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Introduction

This dissertation summarizes the results of the author’s re-
search in signal processing. These results are presented in a uni-
fied approach which allows to show the connection between them.
The main topic of the thesis is the development of adaptive mod-
els for ECG and EEG signals to perform efficient compression
and classification. The design and construction of such systems
involve several problems including optimization of free parame-
ters, which is of great importance for providing a compact rep-
resentation of the signal. In the thesis we propose a number of
numerical algorithms based on different optimization methods.
The mathematical background of our results and methods is the
theory of rational functions. We show that the various systems of
rational functions provide the basis for adaptive signal represen-
tations which turn to be better than the existing state-of-the-art
methods in several respects.

In general, signal processing has become an important field
of applied sciences over the last decades. Several mathematical
results, especially orthogonal transforms were applied for solving
practical problems in data compression, classification, detection,
etc. In connection with this we note that the transforms by means
of rational function systems in ECG signal processing were intro-
duced by Ferenc Schipp and Sándor Fridli in [FriLóc12]. The
PhD thesis utilizes and extends their results to solve different
problems, especially in biomedical signal processing.

The main material of the dissertation was published in 4 jour-
nal and 5 conference papers, and presented at 10 international
conferences. The conference papers appeared in IEEE proceed-
ings. We note that 2 conference and 1 journal papers were written
in collaboration with the research group in signal processing of
Tampere University of Technology (TUT, Finland), where the
author was a visiting researcher for a five-month period.
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Mathematical background

Let us denote the set of complex numbers by C , the open unit
disc by D := { z ∈ C : |z| < 1 } , the unit circle (or torus) by
T := { z ∈ C : |z| = 1 } and the set of non-zero natural numbers
by N+ . Furthermore, we recall that the Hardy space H2(D) is
the collection of analytic functions f : D → C for which

‖f‖H2 := sup
0≤r<1

(

1

2π

∫ π

−π

∣

∣
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dt

)
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< ∞ .

The radial limit function f(eit) := limr→1−0 f(reit) also exists
which belongs to L2(T) (see e.g., [Zyg59; Mór13]). In this case,
the corresponding scalar product of H2(D) is as follows

〈f, g〉 :=
1

2π

∫ π

−π
f(eit)g(eit) dt (f, g ∈ H2(D)) .

The scalar product induces the norm ‖.‖H2 on T. Furthermore,
H2(D) is complete with respect to this norm, i.e., it is a Hilbert
space. In this sense, the best approximation exists for all the
closed subspaces of H2(D). In particular, if we have an orthogo-
nal basis of H2(D) then the closest element of any subspaces can
be computed via orthogonal projections. In order to construct
such orthogonal/biorthogonal systems let us consider the set of
rational functions R that are analytic on D. This is a normed sub-
space of H2(D) which can be generated by the rational functions

ϕa,k(z) =
zk−1

(1 − az)k
(z ∈ D, k ∈ N+) .

Here the parameter a ∈ D is referred to as the inverse pole,
while k is said to be the order of the basic function. Now, let
us consider the sequence of inverse poles a := (ak ∈ D, k ∈ N)
and multiplicities ν := (νk ∈ N+, k ∈ N) where νk counts the
occurrences of ak in the segment a0, . . . , ak . Then, for a given
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n ∈ N+ the subspaces of R generated by a can be defined as

R
a

n := { ϕak,νk
: 0 ≤ k < n } , R

a :=
∞
⋃

n=0

R
a

n ⊂ R .

Note that the sequence ν and hence the subspaces Ra

n depend on
the order of the inverse poles in a . In addition, Ra is dense in
H2(D), if and only if the so-called Blaschke condition is satisfied:

∞
∑

k=0

(1 − |ak|) = ∞ .

In this case, the system { ϕak,νk
: k ∈ N } is closed in H2(D) ,

but it does not form an orthogonal set. One can solve this
problem by applying Gram–Schmidt orthogonalization to these
rational functions. Then, the corresponding rational function
system is the so-called Malmquist–Takenaka (MT) system (see
e.g., [BulGon09; Sch14]). Taking the sequence of inverse poles
a := (ak ∈ D, k ∈ N) the orthogonalized MT system is defined:

Φa

k(z) =

√

1 − |ak|2

1 − akz

k−1
∏

j=0

z − aj

1 − ajz
(z ∈ D , k ∈ N) .

In the dissertation, we develop adaptive signal models that
are closely related to approximation theory in Hilbert spaces.
Namely, let us consider a Hilbert space (H, 〈·, ·〉) and a system
of orthonormal functions { Θa

k : k ∈ N } which is complete in H .

Then, an analog signal f ∈ H can be approximated as follows

SΘ,a
n f :=

n−1
∑

k=0

〈f, Θa

k〉 Θa

k , (1)

where a denotes a predefined vector of free parameters. If the
vector a is given then the system and so SΘ,a

n f is determined. In
what follows, we will consider rational functions systems defined
by a finite number of inverse poles. For instance, in case of the
MT system a ∈ D

n , H = H2(D) , and Θa

k = Φa

k (0 ≤ k < n) .
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Theses of the Dissertation

Although there is a wide range of applications of rational func-
tions, we are focusing on the synthesis, compression and classifica-
tion of biomedical signals. We give the brief descriptions of these
problems and summarize the results of the dissertation below.

Optimization

In signal processing point of view, adaptivity of the system is
very important. The error of the representation can be decreased
by choosing optimal parameters for the system. According to
Eq. (1) the following problem should be solved

ao = arg min
a

∥

∥

∥f − SΘ,a
n f

∥

∥

∥

H2
,

where arg minx f is the argument of the minimum and ao de-
notes the optimal vector of free parameters. Since the rational
function systems are defined by the collection of inverse poles
with multiplicities, the following parameters should be deter-
mined: the number, the positions and the multiplicities of the
inverse poles. For such optimization problems the frequently
used Nelder–Mead (NM) simplex [NelMea65] and Particle Swarm
Optimization (PSO) [KenEbe95] are typical choices. We extend
these algorithms using the hyperbolic geometry of the Poincaré
model. The reason behind taking the hyperbolic model is that
we need to keep the inverse poles in D. We also present a new
optimization method that applies for the optimal positions, mul-
tiplicities and number of the inverse poles. This is justified by the
fact that in previous works the number of the inverse poles were
fixed, and optimization algorithms were applied to the positions
of the inverse poles only. It is an important generalization of the
previous methods and provides a more compact representation
of the signals. The stability and the error analysis of the above
methods are available in the dissertation.

These results were published in [FriKov12; KovKir13].
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ECG signal modeling

Performance assessment of signal models is a difficult task,
especially when the signal-to-noise ratio is high and the reference
data is not available. This is when the synthetic signals come
into picture. The main idea behind that is to generate signals
with prescribed characteristics. Thus, the original signal is known
which can help us to validate a signal model in presence of noise.
In the dissertation, we develop an electrocardiogram (ECG) signal
generator based on spline interpolation (see e.g., Fig. 1). An
important application of the ECG generator is that by means of it
the diagnostic distortion properties of the various approximation
methods can be directly calculated and compared.

The QRS complex is of special diagnostic importance in the
analysis of ECG signals. We develop a model in which the QRS
complexes are represented by means of basic rational functions
denoted by ra,2. Namely, we take the restriction of ra,2 onto T

and decompose it into real and imaginary parts

ra,2(e
it) = Ua,1(t) + iUa,2(t) (t ∈ R, a ∈ D) .

Then the QRS complexes will be modeled as proper linear combi-
nations of Ua,1(t), Ua,2(t), and the constant function Ua,0(t) = 1.

In other words the QRS complexes will be modeled by the ele-
ments of the three dimensional linear subspace

La := span { Ua,k : k = 0, 1, 2 } .

For finding the optimal inverse pole we have used the hyperbolic
variant of the NM algorithm. The efficiency of the method is
confirmed by experiments which reveal a relation between opti-
mal inverse poles of different leads. Namely, we show that the
same inverse pole turns to be optimal for each of the electrode
combinations: I, II, III, aVR, AVL, aVF.

In this topic the results of the publications [Kov12; FriKov12;
LócKov12] are summarized
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EEG signal modeling

In this chapter, we are concerned with the problem of epilep-
tic seizure detection in electroencephalography (EEG). One of
the challenges is to distinguish rhythmic discharges from non-
stationary patterns occurring during seizures. The method de-
veloped in this chapter is based on an adaptive and localized
time-frequency distribution of EEG signals by means of rational
functions. More precisely, let us denote the uniformly sampled
f(t) and g(t) functions by f [n] and g[n], respectively. Then, the
Discrete Short Time Fourier Transform (DSTFT) over the com-
pactly supported g window function can be written as

F ǫ
gf [n, k] =

M−1
∑

m=0

f [m]g[m − n]ǫk[m] (n ∈ N) , (2)

where ǫk[m] := e2πik m

M (0 ≤ k < M), and M is the window size
(see e.g., [Mit11]). Using the same terminology as in Eq. (2)
we can define a similar representation of the signal by replacing
the trigonometric basis ǫk with the elements of rational function
systems. For instance, we can set φk[m] := Φa

k(e2πi m

M ).

The corresponding rational DSTFT is a novel feature extrac-
tion technique for epileptic EEG data. In order to separate seizure
epochs from seizure-free epochs a Multilayer Perceptron classifier
is fed by the coefficients of the rational DSTFT. The feature ex-
traction step is shown in Fig. 2. The performance of this method
depends on the position of the inverse pole(s). For this reason, we
applied the hyperbolic variant of the PSO algorithm which pro-
vides the optimal inverse pole(s). The effectiveness of our method
is compared with several state-of-the-art feature extraction algo-
rithms used in off-line epileptic seizure detection. This compar-
ative study shows that the proposed algorithm outperforms the
competing techniques in terms of classification accuracy.

The material presented in this part was published in
[KovSam14; SamKov14].
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Numerical methods

We present a general Matlab library for rational function
systems and their applications. They are related to and applied
in the methods presented in the previous sections. The collection
of these algorithms can be found in the rational approximation
and interpolation toolbox (RAIT). MT and biorthogonal rational
systems along with continuous and discrete implementations are
provided. We also develop interactive graphical user interfaces
(GUI) for visual demonstration of these algorithms. Examples
are available in the Appendix of the dissertation.

Since our research interests include discrete time series, it
would be evident to use discrete orthogonal rational function sys-
tems as well. Let us consider a vector of inverse poles a ∈ D

n.

In [SchBok98], it was shown that the corresponding points of
discretization can be received as the solutions of the following
problem:

DM
a

=
{

τk ∈ [−π, π) : τk = θ−1
a

(tk), tk ∈ DM
0

}

,

where

DM
0

=

{

−π + 2π
k

M
: 0 ≤ k < M

}

.

Here, θa is a continuous, strictly monotonic and so invertible
function. One can see an example in Fig. 3. We introduce a fast
algorithm to compute the elements of DM

a
. In order to do that

we need new concepts for constructing an effective numerical so-
lution. Parallel implementation is also provided in CUDA which
can further improve the execution time.

Finally, we use the RAIT toolbox to construct an ECG com-
pression method and provide a comparative study with state-of-
the-art algorithms. We show that the rational representations
outperform B-splines [KarMon97], discrete wavelet transforms
and wavelet packets [Add05] in several respects.

In the corresponding chapter we summarize the results of the
following publications [KovLóc12a; KovLóc12b; KovVad13].
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Figures
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Figure 1: Main ECG characteristics of a heartbeat.

19.5 20 20.5 21 21.5 22

−100

0

100

200

300

400

Time (Seconds)

A
m

p
lit

u
d
e
s

Original EEG

RAT Aprx (PRD: 7%)

DFT Aprx (PRD: 12%)

0 8 16 24 32 40 48
0

20

40

60

80
mean

std
med
max
min

+

Indices of Coefficients

A
b
s
o
lu

te
 v

a
lu

e
s

DFT |ck |

RAT |ck|

Figure 2: Feature elements for a 3 seconds long EEG segment.
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