a
variance as large as 0.02 cm−1. ∗: the upper level in these transitions is assignable
to the E+ 48.2 cm−1 (J0.34–35) vibration.

No. J ′ ← J ′′ Exp. Exp. E(J ′) Label(J ′) E(J ′′) Label(J ′′) Calc. δ
[MHz] [cm−1] [cm−1] [cm−1] [cm−1] [cm−1]

Exp.85: Table VII, E3, Σ← Π band
1 1←2 723657.8 24.1 36.0 J1.51–52 13.7 J2.15–16 22.3 1.8
2 2←2 740443.2 24.7 36.5 J2.73–74 13.7 J2.15–16 22.9 1.8
3 1←1 740778.1 24.7 36.0 J1.51–52 13.1 J1.15–16 22.9 1.8
4 0←1 732385.1 24.4 35.7 J0.19–20 13.1 J1.15–16 22.6 1.8
5 2←1 757561.5 25.3 36.5 J2.73–74 13.1 J1.15–16 23.4 1.8

Exp.85: Table VII, E4, ∆← Π band
6 2←2 821483.9 27.4 38.5 J2.88–89 13.7 J2.15–16 24.8 2.6
7 2←1 838603.8 28.0 38.5 J2.88–89 13.1 J1.15–16 25.4 2.6
or:
6 2←2 821483.9 27.4 39.5 J2.90–91 13.7 J2.15–16 25.8 1.6
7 2←1 838603.8 28.0 39.5 J2.90–91 13.1 J1.15–16 26.4 1.6

Exp.85: Table VII, E5, Π← Π band
8 ∗ 2←2 1057801.7 35.3 48.8 J2.116–117 13.7 J2.15–16 35.1 0.2
9 ∗ 1←1 1057943.1 35.3 48.2 J1.84–85 13.1 J1.15–16 35.1 0.2
10 ∗ 2←1 1074920.4 35.9 48.8 J2.116–117 13.1 J1.15–16 35.7 0.2

they are the J = 1 and J = 2 rotational excitations of the E+ 48.2 cm−1 (J0.34–35)

vibration.

Most importantly, all experimentally reported transitions85 within the {J =

0, 1, 2} manifold are identified in our variationally computed dataset. For the ortho

species (see Figure 23), all levels within the computed ZPV(GM) manifold (up to

J = 2) are involved in at least one experimentally reported transition. For the

para species (see Figure 24), however, there are a few computed levels within the

ZPV(GM) manifold (up to J = 2) that are not involved in any experimentally

reported transitions (there are no arrows starting from or pointing to these levels

indicated with a solid line in the figures). These theoretically predicted levels of the

ZPV(GM) rovibrational manifold are listed in Table 33 and are awaiting experimental

confirmation.

There are also energy levels labeled with a dashed line in Figures 23 and 24.
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Table 30. Rovibrational transitions assigned to the F+
1 4.8 cm−1 (J0.2–3) level of the

zero-point vibration. Jn.i–j identifies the levels in the energy level list provided in
the Appendix. δ is the difference of the experimental and computed transitions. The
mean and the sample variance of the deviation are (δ̄, σδ) = (2.6, 0.01) cm−1.

No. J ′ ← J ′′ Exp. Exp. E(J ′) Label(J ′) E(J ′′) Label(J ′′) Calc. δ
[MHz] [cm−1] [cm−1] [cm−1] [cm−1] [cm−1]

Exp.85: Table VIII, (A/F)5, Π← Σ band
1 1←2 827031.4 27.6 30.6 J1.38–43 5.6 J2.2–4 25.0 2.6
2 1←1 844268.9 28.2 30.6 J1.38–43 5.0 J1.2–4 25.5 2.6
3 2←2 844500.0 28.2 31.1 J2.48–53 5.6 J2.2–4 25.5 2.6
4 1←0 852462.1 28.4 30.6 J1.38–43 4.8 J0.2–4 25.8 2.6
5 2←1 860602.5 28.7 31.1 J2.48–53 5.0 J1.2–4 26.1 2.6

These levels have a strongly mixed RRD125 with some minor contribution from the

ZPV(GM) vibrational band in which they are shown. We indicated these levels in

the Figures because they could be observed in transitions under similar conditions as

in Ref. 85. Furthermore, by counting all energy levels and by including these strongly

mixed ones, i.e., summing all (n) values shown next to the (solid or dashed) lines in

each rovibrational band, we obtain 2J + 1 rovibrational levels in total, except for

the ZPV A+
1 (0.0 cm−1, J0.1) with J = 2. In that case two additional rovibrational

levels should appear with rovibrational energies (J = 2) larger than 54.9 cm−1, i.e.,

Table 31. Rovibrational transitions assigned to the F+
2 28.9 cm−1 (J0.9–11) and

36.3 cm−1 (J0.21–23) levels of the zero-point vibration. Jn.i–j identifies the levels
in the energy level list provided in the Appendix. δ is the difference of the ex-
perimental and computed transitions. The mean and the sample variance of the
deviation in the (A/F)6, (A/F)7a, and (A/F)7b, bands are (δ̄, σδ) = (1.6, 0.004) cm−1,
(1.4,0.003) cm−1, and (1.4,0.005) cm−1, respectively.

No. J ′ ← J ′′ Exp. Exp. E(J ′) Label(J ′) E(J ′′) Label(J ′′) Calc. Exp.-Calc.
[MHz] [cm−1] [cm−1] [cm−1] [cm−1] [cm−1]

Exp.85: Table IX, (A/F)6, Σ← Π band
1 1←2 889393.8 29.7 36.6 J1.53–55 8.5 J2.6–11 28.1 1.6
2 2←2 906302.4 30.2 37.1 J2.75–77 8.5 J2.6–11 28.6 1.6
3 1←1 906722.4 30.2 36.6 J1.53–55 7.9 J1.6–11 28.7 1.6
4 2←1 924003.8 30.8 37.1 J2.75–77 7.9 J1.6–11 29.2 1.6

Exp.85: Table IX, (A/F)7a, ∆← Π band
5 2←2 912803.3 30.4 37.5 J2.80–85 8.5 J2.6–11 29.0 1.4
6 2←1 930130.4 31.0 37.5 J2.80–85 7.9 J1.6–11 29.6 1.4

Exp.85: Table IX, (A/F)7b, ∆← Π band
7 2←2 912529.1 30.4 37.5 J2.80–85 8.5 J2.6–11 29.0 1.4
8 2←1 930230.6 31.0 37.5 J2.80–85 7.9 J1.6–11 29.6 1.4

121



Table 32. Rovibrational transitions assigned to the A+
1 0.0 cm−1 (J0.1) level of the

zero-point vibration. Jn.i–j identifies the levels in the energy level list provided in
the Appendix. δ is the difference of the experimental and computed transitions. The
mean and the sample variance of the deviation are (δ̄, σδ) = (1.5, 0.007) cm−1.

No. J ′ ← J ′′ Exp. Exp. E(J ′) Label(J ′) E(J ′′) Label(J ′′) Calc. Exp.-Calc.
[MHz] [cm−1] [cm−1] [cm−1] [cm−1] [cm−1]

Exp.85: Table X, (A/F)8 Π← Σ band
1 1←2 901595.6 30.1 29.4 J1.30–31 0.9 J2.1 28.6 1.5
2 1←1 919166.0 30.7 29.4 J1.30–31 0.3 J1.1 29.1 1.5
3 2←2 919232.4 30.7 30.0 J2.40–41 0.9 J2.1 29.1 1.5
4 1←0 927673.3 30.9 29.4 J1.30–31 0.0 J0.1 29.4 1.5
5 2←1 936059.3 31.2 30.0 J2.40–41 0.3 J1.1 29.7 1.5

beyond the first 150 energy levels which were computed.

Finally, transitions between the rovibrational levels of the ZPV(GM), A+
1 (0.0 cm−1,

J0.1), and the lowest-lying levels of the ZPV manifold of the secondary minimum,

ZPV(SM), A+
1 (34.4 cm−1, J0.18), could be identified in the experimental spectra,

because these transitions lie within the same energy range as the transitions reported

in Ref. 85. The predicted levels of the secondary minimum, which could potentially be

observed as upper levels in rovibrational transitions, are listed in Table 34. Locating

such transitions would constitute the first experimental confirmation for the existence

of a secondary minimum in the methane-water complex, where the methane molecule

is the proton donor and the water molecule is the proton acceptor.

Table 33. Computed rovibrational energy levels assigned to the ZPV(GM) manifold,
which could be observed in rovibrational transitions within the same energy range as
the experiments of Ref.85 were performed.

Vibrational band J E − E0 Label
[cm−1]

E+ (35.7 cm−1, J0.19–20) 1 38.9 J1.58–59
2 39.5 J2.90–91

F+
1 (4.8 cm−1, J0.2–4) 2 40.9 J2.92–97

F+
2 (28.9 cm−1, J0.9–11 &

F+
2 (36.3 cm−1, J0.21–23) 0 28.9 J0.9–11

0 36.3 J0.21–23
1 29.2 J1.27–29
2 29.8 J2.37–39
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Table 34. Computed rovibrational energy levels of the ground-state vibration of the
secondary minimum, which could be observed in rovibrational transitions within the
same energy range as the experiments of Ref.85 were performed.

Vibrational band J E − E0 Label
[cm−1]

A+
1 (34.4 cm−1, J0.18) 1 34.7 J1.50

1 59.3 J1.134–135
2 35.2 J2.72

5.7 Summary

To summarize the study of the CH4·H2O dimer, I have computed J = 0, 1, and 2

rotational-vibrational energy levels and wave functions with rigid monomers using

two ab initio PESs183,187 and assigned the eigenstates up to ca. 65 cm−1 using newly

developed wave function assignation algorithms: 2D wave-function plots, coordinate

expectation values, and the energy decomposition method.

The 24-member zero-point vibrational (ZPV) manifold of the global minimum

(GM) structure were fully assigned as well as the lower part of the stretching manifold

using the 2D wave-function plots. With the help of the coordinate expectation values,

we have also identified vibrational energy levels that could only be assigned to the

secondary minimum (SM) of the complex, in which the methane molecule is the

proton donor and the water molecule is the acceptor. So far, only the lower part of

the ZPV manifold of the secondary minimum structure has been labelled.

Using the computed rotational-vibrational energy levels, possible rovibrational

transitions were compared to the previously unassigned, experimentally reported

FIR spectroscopic measurements of the CH4·H2O dimer85 and excellent, quantitative

agreement has been obtained. All experimentally reported transitions within the

J = 0, 1, and 2 rovibrational manifold are identified in our computations. They

are assigned to rovibrational energy levels corresponding to the 24-member zero-

point vibrational (ZPV) manifold of the global minimum structure (in which the

water molecule is the proton donor and the methane molecule is the acceptor).
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The exceptions are three transitions whose upper level is higher in energy than

the ZPV(GM) manifold. We identified a few rovibrational levels in the computed

ZPV(GM) rovibrational splitting manifold, which lie in the same energy range, and

thus could potentially be observed under the same experimental conditions, but were

not reported in Ref. 85.

The lower part of the 24-member ZPV(SM) manifold overlaps the upper part

of the 24-member ZPV(GM) set; hence, rovibrational transitions ending in levels

corresponding to the secondary minimum well might be observed in the same energy

range as the transitions reported in Ref. 85.

Anomalous, reversed rovibrational-energy level ordering, i.e., negative rotational

excitation energies, were observed both in the experimental and in the computed

transitions. This observation provides additional confirmation of the excellent agree-

ment between theory and experiment; furthermore, it indicates that this extremely

floppy, astructural61,63 complex exhibits rich internal quantum dynamics, suggesting

that further experimental and theoretical work will be worth pursuing both from

fundamental and applied research perspectives.
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6 Conclusions

During my doctoral research, I have further developed the variational nuclear-motion

code GENIUSH, now it can be applied to study and understand exotic phenomena

of larger quantum systems, including tunneling and the rovibrational dynamics of

astructural molecules.

The computation of the rotational-vibrational eigenstates of 5-atomic nonrigid

systems required improvements of the GENIUSH code, especially in the Lanczos

iterative diagonalization algorithm. For a five-atomic system having 9 degrees of

freedom, computing a large number of rotational-vibration eigenstates with GENIUSH

would require a Hamiltonian matrix of the size of about 200 million by 200 million.

Due to the extensive I/O of the previous Lanczos implementation within GENIUSH,

the diagonalization of such large matrices would have been impossible to carry out.

Several different implementations have been tried and tested and the one where all

of the working vectors of the Lanczos eigensolver are stored in memory proved to be

appropriate to treat these previously challenging systems.

I have also developed several wave function assignment tools, which work sepa-

rately from GENIUSH in a post-processing step to identify (“assign”) the rovibrational

states of the studied molecular systems. Using all possible 2D wave-function plots

and counting the nodes of the wave function along the different coordinates allows us

to determine the extent of the vibrational excitation along the different vibrational

coordinates. The coordinate expectation values proved to be very helpful when the

studied system had multiple minima with noticeably different structure and can also

supplement the determination of the degree of a vibrational excitation. The energy

decomposition scheme, which can be also applied for rovibrational wave functions, is

useful for studying complex systems, where the internal rotation of the monomer

units has large effect on the structure of the rovibrational-energy levels.

To capture the tunneling and the unusual rovibrational dynamics of astructural

molecules led me to study the following molecular systems during my doctoral work:

the H+
5 molecular ion and all of its deuterated isotopologues and isotopomers, the

F−(H2O) and F−(D2O) anions, and the CH4·H2O complex.
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The vibrational energy level structure of the H5−nD+
n , n = 0−5, H+

5 isotopologues

were studied up to about half of the first dissociation energy of the system. The

variational nuclear-motion computations performed confirm the existence of 12

different isotopomers from the six possible isotopologues, one for n = 0 and 5, two

for n = 1 and 4, and three for n = 2 and 3. This simplification is due to the fact that

of the three large-amplitude motions of H+
5 , only the H+

3 internal rotation has a large

enough barrier to prevent facile exchange of the atoms involved. This unfeasible

permutation lowers the apparent symmetry of the systems. The stability order of

the isotopomers is determined by two rules: first, when possible, H prefers to stay in

the middle of the ions rather than at the sides, and, second, the isotopomer with a

homonuclear diatomic at the side is always lower in energy.

The first 50 vibrational energy levels of the 12 deuterated isotopomers of H+
5 were

computed utilizing two distinct global PESs134,135 to cover all of the eigenstates up

to about half of the first dissociation energy of the system. The present study proves

that the use of the two PESs results in very similar eigenstates, the only significant

difference is in the description of the dissociative (D) motion. Reduced-dimensional

computations were also carried out to test different possible choices of vibrational

coordinates. The mostly benchmark-quality vibrational energies were fully assigned

using the 2D wave-function plots. Most of the time the two-dimensional wave-function

plots proved to be highly useful to interpret the computed wave functions and assign

labels for them. The labeling process proved to be straightforward for several motions

while they show significant mixing and more unusual structure for other type of

coordinates. It does not seem to be true that, at least in the energy region studied,

an H → D substitution changes considerably the charactaristics of the vibrational

eigenstates.

Comparison of the vibrational states of H+
5 and D+

5 with previous theoretical

works proves that, especially at higher energies, the previously computed DMC and

MCTDH vibrational energies suffer from certain approximations, while the limited

number of results from another approach145 are in a close agreement with those from

GENIUSH, which is encouraging and confirms the precision of the lowest-energy

levels of this study. It is suggested that during MCTDH computations of energy levels
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for difficult, astructural molecules, like those studied here, special care must be taken

to ensure that the computation yields precise energy levels, correctly representing

the original PES.

The rotational-vibrational eigenstates of the H+
5 molecular ion have also been

studied for J = 1, 2, and 3. The rovibrational energy level structure displays several

highly peculiar characteristics and seems to be sufficient to characterize H+
5 as an

astructural molecule: the rotational and vibrational spacings are of the same magni-

tude and there is substantial deviation between the variational rovibrational energy

levels and their rigid-rotor counterparts, except for K = 0. The reduced-dimensional

computations also point out the very limited applicability of certain simplified models,

especially those where the torsional motion is not considered. 1D analytical models

are able to explain the main reasons for the large deviations, the extremely strong

coupling between the torsional and rotational degrees of freedom. The use of the rigid

rotor decomposition scheme allows the analysis of the rovibrational wave functions

computed and provides insight into the extreme mixing of the rovibrational states.

To understand the extremely strong torsional-rotational coupling different one-

and two-dimensional Hamiltonians have been derived and employed in energy level

computations. These modeling efforts explain the different manifestation of the

rotational-vibrational coupling in the different embeddings and provide a clear and

simple physical interpretation of some of the highly peculiar characteristics of the

energy level structure of H+
5 , and the differences in the rovibrational energy level

patterns and the related degeneracies of H+
5 and dimethyl acetylene, two molecules

characteristic of the zero-barrier limit, as compared to methanol and ethane, two

molecules corresponding to the large-barrier limit.

Overall, it seems that the energy level characteristics of the astructural H5−nD+
n

molecules warrant further elaborate studies utilizing several advanced techniques of

nuclear-motion theory if we were to understand the complex dynamics characterizing

these molecules up to the first dissociation limit and beyond. For the higher-energy

states involving the excited H+
3 rotation the apparent symmetry is expected to change,

adding further complication to the understanding of the intriguing rovibrational

dynamics of these systems.
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The GENIUSH algorithm were also utilized to compute rovibrational eigenstates

for the F−(H2O) and F−(D2O) anions in the hope to accurately compute the tunneling

splitting of the energy levels for these complexes for the first time. For F−(H2O),

the first 300 vibrational eigenvalues were computed, including all of the vibrational

fundamentals, from which the first 110 eigenvalues have been successfully assigned

as well as several higher-lying states up to the 200th one. For F−(D2O), the first 100

vibrational eigenvalues were computed and assigned. The variationally computed

energy levels reported are converged, the uncertainty of the first 100 eigenvalues

is estimated to be less than 0.01 cm−1. The very small tunneling splittings of the

zero-point vibration and several lower-lying vibrational states of both species also

indicates very small uncertainties in the computed energy levels. The vibration-only

results reveal the presence of strong resonances. For many states large anharmonic

corrections exist, which are due not only to the existence of strongly anharmonic

regions of the potential energy surface but also to strong coordinate couplings. Many

of the vibrational states of F−(H2O), and similarly of F−(D2O), are also difficult to

label due to the presence of strong resonances. Agreement of the present vibrational

energies and their assignment with previous experimental and theoretical works is

reasonable for most bands.

The computed 100 and 165 J = 1 and J = 2 rovibrational states of the F−(H2O)

anion, respectively, reveal that despite the small tunneling splittings and strong

resonances among the vibrational states the rovibrational energy levels do not show

any unusual characteristics and follow the rigid-rotor (RR) model.

During my doctoral research, I have also computed J = 0, 1, 2 rotational-

vibrational energy levels and wave functions with rigid monomers for the CH4·H2O

dimer using two ab initio PESs183,187 and assigned the eigenstates up to ca. 65 cm−1

using the newly developed wave functions assignation algorithms: 2D wave-function

plots, coordinate expectation values, and the energy decomposition method. The

24-member zero-point vibrational (ZPV) manifold of the global minimum (GM)

structure were fully assigned as well as the lower part of the stretching manifold

using the 2D wave-function plots. With the help of the coordinate expectation values,

we have also identified vibrational energy levels that could only be assigned to the
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secondary minimum (SM) of the complex, in which the methane molecule is the

proton donor and the water molecule is the acceptor. So far, only the lower part of

the ZPV manifold of the secondary minimum structure has been labelled.

Using the computed rotational-vibrational energy levels, possible rovibrational

transitions were compared to the previously unassigned, experimentally reported

far-infrared (FIR) spectroscopic measurements of the CH4·H2O dimer85 and excellent,

quantitative agreement has been obtained. All experimentally reported transitions

within the J = 0, 1, 2 rovibrational manifold are identified in our computations.

They are assigned to rovibrational energy levels corresponding to the 24-member

zero-point vibrational (ZPV) manifold of the global minimum structure (in which

the water molecule is the proton donor and the methane molecule is the acceptor).

The exceptions are three transitions whose upper level is higher in energy than

the ZPV(GM) manifold. We identified a few rovibrational levels in the computed

ZPV(GM) rovibrational splitting manifold, which lie in the same energy range, and

thus could potentially be observed under the same experimental conditions, but were

not reported in Ref. 85. The lower part of the 24-member ZPV(SM) manifold overlaps

the upper part of the 24-member ZPV(GM) set; hence, rovibrational transitions

ending in levels corresponding to the secondary minimum well might be observed in

the same energy range as the transitions reported in Ref. 85.

Anomalous, reversed rovibrational-energy level ordering, i.e., negative rotational

excitation energy, were observed both in the experimental and in the computed tran-

sitions. This observation provides additional confirmation of the excellent agreement

between theory and experiment, and, furthermore, indicates that this extremely floppy

complex is another representative member of the class of astructural molecules,61,63

which exhibits rich internal quantum dynamics, suggesting that further experimental

and theoretical work will be worth pursuing both from fundamental and applied

research perspectives.
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Appendix

List of the computed eigenvalues

Table A1. The first 70 J = 0 vibrational energy levels of CH4·H2O dimer computed
with GENIUSH using the AOSz183 PES and QCHB187 PES with two different basis
sets. The values are in cm−1. The zero-point vibrational energies (ZPVE) are
reported first, all other energy values are relative to the ZPVE values. SG refers
to the smaller grid described in text, while LG to a larger grid where 101 unscaled
Legendre DVR points without PO were used for the β degree of freedom.

AOSz183 PES QCHB187 PES AOSz183 PES QCHB187 PES

Nb. SG LG SG LG Nb. SG LG SG LG
1 206.792 206.801 215.637 215.642 36 48.672 48.685 48.215 48.328
2 4.763 4.763 4.584 4.587 37 50.514 50.628 51.933 52.058
3 4.763 4.764 4.584 4.588 38 50.514 50.628 51.933 52.058
4 4.765 4.764 4.596 4.588 39 50.620 50.632 52.043 52.064
5 6.930 6.934 7.059 7.062 40 53.260 53.328 52.200 52.237
6 11.177 11.190 11.084 11.087 41 53.260 53.329 52.205 52.240
7 11.193 11.192 11.088 11.090 42 53.315 53.329 52.205 52.240
8 11.193 11.192 11.088 11.090 43 53.935 53.977 54.499 54.532
9 28.919 29.001 30.338 30.422 44 54.039 54.095 55.553 55.617
10 28.938 29.002 30.350 30.423 45 54.039 54.095 55.553 55.617
11 28.938 29.002 30.350 30.423 46 54.108 54.097 55.622 55.619
12 32.600 32.630 32.383 32.388 47 56.540 56.650 57.486 57.630
13 32.600 32.630 32.383 32.388 48 56.540 56.651 57.486 57.631
14 32.614 32.630 32.387 32.391 49 56.652 56.651 57.650 57.631
15 32.701 32.705 32.562 32.578 50 61.393 61.669 61.494 61.684
16 32.701 32.705 32.562 32.579 51 61.393 61.669 61.494 61.684
17 32.708 32.708 32.565 32.579 52 61.490 61.677 61.691 61.693
18 34.407 34.405 35.827 35.834 53 61.490 61.687 62.397 62.703
19 35.740 35.880 36.287 36.369 54 61.673 61.687 62.397 62.703
20 35.740 35.880 36.287 36.369 55 61.690 61.694 62.686 62.710
21 36.257 36.317 36.346 36.428 56 63.441 63.460 65.358 65.429
22 36.257 36.317 36.346 36.428 57 63.441 63.460 65.675 65.710
23 36.323 36.322 36.486 36.530 58 64.196 64.168 65.675 65.710
24 36.365 36.397 36.486 36.530 59 64.514 64.576 65.835 65.818
25 36.365 36.397 36.535 36.536 60 65.631 65.821 66.060 66.133
26 41.102 41.104 41.599 41.598 61 65.744 65.823 66.065 66.137
27 41.102 41.105 41.599 41.600 62 65.744 65.823 66.118 66.137
28 41.125 41.105 41.603 41.600 63 65.992 66.070 66.118 66.281
29 45.766 45.916 46.982 47.071 64 66.053 66.075 66.219 66.284
30 45.827 45.916 47.008 47.123 65 66.071 66.075 66.219 66.284
31 45.827 45.917 47.008 47.123 66 66.071 66.156 66.365 66.475
32 47.156 47.253 47.056 47.125 67 71.052 71.303 70.355 70.625
33 47.156 47.253 47.498 47.536 68 71.261 71.309 70.589 70.632
34 47.966 48.000 47.498 47.536 69 71.261 71.309 70.589 70.632
35 47.966 48.000 48.215 48.328 70 71.910 72.132 72.772 72.987
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Table A2. The first 150 J = 1, 2 rovibrational energy levels of CH4·H2O dimer
computed with GENIUSH using the AOSz183 PES. The values are in cm−1. The
zero-point vibrational energies (ZPVE) are reported first, all other energy values are
relative to the ZPVE values.

J = 1 J = 2

Nb. Value Nb. Value Nb. Value Nb. Value Nb. Value Nb. Value
1 0.289 51 36.007 101 51.353 1 0.867 51 31.157 101 43.539
2 5.044 52 36.007 102 53.514 2 5.605 52 31.202 102 43.550
3 5.044 53 36.542 103 53.514 3 5.607 53 31.202 103 45.246
4 5.045 54 36.542 104 53.567 4 5.607 54 32.764 104 45.309
5 7.219 55 36.609 105 54.070 5 7.796 55 32.764 105 45.341
6 7.905 56 36.649 106 54.085 6 8.485 56 32.770 106 45.341
7 7.909 57 36.649 107 54.135 7 8.490 57 32.770 107 45.477
8 7.911 58 38.926 108 54.135 8 8.490 58 32.788 108 45.477
9 7.911 59 38.926 109 54.174 9 8.497 59 32.788 109 46.677
10 7.915 60 40.331 110 54.174 10 8.501 60 33.464 110 46.741
11 7.915 61 40.331 111 54.207 11 8.501 61 33.464 111 46.741
12 11.457 62 40.376 112 54.334 12 12.019 62 33.480 112 47.132
13 11.475 63 40.376 113 54.334 13 12.039 63 33.571 113 47.132
14 11.475 64 40.379 114 54.389 14 12.039 64 33.571 114 48.009
15 13.113 65 40.380 115 54.430 15 13.682 65 33.578 115 48.009
16 13.113 66 41.381 116 54.439 16 13.682 66 34.185 116 48.808
17 14.543 67 41.381 117 54.470 17 15.120 67 34.185 117 48.808
18 14.543 68 41.404 118 54.470 18 15.120 68 34.187 118 49.496
19 14.552 69 42.998 119 54.476 19 15.130 69 34.187 119 49.603
20 14.554 70 43.001 120 54.476 20 15.136 70 34.188 120 49.606
21 14.555 71 44.728 121 54.571 21 15.136 71 34.188 121 49.606
22 14.555 72 44.750 122 54.571 22 15.137 72 35.210 122 49.620
23 19.329 73 44.809 123 56.813 23 19.895 73 36.540 123 49.814
24 19.329 74 44.809 124 56.813 24 19.895 74 36.540 124 49.814
25 26.361 75 44.933 125 56.921 25 23.320 75 37.111 125 50.858
26 26.363 76 44.933 126 56.965 26 23.320 76 37.111 126 50.858
27 29.189 77 46.071 127 56.965 27 26.374 77 37.180 127 51.233
28 29.209 78 46.133 128 57.216 28 26.374 78 37.217 128 51.233
29 29.209 79 46.133 129 57.216 29 26.375 79 37.217 129 51.326
30 29.427 80 46.568 130 57.239 30 26.375 80 37.479 130 51.839
31 29.433 81 46.568 131 57.262 31 26.388 81 37.479 131 51.866
32 29.729 82 47.440 132 57.262 32 26.388 82 37.537 132 51.866
33 29.731 83 47.440 133 57.265 33 26.937 83 37.537 133 51.946
34 29.760 84 48.247 134 59.296 34 26.944 84 37.546 134 51.963
35 29.760 85 48.247 135 59.315 35 29.662 85 37.546 135 51.963
36 29.765 86 48.946 136 61.438 36 29.662 86 37.564 136 52.163
37 29.765 87 49.058 137 61.449 37 29.730 87 37.564 137 52.163
38 30.474 88 49.058 138 61.634 38 29.752 88 38.531 138 52.191
39 30.474 89 49.060 139 61.634 39 29.752 89 38.531 139 52.191
40 30.588 90 49.065 140 61.663 40 29.995 90 39.505 140 52.227
41 30.588 91 49.266 141 61.663 41 30.012 91 39.505 141 52.228
42 30.633 92 49.266 142 61.715 42 30.294 92 40.883 142 54.022
43 30.633 93 50.749 143 61.715 43 30.301 93 40.883 143 54.022
44 32.888 94 50.749 144 61.839 44 30.328 94 40.928 144 54.071
45 32.888 95 50.848 145 61.839 45 30.328 95 40.928 145 54.590
46 32.902 96 51.283 146 61.952 46 30.336 96 40.928 146 54.634
47 32.991 97 51.310 147 61.984 47 30.336 97 40.933 147 54.642
48 32.991 98 51.310 148 62.975 48 31.043 98 41.939 148 54.720
49 32.998 99 51.326 149 62.975 49 31.043 99 41.939 149 54.750
50 34.675 100 51.353 150 63.179 50 31.157 100 41.963 150 54.909
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Table A3. The first 300 vibrational energy levels of F−(H2O) computed with GE-
NIUSH using the SLBCL70 PES. The values are in cm−1. The zero-point vibrational
energies (ZPVE) are reported first, all other energy values are relative to the ZPVE
values.

Nb. Value Nb. Value Nb. Value Nb. Value Nb. Value Nb. Value
1 4830.98 51 2111.97 101 2721.05 151 3146.46 201 3433.26 251 3672.54
2 0.00 52 2111.98 102 2728.68 152 3151.29 202 3435.24 252 3674.66
3 423.47 53 2149.33 103 2752.83 153 3151.79 203 3435.98 253 3685.49
4 423.47 54 2151.49 104 2759.63 154 3156.15 204 3451.19 254 3690.01
5 560.74 55 2188.07 105 2791.16 155 3158.31 205 3452.01 255 3691.24
6 560.74 56 2188.60 106 2794.55 156 3169.71 206 3454.93 256 3691.54
7 823.25 57 2236.80 107 2795.41 157 3169.78 207 3464.25 257 3695.26
8 823.25 58 2237.72 108 2817.94 158 3177.26 208 3464.35 258 3696.04
9 972.34 59 2257.86 109 2818.24 159 3187.23 209 3465.78 259 3699.61
10 972.34 60 2258.19 110 2837.26 160 3192.17 210 3469.07 260 3702.41
11 1110.39 61 2276.26 111 2837.32 161 3203.01 211 3469.86 261 3707.79
12 1110.39 62 2276.31 112 2840.08 162 3206.47 212 3475.84 262 3718.48
13 1180.69 63 2299.07 113 2846.76 163 3206.89 213 3492.68 263 3719.78
14 1180.69 64 2299.07 114 2852.04 164 3207.09 214 3496.26 264 3725.39
15 1203.70 65 2332.17 115 2858.10 165 3208.50 215 3511.40 265 3728.38
16 1203.70 66 2332.18 116 2858.13 166 3213.38 216 3515.91 266 3729.52
17 1360.54 67 2367.00 117 2878.80 167 3215.96 217 3515.99 267 3733.53
18 1360.55 68 2374.13 118 2881.84 168 3219.58 218 3529.31 268 3735.13
19 1477.91 69 2420.26 119 2885.37 169 3224.87 219 3532.57 269 3740.30
20 1477.92 70 2421.39 120 2885.43 170 3233.88 220 3533.30 270 3744.53
21 1509.62 71 2460.96 121 2893.92 171 3251.26 221 3539.79 271 3747.36
22 1509.68 72 2461.36 122 2904.18 172 3262.75 222 3544.24 272 3748.17
23 1570.46 73 2472.11 123 2909.84 173 3262.99 223 3555.31 273 3748.78
24 1570.46 74 2472.15 124 2963.09 174 3264.56 224 3557.57 274 3750.50
25 1571.50 75 2484.89 125 2963.24 175 3268.08 225 3567.85 275 3754.83
26 1571.50 76 2503.17 126 2965.03 176 3278.83 226 3571.04 276 3759.17
27 1634.44 77 2545.97 127 2979.97 177 3282.15 227 3572.33 277 3759.56
28 1634.51 78 2546.65 128 2980.81 178 3286.70 228 3578.45 278 3765.94
29 1650.50 79 2560.68 129 2981.45 179 3295.53 229 3586.47 279 3766.73
30 1650.61 80 2562.21 130 2982.38 180 3303.97 230 3591.25 280 3768.38
31 1732.42 81 2566.01 131 2983.69 181 3304.63 231 3591.76 281 3772.49
32 1732.45 82 2567.03 132 2985.90 182 3309.14 232 3593.88 282 3780.69
33 1735.68 83 2598.34 133 2991.32 183 3312.45 233 3595.84 283 3784.18
34 1735.69 84 2601.24 134 3020.01 184 3318.23 234 3602.31 284 3790.31
35 1879.05 85 2613.80 135 3020.01 185 3325.85 235 3604.26 285 3803.97
36 1879.34 86 2615.58 136 3036.40 186 3326.03 236 3608.30 286 3807.43
37 1915.01 87 2621.51 137 3038.63 187 3348.96 237 3617.09 287 3809.44
38 1915.02 88 2621.52 138 3054.57 188 3354.64 238 3617.33 288 3811.10
39 1942.65 89 2622.65 139 3057.60 189 3360.39 239 3618.24 289 3815.19
40 1942.65 90 2632.50 140 3070.28 190 3364.10 240 3629.14 290 3821.24
41 2009.79 91 2632.77 141 3079.71 191 3376.11 241 3630.73 291 3824.72
42 2010.98 92 2634.96 142 3101.22 192 3382.01 242 3632.48 292 3836.13
43 2020.31 93 2640.60 143 3103.04 193 3382.63 243 3634.37 293 3836.19
44 2020.39 94 2649.95 144 3109.84 194 3382.83 244 3644.67 294 3837.51
45 2053.99 95 2657.27 145 3110.79 195 3383.35 245 3646.74 295 3842.15
46 2054.22 96 2657.33 146 3125.42 196 3394.13 246 3651.87 296 3847.09
47 2075.75 97 2688.15 147 3127.13 197 3405.07 247 3662.92 297 3851.02
48 2075.87 98 2704.07 148 3128.90 198 3414.52 248 3665.31 298 3858.03
49 2110.87 99 2708.54 149 3130.80 199 3422.43 249 3669.16 299 3863.36
50 2110.98 100 2708.72 150 3144.97 200 3431.20 250 3671.17 300 3864.23

145



Table A4. The first 60 computed vibrational energy levels of H+
5 ≡ [H2−H−H2]+

and D+
5 ≡ [D2−D−D2]+ using two Born–Oppenheimer potential energy surfaces,

ABPDVR135 and XBB.134 The zero-point vibrational energies (ZPVE) are reported
first, all other energy values are relative to the ZPVE values.

No. [H2–H–H2]+ [D2−D–D2]+

ABPDVR XBB ABPDVR XBB
1 7237.5 7212.3 5175.1 5150.4
2 90.0 87.3 35.3 33.2
3 135.8 138.7 82.0 85.7
4 352.3 353.9 224.4 224.3
5 445.6 444.0 224.6 230.4
6 446.3 446.8 227.8 232.4
7 446.9 446.8 262.1 269.1
8 483.0 485.7 301.8 310.9
9 653.4 636.9 447.0 454.0
10 750.0 731.4 449.5 454.9
11 783.7 768.3 461.4 457.9
12 784.1 793.8 495.4 489.9
13 785.1 794.9 498.4 498.3
14 797.7 797.2 503.1 501.3
15 798.3 798.8 538.0 533.1
16 862.5 866.6 573.4 583.7
17 864.4 869.0 573.7 584.1
18 931.2 910.4 610.7 617.5
19 963.9 968.5 611.2 618.0
20 966.3 971.8 675.3 666.0
21 993.4 991.1 684.0 676.4
22 993.4 991.2 686.3 679.9
23 1005.9 995.7 693.5 704.4
24 1006.0 1008.3 693.7 705.0
25 1010.5 1011.9 713.1 705.3
26 1031.6 1012.2 716.7 725.5
27 1041.5 1034.6 717.9 725.6
28 1059.7 1039.9 719.6 726.9
29 1064.0 1058.3 722.4 727.6
30 1069.6 1067.2 744.0 742.0
31 1088.0 1079.9 746.3 752.4
32 1101.7 1082.8 749.5 754.2
33 1101.9 1083.4 756.7 762.0
34 1103.6 1104.3 758.3 765.1
35 1153.5 1127.6 799.7 810.1
36 1161.8 1152.8 800.1 811.5
37 1161.8 1154.6 829.8 835.7
38 1163.2 1161.2 833.8 839.8
39 1172.8 1169.7 836.9 841.4
40 1208.2 1193.4 842.9 848.4
41 1230.1 1216.3 867.3 849.7
42 1235.2 1220.8 869.0 873.0
43 1242.5 1224.3 869.8 875.9
44 1253.2 1226.2 874.7 877.9
45 1261.0 1256.8 876.8 877.9
46 1265.2 1257.3 878.7 883.5
47 1266.7 1257.5 878.7 884.0
48 1267.3 1264.2 897.6 887.2
49 1281.7 1269.1 899.5 888.5
50 1314.6 1315.1 909.7 890.2
51 1316.7 1316.8 917.4 913.0
52 1344.8 1342.6 921.6 917.0
53 1344.8 1342.6 933.9 923.0
54 1351.4 1344.7 935.1 929.9
55 1357.6 1349.8 938.2 937.3
56 1367.7 1349.9 941.7 939.9
57 1375.0 1358.5 943.0 943.3
58 1380.3 1359.8 950.3 943.5
59 1382.3 1360.6 958.3 949.5
60 1389.2 1374.3 959.3 950.2
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Table A5. The first 60 computed vibrational energy levels of the different H4D+,
H3D+

2 , H2D+
3 , and HD+

4 isotopomers using the ABPDVR135 PES. The zero-point
vibrational energies (ZPVE) are reported first, all other energy values are relative to
the ZPVE values.

No. H4D+ H3D+
2 H2D+

3 HD+
4

[H2–D–H2]+ [DH–H–H2]+ [DH–D–H2]+ [DH–H–DH]+ [D2–H–H2]+ [DH–D–DH]+ [D2–D–H2]+ [D2–H–DH]+ [D2–D–DH]+ [D2–H–D2]+
1 6891.3 6842.6 6483.3 6447.7 6399.5 6081.7 6025.1 6003.7 5626.9 5558.7
2 89.5 76.0 75.6 61.8 63.3 60.9 63.6 48.8 48.3 35.7
3 136.2 121.5 121.8 107.0 108.7 107.1 109.3 94.0 94.5 81.2
4 234.5 355.4 237.4 330.4 336.8 226.1 251.3 277.7 229.8 224.4
5 327.8 388.7 315.7 332.1 338.1 290.0 315.9 279.8 277.2 227.5
6 366.1 389.9 354.6 353.4 364.0 328.5 338.7 358.0 279.6 359.7
7 445.4 435.3 388.2 418.9 429.9 328.7 340.3 409.9 280.3 398.3
8 445.9 471.7 389.3 455.2 467.0 330.2 355.8 446.7 319.7 435.7
9 523.0 622.1 506.1 582.4 627.5 477.7 507.9 578.9 471.8 498.4
10 618.1 703.4 586.4 649.3 636.7 543.1 569.0 616.5 503.8 498.5
11 653.1 725.3 622.0 681.8 694.9 552.7 574.9 616.7 505.7 575.2
12 679.0 734.7 622.6 682.3 696.8 554.1 583.2 629.7 523.6 582.1
13 679.4 742.4 623.3 683.6 698.1 578.5 584.5 632.8 558.3 584.4
14 695.7 743.3 628.8 715.1 702.5 635.0 611.1 633.3 579.7 613.9
15 696.7 778.5 684.3 735.1 721.8 639.7 627.2 635.1 616.0 620.0
16 737.7 800.4 685.2 735.2 729.9 680.1 648.2 676.7 616.2 620.1
17 740.0 847.9 708.6 736.5 750.1 683.7 670.7 687.4 622.5 651.7
18 763.3 865.7 734.8 783.8 750.5 691.0 737.2 693.0 622.5 668.4
19 816.2 865.9 795.5 793.9 827.1 729.8 751.7 773.1 662.9 668.6
20 819.9 882.9 810.9 841.3 852.1 730.0 753.5 798.2 685.2 746.8
21 832.5 914.7 816.3 876.4 863.4 757.3 753.6 845.2 724.2 746.9
22 848.5 949.5 818.4 882.3 902.2 757.7 773.6 845.3 727.8 798.3
23 861.4 966.6 838.5 911.2 923.8 763.3 790.3 854.6 737.7 800.4
24 891.7 967.8 851.7 917.5 927.2 794.6 805.8 859.0 747.3 848.5
25 927.9 970.2 856.0 921.3 947.5 799.9 818.1 864.1 750.0 853.1
26 930.1 983.7 860.1 930.4 952.6 805.2 818.6 900.5 768.2 853.7
27 938.1 1011.3 864.5 936.3 963.9 806.0 837.2 907.3 768.6 855.0
28 949.2 1014.2 865.1 967.7 964.9 809.7 838.0 917.2 774.5 855.3
29 960.2 1014.9 892.8 982.2 972.3 824.9 843.3 926.4 777.5 868.3
30 968.1 1019.0 893.6 993.1 990.9 827.7 844.2 936.4 781.7 868.9
31 969.2 1042.6 900.6 1000.8 1002.4 846.0 852.6 961.7 791.3 878.9
32 969.2 1046.1 914.2 1016.1 1006.2 853.0 868.5 970.8 813.7 879.0
33 992.8 1053.8 924.3 1020.5 1019.2 877.8 901.6 971.5 839.4 890.2
34 992.8 1080.2 932.9 1036.4 1027.1 887.1 903.8 971.6 839.7 895.9
35 998.5 1090.2 953.7 1041.7 1032.3 900.1 909.6 977.4 847.6 896.3
36 1014.3 1098.5 971.2 1073.7 1064.7 929.0 935.5 983.6 848.9 899.0
37 1028.3 1122.3 980.1 1076.6 1090.1 931.6 954.0 1007.0 853.9 899.3
38 1037.5 1126.9 988.7 1078.5 1095.7 933.6 961.8 1009.2 877.7 921.6
39 1038.5 1142.2 1003.9 1084.7 1104.4 937.0 962.2 1019.1 888.1 948.0
40 1047.0 1175.0 1023.5 1087.1 1105.7 952.3 990.7 1039.3 902.9 948.6
41 1060.9 1183.9 1031.1 1092.1 1105.7 953.4 990.7 1069.5 913.1 996.1
42 1063.1 1185.0 1031.8 1101.6 1117.6 966.9 1005.3 1072.4 928.2 1000.0
43 1065.5 1198.5 1042.3 1126.1 1143.5 972.3 1005.8 1072.8 935.3 1013.7
44 1096.7 1203.5 1042.9 1133.1 1155.1 973.2 1007.3 1079.0 938.8 1035.7
45 1102.2 1209.8 1046.5 1133.2 1159.8 979.2 1008.0 1085.7 942.2 1053.6
46 1102.3 1214.9 1058.7 1140.2 1166.4 979.7 1012.7 1088.5 942.4 1061.0
47 1123.3 1217.2 1064.0 1152.2 1174.4 999.0 1017.3 1093.3 948.3 1066.1
48 1124.8 1217.3 1068.4 1155.4 1178.6 1004.3 1023.1 1108.4 964.6 1070.2
49 1128.4 1231.4 1081.7 1175.8 1179.9 1008.3 1032.4 1119.7 966.2 1071.5
50 1184.1 1233.1 1088.8 1184.9 1181.7 1015.3 1032.9 1126.0 971.6 1073.3
51 1191.1 1237.3 1095.3 1185.7 1192.7 1017.1 1043.7 1128.5 974.1 1073.7
52 1191.6 1238.9 1095.6 1188.9 1195.0 1026.7 1054.2 1130.8 979.2 1076.9
53 1193.7 1250.1 1122.8 1202.4 1195.3 1028.2 1059.1 1130.9 979.3 1077.4
54 1207.8 1284.2 1123.5 1210.6 1208.7 1075.3 1062.2 1137.4 1000.7 1081.5
55 1210.1 1284.6 1134.7 1212.9 1213.9 1105.1 1066.0 1140.6 1003.8 1082.6
56 1211.3 1290.0 1145.9 1236.8 1226.1 1108.8 1071.2 1141.9 1030.9 1083.6
57 1214.0 1300.1 1157.8 1242.3 1237.3 1118.4 1072.1 1144.1 1054.5 1090.1
58 1222.3 1309.7 1161.8 1254.8 1238.8 1121.5 1093.6 1173.6 1059.8 1090.2
59 1225.1 1311.3 1164.5 1262.0 1240.1 1123.2 1104.4 1183.8 1063.1 1090.3
60 1225.2 1323.2 1166.6 1264.4 1248.4 1125.5 1105.7 1188.5 1065.8 1094.8
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Table A6. Extension to Table 17. Energies, between 1 800 and 2 900 cm−1, corre-
sponding to the 2D(φ1,φ2) model employing 21 exponential DVR basis functions
for both torsional coordinates. The eigenenergies of the 2D(φ, αGE) and 2D(φ, αBE)
models are identical with those reported herein. The energies are given in cm−1, V (φ)
is given in Eq. (27), and ∆E = E(V 6= 0)−E(V = 0). The energy values are labeled
by |L|, an angular momentum quantum number, i, counting the different eigenstates
corresponding to the same |L|, and |KGE| and |KBE|, the torsional quantum numbers
in the 2D(φ, αGE) and 2D(φ, αBE) models, respectively. The degeneracy factor d
corresponds to the V 6= 0 case; thus, the true V = 0 degeneracies can be higher than
the V 6= 0 ones reported.

|L| i |KGE|a |KBE| d E(V = 0) E(V 6= 0) ∆E
8 2 (3–5) 1 2 1813.45 1794.85 −18.61
2 8 (3–5) 4 2 1813.45 1815.45 2.00
2 9 (3–5) 4 2 1813.45 1815.45 2.00
8 3 (3–5) 1 2 1813.45 1834.87 21.42
6 6 (0–6) 3 2 1920.13 1922.22 2.10
6 7 (0–6) 3 2 1920.13 1922.25 2.12
5 4 (1,6) 7/2 4 1973.47 1975.50 2.03
7 3 (1,6) 5/2 4 1973.47 1975.70 2.23
8 4 (2–6) 2 2 2133.48 2135.03 1.55
4 8 (2–6) 4 2 2133.48 2135.47 1.99
4 9 (2–6) 4 2 2133.48 2135.47 1.99
8 5 (2–6) 2 2 2133.48 2136.91 3.43
9 1 (4,5) 1/2 4 2186.81 2186.20 −0.61
1 5 (4,5) 9/2 4 2186.81 2188.78 1.97
3 5 (3,6) 9/2 4 2400.16 2402.13 1.97
9 2 (3,6) 3/2 4 2400.16 2403.51 3.35
7 4 (0,7) 7/2 4 2613.51 2615.55 2.04
10 1 5 0 2 2666.84 2666.84 0.00
0 10 5 5 1 2666.84 2668.79 1.95
0 11 5 5 1 2666.84 2668.79 1.95
6 8 (1–7) 4 2 2666.84 2668.84 2.00
6 9 (1–7) 4 2 2666.84 2668.84 2.00
8 6 (1–7) 3 2 2666.84 2668.94 2.10
8 7 (1–7) 3 2 2666.84 2668.96 2.12
10 2 (4–6) 1 2 2773.52 2754.91 -18.61
2 10 (4–6) 5 2 2773.52 2775.47 1.95
2 11 (4–6) 5 2 2773.52 2775.47 1.95
10 3 (4–6) 1 1 2773.52 2794.93 21.41
5 5 (2,7) 9/2 4 2826.86 2828.82 1.96
9 3 (2,7) 5/2 4 2826.86 2829.09 2.23

a For odd |L|, two of the 4-fold degenerate energy levels with the same |L| can be
labelled by one |KGE| quantum number (x) and two by another one (y). Such cases
are marked as (x,y). For even |L|, where |L| 6= 0 and i > 1, two, 2-fold degenerate
energy levels with the same |L| and V = 0 energy but different x and y |KGE|
quantum numbers are mixed in the V 6= 0 case. Such cases are marked as (x− y).
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Details of the H+
5 PESs

For the XBB PES we used, the energy is –2.527 992 514 Eh at the fully optimized

geometry, given in Å, of {{–0.384341, 0.0, –1.123136}, {0.384341, 0.0, –1.123136},

{0.0, –0.405747, 1.048925}, {0.0, 0.405747, 1.048925}, {0.0, 0.0, 0.148424}}, while

for the ABPDVR PES we employed the energy is –4.52 cm−1 at the fully optimized

geometry, given in bohr, of {{–0.7252, 0.0, –2.11692}, {0.7252, 0.0, –2.11692},

{2.675173, –0.7662, 1.98028}, {–2.675173, 0.7662, 1.98028}, {0.0, 0.0, 0.27328}}.

Note that all these values are very slightly different from the corresponding values

reported in Refs.134–136 causing small deviations especially notable in the computed

ZPVEs.
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Abstract
During my doctoral research I focused on two exotic phenomena of quantum systems:
tunneling and the rovibrational dynamics of astructural molecules.

The efficient computation of accurate rotational-vibrational energy levels of
molecular systems containing several atoms required specific developments in the
source code of GENIUSH, a universal variational nuclear-motion code developed in
our laboratory. In addition, I have developed three different, almost automatic tools
allowing the analysis of rotational-vibrational wave functions in a post-processing step
following a GENIUSH computation: two-dimensional wave-function plots, coordinate
expectation values, and an energy decomposition scheme.

Variational nuclear-motion computations were performed with the modified ver-
sion of the GENIUSH code on the following systems: a) the H+

5 molecular ion and
all of its possible deuterated isotopologues and isotopomers, b) the F−(H2O) and
F−(D2O) complexes, and c) the CH4·H2O dimer in reduced dimensions. I have
computed and assigned the first 50 vibrational energy levels of all the possible iso-
topomers of the H5−nD+

n , n = 0− 5, system. The J = 1, 2, 3 rovibrational eigenstates
of the H+

5 molecular ion have also been studied. The very unusual rovibrational
energy level structure including negative rotational energy increments, which classify
H+

5 as an astructural molecule, have been analyzed and explained in detail.
Several hundred rovibrational eigenstates have been computed for the F−(H2O)

and F−(D2O) complexes. Precise tunneling splittings of the energy levels have been
determined for these complexes for the first time.

Using the rigid monomer approximation, J = 0, 1, and 2 rovibrational energy
levels and wave functions of the CH4·H2O dimer were computed and assigned up
to ca. 65 cm−1 above the zero-point energy. Excellent, quantitative agreement
is obtained between the computed and the experimentally reported far-infrared
transitions of this complex, which previously had to be left unassigned by the
experimentalists. Anomalous, reversed rovibrational energy level ordering, i.e.,
negative rotational excitation energies, is observed both in the experimental and in
the computed transitions. Thus, CH4·H2O is another representative member of the
class of astructural molecules.

Besides the development and application of the GENIUSH code I derived model
Hamiltonians to understand and characterize the extensive rotational-torsional cou-
pling present in astructural molecules and be able to predict the effect of the torsional
potential barrier on rotational-vibrational energy levels.
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Összefoglalás
Doktori munkám során kvantumrendszerek egzotikus jelenségeinek, az alagúteffek-
tusnak és az ún. szerkezet nélküli molekulák dinamikájának a tanulmányozásával
foglalkoztam. A vizsgált molekuláris rendszerek rezgési-forgási energiaszintjeinek
hatékony számításához továbbfejlesztettem a laboratóriumunkban kifejlesztett GE-
NIUSH programcsomag egyes részeit és kifejlesztettem három különböző asszignációs
módszert, melyek segítségével a rezgési-forgási állapotok – a GENIUSH-sal számított
hullámfüggvényeken keresztül – a számítások végeztével automatikusan címkézhetők.
Ezen három módszer a kétdimenziós hullámfüggvény ábrák készítése és egyidejű
megjelenítése, a rezgési koordináták várható értékeinek kiszámítása, valamint egy
energia dekompozíciós eljárás.

A GENIUSH program továbbfejlesztett változatával variációs magmozgás számí-
tásokat végeztem a H+

5 molekulaion összes lehetséges deuterált izotopomerére, az
F−(H2O) és az F−(D2O) anionokra, valamint a CH4·H2O dimerre. Meghatároztam
és azonosítottam a H5−nD+

n , n = 0 − 5 rendszer összes lehetséges izotopomerének
zéruspont-energiáját és első 50 rezgési energiaszintjét, valamint a H+

5 molekulaion
rezgési-forgási energiaszintjeit J = 1, 2 és 3 forgási kvantumszámok esetén. A nagyon
szokatlan, negatív forgási energia járulékokat is magába foglaló rezgési-forgási ener-
giaszint szerkezetet megmagyaráztam, címkéztem és részletesen elemeztem. Mindezek
alapján a H+

5 molekulaiont a szerkezet nélküli molekulák közé soroltam.
Kiszámítottam és asszignáltam az F−(H2O) és F−(D2O) anionok első néhány száz

rezgési-forgási energiaszintjét és meghatároztam ezek pontos, alagúteffektus miatt
bekövetkező felhasadását.

A merev monomer közelítés alkalmazásával kiszámítottam és kb. 65 cm−1 energiá-
ig asszignáltam a CH4·H2O dimer rezgési-forgási energiaszintjeit és hullámfüggvényeit
J = 0, 1, és 2 forgási kvantumszámok esetén. Kiváló, kvantitatív egyezést állapítot-
tam meg a CH4·H2O komplex korábban kísérletileg mért, de még nem azonosított és
az általam számított távoli-infravörös átmenetek között. A kísérleti és az elméleti
energiaszintek között észlelt szokatlan, fordított rezgési-forgási energiaszint sorrend
és a negatív forgási energia járulékok miatt a CH4·H2O dimert is a szerkezet nélküli
molekulák családjába soroltam.

A GENIUSH kód fejlesztése és alkalmazása mellett a szerkezet nélküli moleku-

lákban a torziós és a forgási szabadsági fokok csatolódásának megértése céljából

modell Hamilton-operátorokat vezettem le, melyek segítségével megjósoltam a torziós

potenciálgátnak a rezgési-forgási energiaszintekre való hatását.
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