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1. Introduction

The topic of this thesis is centered around the numerical treatment of partial di�erential equations. Linear

and nonlinear, elliptic and parabolic problems are considered. The main focus is on the development of

e�cient solution techniques for elliptic problems using a suitable iterative method. We also pay special

attention to numerical implementations and experiments.

During the numerical solution of elliptic partial di�erential equations we use an abstract theoretical

setting, usually working in a Hilbert or Banach space framework. Our main interest lies in developing

Newton-type methods and conjugate gradient methods, within a �nite element framework. In general on

iterative methods we refer to [Axe96, FK02].

Our investigations are twofold. Firstly, we study problems whose numerical solution is still considered as

a challenge in the literature. We show robust convergence results for convection-dominated elliptic problems,

in contrast to the result of Kirby [Kir10]. The numerical study of the nonlinear Schrödinger equation leads

to the extension of the results of the variable preconditioning Newton-like method developed by Karátson

and Faragó [KF03] to the case of complex Hilbert spaces.

Secondly, we are interested in the computational performance of numerical methods: e�ciency of the

presented gradient and Newton-type methods, accuracy of a sharp upper global a posteriori error estimator

developed by Karátson and Korotov [KK09]. Based on our presented numerical experiments we suggest and

investigate possible improvements and discuss practical aspects as well.

The thesis is based on the author's papers [AKK14, Kov12, Kov14, KK13].

2. Preliminaries

The elliptic problems treated in the thesis mostly �t into the following general class of nonlinear problems,

see also [FK02, Chapter 6].

Let Ω be a su�ciently smooth d-dimensional open and bounded domain with boundary ∂Ω. The boundary

∂Ω is decomposed into the Dirichlet and Neumann boundary, ΓD and ΓN , while ν is the outward normal.

We consider the following nonlinear elliptic problem with mixed boundary conditions:
− div

(
f(x,∇u)

)
+ q(x, u) = g in Ω,

u = 0 on ΓD,

f(x,∇u) · ν + s(x, u) = γ on ΓN .

(1)

The weak formulation is∫
Ω

(
f(x,∇u) · ∇v + q(x, u)v

)
+

∫
ΓN

s(x, u)vdσ =

∫
Ω
gv +

∫
ΓN

γvdσ (v ∈ H1
D(Ω)) , (2)

where the Hilbert space is de�ned as H1
D(Ω) =

{
u ∈ H1(Ω)

∣∣u|ΓD = 0
}
, with a suitable inner product.

It is well known, [FK02, Section 6.1], that using the Riesz representation theorem the above problem

can be written as the abstract problem 〈F (u), v〉 = 〈b, v〉 in the above Hilbert space. Furthermore, it has

a unique weak solution due to [FK02, Theorem 6.4]. We note that many possible generalizations can be

treated similarly.
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3. Convection-dominated elliptic problems: robust estimates for stream-

line di�usion preconditioning

Convection-dominated elliptic equations form an important class in the modelling of stationary convection�

di�usion problems, and hence are the subject of intense research, with vast literature, cf. [ESW14, Kir10],

and the references therein.

A common point is that standard �nite element discretizations are inadequate for such problems, they

require a very �ne mesh, otherwise they behave poorly. Hence, the �nite element method is replaced by some

stabilized version, such as the so-called streamline di�usion �nite element method, see for example [ESW14,

Chapter 3].

The arising linear systems are generally solved by some preconditioned (conjugate gradient type) iterative

method. The convergence of these iterations is also in�uenced by the convection-dominated character. To be

precise, the convergence becomes slow if the coe�cient ε of the di�usion term is small. To overcome this, we

use equivalent operator preconditioning, similarly as in [Kir10]. However, just as for other such methods, the

standard convergence estimates become arbitrarily slow if ε → 0, namely, the constants in the convergence

estimate blow up as ε→ 0.

Our goal is to prove that the convergence using streamline di�usion preconditioning can in fact be robust,

i.e. to give bounds independently of ε for proper convection vector �elds. We prove this via an improved

�streamline� Poincaré�Friedrichs inequality. Altogether, our aim is to show that a suitable combination of

the two approaches (streamline di�usion �nite elements and equivalent operator preconditioning) results in

a robust extension of the latter to certain convection-dominated problems, namely the constants are not

deteriorating. Our theoretical results are illustrated using various numerical experiments.

The convection-dominated problem

For simplicity we present the results in detail for a simple class of problems with Dirichlet boundary condi-

tions: −ε∆u+ w · ∇u = g in Ω

u|∂Ω = 0.

We assume that Ω ⊂ Rd is a polyhedral domain. The convective vector �eld w ∈ C1(Ω, Rn) satis�es

divw = 0, and g ∈ L2(Ω). For more complicated problems we refer to [AKK14].

The weak equation,

a(u, v) :=

∫
Ω

(
ε∇u · ∇v + (w · ∇u)v

)
=

∫
Ω
gv (v ∈ H1

0 (Ω)),

will be stabilized using an extra term.
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The streamline di�usion �nite element method and preconditioning

Let Th = {Tk}Kk=1 be a triangulation of Ω, and Vh ⊂ H1
0 (Ω) be the corresponding subspace of continuous,

piecewise linear basis functions, then we set∫
Ω

(
ε∇uh · ∇vh + (w · ∇uh)vh

)
+

K∑
k=1

δk

∫
Tk

(w · ∇uh) (w · ∇vh) =

∫
Ω
g(vh + δw · ∇vh) (3)

∀vh ∈ Vh, where δk > 0 is a set of elementwise constant parameters. This approach is the streamline di�usion

�nite element method (SDFEM), cf. [ESW14, Chapter 3].

The left-hand side of (3) is called the streamline di�usion bilinear form, denoted by aSD, together with

the corresponding streamline di�usion inner product 〈., .〉SD, being the symmetric part of it, with the induced

norm ‖.‖2SD.
The streamline di�usion method involves proper choice of the parameters δk. For a �xed convection �eld

and uniform parameters on a regular mesh a widespread choice is δ = O(h). Then the SDFEM converges as

‖u − uh‖SD = O(h3/2), cf. [ESW14, Chapter 3]. It is important to note that the parameters δk are chosen

independently of ε.

The discrete problem Ac = b is preconditioned with the sti�ness matrix S corresponding to the inner

product 〈., .〉SD, serving as a preconditioner to the discrete system:

S−1Ac = b̃ = S−1b. (4)

The preconditioning matrix S is called streamline di�usion preconditioner. We note that, in simple cases, S

is the symmetric part of A. The main idea of equivalent preconditioning in the context of bilinear forms is

that the bounds are inherited uniformly by the sti�ness matrices as: If the form aSD has the bounds

|aSD(uh, vh)| ≤ M‖uh‖SD‖vh‖SD, aSD(uh, uh) ≥ m‖uh‖2SD (∀uh, vh ∈ Vh),

then S−1A inherits the same bounds w.r.t. the S-norm, i.e.

|〈S−1Ac, d〉S | ≤ M |c|S |d|S , 〈S−1Ac, c〉S ≥ m |c|2S (∀ c,d ∈ Rd).

In the results of Kirby [Kir10], using the standard Poincaré�Friedrichs inequality, only the ε dependent

bound

M ≤ 1 +
CΩ√
δ0ε

can be shown, which, for small values of ε, is extremely huge, therefore it yields an increasing number of

required iterations as ε approaches zero. It is easy to see that the lower bound is m = 1.

Robust convergence results

Showing a robust upper bound M the key result is the following.

Theorem 3.1 (Streamline Poincaré�Friedrichs inequality [AKK14]). Let w ∈ C1(Ω,Rd), for which w(x) 6= 0

(x ∈ Ω), be a globally recti�able vector �eld on Ω.

Then there exists a constant Cw > 0, depending on w but independent of v such that

‖v‖L2(Ω) ≤ Cw ‖w · ∇v‖L2(Ω) (v ∈ H1
0 (Ω)).
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The restrictive conditions w(x) 6= 0 and the global recti�ability can be weakened, see [AKK14].

Using this result the following convergence estimates can be shown.

Theorem 3.2 ([AKK14]). Let w ∈ C1(Ω,Rd), for which w(x) 6= 0 (x ∈ Ω), be a globally recti�able vector

�eld on Ω. Then the linear convergence of the conjugate gradient method for the preconditioned system (4)

is bounded independently of ε. Namely, for the GCG-LS method, the residual satis�es(
‖rk‖
‖r0‖

)1/k

≤
(

1− 1

M2

)1/2

=

√
Cw(Cw + 2δ0)

Cw + δ0
(k = 1, 2, . . . , N),

and for the CGN method(
‖rk‖
‖r0‖

)1/k

≤ 21/kM − 1

M + 1
= 21/k Cw

Cw + 2δ0
(k = 1, 2, . . . , N),

where both estimates are independent of ε.

Numerical tests, with a simple and an enclosed �ow, are reinforcing our theoretical results. We show

10
−10

10
−5

10
0

0

50

100

150

200

250

300

It
e

ra
ti
o

n
 N

u
m

b
e

rs
 [
•]

ε
10

−10
10

−5
10

0
10

−1

10
0

10
1

10
2

C
P

U
 t

im
e

 o
f 

P
C

G
N

 [
∆

]

ε

Figure 1: Iteration numbers and CPU times with PCGN
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Figure 2: Iteration numbers vs the old and

new bounds

the iteration numbers and CPU times with PCGN on the disc with �ow (−y, x), and the iteration numbers

together with the old and new bounds.

4. A comparison of some e�cient numerical methods for nonlinear elliptic

problems

In [Kov12] computational e�ciency of three iterative methods is studied: namely, the gradient method, the

Newton method and the quasi-Newton method, using a semilinear elliptic model problem of heat transfer. It

is shown that each of the methods can be the fastest regarding CPU time for certain parameters, although,

as expected, this case is exceptional for the gradient method. A suitable version of quasi-Newton method is

proposed and shown to be the least costly in most cases. Based on our �rst experiences we propose some

improvements for the iterative methods, having a serious practical value.
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Let us consider the model problem :− div
(
k(x)∇u

)
+ σ(x)|u|3u = g(x) in Ω

k(x)∂νu+ α(x)
(
u− ũ(x)

)
= 0 on ∂Ω,

(5)

The three investigated iterative methods applied to the model problem are the following: the gradient

method, Newton's method, and a quasi-Newton method (where the reaction term is approximated with a

constant). For their convergence results we refer to [FK02] or [Kov12]. In particular for the quasi-Newton

method the following theorem holds:

Theorem 4.1. Let F denote the weak operator corresponding to (5), and let Bn be the approximation of

F ′(un). Then there exist bounds Mn ≥ mn > 0 such that

mn〈Bnv, v〉 ≤ 〈F ′(un)v, v〉 ≤Mn〈Bnv, v〉 (v ∈ H1(Ω), n ∈ N), (6)

where Mn = 2, mn =
(
1 + c̃nDd

−1 max{D,αinf
−1}
)−1

for all n ∈ N, D = diam(Ω) where Ω ⊂ Rd, c̃n =

2 max
{
σ|un|3

}
and αinf := infΩ α.

Corollary 4.1 ([Kov12]). Using the above bounds, we have the following convergence result:

lim sup
‖F (un+1)‖
‖F (un)‖

≤ 1− 2

3 + 2Dd−1 lim sup
(
c̃n max{d, αinf

−1}
) .

Based on our numerical experiments the theoretically given convergence orders can be seen: gradient

method is linear, the quasi-Newton method is superlinear, and Newton's method is quadratic, in both one

and two dimensions. Mesh independence is numerically observed.

There occurred very little CPU time di�erence between quasi-Newton and Newton method, however, both

easily outperformed the usual gradient method. Taking into account the di�culties of implementations, the

computational costs, and considering the little time di�erence, we advise to use quasi-Newton method with

a piecewise constant preconditioner. Even with a low number of subdomains it easily overcomes Newton's

method. On the other hand, practically, we cannot completely reject either of these methods.

Based on the results presented here, from now on, the thesis will focus on variable preconditioning quasi-

Newton method and Newton method (usually with an inner CG iteration).

5. Sharp a posteriori error estimation for nonlinear elliptic problems

A common and important issue in numerics is the error estimation of the numerical methods. In [Kov14] we

aim to discuss a sharp upper global a posteriori error estimator developed in [KK09].

We check the numerical performance, demonstrate the e�ciency and accuracy of this estimator using a

second order elliptic quasilinear equation. The focus is on the technical and numerical aspects and on the

components of the error estimation, especially on the adequate solution of the involved auxiliary problem,

which enables sharpness in the sense that by the investment of �computation time� the true error can be

estimated by any desired precision.
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We consider an abstract problem F (u) + l = 0, and a model problem:− div
(
a
(
|∇u|2

)
∇u
)

= g in Ω

u|∂Ω = 0,
(7)

having a unique weak solution according to [FK02, Theorem 6.4].

The error is measured using the energy type error functional:

E(u) = 〈F (u)− F (u∗), u− u∗〉.

Adapting [KK09, Theorem 3.1] the following estimate holds for quasilinear problems: Let uh ∈W 1,∞(Ω)

an approximate weak solution of (7). Then for arbitrary z ∈ L∞(Ω)d such that z ∈ H(div,Ω) and arbitrary

w ∈ H1
0 (Ω),

E(uh) ≤ EST
(
uh; z, w

)
:=

(
m−1/2 cΩ ‖ div f(z) + b‖L2(Ω) +

L

2
m−3/2D(uh; z, w)

+
(
〈f(∇uh)− f(z),∇uh − z〉L2(Ω)d +

L

2m
D(uh; z, w) ‖∇uh − z‖L2(Ω)d

)1/2
)2

,

where D(uh; z, w) :=
(
M‖z −∇w‖L2(Ω)d + cΩ‖ div f(z) + b‖L2(Ω)

)
‖∇uh − z‖L∞(Ω)d ,

where M ≥ m > 0 are the spectral bounds of F ′(u), and L is its Lipschitz constant, �nally cΩ > 0 is the

constant appearing in the Poincaré�Friedrichs inequality.

We solve the weak nonlinear problem with a Newton-like method. Then it is important to determine

good candidates for z∗ and w∗ in EST
(
uh; z∗, w∗

)
: For the parameter z∗ should be a su�ciently accurate

approximation of the gradient of u∗, by the suggestions made in [KK09], we use some averaging operator Gh

to set z∗ = Gh(∇uh), having a better approximation:

‖∇u∗ −Gh(∇uh)‖ ≤ ch2, instead of ‖∇u∗ −∇uh‖ ≤ ch.

Finally, the last missing parameter w∗ is de�ned as the weak solution of the linear auxiliary problem:−∆w = − div z∗ in Ω

w|∂Ω = 0.

The constants of the estimator are given by the following result.

Proposition 5.1 ([Kov14]). The following statements are true for the weak operator F , corresponding to a

problem modeling elasto-plastic tension, with the nonlinearity a(η) = min
{

1.02

1+
√

1− η
3

, a(η0)
}
, with η0 = 2.6.

(i) There exist constants M ≥ m > 0, independent of u and p such that the derivative of F satis�es

m‖p‖2 ≤ 〈F ′(u)p, p〉 ≤M‖p‖2,

where m = a(0) = 0.51 and M = a(η0) + 2a′(η0)η0 ≈ 2.046213.

(ii) The derivative, F ′ : W 1,∞(Ω)→ B(H1
0 (Ω)), is also Lipschitz continuous with constant L ≈ 11.935094.

(iii) Finally the Poincaré�Friedrichs constant is cΩ =
2

π
.
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Our experiments in [Kov14] show that this estimator cooperates well with di�erent nonlinear iterative

solvers. It is also illustrated that the estimator is indeed e�cient and sharp, and highly applicable for a

posteriori error estimation. It only requires just a few parameters to compute.

The sharpness of the estimation is in a close connection with the accuracy of the numerical solution of

the linear auxiliary problem. To be precise: both in EST and in D the dominant terms are multiplied by a

term, that can be decreased by a better solution of the auxiliary problem.

10
−4

10
−3

10
−2

10
−1

10
0

10
−8

10
−6

10
−4

10
−2

10
0

10
2

10
4

mesh size (h)

er
ro

r

 

 
EST(u

h
;z*,w*) with ρ=1

EST(u
h
;z*,w*) with ρ=2

EST(u
h
;z*,w*) with ρ=16

E(u
h
)

Figure 3: Log-log plot of errors and estimated
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h = 1/2k E(uh) EST
(
uh; z∗, w∗) EST /E

1 0.055037791 371.914078575 6757.43

2 0.013856122 19.345738838 1396.18

3 0.003470203 1.329380121 383.08

4 0.000867929 0.098033794 112.95

5 0.000217006 0.007817070 36.02

6 0.000054252 0.000699770 12.89

7 0.000013563 0.000073833 5.44

8 0.000003390 0.000009569 2.82

9 0.000000847 0.000001531 1.80

10 0.000000211 0.000000291 1.37

Table 1: Comparison of error and estimated error

for the original mesh (one dimension)

6. Variable preconditioning in complex Hilbert spaces

In this chapter we develop a damped Newton-like method, with a stepwise variable preconditioner, for

solving complex nonlinear operator equations. This is a nontrivial complex Hilbert space extension of a

preconditioning iterative method developed by Karátson and Faragó in [KF03] for real Hilbert spaces.

The motivation for this extension comes from the fully discrete numerical solution of the time-dependent

nonlinear Schrödinger equation. We use the Rothe-method [Rot30] for the numerical solution of the (complex)

nonlinear Schrödinger equation: �rst applying a time discretization, then use our method to obtain the

solution of the complex nonlinear elliptic boundary value problems on each time level.

We show global convergence up to second order via a damped preconditioned iterative method, where

the preconditioner is obtained by spectral equivalence. The result is provided by a number of preliminary

lemmas and it follows the classical ideas of the usual convergence proofs for damped quasi-Newton methods.

First we formulate this well-known equation of quantum mechanics, the nonlinear Schrödinger equation:
1

i
∂tu−∆u+ k|u|2u = g, in Ω× [0, T )

u|∂Ω = 0

where u : Ω → C is the unknown function and k is some positive real constant. The letter i denotes the

imaginary unit.
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Applying Rothe's method, using the backward Euler method, we obtain the following nonlinear elliptic

equation in each time step:

1

iτ
uj+1 −∆uj+1 + k|uj+1|2uj+1 =

1

iτ
uj + gj+1,

whose weak formulation de�nes the nonlinear operator equation 〈F (uj+1), v〉 = 0 (v ∈ H) with a complex

Hilbert space H.

A damped quasi-Newton method as variable preconditioning in a complex Hilbert space

We develop a damped quasi-Newton method with a stepwise variable preconditioner. The original result of

[KF03] were proved by self-adjoint theory, which cannot be applied in the complex framework, therefore our

proofs are more direct.

We consider an operator equation

F (u) = 0,

solved by the iterative method described in the following theorem.

Theorem 6.1 ([KK13]). Let
(
H, 〈., .〉

)
be a complex Hilbert space, with induced norm ‖.‖. Let the operator

F : H → H have a symmetric, coercive and bounded Gâteaux derivative, which is also Lipschitz continuous

and the F satis�es the conditions below.

Let u∗ ∈ H denote the unique solution of equation F (u) = 0. Starting from arbitrary u0 ∈ H, let us

de�ne the approximating sequence (un) ⊂ H by

un+1 := un − ηnG−1
n F (un) (n ∈ N),

with the damping parameter ηn. The following conditions are also satis�ed:

(iii) If un is constructed then we choose a self-adjoint operator Sn ∈ B(H) spectrally equivalent to ReF ′(un):

mn〈Snv, v〉 ≤ Re〈F ′(un)v, v〉 ≤Mn〈Snv, v〉 (v ∈ H,n ∈ N)

holds with some constants Mn ≥ mn > 0, and assume that there exist constants K > 1 and ε > 0 such

that Mn/mn ≤ 1+2/
(
ε+Kµ(un)

)
, where µ(un) := LΛ2λ−4‖F (un)‖. Further, we let Gn ∈ B(H) such

that

ReGn =
Mn +mn

2
Sn and ImGn = ImF ′(un).

(iv) Let the operators Gn satisfy ‖(ReGn)v‖n ≤ ‖Gnv‖n (v ∈ H, n ∈ N), where ‖v‖2n = Re〈F ′(un)−1v, v〉.

(v) We de�ne the damping parameter as ηn = min
{

1, 1−Qn
2%n

}
, where µ(un) is the same as in condition (iii)

and

Qn =
(
1 + µ(un)

)Mn −mn

Mn +mn
, %n =

2LΛ3/2M2
n

λ7/2(Mn +mn)2
‖F (un)‖

The damping parameter ηn ensures an optimal contractivity in the nth step in the ‖.‖∗-norm.
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Then the following convergence result holds. We have

‖un − u∗‖ ≤ λ−1‖F (un)‖ → 0,

namely, using the norm ‖v‖2∗ = Re〈F ′(u∗)−1v, v〉:

lim sup
‖F (un+1)‖∗
‖F (un)‖∗

≤ lim sup
Mn −mn

Mn +mn
< 1.

Moreover, if in addition Mn/mn ≤ 1 + c1‖F (un)‖γ (n ∈ N) is satis�ed with some constants c1 > 0 and

0 < γ ≤ 1, then ‖F (un+1)‖∗ ≤ d1‖F (un)‖1+γ
∗ , hold with some d1 > 0.

The conditions of the above theorem can be relaxed. It su�ces to assume the boundedness and Lipschitz

continuity only locally:

Proposition 6.1 ([KK13]). Let the conditions of Theorem 6.1 hold, but we only assume local boundedness

and local Lipschitz continuity:

|〈F ′(u)v, w〉| ≤ Λ(‖u‖) ‖v‖ ‖w‖ and ‖F ′(u)− F ′(v)‖ ≤ L(max{‖u‖, ‖v‖}) ‖u− v‖

for suitable nondecreasing functions Λ, L : R+ → R+. Then the analogous convergence result holds.

The following theorem shows, that our method is applicable for the time discretization of the nonlinear

Schrödinger equation.

Theorem 6.2 ([KK13]). Let F be the elliptic operator obtained after time discretization, let Gn := Mn+mn
2 Sn+

i ImF ′(un) be the approximation of F ′(un). Then all the properties of Proposition 6.1 hold, with Mn ≥ mn >

0 given as

mn =
1

1 +K2
2,Ω maxωn

, Mn = 1 + 3kK4
4,Ω‖un‖2 .

7. A general numerical code

As the number of di�erent problems, which we were able to numerically handle here, reached a certain

barrier, it has naturally arisen to combine their codes into a uni�ed framework. The aim is to solve a very

general parabolic partial di�erential equation, or a system of such equations, using the codes accumulated

over the years. Here this nontrivial �byproduct� is described.

Let us consider a semilinear parabolic problem on the domain Ω ⊂ R2, with boundary ∂Ω = ΓD ∪ ΓN :

∂tu− div
(
k(x, t)∇u

)
+ w(x, t) · ∇u+ q(x, t, u) = g(x, t) (x ∈ Ω, t ∈ (0, T )),

u(x, t) = u0(x, t) (x ∈ ΓD, t ∈ (0, T )),

∂νk(x,t)u+ s(x, t, u) = γ(x, t) (x ∈ ΓN , t ∈ (0, T )),

u(x, 0) = u0(x, 0) (x ∈ Ω).

In addition systems of r equations of the same structure can be handled, naturally, coupled in the semilinear

term, and in the Neumann-boundary through s. Furthermore, the code is able to solve problems with

interface conditions over a curve Γ, of a similar style as the Neumann-type boundary conditions.

A main objective of the package is to solve the problems in a user friendly way, in other words the code

functions as a black box tool.



References 10

Discretizations and the used numerical methods

We use the Rothe approach coupled with the �nite element method. The resulting weak nonlinear elliptic

problem is solved by an inner�outer iteration. The outer iteration is the damped inexact Newton method,

the arising linear auxiliary problems are solved with a preconditioned conjugate gradient method, cf. [Axe96,

FK02]. As a preconditioning operator we use the linear principal part, cf. [FK02, Section 8.2.4], which

enables to decouple the linear system into r smaller problems. We use Lagrangian �nite elements for the

spatial discretization, therefore the reference element based assembly techniques are implemented.
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